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ABSTRACT: In this third paper of a series dedicated to a dispersive treatment of the
hadronic light-by-light (HLbL) tensor, we derive a partial-wave formulation for two-pion
intermediate states in the HLbL contribution to the anomalous magnetic moment of the
muon (g — 2),, including a detailed discussion of the unitarity relation for arbitrary partial
waves. We show that obtaining a final expression free from unphysical helicity partial waves
is a subtle issue, which we thoroughly clarify. As a by-product, we obtain a set of sum rules
that could be used to constrain future calculations of v*v* — 7. We validate the formalism
extensively using the pion-box contribution, defined by two-pion intermediate states with
a pion-pole left-hand cut, and demonstrate how the full known result is reproduced when
resumming the partial waves. Using dispersive fits to high-statistics data for the pion vector
form factor, we provide an evaluation of the full pion box, aZ‘bOX = —15.9(2)x 107!, Asan
application of the partial-wave formalism, we present a first calculation of wr-rescattering
effects in HLbL scattering, with v*+v* — 77 helicity partial waves constructed dispersively
using 7w phase shifts derived from the inverse-amplitude method. In this way, the isospin-
0 part of our calculation can be interpreted as the contribution of the fy(500) to HLbL
scattering in (g — 2),. We argue that the contribution due to charged-pion rescattering
implements corrections related to the corresponding pion polarizability and show that
these are moderate. Our final result for the sum of pion-box contribution and its S-wave

rescattering corrections reads a”™ a i = — x 107+,
ttering ¢ ds D% + a7 TP O = 94(1) x 1071
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1 Introduction

The long-standing discrepancy between the standard-model determination and the exper-
imental measurement [1] (updated to the latest muon-proton magnetic moment ratio [2])

a® =116 592 089(63) x 10~ (1.1)

of the anomalous magnetic moment of the muon (g — 2),, has triggered substantial interest
in the subject on both the theoretical and the experimental side. The ongoing E989
experiment at Fermilab [3] as well as complementary efforts by J-PARC E34 [4] aim at
improving the precision by a factor of 4, see [5] for a detailed account of the experimental
strategies in both cases. On the theory side, the uncertainty is dominated by hadronic
effects [6-8], while QED [9] and electroweak [10] contributions are under control at the level
of at least 1 x 10~ Currently, the dominant source of hadronic uncertainties is hadronic
vacuum polarization (HVP) at O(a?) in the fine-structure constant, closely followed by the
O(a?) hadronic light-by-light (HLbL) contribution, depicted in figure 1, and with higher-
order insertions of the same hadronic amplitudes already under sufficient control [11-14].
In view of improved data input for the dispersion relation for HVP [15], it is likely that
the stumbling block will eventually become the sub-leading HLbL contribution.

Current estimates for HLbL scattering in (g — 2), are largely based on hadronic mod-
els [16-27], which despite implementing different limits of QCD, such as large-N,, chiral
symmetry, or constraints from perturbative QCD, all involve a certain amount of uncon-
trollable uncertainties without offering a systematic path forward. In order to improve the
determination of the HLbL contribution, we proposed a dispersive framework [28], based on
the fundamental principles of analyticity, unitarity, gauge invariance, and crossing symme-
try, which opens up a path towards a data-driven evaluation [29]. As the next step [30, 31],
we presented a comprehensive solution to the task of constructing a basis for the HLbL
tensor devoid of kinematic singularities, defining scalar functions that are amenable to



Figure 1. HLDbL contribution to the anomalous magnetic moment of the muon (g — 2),,.

a dispersive treatment. In particular, we derived a Lorentz decomposition of the HLbL
tensor that manifestly implements crossing symmetry and gauge invariance, with scalar
coeflicient functions free of kinematic singularities and zeros that fulfill the Mandelstam
double-spectral representation. In this framework, we worked out how to define unambigu-
ously and in a model-independent way both the pion-pole and the pion-box contribution.!

With pion- as well as n-, n’-pole contributions determined by their doubly-virtual
transition form factors, which by themselves are strongly constrained by unitarity, ana-
lyticity, and perturbative QCD in combination with experimental data [38-46], we here
apply our framework to extend the partial-wave formulation of two-pion rescattering ef-
fects for S-waves [28] to arbitrary partial waves. To this end, we identify a special set of
(unambiguously defined) scalar functions that fulfill unsubtracted dispersion relations and
can be expressed as linear combinations of helicity amplitudes. Their imaginary part, the
input required in the dispersion relations, is provided in terms of helicity partial waves for
v¥*v* — 7w by means of unitarity. Working out explicitly the basis change to the helic-
ity amplitudes, we generalize the unitarity relation derived in [28] up to D-waves only to
arbitrary partial waves. We demonstrate that indeed the summation of the partial waves
reproduces the known full result for the pion box, to which the ww-rescattering contribution
is expected to produce the dominant correction. We provide the details of a first numerical
analysis [47] of these rescattering effects based on helicity partial waves for v*~v* — 7w
that we construct dispersively from a pion-pole left-hand cut (LHC) and 77 phase shifts
from the inverse-amplitude method, an approach that isolates pure w7 contributions and
thus, in the isospin-0 channel, provides an estimate for the impact of the fy3(500) reso-
nance on HLbL scattering. In the same way, our v*y* — 7w amplitudes reproduce the
phenomenological value for the charged-pion polarizability, thereby clarifying the role of
the associated corrections in (g—2),, [48-50]. These results lay the groundwork for a future
global analysis of two-meson intermediate states in the HLbL contribution.

The outline is as follows: section 2 is devoted to a thorough derivation of partial-wave
dispersion relations for the HLbL tensor, with tensor decomposition, dispersion relations,
sum rules, and partial-wave expansion addressed in sections 2.1-2.5. A short summary
of the strategy is provided at the beginning of section 2, complemented by a summary of

'For a dispersive approach not for the HLbL tensor, but for the Pauli form factor instead see [32].
Complementary to the dispersive approach, a model-independent determination of the HLbL contribution
could be achieved using lattice QCD, see [33-37] for recent progress in this direction.



the most important results in section 2.6. In section 3, a numerical evaluation of the pion
box is provided based on fits of the pion vector form factor to high-statistics time-like and
space-like data. The pion box is further used to explicitly verify the general results derived
in section 2, in particular to demonstrate the convergence of the partial-wave expansion
for its contribution to (¢ — 2),. Rescattering corrections to the pion box are discussed in
section 4, including a numerical analysis of the S-wave contribution, before we conclude in
section 5. Further details of the formalism are provided in the appendices.

2 Helicity formalism for HLbL

In this section, we derive the formalism for the evaluation of the HLbL two-pion contribu-
tion to (g —2),. The goal of our treatment is to relate this contribution to helicity partial
waves for the sub-process v*v* — 7w, which in principle are measurable input quantities
or at least can be reconstructed dispersively.

The outline of this derivation is illustrated as a flowchart in figure 2. The first step
is the decomposition of the HLbL tensor into Lorentz structures and scalar functions that
are free of kinematic singularities and zeros. We have solved this problem in [31] and
recapitulate the results in section 2.1. This representation, referred to as BTT tensor
decomposition [51, 52] in figure 2, allows us to write the HLbL contribution to (g—2),, in full
generality as a master formula that involves only three integrals. This master formula (2.25)
applies to any conceivable HLbL tensor, as long as it is consistent with general properties
that should be fulfilled by any admissible HLbL amplitude: gauge invariance, crossing
symmetry, and the principle of maximal analyticity [53], i.e. the principle that the scattering
amplitude can be represented by a complex function that exhibits no further singularities
except for those required by unitarity and crossing symmetry. Any such singularities are
of dynamical origin, and thus have to be contained within the scalar functions II; in the
master formula. Phrased differently, if a given amplitude for the HLbL tensor cannot be
expressed in the BTT basis, e.g. due to the appearance of kinematic singularities, this
automatically implies that this amplitude is at odds with said general properties.

The dynamics of HLbL scattering is thus contained in the scalar functions, which are
the objects that we describe dispersively. In [31], we have used the Mandelstam representa-
tion for the scalar functions to study the pion-box contribution. In section 2.2, we extend
the dispersive treatment and derive from the Mandelstam representation single-variable
dispersion relations for general two-pion contributions. Combining these single-variable
dispersion relations with unitarity constraints requires a basis change to helicity ampli-
tudes, since the partial-wave unitarity relation becomes diagonal only for definite helicity
amplitudes. However, this basis change is complicated by the appearance of redundancies
in the representation which, together with the requirement that longitudinal polarizations
for on-shell photons not contribute in the final HLbL representation, necessitates a more
careful study of the BTT scalar functions and their relation to helicity amplitudes. The
solution to this problem is the explicit derivation of a basis that removes all redundancies
and apparent contributions from unphysical polarizations, which is presented in section 2.4.
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Figure 2. Outline of the formalism for the HLbL two-pion contribution to (g —2),. The dashed
lines denote a derivation or calculation, the double lines indicate the insertion of results.

As a by-product we obtain a set of physical sum rules to be fulfilled by the scalar functions
and thereby the helicity amplitudes.

After the basis change to helicity amplitudes, we can then employ the unitarity relation
to determine the imaginary parts in the dispersion integrals in terms of helicity amplitudes
for v*v* — mw. In particular, we perform a partial-wave expansion of the helicity am-
plitudes and generalize the S-wave result of [28] to arbitrary partial waves, which is the
main result of section 2.5. In performing this analysis the partial waves for v*v* — 7w
are treated as known, given quantities, which unfortunately they are not. The lack of
experimental information can be partly compensated by theory constraints, in particular
by dispersion relations in the form of Roy-Steiner equations [54-57]. A simplified, S-wave

variant of these will be solved in section 4.

A summary of the main results is provided in section 2.6, including a glossary of the
notation for the scalar functions. The subtleties in the various basis changes unfortunately
require the introduction of different sets of scalar functions, whose dimension, defining
equation, and main properties are summarized in table 1.



2.1 Tensor decomposition and master formula for (g — 2),

In this subsection, we recapitulate the decomposition of the HLbL tensor into a sum of
gauge-invariant Lorentz structures times scalar functions that are free of kinematic singu-
larities. We slightly modify and improve the master formula presented in [30, 31] in such
a way that crossing symmetry between all three off-shell photons remains manifest. The
dynamical input in the master formula is encoded in only six different scalar functions and
their crossed versions.

2.1.1 BTT decomposition of the HLbL tensor

The HLDbL tensor is defined as the hadronic Green’s function of four electromagnetic cur-
rents in pure QCD:

1" (g1, g, g3) = —i / d'edty dtz e @RV O Tl (2) 6 (1) 00 (2)38m (0)}0),

(2.1)
where the electromagnetic current includes the three lightest quarks:
: _ . 2 1 1
]gm = qQ"y“q’ q= (’U,7 d, 3)T7 Q = dlag <3, —57 —3> . (22)

The hadronic contribution to the helicity amplitudes for (off-shell) photon-photon scat-
tering is given by the contraction of the HLbL tensor with polarization vectors:

* * v
Hynanon = €)F (q1)e)2 ()63 (—az)ent (qa)T1" (g1, ga, q3), (2.3)

where g4 = q1 + g2 + g3.
The usual Mandelstam variables

si=(q+q@)? t=(qn+ag)? u=(p+tqe)? (2.4)

fulfill the linear relation
4
s—i—t—l—u:Zq?::Z. (2.5)
i=1

Gauge invariance requires the HLbL tensor to satisfy the Ward-Takahashi identities

{a 48,43, 49 o (01, 42, 93) = O (2.6)

Based on a recipe by Bardeen, Tung [51], and Tarrach [52] (BTT), we have derived
in [30, 31] a decomposition of the HLbL tensor

54
A7 = " T, (2.7)
=1



with tensor structures reproduced here for completeness (all remaining ones follow from
crossing symmetry [31])

VAo A6
T = e Pl 2503 Gas,

T = (it — a1 @20 ) (014f — a5 a1g™),
T = (q @ —q - ng“”) (q1 ‘q (q?qg —q - qgg”’) +aralaq a3 — atafas - q4),
THA = (q @ qu“”) <(J2 qa (qfqg —q- q:»,g”’) + a3 q a3 — a5 as - Q4),
T = (q @ —aq- qu”“) (qQAcn a3 — @ Q3) (qé’ 11— qfqe- q4),
T = (q a1 —dia- Q3> <q§qiq‘2’ — {4345 + 9 (a2 - a3 — a5 a2 - qa)

+9"7 ((J%% Qs — a4 cJ3> + 9™ (¢§q2 - aa — 45q3 - qa) )
Th " = q§ (q1 @302 - udi 9 — @2 a1 - wdi g™ + didl (qqu g3 — B q3>

+ a1 i — @ wdi G + a - aae - (qgg”‘ - qé‘gx”) )
-q (Q1 12 395977 — @2 @ - 339" + a5 e (4T a2 - g — a5 a1 - @)
+q1- 3949595 — q2 - 3959595 + a1 - g3q2 - g3 (449" — ¢4 g"7) ) (2.8)
+ Q3-q4((qquf —q 'q4gA") (¢505 —a2-q39"") — @QZ —q2- qw”) (dhaf —m -q:sg‘”))-
The BTT decomposition has the following properties:

e all the Lorentz structures fulfill the Ward-Takahashi identities, i.e.
{qfvqg?Q?i\aqz}T;iw\a(Q1’q27q3) = 07 Vi € {1""’54}7 (2'9)

e there are only seven distinct Lorentz structures, the remaining 47 ones are crossed
versions thereof,

e the scalar functions II; are free of kinematic singularities and zeros.

The first two properties make gauge invariance and crossing symmetry manifest, while
the third property provides the foundation for writing dispersion relations: in a dispersive
treatment, we exploit the analytic structure of the scalar functions dictated by unitarity
and we have to make sure that the singularity structure due to the hadronic dynamics is
not entangled with kinematic singularities.

Since the number of helicity amplitudes for fully off-shell photon-photon scattering is
41, the set of 54 structures {T}" A7 does not form a basis, but exhibits a 13-fold redundancy,
as we discussed in detail in [31]. While 11 linear relations hold in general, two additional
ones are present in four space-time dimensions [58]. Away from four space-time dimensions,
a subset of 43 Lorentz structures forms a basis:

43
e = 3 B (2.10)

=1



where the basis-coefficient functions II; are no longer free of kinematic singularities. How-
ever, the explicit structure of their kinematic singularities follows from the projection of
the BTT decomposition onto this “basis.”

2.1.2 Master formula for the HLbL contribution to (g — 2),

Based on a projection technique in Dirac space, one can extract the HLbL contribution to
ay, = (g — 2),/2 from the following expression:

GHLBL _ _ e / d'qr d*q 1 1 1
" 48my, | (2m)* 2m)t G5 (q + @2)? (p+ @1)% —m2 (p — q2)? —m?
x Tr ((¢ +m) [V 1P+ m )V P+ gy +m) NP - dy + mu)’y”> (2.11)
54

o) .
X Z 5 Lo (21,92, 04 — @1 — q2)
0q)

=1

ILi(q1,q2, —q1 — q2).
q4=0

There are only 19 independent linear combinations of the structures T} A7 that contribute
to (9 — 2)u, hence we can make a basis change in the 54 structures

54 54
A7 = N T = Y T, (2.12)
=1 =1

in such a way that in the limit g4 — 0 the derivative of 35 structures TZ-“ A7 vanishes. Since
the loop integral and the propagators are symmetric under ¢; <> —go, in [31] we made sure
to preserve crossing symmetry under exchange of ¢; and go, but did not yet exploit the fact
that it is even possible to preserve crossing symmetry between all three off-shell photons
— the limit ¢4 — 0 singles out one of the photons, but the remaining three are completely
equivalent. For the sake of simplifying further calculations, we present here new structures

TZ” A7 and the corresponding scalar functions I1;, superseding the ones given in [31].

The 19 structures Ti“ VA contributing to (g — 2), can be chosen as follows:

THAT = A7 =10, 11,13, 14, 16,17, 50, 51, 54,

a o 1 o o o (213)
T?;ugu)\ _ g <T§g/)\ + Tﬂ)u)\ + Tzﬁsy)\ ) )
The 35 structures
{TA;“’*"|¢ =12,15,18,...,38,40,...,49,52,53} (2.14)

do not contribute to (g — 2), and are given in appendix A.



The set of 19 linear combinations of scalar functions that give a contribution to (¢—2),
is defined by (replacing eq. (D.1) in [31])

I, =101 + q1 - gz,
Iy =114 — g1 - g3 (The — Tg2) — g2 - g3 (Tag — Ilus) + q1 - g3z - g31a1,
Il; = 7 — Mg + g2 - g31131,
Ii7 = 7 + Myp + Mas — M,
M50 = 39 + g0 + Iy,
M54 = Myp — My3 + 54, (2.15)

together with the crossed versions thereof

I, = Ca3 [I1;], ﬂs Cis (1], I5 = Cas[T14], Ils = Ci3[T14],
Is = C12[I17], Ci2[Ci3[MI7]], Tio= Cos[II7], M= Ci3(1l7],  Tliu= Ci2[Cas[II7]],
111 = Ci3[IIi7], ﬁ16 = Ca3[IL17], I50= —Ca3[Il54], 5= Ci3[Il5], (2.16)

where the crossing operators C;; exchange momenta and Lorentz indices of the photons ¢
and 7, e.g.?

Cialfl := f(u < v,q1 < q2), Culf] = f(p < 0,q1 & —qu). (2.17)

The following intrinsic crossing symmetries are preserved (we do not list the symmetries
involving the fourth photon):

I = Cp[ILy], My =Cia[lly], Ihi7 = Ciz[Ihi7],
I39 = C12[Msge] = C13[z0] = ..., TIsy = —Cia[TI54], (2.18)

where the dots denote three more crossing relations that follow from the given ones. Hence,
the scalar functions II; contributing to (g — 2), fall into only six distinct classes that are
closed under crossing symmetry of the off-shell photons 1, 2, and 3. Apart from I159, which
is fully symmetric, the representatives in (2.15) are picked because they share a common
property: their s-channel is special as follows from the observation that the corresponding
Lorentz structures Ti“ A7 are (anti-)symmetric under either Cia or Css (or both). This is
reflected in the intrinsic crossing symmetries (2.18).3
The HLbL contribution to (g — 2), can now be written as

GHIBL _ 6/ d'qr diqo 1 1 1
g (2m)* (27T)4 G+ q2)? (p+q1)? —m? (p— q2)? —m2

X ZT 1,42 P)i(q1, a2, —q1 — q2),
i€G

(2.19)

2The composition of two crossing operators is understood to act e.g. in the following way:

C12[Cas[f(q1, 42, 43, q4)]] = C12[f(q1, 43, 42, 94)] = f(q2, 3, q1, qa)-
ST#MU is symmetric under Cs4, but not under Ci2. One could split the six elements in the crossing class

of IT7 into two classes, one with an additional even, one with an odd intrinsic crossing symmetry.



where G :={1,...,11,13,14,16,17, 39,50, 51,54} and

Tia1, a2ip) = 75— Tr ((p + mu) 77710 + M)y B+ gy +m)r (= dy + mu)r”)

48my,

(2.20)

X <aaq£TZLZ/AO'(Q1>q27 qa —q1 — Q2)> -

qa=0
Asin [31], we perform a Wick rotation, average the result over the direction of the Euclidean
four-momentum of the muon, and use the Gegenbauer polynomial technique [59] to perform
five of the eight integrals in full generality, i.e. without prior knowledge of the functions
II;. The symmetry properties of the loop integral and the kernels T; under q1 < —qo allow
us to write the master formula for the HLbL contribution to (¢ — 2), containing a sum of
only 12 terms:

12
gL — 371'2/ dQ1/ sz/ dry/1 — r2Q3 %;E(QMQ%T)IZL‘(QMQQ,T)»

(2.21)
where Q1 := |Q1| and Q2 := |Q2| denote the norm of the Euclidean four-vectors. The 12
scalar functions II; are a subset of the functions I1;:

M =10, Tp=1I, M3=I, I, = 11, I =TI, I =TIy,
My =T, Tsg=T1, TMg=1Il7, =15, =15, =15 (2.22)
They have to be evaluated for the reduced (g — 2),, kinematics

s=q¢3=-Q3=—Qf —2Q1Q27 - Q3, t=¢3=—0Q3 u=¢qi=-Qf qi=0.
(2.23)

Due to the basis change, the kernel functions 7; differ slightly from the ones given
in [31]. We provide the explicit expressions in appendix B.

In [60] a different parametrization of the (g —2),, integration region has been proposed,
which proved advantageous for the numerical implementation. We perform the following
variable transformation in the master formula (note that ¥ = —X is the sum of the squared
Euclidean virtualities, whereas ¥ denotes the sum of the squared Minkowskian virtualities):

Q% = E <1 - Ccosqﬁ— g\/gsin¢>,

3 2
Q3 = % (1—gcos¢+f\/§sin¢), (2.24)

Q3 = Q1 +20Q1Q27 + QQ (1 +rcosg).

The range of integration is then ¥ € [0,00), r € [0, 1], and ¢ € [0,27]. The integration
region in the Mandelstam plane and the meaning of the variables is illustrated in figure 3.
After the variable transformation, the master formula becomes

glbL — o’ / dZES/ drrm/%d(ﬁ ZT Q1, Q2, TI(Q1,Q2,7),  (2.25)

43272

where 1, (Q2, and 7 are understood as functions of ¥, r, and o.



Figure 3. Integration region for (¢ — 2),. The border of the integration region is at r = 1 and
corresponds to 7 = —1 for 7/3 < ¢ < 57/3 (solid gray line) and 7 = 1 otherwise (dashed gray
line). The angles ¢ = 7/3, ¢ = m, and ¢ = 57/3 correspond to Q3 = Q%, Q? = Q%, and Q7 = Q3,
respectively. The three points where one of the Q7 is zero are singularities of the integration kernels.
The height of the equilateral triangle is given by 3.

The master formula for the HLbL contribution to (¢ — 2), is exact and completely
general: given any representation of the HLbL tensor, one can project out the six scalar
functions II; in (2.15). Using these and their crossed versions, one can construct the 12
scalar functions II; in (2.22), which encode the entire dynamical content of HLbL scattering
relevant for (g — 2),. After their insertion into the master formula (2.25), only a three-
dimensional integral has to be carried out.

In a next step, we aim at reconstructing the scalar functions II; using dispersive meth-
ods, which will be the content of the remainder of this section.

2.2 Dispersion relations for the HLbL tensor

In this subsection, we discuss the dispersive framework that we employ for the reconstruc-
tion of the scalar functions. The starting point is the Mandelstam representation, which
is a double-dispersion relation. Unitarity allows us to write the HLbL tensor as a sum
of contributions from different intermediate states. After reviewing in section 2.2.1 the
most important properties of the pion-pole and pion-box contributions, we continue by
considering general two-pion intermediate states in section 2.2.2.

In order to calculate the two-pion contributions beyond the pion box, input on the
sub-process v*v* — 7w is needed. This input will be in the form of helicity partial waves
which, in principle, could be measured or, in the absence of data on the doubly-virtual
process, have to be reconstructed dispersively [54-57]. The partial-wave expansion turns,
however, the amplitude into a polynomial in the crossed-channel Mandelstam variables,
i.e. the cut structure in the crossed channel due to heavier (e.g. multi-pion) intermediate
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Figure 4. Intermediate states in the direct channel: pion pole and two-pion cut.

states gets lost. Therefore, with v*~v* — 7m helicity partial waves as input, one has to use
a single-variable dispersion relation. We derive in section 2.2.3 a suitable form for such a
dispersion relation that follows from the Mandelstam representation.

2.2.1 Mandelstam representation for HLbL
In [31], we have used Mandelstam’s double-spectral representation [61] for the BTT scalar
functions II; in order to split the HLbL contribution to (¢ — 2),, into the following sum:

HLbL __ _«%-pole T-box T
a, " =ay +a, " a4 (2.26)

This sum directly reflects the sum over intermediate states in the unitarity relation in
which, by definition, all intermediate states enter on-shell. While unitarity alone defines
the imaginary parts, the real parts are obtained from the dispersion integrals. In short,
this amounts to the following procedure:

e Write down the unitarity relation for the HLbL tensor.

e In the sum over intermediate (on-shell) states, the one-pion state contributes as a
d-function to the imaginary part, which offsets the dispersion integral and defines the
m9-pole contribution.

e The next-heavier intermediate state in the unitarity relation is a two-pion state. So
far, we concentrate on one- and two-pion intermediate states, shown in figure 4.

e In the two-pion contribution, write down the crossed-channel unitarity relation for
the sub-process v*v* — mw. The one-pion contribution in this unitarity relation
defines the m-pole contribution to v*4* — @w. Separating this pole contribution
corresponds to further splitting the two-pion contribution to HLbL into different
box-type topologies, shown in figure 5.

e The two-pion phase-space integral in the HLbL unitarity relation can be converted
into a second (crossed-channel) dispersion integral. This nontrivial but essential
technical step is described in detail in appendix D of [30].

e Finally, the symmetrization over the different channels produces the Mandelstam

representation.
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Figure 5. Two-pion contributions to HLbL. Further crossed diagrams are not shown explicitly.

The double-spectral representation for the pion box has the following form:

m-box ( o/ /.
Hzr—box(s ¢ u; {q / / t/pz st ( t; {q]})
v v J 71'2 4M2 t+ {q2} S — S)(t — t)

T-box s U,; 2
+72 ds/ oy P ,{qj}) (2.27)
72 Janrz Br) (s —s)(u —u)

L[ )
w2 4M2 u+(t’;{qj2-} (t/ - t)(u - u) ’

where the functions pf‘box denote the double-spectral densities, which have been derived
(though not given explicitly) in [31]. The borders of the double-spectral regions ¢t* and u™
are defined in appendix G.3 of [31].

In [31], we have explicitly shown that the Mandelstam representation for the pion box
is mathematically equivalent to a scalar QED (sQED) one-loop calculation, multiplied by
appropriate pion vector form factors for the off-shell photons. First, the form factors only
depend on the virtualities {q } and can be pulled out of the double-dispersion integral.
Second, triangle and bulb diagrams appear in the sQED calculation only in order to ensure
gauge invariance: indeed when projected onto our gauge-invariant tensor structures, the
analytic structure of sQED is the one of pure box topologies. In order to calculate the
pion-box contribution numerically, it is convenient to rather use a Feynman parametrization
instead of the dispersive representation. It turns out that in the limit of (g—2),, kinematics,
the Feynman parametrization of the scalar functions II; defined in (2.15) is very compact.
Due to the limit g4 — 0, only two-dimensional Feynman parameter integrals appear:

- 1 1 11—z
ok o) = FY P @)Y s [ de [ dolie). 229

where FV is the electromagnetic pion vector form factor and the integrands I; can be found
in appendix C, written in a way that shows explicitly the absence of kinematic singularities.

The main goal of the present article is to describe two-pion contributions beyond the
pion box, i.e. the topologies that involve a crossed-channel intermediate state heavier than
one pion in one or both sub-processes.

2.2.2 Two-pion contributions beyond the pion box

Let us examine in more detail the form of the Mandelstam representation as sketched in the
previous subsection. The starting point is a fixed-t dispersion relation with a discontinuity

- 12 —



given by the two-pion contribution to the unitarity relation for the HLbL tensor:

1 _oxl(s)

I WWH,U,I/)\U —
e 3272 2

/dQ;' <Wﬁ’i(p1,pz,Q1)Wﬁ”*(p1,p27 —qs3)

1. \
+ QW(% (p1,p2, )WY (p1, pa, —Q3)), (2.29)

where WH are the matrix elements for v*v* — 7w. The subscripts {+—,00} denote the
charges and p; 2 the momenta of the intermediate pions. The phase-space factor is

ox(s)i=14/1— —". (2.30)
In order to analytically continue the unitarity relation, these matrix elements have to be

expressed in terms of fixed-s dispersion relations for the scalar functions in a proper tensor
decomposition, see [31]:

5 S;+— S;+— s+— Si—
T (s DT (s) 1 [o© D:7 (t;s) 1 [o° D: " (uy; s
W = T{“’(pl’t (5) | P (>+/ dty———— i )+/ dug ————— i )>,
i=1

t=M2  u—MZ2 7w [ t1—t ™ Janez U —u
5 ;00 ;00
1 (> D;(tis s 1 [ D;’ /" (u1ss
Wiy =Y T / dty ———~ ( )+/ dug —*——= (wis)) (2.31)
im1 ™ 4M32 t1—1t ™ 4M?2 u;y —u

Wy does not contain any pole terms because the photon does not couple to two neutral
pions due to angular momentum conservation and Bose symmetry.

If we pick the contribution of the pole terms on both sides of the cut, we single out
box topologies:

1 og(s)
box 3272 2

= = = = *

dQ” T;U/T)\g pzt (S) ,()Zu (5) pj';t (S) pj’;u (8)

8 24 I Ny v vy v A Wy v Vel
Z’J: ’

ImwwHyu)\a
s

(2.32)

where the primed variables belong to the sub-process on the left-hand side and the double-
primed variables to the sub-process on the right-hand side of the cut. This contribution
was the subject of study in [31]. We consider now the contributions with discontinuities
either in one or both of the sub-processes:

_ 1 UW(S) " ° KV Ao
1disc 3272 2 / 2 Z TT;

3,J=1

y pfff_(S)ijf;f_(S) 1/‘” it D;Sf_(tz;S)Jrl/‘” i D3 (ug;s)\*
t—M2 W —M?2 T Japr2 2t T Janr2 2w =

L DR (i) 1 DI i)\ () a (0)Y
+</ dt1¢<1>+/ 2 ))(pj,t O <)>’

TTTTUVAC
Im "II

™ 4M72( tl_t/ m 4]\/[7% Uy —u t — Mg U,N—Mg
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TFFHHV)\O'

1 ox(s) >
I = - sl >y THTM
o adise 3272 2 / VLT

1,j=1
1 [ DZ “(t1;s 1 w (u1; s
X 7/ dtl it ! 7/ ! )
T Janr2 ty —t T up —u/
1 [ D ~(ta; 1 ’u (ug2;8)\*
X 7/ dtz 2 7/ 2 )
m 4]\/[72r tg*t" ™ U —ul
1/1 0o Ds 00 tl, Ds OO ul,s)
AL
2\ 4M?2 tl —t/ (5% —
1 00 D? 00 t : 1 Dsgo U *
(L[ R 1 PRy
m 4]\472r t2 — T 4M7% ug —ul!

If the order of phase-space and dispersive integrals are exchanged, the phase-space integrals

can be performed by applying a tensor reduction to the quantities

5
1 1
/ aqy > " T — (2.34)

“ ty —t'ty —t"
i,7=1

The reduced scalar phase-space integrals can then be transformed into another dispersive
integral. Together with the dispersion integral ds’ of the primary cut, this produces a
double-dispersion relation. The case of the simplest scalar phase-space integral is explained
in [30]. Here, we do not try to calculate explicitly the tensor phase-space integrals, because
we are interested just in the analytic structure of the “ldisc” and “2disc” contributions,
i.e. the boxes with heavier intermediate states in one or both of the sub-processes.

In order to obtain the full double-spectral representation, one has to consider not only
a fixed-t dispersion relation as a starting point but also the crossed versions, i.e. fixed-s and
fixed-u dispersion relations. The symmetrization leads to the Mandelstam representation.
For a more detailed discussion in the case of the pion box, see again [31]. We consider now
the “ldisc” and “2disc” contributions, where the pole in one or both of the sub-processes
is replaced by a discontinuity. As the symmetrization procedure is identical in both cases,
we only discuss the case of a discontinuity in both sub-processes.

Figure 6 shows the unitarity diagrams corresponding to the double-spectral represen-
tations that are generated if we start in our derivation from the fixed-¢ dispersion relation:
the diagrams 6a and 6b generate a cut for s > 4M2, which is the right-hand cut in the
fixed-t dispersion relation. The diagrams 6¢ and 6d are responsible for the left-hand cut for
u > 4M?2. In all cases the first cut is always the one through the two-pion intermediate state.

As discussed in [30, 31], an (st)-box diagram can be represented either by a fixed-s,
fixed-t, or fixed-u dispersion relation: in the case of a fixed-t representation, there appears
only one dispersion integral along the right-hand s-channel cut. Likewise, in a fixed-s
representation, only one dispersion integral along the ¢-channel cut is present. In the case
of a fixed-u representation, however, an (st)-box generates two integrals along both the
s- and the t-channel cut. This particularity translates directly into the double-spectral
representation: the (st)-box can be written as only one double-dispersion integral if one
starts from a fixed-s or fixed-t representation. If one starts from the fixed-u representation,
one obtains a sum of two double-dispersion integrals, see appendix G.3 of [31].
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Figure 6. Unitarity diagrams representing the “2disc”-box contributions that are (partially)
accessible through a fixed-t dispersion relation.

Consider now the Mandelstam diagram in figure 7, which shows the double-spectral
regions that we generate if we start from a fixed-t dispersion relation. Because we consider
in the primary cut only two-pion intermediate states, not all the contributions from the
displayed double-spectral regions are generated. We understand from the above discussion
of the (st)-box that ps and p,: are complete, but that the contributions from p,s and
Psu are not, because only one double-spectral integral for each of these contributions is
obtained. However, two double-spectral integrals would be needed to generate the full
contribution of these regions: one of the two integrals has a primary cut at the higher
threshold 1602 and is neglected in the fixed-t representation. Of course, two more double-
spectral regions p;s and py,,, which correspond to crossed boxes, are completely missing in
the fixed-t representation.

The complete set of double-spectral regions, which is obtained after symmetrization, is
shown in figure 8. In the symmetric version, the double-spectral integrals over pg and py;
are taken from the fixed-t representation, p;s and p,s come from the fixed-s representation,
and finally pg, and pg, stem from the fixed-u dispersion relation.

In summary, we can write the contribution of higher intermediate states in the sec-
ondary channel as a double-spectral representation (we suppress the explicit dependence
on the virtualities):

s’,t’ s’ u
Hﬂﬂ_ 8 t U / dS / / pz at( a / dS / / pz 5u( )
AM2 t+(s/) (s =)t —t) AM2 ut( /) (5" —s)(u' —u)
L dt o Pi; ts( ,5') dt /M
2 v —t)(s' — ' —t)(u —u)
™ Jam2 s+(f/ ( (8" —s) 4M2 u+(t' (v —u
1 d / / pz us(u/’ S / pggt(u/’t/)
+ = u — ——t’—t'
T Jamz s+(uf) (U u)(s’ 4M2 t+(u’) (u" = u)( )
(2.35)

The border functions of the double-spectral regions approach asymptotically t*(s) — pueY —39M?2
for the “ldisc” contribution or 16M2 for the “2disc” contribution.

2.2.3 Single-variable dispersion relation for two-pion contributions

When we expand the sub-process v*+v* — 77w into partial waves, we obtain a polynomial
in the crossed-channel Mandelstam variables. This means that we neglect the crossed
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t-channel u-channel

Figure 7. Mandelstam diagram for HLbL scattering for the case ¢? = ¢3 = ¢ = —2M2, ¢ = 0.
Only those double-spectral regions for “2disc”-box topologies are shown that are reconstructed from
the fixed-t dispersion relation. The dashed line marks a line of fixed ¢ with its s- and u-channel
cuts highlighted in gray.

channel cut of the “ldisc” or “2disc” boxes, reducing them effectively to triangle (in the
case of “ldisc” boxes) and bulb topologies (in the case of “2disc” boxes), as illustrated in
figure 9. After having applied the approximation, there is no way to distinguish e.g. in
figure 9g between contributions coming originally from pg or ps,. Therefore, we discuss in
the following what kind of single-variable dispersion relation is appropriate in the case of

a partial-wave expanded input for the sub-process.

Consider again the situation for a fixed-t dispersion relation with the corresponding
Mandelstam diagram in figure 7. When constructing the Mandelstam representation, we
selected from this representation only the contributions from pg and p,:. After the partial-
wave expansion, however, we are no longer able to drop the incomplete contributions from
pus and pg,,. Instead, let us assume that the neglected contributions from these two double-
spectral regions are small: they are only due to the higher thresholds 9M2 (in the case
of “Idisc”) or 16M2 (in the case of “2disc”). Furthermore, their discontinuities, being
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Figure 8. Mandelstam diagram for HLbL scattering for the case ¢? = ¢5 = ¢3 = —2M2, ¢5 =0
with all the double-spectral regions for “2disc”-box topologies.

generated by multi-particle intermediate states, are phase-space suppressed. Instead of
combining the completely reconstructed double-spectral regions from fixed-s, fixed-t, and
fixed-u representations, we can simply sum all contributions from all three fixed-(s,t,u)
representations. Apart from the neglected higher cuts, each double-spectral contribution
appears twice in this sum. The appropriate representation is therefore one half the sum of
fixed-(s, ¢, u) representations:

1(1 /OO dt,ImH?W(s,t’,u’) +1/°° du,lmﬂg”r(s,t’,u’)

4 4

(s tu) = 3 a2 7t -

/
s Mg u —u

+ —
™

1 ImIE (s, ¢w) 1 [ TmIIF (s, ¢
+/ g5 I ’“)+/ g IS ’“)). (2.36)
s 4]\472r s — S8 m 4M7% t—t

1/°° ds,Ime”(s/,t,u’)+1/°° du,Ime”(s’,t,u’)
4 4

! __ I _
]\472r S S ™ Mﬁ u u

In the limit of infinitely heavy intermediate states in the crossed channel this relation is
exact. In particular, the dominant wm-rescattering contributions that we consider in this
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Figure 9. (a)—(f) Unitarity diagrams representing the complete set of “2disc”-box contributions.
(g)—(i) Partial-wave approximation: the sub-process becomes a polynomial in the crossed variable.

paper can be understood as a unitarization of the pion pole in the crossed channel on a
partial-wave basis. In this case, the dispersion relation (2.36) provides a model-independent
representation of the contribution of resonant effects in the w7 spectrum.

In the case of (¢ —2), kinematics, we are interested only in space-like momenta of the
virtual photons. The lines of fixed-(s, t, u) therefore never enter the double-spectral regions,
see figure 10. This implies that a partial-wave expansion is valid without restrictions. This
is true even in the case of the pion box, which provides the opportunity to check the
partial-wave formalism in a case where we know the full result. However, one has to bear
in mind that the double-spectral representation for the pion box differs from the “ldisc”
and “2disc” boxes: in the case of the pion box, there are only two-pion intermediate states,
hence only three box topologies exist and there are only three double-spectral regions. Each
fixed-(s, t, u) representation reconstructs already all three double-spectral contributions, so
that the full result can be obtained from a fixed-(s,¢,u) dispersion relation separately.
Hence, in a symmetrized version for the pion-box one has to take one third of the sum of
fixed-(s, t, u) representations:

1/1 0o I Hfr—box t o 1 00 I qu—box t o
1—[;1'-box($,t7 u) _ 3(/ dt/ mll; / _(57 7U) + / du’ mll; ,_(57 ;U)
s 4M72r t t s 4]\472r u u

+ — ds' + — du’

T Jans2 s'—s T Jansz u —u

1 o] 1 er—box / t/ 1 o] I qu—box / t/
+ - / dsl m 7 p _(S ) 7u) + / dt/ m 7 . _(S ) 7u) ), (237)
™ 4M7% S S s 4]\472r t t

1 /°° Im II7Pox(s" ¢ ') 1 /°° Im I17Po%(s' ¢, u')

and the relation is exact.

2.3 Sum rules for the BTT scalar functions

The Lorentz decomposition of the HLbL tensor is only unique up to transformations that
do not introduce kinematic singularities, hence there is a fair amount of freedom in choosing
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fixed s = ¢3

(b) Mandelstam diagram for the selected kinematics of point p. The double-spectral regions for the
pion box are shown. Lines of fixed s, ¢, and u running through the point p with (s, ¢,u) = (¢3, 43, ¢%)
are shown. They do not intersect any double-spectral region.

Figure 10. For (g—2), kinematics, the paths of the single-variable dispersion integrals never enter
any double-spectral region, which enables a partial-wave expansion.
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a particular representation. One important aspect of such transformations concerns the
fact that the different mass dimensions of the Lorentz structures imply different mass
dimensions of the scalar functions II;, which must be reflected in a different asymptotic
behavior. Indeed if we assume, as it is natural, a uniform asymptotic behavior of the whole
HLDbL tensor, i.e. in all Mandelstam variables and for all tensor components, this implies
that functions multiplying Lorentz structures of higher mass dimension should fall down
even faster for asymptotic values of the Mandelstam variables. In order to have a predictive
framework, we require, that all BTT scalar functions satisfy unsubtracted (i.e. parameter-
free) dispersion relations, and in particular that those multiplying the Lorentz structures
with lowest mass dimensions fall down like the inverse of the Mandelstam variables at
infinity. This hypothesis, which will be tested later on, implies that the HLbL tensor
behaves asymptotically as

1" < s, t, u, (2.38)

and that the BTT scalar functions behave (up to logarithmic corrections) according to:

1_[171_[4X )

7,119, U7, Ilyg < (2.39)

H31 =

with analogous asymptotics for the functions related by crossing symmetry. Under this
assumption, the functions Ilq, ..., Il fulfill an unsubtracted dispersion relation. However,
as they fall down to zero even faster, the functions Ily, ... fulfill not only unsubtracted
dispersion relations, but even a set of sum rules. These sum rules ensure that the result for
the HLbL tensor is independent of the choice of the tensor decomposition: the difference
between the Mandelstam representations for one set of scalar coefficient functions and a
second, equally valid set of functions will vanish as a consequence of the sum rules (also
known as “superconvergence relations” [62]).

Consider for example II; for fixed t = t, = q3+¢q3. At this kinematic point, the Tarrach
singularity is absent and II; = II; is unambiguously defined (up to the redundancy in 4
space-time dimensions), see [31]. It fulfills an unsubtracted fixed-¢ dispersion relation:*

1 [ ImIl (s, tp,X—tp—s) 1 [ Im 7 (X —tp—u/, tp, u)
H?‘t:tb = /s /J . (2.40)

ds' ; + — du’ ;
s'—s s o —u

0 0

where sy and ug denote the threshold in the respective channel. Due to the asymptotic
behavior, s I fulfills an unsubtracted dispersion relation as well:

1 [ Tm I, (s, ty, X —t,—s' 1 [ S—tp—u ) Im Il (X —t,—u/, tp, v’
SH7|t*tb:7/ go ST (s, 1y, Bt 8)+7/ g Bt ) Im I (Bt~ 8y, ')
- <)

s’ —s u —u

So 0

(2.41)

4All imaginary parts are understood to be evaluated on the upper rim of the cut in the respective channel.
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We subtract this equation once using

1 1 S
_— = 2.42
s —s 5’+8’(s’—s) ( )
as well as
1 1 1
s—s Y—tp—u—(X—t,—u) u —u (243)
in the u-channel integral to obtain:
1 1 > / / / 1 > / !/ /
H7t—t =—| - ds'TmIl7 (s tp, X —tp — §') — — du'TmTI7(3 — tp — u', ty, u')
= s\ Jg T Juo
+ l /OO ds,ImH7(8/,tb, > — tb - S,) + l /OO du’ImH?(E — t(, — u’,tb,u’)
T Jso s —s T Jug w —u ’
(2.44)

The comparison with (2.40) gives the following sum rule:

1 [ 1 [
/ ds'ImII7(s' ty, X —tp — &) — / du'ImTI7(X — t, — o/, ty,u") = 0. (2.45)
S U

T Jso T Jug

In the case of Il3;, an even higher-degree sum rule is fulfilled. Starting from the
unsubtracted fixed-s dispersion relation

£2 H31‘ o 1/Oodtlt/QImHm(Sb;t/,Z—Sb—t/)+1/oodu/(E_Sb_u/>21m1—[31(sb,E_Sb_u/’u/)’
S=S8p m to t/ _ t o ’u/ —u
(2.46)
with s, = q% + qZ, two subtractions lead to
1/1 [ 1 [
H31’ —s 12 ( dt't'Tm T3y (sp, ', B —sp—t') — = du’ (X —sp—u')Im Tl31 (sp, Z—Sb—u/,u’)>
s=s Y to T o

1/1 [ 1 [
+ - </ dt'Tm 3y (sp, t', 5 —sp — 1) — = / du'Tm 31 (s, X — sp — u’,u'))
tA\T Jiy ™

Uo

1/°°dt,Imﬂgl(sb,t/,E—sb—t/) N 1 /°°du,Imﬂgl(st—sb—u’,u’)

= i 0 T (2.47)

Both large brackets have to vanish, producing two independent sum rules for I13;. We have
verified these sum rules explicitly in the case of sQED, see section 3.2.

2.4 Relation to observables

In section 2.2, we have derived the form of the dispersion relation for general two-pion
contributions to (g — 2),, writing the results (2.36) and (2.37) for a generic BTT function
IT;. In a next step, we want to use this dispersion relation for the actual input in the
(9—2), master formula (2.25). Our goal is to establish via unitarity a relation between the
two-pion contribution to (g — 2),, and helicity amplitudes for the sub-process Yy*) =

While the BTT decomposition solves the problem of kinematic singularities, the 54
scalar functions II; have the disadvantage to form a redundant set: there are 11 Tarrach
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redundancies [31] and two further ambiguities in four space-time dimensions [58], as the
number of helicity amplitudes for HLbL scattering is 41. Furthermore, in the on-shell limit
of the external photon contributions from its longitudinal polarization must not survive.

This reduces the number of helicity amplitudes to 33;2 = 27. In the limit of (g —2), kine-

matics, the number of independent amplitudes is further reduced to 19, see section 2.1.2.
Note, however, that this limit applies to the outer kinematics in the master formula and
not to the imaginary parts inside the dispersion integrals, where one Mandelstam variable
is integrated over and thus not fixed to (g — 2), kinematics (2.23).

While working with a redundant set of functions may, at first sight, seem as a minor
nuisance which should in the final result take care of itself and lead to a unique and
correct answer, this is not the case in our context. The origin of the problem is that
(i) establishing the relation between the physical observables (i.e. the helicity amplitudes)
and the BTT functions, (ii) projecting on partial waves, and (iii) writing down dispersion
relations, are not necessarily commuting operations. In [31], we constructed single-variable
dispersion relations that are free of the Tarrach redundancies. However, for most of the
scalar functions, we only found a dispersion relation in one of the three channels, which
was sufficient to obtain the dispersive reconstruction of the pion box. For general two-
pion contributions (2.36) we need all three fixed-(s, ¢, u) dispersion relations. Furthermore,
the fact that longitudinal polarizations of the external photon do not contribute is not
immediately manifest in dispersion relations for the BTT functions II;. In order to solve
all these problems we must construct another basis that is appropriate for the kinematics in
the imaginary parts of the dispersion integrals. The scalar functions of this basis, which we
will call IT;, are in one-to-one correspondence with the 27 singly-on-shell helicity amplitudes.

In section 2.4.1, we explain how to derive these singly-on-shell basis functions II;. In
the construction, we make use of the sum rules for the BTT scalar functions II;, derived
in section 2.3. Readers who are not interested in the technical details of the derivation
may skip the following subsection and jump directly to section 2.4.2, where we present
the solution for the IT; functions. As a by-product in the derivation of the singly-on-shell
basis, we find a set of 15 sum rules for fixed-t kinematics, presented in section 2.4.3. These
physical sum rules are of relevance for the construction of the input on v*4*) — 77 and can
be considered a generalization of certain sum rules for forward HLbL scattering from [63].

2.4.1 Construction of the singly-on-shell basis

The most efficient way to obtain a representation for the two-pion HLbL contribution to
(9 — 2), involving only physical helicity amplitudes is the construction of a basis {11;}
for singly-on-shell kinematics that can be used together with unsubtracted single-variable
dispersion relations. In such a basis, contributions from longitudinal polarizations of the
external photon are manifestly absent. As we will see, this construction is possible due
to the presence of the sum rules for the BTT scalar functions derived in section 2.3. The
rather surprising fact that contributions from unphysical polarizations are not trivially
absent in a representation involving redundancies is explained in appendix E.1.

- 29 —



Let us define the transformation from the BTT functions to II; as the 54 x 54 matrix ¢:
54

I =) tyll;. (2.48)
j=1

In terms of the Lorentz structures Ti“ V’\U, both the 11 Tarrach redundancies (r) and the

two ambiguities in four space-time dimensions (a) can be written as linear relations:
54 54
ST =0, j=1,...,11, Y T"a; =0, j=1.2 (2.49)
i=1 i=1

Next, we study the unphysical polarizations: they multiply structures that are propor-
tional to 7 or ¢. Hence, we determine all linear dependencies of the tensor structures in
the limit ¢2, ¢ — 0, which leads to a matrix u of rank 25:

54
S tim TP Ju; =0, j=1,...,25, rank(u) = 25. (2.50)
— \atag—0 ’

If we join w with the two 4d ambiguities, the rank is 27:
rank(u, a) = rank(u, a, ) = 27. (2.51)

Since 54 — 27 = 27, this is consistent with the fact that in the singly-on-shell limit there
are 27 independent helicity amplitudes. In this limit, the 11 Tarrach redundancies r are
linearly dependent on a and u. Moreover, in the singly-on-shell limit the transformations
u and a can be interpreted as an ambiguity in the scalar functions:

27
ﬂi — ﬂz + Z ?TLZ'jAj, (252)
j=1
where we denote by @ the 54 x 27 matrix (u, a).

We consider now the limit g2 — 0 and t — ¢3, which is relevant for the fixed-¢ dispersion
relation. For a suitable choice of v and a, we still have rank(u) = 27 in this kinematic limit.
The goal is now to find all linear combinations of scalar functions II; that are invariant
under the transformation (2.52) and satisfy an unsubtracted dispersion relation. Hence,
we have to determine the matrix p, such that

Pri | L+ >t Aj | = pralli, (2.53)
for arbitrary A;, which corresponds to the null-space of u:

54
Zﬁkiﬂzj =0. (2.54)
i=1
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However, the requirement that ﬁkiﬂi satisfy an unsubtracted dispersion relation does not
allow arbitrary p. Here, the sum rules for the BTT scalar functions II;, derived in sec-
tion 2.3, are employed in an essential way: the linear combinations

Zpkz i q—O_ Zpk] 7

tq2

20 (2.55)

tq2

a; 20 — E pkztzJH]
t=q3  ij=1

must only involve coefficients py; that depend linearly on s for j > 7 or at most quadrat-
ically for j € {31,...,36}, because the scalar functions II; satisfy the linear sum rule for
j > 7 and the quadratic sum rule for j € {31,...,36}. Meanwhile, the coefficients py; can
have an arbitrary dependence on the virtualities qu, which in the dispersion relation are
fixed external quantities. Hence, we write

Drj(s Zpk]zs (2.56)

and bear in mind the mentioned restrictions for pyj; and pgj2. Solving this linear algebra
exercise is the major problem of the calculation. With the help of computer algebra, we
obtain a 42 x 162 matrix (pi;jo, Pkj1, Pkj2), Whose contraction py;(s) has again rank 27 and
is in one-to-one correspondence with the 27 singly-on-shell helicity amplitudes.

In a last step, we consider the limit s — q% (which is now equivalent to ¢4 — 0) and
search for linear relations

42 54
=3 ) birpri(g3)II o’ i=1,...,11,13,14,16,17,39,50,51,54,  (2.57)
k=1 j=1 -

Q40

for all the functions contributing to (g —2),, where the coefficients b, are functions of the
virtualities ¢2, ¢3, and q% . The solution of this system is not unique: py; is a 42 x 54 matrix
of rank 27, hence there exist 15 null relations

42

0="> niprj(a3), i=1,...,15, (2.58)
k=1

again with coefficients n;, depending only on q%, q%, and qg.

With the constructed solution for py;, we can build a singly-on-shell basis by selecting
a convenient set of 27 independent linear combinations. We choose the basis functions II;
in such a way that only the first 19 contribute to (g — 2),:

42 54
(5:07) == D> bgrprs(s)IL; g—or i=1,...,19, (2.59)
k=1 j=1 t:qg

where {g;} := G = {1,...,11,13,14, 16,17, 39,50, 51, 54}
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2.4.2 Scalar functions for the two-pion dispersion relations

In section 2.4.1, we have detailed the derivation of the 27 singly-on-shell basis functions
II;. These functions have the following four important properties.

1. They are linear combinations of the BTT functions II; for fixed-t with coefficients
depending on s only in such a way that the sum rules in section 2.3 allow an unsub-
tracted dispersion relation for the IT;:

1 e’} I ﬁl I 2 00 1 o] I 1‘[Z r2 00
/ dS/ m (S7q27u) / dul m (S’qQ’U’). (260)

/ + /
4M7% s — S8 T 4M7?. u —u

2. In the limit ¢4 — 0, a subset of 19 functions reproduces the input for the master
formula (2.25) for (g — 2),:

_ i,

(3

, 1=1,...,19. (2.61)
q4=0

5=q3
3. They are free from Tarrach redundancies [31] and the ambiguity in four space-time
dimensions [58].

4. A basis change relates them to the 27 singly-on-shell helicity amplitudes, hence the
imaginary parts in the dispersion integrals (2.60) can be expressed in terms of physical
helicity amplitudes for v*v* — w7 and v*y — 7.

The first point reflects the need to obtain a parameter-free prediction for the two-pion con-
tribution to (g —2),. The second point implies that we can construct a dispersive represen-
tation for IT; of the form (2.36) (or (2.37) for the pion box), by summing fixed-(s, ¢, u) repre-
sentations. The fixed-t representation is given directly by (2.60), while fixed-s and fixed-u
representations follow from the crossing relations (2.16). The last two properties mean that
we can relate the two-pion contribution to (g —2), to observable quantities. In particular,
longitudinal polarizations for the external photon must drop out in the limit g2 — 0.

The 19 functions contributing to (g — 2), can be written as (for ¢3 = 0 and ¢ = ¢3)

II; = ﬂgi + (s — @A + (s — qg)QZi, (2.62)
where {¢;} = G ={1,...,11,13,14,16,17,39, 50,51, 54} and where

54
Ai = Zd_inj7 Az = z'jHj (263)
J=T j

are given explicitly in appendix D. The coefficients Jij and czj depend only on q%, q%,
and qg. To verify that the functions II; fulfill unsubtracted fixed-t dispersion relations,
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we observe

1 / dS,Imﬂi(s’) _1 / dS,Imﬁgi(s’)

T s — s T s’ —s
P [ =B L [ =)
T s — s T s’ —s
_ 1/ds’ImHgi($/)
T s —s
1 Im A;(s") 1 Im A;(s') (2.64)
2 7 272 7
+(s—a3) /dsls,_s s —a3)" /dsls,_s
1 _ 1 =
+ = /ds’Im Ai(s)+ = /ds'(s + 8" —2¢3)Im A;(s")
T T
=TIy, (s) + (s — @3)Ai(s) + (s — 43)*Ai(s)
= ﬂi(s),
where we have used the sum rules for the BTT functions:
/ds’ImHi(sl) =0, ie{7,...,54},
(2.65)

/ds's'ImHi(s') =0, i€{31,...,36},

and written both channels schematically as one integral. This proves that the dispersion
relation for II; is indeed fulfilled. In particular, the limit s — qg provides a fixed-t repre-
sentation for ﬂgm the input for the (g — 2),, master formula. The solutions for fixed-s and
fixed-u follow immediately from the crossing relations (2.16) and (2.18).

Unfortunately, it turns out that it is not possible to find a representation for the
functions IT; with coefficients Jij and jij in (2.63) free of all kinematic singularities. This
is a final relic of the redundancy in the tensor decomposition which is, however, not a
real problem at all. Indeed the contribution of A; and 51 in the dispersion relation for
ﬁgi vanishes due to the sum rules, and the same is true for the residue of any kind of
kinematic singularity in the coefficients Jij and cz] The residue is defined in terms of
physical quantities only and can thus be subtracted explicitly, to obtain a representation
that is manifestly free of kinematic singularities.

Using the above sum rules, we can optimize the representation to a certain degree. We
have chosen our preferred representation in appendix D according to the following criteria:

e We have avoided for scalar functions II; that receive S-wave contributions to mix into
other functions in (2.62).

e We have made the singularity structure of the coefficients Jij and jij as simple as
possible.

e We have optimized the convergence of the partial-wave representation of (g —2), for
the pion box.
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The minimal singularity structure for the coefficients czij and cz-j consists of simple poles
in 1/(¢? + ¢3) and singularities of the type 1/\(¢?,q3,¢3), where A(a, b, c) := a® + b? + 2
—2(ab+ bc + ca) is the Kéllén triangle function. The first singularity lies on a straight line
outside the (g — 2),, integration region, see figure 3. Writing

1~
)\123 = A(Q%Q%a‘]%) = _§22(1 - 7”2), (266)

we see that the second type of singularity lies on the border of the (¢ — 2), integration
region. In the (g — 2), master formula (2.25), we subtract the residue of this singularity
at » = 1, which vanishes due to the sum rules, to obtain a representation without any
kinematic singularities in the (g — 2), integration region.

2.4.3 Physical sum rules

In the derivation of the singly-on-shell basis functions II;, we have encountered the 15 null
relations (2.58), which lead to sum rules involving only physical (singly-on-shell) quantities.
We build the 15 functions

42 54
Ni(s;67) =) nigprs(s)IL; g=0 i=1,...,15, (2.67)
k=1 j=1 t:q§

By using the null relations (2.58), we subtract zero on the right-hand side and obtain

42 54 42 54
(s:08) =D D> ma (prs(s) = pug(a3)) Wi gz—o = D > ik (g (5) — P (43)) T | 2o,
k=1 j=1 t=¢3  k=1j=7 t=q3

(2.68)

where the second equality follows from the fact that py;(s) = py;(¢3) is constant for j < 7.

For j > 7, pj(s) is linear in s or quadratic for j € {31,...,36}. Hence, we can write
pri(s) — i (@) = (s — @3)pri(s), 5 >T, (2.69)
where py; is either constant or linear in s for j € {31,...,36}. Inserting N; into a dispersion

integral leads to 15 linear combinations of the sum rules for the scalar functions, discussed
in section 2.3:

ﬂ/d’ImN ankz /dspk] ImH()

S—Q

—0. (2.70)

wmo

q

These 15 sum rules are special: they are free of any ambiguity and only involve physical
helicity amplitudes, i.e. amplitudes with a transversely polarized external photon. They
can be used to modify the fixed-t representations (2.62) of the 19 II; functions contributing
to (g —2),. The 15 sum rules can be written in very compact form in terms of the singly-
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on-shell basis functions II;, defined in appendix D:

—/ds’Im (s, i=17,8,9,10,12,13,16,20,21,22,23, 24,

(2.71)

where fixed-t kinematics is implicit. These sum rules are related to certain sum rules
for forward HLbL scattering derived in [63], although we have derived them for a different
kinematic situation (non-forward scattering but qz = 0). A detailed comparison is provided
in appendix E.2.

2.5 Helicity amplitudes and partial-wave expansion

In order to determine the two-pion contribution to the scalar functions in the master
formula (2.25), we write fixed-(s,¢,u) dispersion relations of the form (2.36), where we
take only the contribution of the two-pion intermediate state to the imaginary parts into
account. The scalar functions that fulfill single-variable dispersion relations and reproduce
the scalar functions in the master formula are given in (2.62). The last missing piece in the
formalism for two-pion contributions to (g — 2), is thus the link with helicity amplitudes
and partial waves for v*~v*) — 7.

Unitarity determines the imaginary part of the scalar functions, which is the input
in the dispersion relations, and is most conveniently expressed in the basis of helicity
amplitudes, expanded into partial waves: for helicity partial waves the unitarity relation
is diagonal. Furthermore, the input on v*y*) — 77 is available in the form of helicity
partial waves: these are in principle observable quantities, even though given the absence
of double-virtual data they will have to be reconstructed dispersively by means of the
solution of a system of Roy-Steiner equations [28, 31, 55]. In section 4, we will provide a
first estimate of the two-pion rescattering contribution by solving the Roy-Steiner equations
for S-waves, using a pion-pole LHC and w7 phase shifts based on the inverse-amplitude
method [64—69].

The step from the singly-on-shell basis to the basis of helicity amplitudes for HLbL
is again rather tedious. The helicity amplitudes can be easily expressed in terms of BTT
scalar functions or the singly-on-shell basis by contracting the HLbL with appropriate
polarization vectors, but expressing the scalar functions in terms of helicity amplitudes
requires the analytic inversion of a 27 x 27 matrix, which is a formidable task. Here,
we present the solution to this problem and discuss the subtleties of the partial-wave
expansion in connection with (¢ — 2),. In section 2.5.1, we recall the definitions for the
helicity amplitudes from [31]. In section 2.5.2, we comment on the implication of the sum
rules for the partial waves. In section 2.5.3, we discuss the result for the dispersion relation
in terms of helicity partial waves, generalizing the S-wave result of [28] to arbitrary partial
waves. Some technical parts of the calculation are relegated to appendix F.
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2.5.1 Unitarity relation in the partial-wave picture

Although the direct inversion of the 27 x 27 matrix is feasible, see appendix F.2 for a
summary of how to achieve this task, there is a more elegant way to derive the partial-wave
unitarity relation without the need for a full inversion. We checked that both derivations
lead to identical results, but pursue the latter, more physical approach in the main part of
the paper.

The strategy that avoids the inversion of the matrix describing the basis change relies
on the following idea: by expanding the sub-process v*v* — 7m into helicity partial waves,
we can explicitly calculate the phase-space integral in the unitarity relation and determine
the imaginary part as a sum of products of helicity partial waves. The phase-space integrals
become more and more complicated for higher partial waves, but due to the fact that
unitarity is diagonal for helicity partial waves, the contribution of arbitrary partial waves
is determined as soon as the S-, D-, and G-wave discontinuities are calculated.

In phenomenological applications, we expect the contribution of partial waves beyond
D-waves to be negligible. However, the calculation of higher partial waves allows us to
check the convergence of the partial-wave series to the full result in the test case of the
pion box and provides a very strong test of the formalism for the single-variable partial-
wave dispersion relations. The numerical checks of the convergence will be discussed in
section 3.3.

In the following, we define the helicity amplitudes for HLbL and the sub-process
7*4*) — 7. The definitions of angles and polarization vectors can be found in [31].

The helicity amplitudes of v*v* — 7 are defined as

Hy,py = 02720200 ()22 () WH (1, p2, q1)- (2.72)

For two off-shell photons, there are in principle 32 = 9 helicity combinations. However,
due to parity conservation and with our convention for the polarization vectors, we have
the relation

H_ oy, = (—D)MP2H, (2.73)
which implies that only Lgl + 1 = 5 amplitudes are independent:
H++ — Hff, H+, — H,+, H+0 — —1;.’707 H0+ — —Hof, HOO. (274)
Similarly, for the HLbL helicity amplitudes, defined by

Hypoen = €3 (@1)en?(a2)e)* (—as)ent (a0 (1, 42, q3), (2.75)

there are 3% helicity amplitudes, but only % + 1 = 41 independent ones.

We introduce rescaled helicity amplitudes that remain finite in the limit ¢? — 0:

't 2 1 I | 2 .3 .4 13
H>\1>\2 - K/)\lﬁ)\QH)\l)\27 H>\1>\2,>\3>\4 - HAlﬁ)\zH/\gﬁAz;H)\l)\z,)\sM’ (2'76)
where
. P
Ky =1, Kj= 5—’, (2.77)
7
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and &; refers to the normalization of the longitudinal polarization vectors. Since only the
H amplitudes appear in the final results, this procedure avoids any confusion that might
originate from a particular choice of normalization.

We define the helicity partial-wave expansion for v*vy* — 7w by
Hypno(s,t,0) =Y (27 + 1)d5o(2) Py (5), (2.78)
J

J

mims

where m = |A\;—M\2|, 2 is the cosine of the scattering angle, and d (z) denotes the Wigner

d-function. For HLbL, we expand the helicity amplitudes as follows into partial waves:

‘FIAlAQaA3>\4 (87 t’ u) = 2(2‘] + 1)dg’le2 (Z)h’il)\g,)\g)\;; (S)’ (279)
J

where mq = )\1 — )\2, mo = )\3 — )\4.

Unitarity is diagonal for helicity partial waves, i.e.

T UW(S) *
Ims h§1)\2,>\3)\4 (S) = ninf@hj,)\l)a (8)h’J,)\3)\4 (8)7 (280)

where S is the symmetry factor of the two pions and

i e =—1, [l A=A =1, (2.81)
=1 otherwise, TN otherwise '

account for the sign convention in (2.78). We find the relation
Im;”rhil)\g,—k3—>\4 (8) = Im;”rhil)\g,)\g)\;; (S)’ (282)

where the ratio of 7y factors compensates the sign (—1)*+* from (2.73).

The HLbL tensor is written in terms of the redundant BTT Lorentz decomposition as

54 43
e = 3" = Y B (2.83)
=1 =1

For fixed t = q% and qi = 0, we have defined the singly-on-shell basis functions II;. The
helicity amplitudes form a basis of the HLbL tensor, hence

1 1 1
=Y cyHj, =) é;H;, = é;H; j={\ A A3 \i}. (2.84)
=1 =1 i=1

The coefficients ¢;; contain 13 redundancies, the ¢; still two (in four space-time dimen-
sions). In the relation for I1;, fixed-t kinematics is implicit and the coefficients ¢i; are free
from redundancies.
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We define the following “canonical” ordering of j:

je{l={++++}, 2={++,+0}, 3={++,+-}, 4={++,0+}, 5= {++,00},
6={++,0-}, T={++—+}, 8={++ -0}, 9={++——} 10={+0,++},
11 = {+0,+0}, 12={+0,+—}, 13={+0,0+}, 14={+0,00}, 15={+0,0—},
16 = {+0,—+}, 17={+0,—-0}, 18={+0,——}, 19={+—,++}, 20={+—,+0},
21 ={+—,+-}, 22={4+—,04+}, 23={+-,00}, 24={+-,0—}, 25={+—,—+},
26 = {+—,-0}, 27={+—-,——}, 28={0+,++}, 29={0+,4+0}, 30={0+,+—},
31 ={0+,0+}, 32={0+,00}, 33={0+,0—}, 34={0+,—+}, 35={0+,-0},
36 = {0+, ——}, 37=1{00,++}, 38=1{00,4+0}, 39={00,+—}, 40 = {00,0+},
41 ={00,00}}, (2.85)

and the subsets

{1;}; = {5,14,23, 32,37, 38, 39, 40,41},

{k;}; :=={1,2,3,4,10,19,28},

{k;}; :=={9,8,7,6,18,27,36},

{n;}; = {11,12,13,20, 21,22, 29, 30, 31},

{n;}; == {17,16, 15, 26,25, 24, 35, 34, 33}. (2.86)

The meaning of these subsets is the following: the subset {l;}; corresponds to helicity
amplitudes with ﬁj = +Hj, where j := {A\1, A2, —A3,—A\4}. For the subset {k;};, the
Wigner d-functions for j and j are identical up to a sign, while for the subset {n;}; this is
not the case.

The imaginary parts of the scalar functions are given by

41
I =) ) 620 + 1)d” ;5 (2)ImI™h (s)
j=1

1 2
J
9
= Z [ZC”J (2J +1) dl (z )Im;”rhfj(s)
J j=1
7
+ 37 (e, + Gitar, ) (27 + D) (2) I (s)
j=1
9
+y° (% d;y (2) + in,d;, (z)) (2J + D)Im["h;_ (s)] : (2.87)
j=1
where the signs
{CJ}] = {+7_7+7_7+7+7+} (288)
come from the relation
ALy g (2) = (1)™ 72, 10y (2) = iy, (2). (2.89)
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The explicit Wigner d-functions are

{lej = {dgm d{07 ng? _di]07 d()]07 _dfov dgw d{07 d30}7
{dij b= {dg()a _di]Oa dQJOv di]Oa d{m dgo» _d{O}v
{dy }j = {diy, —dgy,d]_y,d3y,dso, d3_y,d{_y, —dy_y, df,},

{d;—ij }j = {d{—lv dQJ—la d{h dQJ—la dg—2v d2Jla dijla dgl) dlj—l}v (290)

where the signs are due to the use of relation (2.89).

In order to identify the coefficients ¢;;; and (G, + Cjéi,;j), it is sufficient to know the
contribution to the unitarity relation from the lowest partial waves hi and hij (which are
either S- or D-waves). However, as the Wigner d-functions d;{j are different from d,—{j, we
need to know the contribution from the two lowest partial waves h;{j in order to identify
the coefficients Cin, and Cin; separately. Therefore, the generalization to arbitrary partial
waves is possible as soon as the contributions from S-, D-, and G-waves are determined.

The explicit calculation of the partial-wave unitarity relation involves rather compli-
cated phase-space integrals, see appendix F.1. By calculating the fully-off-shell unitarity
relation, projecting onto BTT, and working out the imaginary parts of the functions II;,
we have verified explicitly that the coefficients ¢;; for the longitudinal polarization A4 = 0
vanish. Therefore, ¢;; is effectively an invertible 27 x 27 matrix. As mentioned above, we
have also computed the matrix ¢;; by direct inversion of the basis change from helicity
amplitudes to the scalar functions, see appendix F.2. The fact that the result agrees with
the one from the phase-space calculation provides a very strong cross check, and in addition
the full inversion allows one to separate the ¢;;; and Cik, coefficients.

2.5.2 Approximate partial-wave sum rules

Before returning to the final result, we comment on the role of the sum rules in the context
of a partial-wave expansion. In section 2.4.3, we have derived a set of 15 sum rules for the
I1; functions, which, after a basis change, can be written in terms of the 27 singly-on-shell
helicity amplitudes for HLbL scattering. By construction, these sum rules only hold true
for the full helicity amplitudes. In particular, when expanding the imaginary part of the
helicity amplitudes into partial waves and truncating the partial-wave series, there is no
reason why the sum rules should still be satisfied exactly: sum-rule violations of a size
consistent with higher partial waves are expected, so that the sum rules are fulfilled only
approximately. This has some important consequences.

Due to the presence of the sum rules, the formal relation between the master formula
input II; at g4 = 0 and the singly-on-shell basis functions II; is not unique, but can be
modified by linear combinations of the sum rules. If the sum rules hold exactly, all these
representations are equivalent. Violating the sum rules by a truncation of the partial-
wave series implies that a dependence on the precise representation of the II; functions is
introduced. Our preferred representation of the IT; functions, discussed in section 2.4.2 and
appendix D, leads to a fast convergence of the partial-wave expansion in the test case of
the pion box, see section 3, but we also checked other variants and convinced ourselves in
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each case that indeed the sum-rule violations are consistent with a meaningful partial-wave
expansion and only slight losses in the rate of convergence.

The dependence on the representation of the IT; functions or the violation of the sum
rules concerns only the truncated higher partial waves. Hence, we can reverse the argument:
with the assumption that sufficiently high partial waves are negligible, the included partial
waves have to fulfill the sum rules, which also removes the dependence on the representa-
tion. This can be used as a check of or even a constraint on the input for the v*v* — 77
helicity partial waves, in a similar way as sum rules for forward HLbL scattering have been
used to derive constraints on transition form factors of higher resonances [63, 70, 71].

Out of the 15 sum rules, only a single one involves helicity amplitudes starting with
S-waves. If we truncate the partial-wave expansion after S-waves, this sum rule reads

o 1 1
0= [Mp ds'r(fm (21m h9r+7++(s’) — (s — ¢} — ¢3)Im h80,++(5/)> + higher waves,
2 3
(2.91)

where A12(s) := A(s,q%,¢3) denotes the Killén triangle function. Verifying that the cor-
responding sum rule is approximately fulfilled for the v*~4* — 7 amplitudes constructed
in section 4 provides an important check on the calculation. In fact, it is precisely this
sum rule that proves that the S-wave result derived here based on the BTT formalism and
the one from [28] are equivalent. We note that in the limit of forward kinematics the sum
rule (2.91) reduces to the S-wave approximation of the sum rule (27b) in [63].

2.5.3 Result for arbitrary partial waves

The calculations of the previous sections allow one to reconstruct the full result for the
dispersion relation for HLbL two-pion contributions to (¢ — 2),. The imaginary part of
the functions IT;, which have to be inserted into the dispersion integrals, are provided
by (2.87). Evaluated at s = q% , the dispersion relations give the s-channel contribution
for the fixed-t representation of all 19 II; functions that contribute to (9 —2),. Using the
crossing relations (2.16) and (2.18), we obtain the five other contributions: the u-channel
contribution for fixed-t as well as both channels in the fixed-s and fixed-u representations.
Hence, all six integrals in a dispersion relation for the functions II; of the form (2.36)
or (2.37) can be calculated.

The crucial ingredient in this calculation is the basis change ¢;; from scalar functions to
helicity amplitudes, which enables the generalization of the S-wave result of [28] to arbitrary
partial waves. The matrix ¢;; contains two types of ostensible kinematic singularities:

1. The kinematic singularities of the singly-on-shell basis II; are present, as explained
in section 2.4.2. In the dispersion relation, their residues vanish due to the sum rules,
hence they can be subtracted explicitly in the master formula for (g — 2),,.

2. Additional kinematic singularities (—q%)*”/ 2 n=1,...,4, show up in the coefficients
¢ij. They are introduced by the basis change to helicity amplitudes, i.e. they cancel
against kinematic zeros in the helicity amplitudes, present in (2.87) in the Wigner-d
functions for fixed-t kinematics.
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Unfortunately, the matrix ¢; is too lengthy to be shown here in full, but is provided as
supplementary material in the form of a MATHEMATICA notebook.’
In contrast, the explicit results for the two-pion dispersion relation in the S-wave

approximation are very compact:

I{=" = iA:E ds’ A12(8’)E9?— )2 (45/Im h1+,++(5’) —(5'+41—¢3)(s' —¢i +¢5)Im h80,++(5/)),
ﬂé]:O = % A:g dt/)\w(t/)(_;_ q%)z (4t’lm h3-+,++(t/) —(t'+ Q% - qg)(t/ - Qf + q%)lm h80,++(t/))7
=" = iA:g du/ /\23(u’)(_u2’ pY (4u’Im WS s (u) = (W' 445 —a3) (0 — g3 +4¢3)Im h807++(u’)>7
= 2 e (s () — 0 g i ),

ﬂilazo = 717%;;; dt//\lg(t’)(;l’—q%)Q (21m h3+,++(tl) - (t/ - Q% - qg)Im h80,++(t/))»

{70 = % [;2 dS/)M (QIm hey 44 () = (s — ¢ — ¢3)Im h807++(s’)), (2.92)

where the dependence of the helicity amplitudes on the virtualities is not written explicitly.
This result agrees with [30]. It slightly differs from the S-wave result presented in [28],
but, as explained in the previous section, this difference is precisely of the form of the sum
rule (2.91) and thus simply related to a different choice of basis.

The above result is given in a form that corresponds to the dispersion relation (2.36).
In order to apply it to the pion box, one has to use (2.37), hence the dispersion integrals
in (2.92) need to be multiplied by a factor 2/3. For the proper evaluation of the mr-
rescattering corrections, the contribution of the pion box to the partial waves has to be
subtracted: we define the operator S, which takes care of the symmetry factor and the
subtraction of the pole x pole term [28]. The imaginary part for the mm-rescattering
contribution is then given by

ox(8)
167

17, 5y s (5) = 705 T2 28 [ (5 g, ) (2.93)

where

8 152 (0500 (5)] = 15,2 (5)RTa0,(5) = Noaaa () Ny, (),

1

(2.94)
5[ 3,,\1,\2(3) 3:k,\3,\4(5)] = 3 IJl,,\l,\2<3) TASM(S)-

The superscripts refer to charged (c) and neutral (n) pions, respectively, and Ny ., denotes
the partial-wave projection of the pure pion-pole term, explicitly given in appendix G.
2.6 Summary of the formalism

Arguably the most important result of this paper, especially in view of future applications
and generalizations, concerns the derivation of the IT; functions, which allows us to establish

°In this notebook, we make use of FEYNCALC [72, 73].
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a direct correspondence between singly-on-shell helicity amplitudes and the scalar functions
IT; that enter the master formula (2.25) for the HLbL contribution to (g — 2),. The key
quantities in this construction are the various scalar amplitudes, a glossary of which is
provided in table 1, including a reference to the equation where they are defined and a
short definition and explanation. They can be roughly divided into four classes: first, the
II; and II; are related to the general BTT decomposition of the HLbL tensor, irrespective
of any application to (g — 2), or dispersion relations. Second, the II; and II; isolate
the functions actually relevant for (g — 2),, by forming suitable subsets and taking the
appropriate kinematic limit, but are otherwise still completely general. Third and fourth,
the II; are constructed as the crucial intermediate step in the derivation of single-variable
partial-wave dispersion relations, by eliminating redundancies in the representation and
thereby allowing a well-defined transition to helicity amplitudes H j- In combination with
partial-wave unitarity, this last step completes the derivation of the dispersion relation for
two-pion intermediate states in the HLbL contribution to (g — 2),.

3 The pion box: test case and numerical evaluation

The interest in the pion box is twofold. On the one hand, it gives a unique meaning to
the notion of a pion loop, by virtue of its dispersive definition as two-pion intermediates
with a pion-pole LHC, and is expected to provide the most important contribution to
HLDbL scattering beyond the pseudoscalar poles. Phenomenologically, the pion box is fully
determined by the pion vector form factor, which allows us to pin down its numerical value
to very high precision, as we will show in section 3.1 including an error analysis for the
form factor input.

On the other hand, the pion box constitutes an invaluable test case for the partial-
wave formalism that we have developed in section 2. Given a certain representation of
the pion vector form factor, the full pion box is known exactly, see appendix C. Since
the partial-wave expansion and the single-variable dispersion relations are valid not only
for the rescattering contribution but also for the pion box, provided the correct prefactor
in (2.37) according to the counting of double-spectral regions is taken into account, we
can use the pion box to check whether the partial-wave representation converges to the
full result upon resummation of the partial waves, and we can study the details of the
convergence behavior numerically.

In a similar way, the pion box provides a test case for the sum rules for the HLbL
scalar functions. In section 3.2 we demonstrate that they are indeed fulfilled, which is a
prerequisite for the unsubtracted single-variable dispersion relations derived in section 2. In
section 3.3, we investigate the convergence behavior of its partial-wave representation and
discuss the implications for applications beyond the pion box, such as the wr-rescattering
contribution discussed in section 4.

3.1 Evaluation of the full pion box

For the numerical evaluation of the pion box, the representation in terms of Feynman-
parameter integrals given in appendix C proves most efficient. This representation is based
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helicity ampli-
tudes

funcs.  # eq. relevant description explanations
kinematics

I1; 54 (2.7) 4 off-shell BTT scalar redundant set; free of kinematic singular-
functions ities and zeros; full crossing symmetry

I, 43 (2.10) 4 off-shell basis true off-shell basis away from 4 space-time

dimensions; no Tarrach redundancies, but
two ambiguities in 4 space-time dimen-
sions; kinematic singularities, see [31]

11 54 (2.12) 4 off-shell “basis” change  redundant set; free of kinematic singulari-

for (g —2)u ties and zeros; crossing symmetry for pho-
tons 1, 2, and 3

11, 19 (2.15) g =0 contributing to  subset of 19 functions II; that contribute

(9—2)u to (9 —2)u: {g:} ={1,...,11,13,14, 16,
17,39, 50,51, 54}

I; 12 (222) ¢ =0 scalar functions  correspond to the 19 functions II; con-
in master tributing to (g —2), modulo crossing sym-
formula metry q1 <> —qo

11; 27 (2.62) fixedt = g3, singly-on-shell fulfill unsubtracted dispersion relations;

qz =0 basis kinematic singularities depending on q%,
q3, and ¢3 only; contain in the limit g4 — 0
as a subset the 19 functions ﬂi contribut-
ing to (9 —2)u

H; 41  (2.76) 4 off-shell helicity ampli- off-shell HLbL helicity amplitudes; com-
tudes plicated kinematic singularities; simple

unitarity relation
H; N0 27 3 off-shell singly-on-shell helicity amplitudes for the case of an ex-

ternal on-shell photon

Table 1. Scalar functions appearing in the formalism for the two-pion HLbL contribution to (g—2),.

on the equivalence of the pion box with the FsQED amplitude [28], which we proved in [31].
It requires the numerical evaluation of two-dimensional Feynman integrals with the pion
vector form factor as the only input. For a reliable evaluation of the pion-box contribution
to (g9 —2),, we therefore need a precise representation of the pion vector form factor in the
space-like region.

Since about 95% of the final pion-box (g — 2), integral originate from virtualities
below 1GeV, it is most critical that the low-energy properties be correctly reproduced.
Experimentally, the available constraints derive from ete™ — 77~ data, which determine
the time-like form factor [74-79], and space-like measurements by scattering pions off an
electron target [80, 81]. We have also checked that our representation is consistent with
extractions of the space-like form factor from e~ p — e~ 7tn data [82-85], although due
to the remaining model dependence of extrapolating to the pion pole we do not use these
data in our fits. To obtain a representation that allows us to simultaneously fit space-
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and time-like data, and thereby profit from the high-statistics form factor measurements
motivated mainly by the two-pion contribution to HVP, we adopt the formalism suggested
in [86, 87] (similar representations have been used in [88-93]), whose essential ingredients
will be briefly reviewed in the following.

The form factor is decomposed according to

FY (s) = 21(5)G puo(5) Ginel () (3.1)

™

s o] 1 s
Q1 (s) = exp {77 AMQ dS/S,f;/(—)S)} (3.2)

would provide the exact answer if only the elastic w7 channel contributed to the unitarity

The Omnes factor

relation of the form factor. It is fully determined by the P-wave phase shift §{. Next, Gpw
describes the isospin-violating coupling to the 37 system, which becomes relevant in the
vicinity of the p peak as reflected by p—w mixing. In practice, a one-parameter ansatz

r.\”
Gls) =1+ epwi, Sw = <Mw - z) , (3.3)

w

proves indistinguishable from a dispersively improved version that eliminates the imaginary
part below the 37 threshold [86, 87]. Finally, Gine parameterizes the effect of higher
inelastic channels. We use a conformal mapping

o) =1+ el =o00)), st = VEITVE 4

where s, = (M, + M;)? denotes the threshold where phenomenologically 47 inelasticities
first start to set in and the second parameter is fixed at s; = —1 GeV?. The 7 phase
shift is taken from the extended Roy-equation analysis of [94], which determines &1 up to
sm = (1.15GeV)? in terms of its values at s, and s4 = (0.8 GeV)2. Our representation
thus involves 3 + p free parameters: the p-w mixing parameter €, the two values of the
phase shift at s,, and s4, and p parameters from the conformal expansion of Gjye. This
representation ensures that the form factor behaves as 1/s asymptotically as long as the
phase shift approaches m, up to logarithms in agreement with the expectation from pertur-
bative QCD [95-99]. We impose this asymptotic behavior by smoothly extrapolating &1 to
7 from the boundary s,, of the applicability of the Roy solution, but checked that introduc-
ing effects from p’, p” excitations as suggested in [40] does not impact the space-like form
factor. The form of Gj,e can be further constrained by requiring that the imaginary part
exhibit the expected P-wave behavior and respect the Eidelman—FLukaszuk bound [100],
but again the impact on the space-like form factor proves to be small.

We fit this representation simultaneously to the space-like data from [81] as well as
one of the time-like data sets [74-79] (restricted to data points below 1GeV). Moreover,
we varied s1, p = 1,2, and constructed an error band for the uncertainties in (5% apart from
the phase shifts at s, and s4. We find that the results for the space-like form factor are
extremely stable to all these variations, the largest effect being produced by the differences

— 37 —



1 - - -
. NA7 40r
0.8} - JLab 1
o~ 0.6 I 1 o
E\:
= o4 ﬂ 20}
0.2} 1 1o
}
0y 08 206 04 02 0o 0 02 0.4 0.6 0.8 1
s [GCVQ] s [GCV2]

Figure 11. Left: space-like pion form factor from our dispersive fit in comparison to data from
NAT [81] and JLab [83-85] (the latter are not included in the fit). The error band represents the
variation observed between different time-like data sets. Right: pion form factor in the time-like
region from the combined fit to NA7 and [77], chosen here for illustrative purposes only. Fits to
the other time-like data sets look very similar and lead to the same numerical results within the
accuracy quoted in (3.5).

between the time-like data sets. For the accuracy required in HLbL scattering we can
therefore simply take the largest variation among them as an uncertainty estimate, without
having to perform a careful investigation of the statistical and systematic errors that are
crucial when combining the different data sets for HVP. The result for the space-like form
factor is shown in figure 11, leading to a numerical evaluation® for the pion box of

ar P = —15.9(2) x 107" (3.5)

3.2 Verification of sum rules

In section 2.3, we have presented sum rules for the BTT scalar functions that follow from
a uniform asymptotic behavior of the HLbL tensor and ensure the independence from the
choice of the tensor basis. These sum rules prove essential for the derivation of single-
variable dispersion relations that can be used with input on the v*v* — w7 helicity partial
waves. Furthermore, an important consequence of the BTT sum rules are the physical sum
rules in section 2.4.3, which can be expressed in terms of helicity amplitudes.

An important test case for our partial-wave formalism is the pion box: the fact that
we know the full result allows us to test the convergence behavior of the partial-wave
approximation. Before turning to the tests of the full formalism in section 3.3, here we check
that the sum rules as a necessary prerequisite for the single-variable dispersion relations
are indeed fulfilled in the case of the pion box. Due to the equivalence of the pion box with
the FSQED amplitude [28, 31], these tests can be directly performed with sQED.

Although we have formulated the sum rules in terms of the BTT functions II;, an
explicit calculation must avoid the Tarrach ambiguities present in this set. In section 2.3,

5The multidimensional integrals required for the numerical evaluation of (2.25) are performed using
the CUBA library [101].
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we have derived the sum rules at a certain kinematic point where the ambiguity vanishes.
The most convenient and complete method to check the sum rules uses the basis coefficient
functions II;, see [31]. In this set, the Tarrach redundancy is traded for kinematic singular-
ities. We remove these singularities by multiplying the II; functions with the denominators
of the Tarrach poles, i.e. we consider

g3 - qall7 = g3 - @uIl7 — g2 - 4302 - qaTls1,

a3 - qallg = g3 - @Iy + q1 - qaIlno,

g3 - qullio = g3 - @uIlig + q1 - Qa2 - qs1l31, (3.6)
@1 - @2q3 - qalla1 = q1 - q2q3 - qall21 — q1 - qaqa - g3T12o,

@1 - @236 = q1 - @2Tluz + q1 - qallsr.

The functions 1:[1, R ﬁG are not involved in sum rules, while the functions 1:[39, . ,1:143
vanish in sQED. All the remaining functions are related to the ones above by crossing.
Apart from ¢1-¢2¢3-qaIla1, the combinations in (3.6) have a mass dimension that suggests an
asymptotic behavior =< s~!, ¢!, 4~!. The BTT sum rules can therefore be formulated as the
requirement that the functions in (3.6) fulfill an unsubtracted Mandelstam representation.
In contrast, in [31] we only verified that subtracted Mandelstam representations which
follow from unsubtracted ones for the BTT functions II; are actually fulfilled.

In analogy to [31], we extract the sSQED double-spectral densities of these functions
from the explicit expression of the loop calculation in terms of Passarino-Veltman ampli-
tudes [102, 103]: in such a decomposition into scalar loop functions the double-spectral
densities are given by the coefficients of the Dy functions times the Dg spectral densities.
By inserting the double-spectral densities into an unsubtracted Mandelstam representation
of the form

st(s',t) 1 psu(s,u) 1 pru(t’ )
o ,dt/ 10 t 8 /d /d ! ) /dt/d /—7
/ G- =) TN RN R

(s' —s)(t' — s —s)(u —u

we have verified numerically that the functions (3.6) are reproduced. Surprisingly, even
q1 - ¢2q3 - a1 fulfills an unsubtracted Mandelstam representation, which is not expected
from the mass dimension and implies an even higher sum rule in the case of SQED. Single-
variable dispersion relations then follow from the Mandelstam representation in the ap-
propriate limit, including the explicit cases discussed in section 2.3. While the imagi-
nary parts for the single-variable dispersion relations extracted in this way need to be
calculated numerically, it is also possible to obtain analytic expressions starting from a
Feynman-parameter representation of the BTT functions. The results again confirm the
validity of the sum rules, in agreement with the more general approach via the Mandelstam
representation.

Although the sum rules for the BTT scalar functions are crucial ingredients in the
derivation of the single-variable dispersion relations, the physical sum rules (2.71) have
a more direct significance as they are formulated in terms of physical quantities for the
kinematics of the (g —2), single-variable dispersion integrals, and thus allow one to impose
constraints on the v*v* — 77 helicity amplitudes used as input for a numerical evaluation.
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We have verified that these sum rules are fulfilled in the case of the pion box, by extracting
the imaginary parts of the II; functions from the sQED calculation and calculating the
integrals numerically. These sQED tests thereby allow one to establish the validity of
nearly all sum rules — except for the last one involving M7 — s + M9 = ﬁ40 — 1:I41,
which vanishes identically in sQED. It should be stressed that the underlying assumptions
follow solely from demanding a uniform asymptotic behavior of the HLbL tensor, but as
the discussion in appendix E.2 shows, similar conclusions can be drawn from Regge models
as well. Together with the explicit checks in the case of sSQED there is therefore compelling
evidence for our assumptions regarding the asymptotic behavior of the HLbL tensor.

3.3 Convergence of the partial-wave representation

In the following, we perform tests of the helicity partial-wave dispersion relations devel-
oped in section 2 by applying the formalism to the pion box. In this case, a dispersion
relation of the form (2.37) has to be used in order to account for the fact that only three
different double-spectral regions are present. We emphasize that in this test case each
single-variable dispersion relation reconstructs the full pion box. Therefore, we can test
the three channels separately — each must converge to the full result upon resummation
of the partial-wave series.

The input for the v*v* — 7m helicity partial waves in the case of the pion box is given
by the partial-wave projection of the pure pion-pole terms, see appendix G. In order to
simplify the convergence checks, we use a simple vector-meson dominance representation
for the pion vector form factor:

M2
FX,VMD(QQ) = M27_pq2' (3-8)
p

Such a form factor leads to aj, box, VMD _

—16.4x10~!, which is very close to the full result
obtained with the dispersive representation of the form factor discussed in section 3.1. The
convergence behavior of the partial-wave expansion is not affected by the details of the
form factor implementation.

Since our formalism for single-variable dispersion relations is valid for arbitrary partial
waves, we can extend these tests in principle to an arbitrary angular momentum J. In
practice, our numerical implementation becomes less reliable for large values of J, so that
we performed the numerical tests up to J = 20 and estimated the truncation error by
extrapolation.

The HLbL contribution to (g — 2), is given as a sum of 12 terms in the master for-
mula (2.25), which, in principle, are completely independent. However, in the case of the
pion box it turns out that especially for the lower partial waves a numerical cancellation
occurs that leads to a faster convergence of a, than for the individual terms. Therefore,
we define the following vector in the 12-dimensional space of the contributions to the mas-
ter formula:

HLbL { HLbL

ay = 43%/ d223/ drr\/l—r2 dng (Q1,Q2, IL(Q1,Q2,7),  (3.9)
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fixed-s fixed-t fixed-u average
Jmax | Odmax  Dmax | Omax Dmax | Omax Dmax | Omax Dlmax
0 100.0% 100.0% | —6.2% 35.4% | —6.2% 35.4% | 29.2% 55.4%
2 26.1%  50.8% | —2.3%  5.6% 7.3%  8.0% | 104% 20.9%%
4 10.8%  282% | —1.5% 2.1% 3.6% 3.9% | 4.3% 11.0%
6

8

5.7%  16.1% | —=0.7%  1.1% 21%  22% | 24% 6.2%
3.5% 9.6% | —04%  0.6% 1.3% 14% | 1.5% 3.7%
10 2.3% 59% | —0.2%  0.4% 09% 1.0% | 1.0% 2.4%
12 1.7% 3.8% | —0.1% 0.3% 0.7% 0.7% | 0.7% 1.6%
14 1.3% 25% | =0.1%  0.2% 0.5% 0.5% | 0.6% 1.1%
16 1.0% 1.7% | —0.0%  0.2% 04% 04% | 04% 0.7%
18 0.8% 1.2% | =0.0%  0.1% 03% 03% | 04% 0.5%
20 0.7% 0.9% | —0.0% 0.1% 0.3% 03% | 03% 0.4%

Table 2. Convergence of the partial-wave expansion in the case of the pion box: the three single-
variable dispersion relations and their average are compared. See main text for the definition of the
relative deviations.

so that
12
QHIDL 3 gL (3.10)
i=1
In order to quantify the convergence behavior, we define the following two quantities: the
relative deviation between the full pion-box contribution to (g — 2), and its partial-wave
approximation
-box, PW
O =1 — 7“;;7;;{ : (3.11)
1
as well as the analogous quantity in the 12-dimensional space of the contributions to the
master formula

_box, PW .
m-box o CL; box

,Umeax
A = , 3.12
Jmax |az_b0X’ ( )
where | - | denotes the 12-dimensional Euclidean norm. Due to cancellations between the

12 terms in the master formula, d 7, will indicate a faster convergence than A __ , which
is more robust against cancellations.

Table 2 shows the results of a detailed study of the convergence behavior of the partial-
wave representation for the test case of the pion box. Both measures 6 . and Ay . for
the deviation from the full pion box result are displayed for fixed-s, fixed-t, and fixed-
u dispersion relations, as well as for the average of the three single-variable dispersion
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relations (2.37). In this context we use the notion of fixed-(s,¢,u) as follows: it defines the
dispersion relation for each of the six representatives in (2.15), while the remaining scalar
functions are obtained via the crossing relation (2.16). In particular, this implies that in
the so-called fixed-s evaluation, we do use a fixed-s dispersion relation for ﬂl, but a fixed-t
dispersion relation for I, and a fixed-u dispersion relation for IL;.

Next, we comment on the following two observations:

1. The S-wave approximation shows a particular pattern: the fixed-s representation
vanishes, while fixed-¢ and -u agree.

2. The fixed-s representation exhibits a slower convergence than the other two dispersion
relations.

In order to understand the first point, consider the explicit S-wave representation for the
II; functions, (2.92). We note that S-waves contribute only to the s-channel discontinuities
in I1; and f[17, while the ¢- and u-channel discontinuities for these two functions start with
D-waves (the situation for the other functions follows from crossing symmetry). A discon-
tinuity in the s-channel contributes to a fixed-t and fixed-u dispersion relation, while in a
fixed-s dispersion relation the integral runs only over ¢- and u-channel discontinuities. This
means that in the fixed-s representation in table 2, no S-wave discontinuity is encountered
at all, hence in this representation the first non-vanishing contribution is obtained from
D-waves. Furthermore, because the S-wave s-channel discontinuity has no angular depen-
dence, it contributes identically to a fixed-t and fixed-u dispersion relation, which makes
the fixed-t and fixed-u results in table 2 agree at Jyax = 0.

The second point can be understood as follows. For each of the six representatives
in (2.15) the s-channel is special with respect to the other two. This is due to the fact that
the associated Lorentz structure exhibits an s-channel symmetry, either Cy2, C34, or both,
the only special case being flgg, which is totally crossing symmetric in all three channels.
For instance, the Lorentz structure T{L A% is the one that belongs to the s-channel (pseudo-
scalar) m%-pole contribution to HLbL scattering, while T o A% can be related to an s-channel
scalar amplitude, which manifests itself as the S-wave s-channel 77 contribution. It is
therefore not surprising that even in the case of the pion box, the s-channel discontinuity for
the functions (2.15) is more important than the other two discontinuities. Since this is the
discontinuity that evades the fixed-s dispersion relation, we observe a slower convergence
pattern in this case.

We have performed these convergence tests not only with our preferred representation
for the IT; functions, but also with different versions that are modified by terms that vanish
due to the sum rules (2.71). While the exact numbers do differ — as expected given the fact
that the sum rules only hold for the full amplitudes but not the individual partial waves —
the sum rule violations in the case of the pion box due to the partial-wave approximation
are reasonably small and the overall picture remains the same.

To fully understand the partial-wave convergence of the pion box we also studied the
remaining deviation from the full result at J = 20. Empirically, we observe that the size
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log J

Figure 12. Extrapolation of the partial-wave results for the fixed-(s, ¢, u) representations as well
as their average, see main text for details.

of the individual terms for given J is well described by a fit function”

apy ™ W e, (3.13)

which in a double-log plot produces the straight lines in figure 12. The fact that the
first few terms do not fall on this line indicates that the form (3.13) is only asymptotic,
and might also be related to the abovementioned cancellations for low J (the fit therefore
excludes the points for J < 6). The figure shows that the rate of convergence is actually
similar for fixed-s and fixed-u, both of which yield an exponent z =~ —3, while the fixed-¢
representation converges with x ~ —4. The slower convergence of the fixed-s results seen
in table 2 is therefore a remnant of the missed S-wave contribution that leads to larger
deviations for small J, not the overall rate of convergence. The resummation of the terms
with J > 20 based on the fit function then removes all remaining discrepancies, providing
a strong check of the partial-wave formalism developed in section 2.

Finally, we discuss the consequences for the application of the formalism to the case
of two-pion contributions beyond the pion box, most importantly the unitarity (or rescat-
tering) correction. The most important difference is related to the fact that for these
applications, instead of (2.37), the dispersion relation (2.36) applies, where due to the dif-
ferent double-spectral regions an overall factor 1/2 instead of 1/3 is required. However, this
means that for the rescattering contribution the slower convergence of the fixed-s dispersion
relation is of no significance: let us assume that an important resonant contribution shows
up in a partial wave in the s-channel. This resonance will be captured by the fixed-t and
fixed-u dispersion relation (though not by the fixed-s dispersion relation). Since the full
result is given by the sum of the three dispersion relations weighted by 1/2, this behavior

"We thank Martin J. Savage for suggesting this ansatz.

43 —



is actually expected and the absence of the resonance in the fixed-s representation does
not impact the average in the symmetric representation (2.36) (in contrast to the pion box,
where the missed S-wave contribution needs to be recovered by the higher partial waves).
Therefore, the average in the case of the pion box in table 2 should rather be regarded as a
worst-case scenario — for the convergence behavior in the case of rescattering contributions
the fixed-t and fixed-u dispersion relations are more representative.

The second important difference concerns the presence of resonances in the rescatter-
ing contribution, a feature that does not occur in the pion box. We expect the rescattering
contribution to be dominated by resonant effects, whereas the convergence behavior es-
tablished for the pion box can be understood as a weighting of the partial waves. In the
truncated partial-wave series, the resonances in the included partial waves are fully re-
produced. The approximate fulfillment of the sum rules indicates then whether neglected
higher partial waves still play an important role, to the effect that the size of the sum-rule
violations allows one to estimate the accuracy of the calculation.

4 Application: two-pion rescattering

The natural application of the partial-wave formalism developed in the main part of this
paper concerns 7w rescattering effects, which can be considered a unitarization of the pure
pion-pole LHC that defines the pion box. To isolate this contribution, it suffices to subtract
the pure pion-pole piece in the partial-wave unitarity relation, and insert for the remainder
phenomenological input for the v*~v* — ww partial waves. The construction of such input is
by itself challenging, given that direct experimental results, at least for the doubly-virtual
case, are not expected in the near future.

In the on-shell case, available data on vy — 7w [104-109] (in combination with vy —
KK [110-116]) are now sufficient to perform a partial-wave analysis [117], but such an
approach appears unrealistic to control the dependence on the photon virtualities. However,
approaches that exploit more comprehensively the analytic properties of the amplitude,
see [54, 55, 118] for on-shell photons, can be extended towards the off-shell case with limited
data input required to determine parameters, as demonstrated for the singly-virtual process
in [56]. The essential features of the generalization towards the doubly-virtual case, i.e. the
appearance of anomalous thresholds for time-like kinematics [57] and the modifications to
tensor basis and kernel functions [28, 31], have already been laid out in previous work, but
the practical implementation involves a number of challenges: due to the strong coupling
between the 77 /K K channels in the isospin-0 S-wave a single-channel analysis is limited to
rather low energies [54, 56, 117, 118], assumptions for the LHC and number of subtractions
need to be carefully studied to reliably assess the sensitivity to the high-energy input in the
dispersive integrals [55], a full analysis of the generalized Roy-Steiner equations [28, 31, 55]
involves solving coupled S- and D-wave systems of various helicity projections, and last
but not least constraints on the v*v* — w7 amplitudes from asymptotic behavior and the
sum rules derived in section 2.4.3 need to be incorporated. A full analysis along these lines
will be left for future work.
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To obtain a first estimate of rescattering effects, we concentrate on S-waves and con-
sider a further simplified system: first, we use w7 phase shifts from the inverse-amplitude
method, which reproduces the phenomenological phase shifts as well as the fy(500) prop-
erties at low energies, and in addition allows one to separate the w7 rescattering from the
KK channel in a well-defined manner, all while providing a reasonable extrapolation for
high energies. In addition, we restrict ourselves to a pion-pole LHC in the solution of the
Roy-Steiner equations, which has the advantage that the off-shell behavior is still described
by the pion vector form factor. In the following, we lay out the details of this calculation,
and discuss the consequences for rescattering effects in (g — 2),.

4.1 ~*v* — w7 helicity partial waves from the inverse-amplitude method

Unitarization within the inverse-amplitude method (IAM) [64-69] is based on the observa-
tion that elastic unitarity
Imt(s) = oy (s)|t(s)]? (4.1)

for a 77 partial-wave amplitude ¢(s) implies

1
Im —— = —0(s), 4.2
m 5 = ~0x(o (1.2
which together with the chiral expansion t(s) = ta(s) + t4(s) + O(p®) and perturbative
unitarity
Imty(s) =0, Imty(s) = o (s)|ta(s)|?, (4.3)

already concludes the naive derivation of the IAM prescription

2
tIAM(S) 1 — (t2(8)) (4.4)

B Re gy — iow(s)  ta(s) — ta(s)’

However, in the single-channel case the IAM approach can be justified much more
rigorously based on dispersion relations, where the only approximation involves replacing
the LHC by its chiral expansion [119]. In this way, one can also remedy the fact that the
standard TAM fails to correctly reproduce the Adler zero [120, 121], and is thus not fully
consistent with chiral symmetry. The modified form of the IAM (mIAM) becomes [119]

to(s 2
) = (45)

where the additional term®

AWIAM () _ ( ta(s) )2[ ta(s2) Sz (tg(@) t(s) + t4(i/2)t'2'(82)>]

ty(s2) ) [(s—s2)? (5 —s2)(s—sa) 5(s2)
(4.6)

ensures that the Adler zero s4 = sy + s4 + O(p®) occurs at its O(p?) position, i.e.
ta(s2) =0, ta(sa + s4) + ta(s2 + s4) = 0. (4.7)

8For 77 scattering the expression simplifies because t} (s2) = 0 and t2(s)/th(s2) = s — s2.
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Figure 13. I = 0 (left) and I = 2 (right) 77 S-wave phase shifts from the IAM (black solid
line), in comparison to the Bern (red dashed line) [94, 124] and Madrid/Krakow (blue dot-dashed
line) [125] Roy-equation analyses.

This form of the IAM thus correctly describes the low-energy phase shifts as well as res-
onance properties, and has indeed been used in recent years to determine the quark-mass
dependence of o and p resonances [122, 123]. For our purposes, the single-channel IAM for
7 scattering conveniently separates the 77 channel from its mixing to K K in the vicinity
of the f,(980) and defines a reasonable continuation to high energies, without compromising
the low-energy physics.

We use the 1-loop TAM with low-energy constants as specified in [123], which produces
the phase shifts shown in figure 13. As expected, there is good agreement throughout,
apart from the fact that the IAM I = 0 phase shift avoids the rise related to the fy(980)
and the coupling to the KK channel. We also checked that the o properties [126] are
reproduced: for the pole position we find /s, = (0.443 + 70.217) GeV, to be compared
to /5o = (0.441 + i0.272) GeV [127] and similar numbers from other recent dispersive
extractions [118, 128]. Accordingly, the width comes out a bit too low, as does the residue
at the pole gyrr. This deviation is consistent with earlier IAM analyses, see e.g. [122] for
the analogous calculation including the mIAM correction, and can certainly be tolerated to
obtain an estimate for the HLbL rescattering contribution, which, after all, only requires the
amplitude on the real axis, not the analytic continuation into the complex plane where the
slight discrepancy in the width would matter most. Similarly, one can check the coupling to
two photons |gs~y/gorr| ~ 0.014, well in line with |ggyy/gorr| = 0.014 and 0.015 from [55]
and [118], respectively.

With the input for the w7 phase shifts specified, the v*y* — 77 amplitudes follow
by solving the generalized Roy-Steiner equations derived in [28, 31] for doubly-virtual
kinematics. For the S-waves, these dispersion relations take the form (isospin indices are
suppressed for the time being)

1 o] 1 /2 2 9 2.2
ho,++(s) = A0,++(3)‘|'/ dS/KS, _ 2% q2>1mh0,++(3/)+ kY Imho,oo(sl)]a

T Jan2 -5 Awz(¥) A12(s')

1 [ 1 s'—q?—q3 2
h =A - ds’ — L2 ) Tmh, N ———Imh !
0,00() O’OO(S)+W/4M,% s [(5,_8 () ) 0,00(8)+)\12(S,) mho44(s') |,

(4.8)
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with LHC singularities represented by the inhomogeneities Ag 1 (s) and Aggo(s). These
equations can be rewritten as

ho,++(8)£1/ G363 ho00(s) = Do44(s) £ 1/aia3 Nooo(s) (4.9)

+3_(\/EI\/£)2/OO s’ Im [ho 4+ (') £1/q7 43 hooo(s)]
N M EN D

The new combinations still fulfill Watson’s theorem [129]

Im [h07++(5) + /3 ho,oo(s)} = sin 6y (s)e"90() [h0,++(s) +1/¢?¢3 hgpo(s)} 0(s— 4M72),

(4.10)
so that the dispersion relation reduces to a standard Muskhelishvili-Omnes (MO) prob-
lem [130, 131}, whose solution reads

ho,++(s)i 4793 ho00(s) = Ao ++(s) £ 1/ a7a3 Dooo(s) (4.11)

(S_ (\/>]F Vi) ) / is’ [A0,1+(5') £ Va7 g5 Dooo(s)] Sin5o( /)
AM2 (s —s)(s' = (V@G FVB)?) ()]

with the Omneés function

Qo(s) :exp{jr/;; ds' s?s(s—/)s)} (4.12)

For convenience, we finally rewrite the result in terms of the original helicity amplitudes
according to

ho++(s) = Do4+(s)

QO(S)/OO sindo(s)[( 1 §'—q¢i—q3 20242 ]
d _ A 24843
- T Janmz2 § 1Qo(s")| [\ s'—s A2 (s') 0,4+(s )"")\12 o 0,00(s )_

hooo(s) = Ao 0(s)

fhals) [ anant >'< 1 s'—q%—q§> 2 ]
+ ds _ Ahe 2 Aol
o™ 1] T () JA0wE Ryt ()]

(4.13)

For a pion-pole LHC Ag 44 (s) and Agpo(s) simply correspond to the partial-wave pro-
jection of the Born terms, given in appendix G, which shows that the dependence on the
virtualities, apart from the modified kernel functions in the MO solution, is still governed
by the pion vector form factor. In particular, the corresponding factor FY (¢?)FY (¢3) can
be moved out of the integrals in (4.13), so that one can simply calculate a reduced am-
plitude, with the dependence on the pion form factors fully factorized. Further, in the
solution of Roy-Steiner equations, a MO representation similar to (4.13) is often required
for the low-energy region only, in order to match to some known high-energy input, and
to this end a finite matching point is introduced [55, 132—-135]. In case the amplitudes are
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Figure 14. Comparison of the vy — 7w S-waves from this work (black solid line) to the different
subtraction schemes from [55] as indicated. Upper/lower panel: left/right corresponds to I = 0/2
and charged/neutral channel, respectively, as explained in the main text.

assumed to vanish above the matching point, it effectively acts as a cutoff both in (4.13)
and in the Omnes function. We will use this variant of the MO solution to estimate the
sensitivity to the high-energy extrapolation of the phase shifts, referring for more details

of its implementation to [55, 132].
Finally, the justification why an unsubtracted representation such as (4.13) is still
expected to provide a decent description is two-fold: first, by removing the K K intermedi-
ate states the Omnes functions are smoothened considerably around the nominal f;(980)
position, which eliminates most of the need for subtractions necessary otherwise in a single-

channel description to suppress the corresponding peak in the Omnes function. Second,

while in general a precision description does require subtractions [54, 55|, we observe in
the on-shell case that the results particularly for the charged channel are reasonably close
to the twice-subtracted variants studied in [55], see figure 14 for a cutoff A = 1 GeV. The

upper panel shows the modulus |h67 44| for isospin I = 0 and I = 2, which for the un-

subtracted IAM emerges remarkably close to the twice-subtracted variant in both cases.
However, this agreement is largely driven by the projection of the Born term, while a more

realistic picture can be obtained by considering the rotated amplitudes

1

1
h ¢ = — —
‘ 0,++‘ \/g

V6

|h87++‘ +
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and subtracting the Born term in the charged channel. In this way, we find that the
agreement is still very good for the charged combination, while the neutral channel is
less well reproduced based on the pion-pole LHC alone, see lower panel in figure 14. To
improve the quantitative agreement, the introduction of subtraction constants becomes
unavoidable. These subtraction constants can be identified with pion polarizabilities and
were taken from 2-loop ChPT [136, 137] in [55]. The agreement in the charged channel
implies that the corresponding sum rules for the subtraction constants, just based on the
pion-pole LHC, are reasonably well fulfilled, while significant corrections are expected in
the neutral channel. This interplay with the pion polarizabilities will be discussed in more
detail in section 4.3. For the moment, the fact that the dominant rescattering correction is
generated by the charged-pion intermediate states, with neutral pions first entering at three-
loop order in the chiral expansion, ensures that the Roy-Steiner solution (4.13) captures the
phenomenology of unitarity corrections to the pion-pole LHC, i.e. the rescattering effects
required to unitarize the pion-box contribution.

4.2 A first numerical estimate of the wm-rescattering contribution to (g —2),

Based on the amplitudes calculated from (4.13) we are now in the position to present a first
numerical evaluation for the S-wave mm rescattering effects. For simplicity, we use a VMD
pion form factor, which proves to be very close to a full phenomenological determination
extrapolated from the time-like region [138], see section 3.1. Restoring isospin indices,
symmetry factors, virtualities, and subtracting the corresponding isospin projection of the
pion-pole terms Ny, \,, the relevant imaginary parts in the HLbL integral become

0,7
Im h++,++ (8) q%a QS? q?2)7 0)

ox(s)
= ?:r271- <h6,++(5;qgaq%)h67++(3;quo)—C[N()’_;__A,_(S;q%,q%)N07++(s;q§’0)>’

0,1
Im hgy 4 (s: 43,43, 43,0)
0}.—(3)

= 25 (hé,oo(S;qf,qg)h5,++(8;q§,0)*CJNo,oo(S;qf,q%)No,H(S;qg,O)), (4.15)

with isospin factors ¢y = 4/3, ca = 2/3.

The numerical results for the S-wave contribution then follow from (2.36) together with
the dispersive representation for the scalar functions derived in section 2. Since the full
integration becomes numerically costly — with the dispersion integral in (4.13), the (¢—2),
dispersion integral, and three integrals in the master formula (2.25) this would amount to a
delicate 5-dimensional integral, wherein in addition the Omnes factor requires the numerical
evaluation of yet another integral — we calculate the v*~* — m7m amplitudes on a three-
dimensional grid in (s, ¢?,¢3) and then interpolate in the remaining 4-dimensional (g —2),
integration. Using up to 50 grid points in each variable the results become insensitive
to the interpolation uncertainty, and we obtain the values listed in table 3. As expected
based on the size of the phase shifts, the I = 2 contribution is much smaller than its
I = 0 counterpart, while in both cases the variation with respect to the cutoff amounts to
about one unit. Accordingly, this estimate can be interpreted as evidence for a rescattering
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cutoff 1GeV 1.5GeV 2GeV 00

I1=0 —-9.2 -9.5 -9.3 —-838
I1=2 2.0 1.3 1.1 0.9
sum —-7.3 —-8.3 -83 —-7.9

Table 3. Results for the S-wave rescattering contribution to (g —2),, in units of 107!, The cutoff
refers to the finite-matching-point analog of (4.13).

cutoff 1GeV 1.5GeV 2GeV 00

++, ++ 6.3 6.5 6.4 6.1

I=0 00,++ —6.8 -70 —-68 —64
sum —0.6 —-04 -04 -0.3

++,++ =13 -09 —-0.7 -0.7

I1=2 00,++ 1.5 1.0 0.8 0.7
sum 0.2 0.1 0.1 0.0

Table 4. Contribution to the sum rule (2.91) from 2%, |, and hf, ,, as well as their sum once
integrated over momenta and virtualities in the (g — 2), master formula as explained in the main
text, in units of 10711,

contribution corresponding to fo(500) degrees of freedom of about —9 x 10~ in the HLbL
contribution to (g — 2),.

Another check on our input for y*v* — 7w follows from the sum rule (2.91). In
fact, it is precisely this sum rule that ensures that the S-wave rescattering contribution as
formulated in [28] and the one from section 2.5 are strictly equivalent. Furthermore, this
observation immediately suggests a way how to condense the full sum rule into a single
number: the difference between the two representations amounts to a shift in I1, of the size

N 2 oo 1
Ally = = / ds' ———5————(2Im Y SN— (s —a?2—a2)Im h° ), 416
4 T Jans2 (s' — qg))\l2(8/) ( ++,++( ) ( q1 Q2) 007++( )) ( )

and accordingly in IT5 and IIg from crossing, so that the convolution in the (9 —2), inte-
gral should be done with the corresponding kernel function. Still subtracting the pion-pole
terms since the validity of the sum rule in sQED is already known, we find the results
for the separate contribution from h& 44+ and h807 4 as listed in table 4. The expected
cancellation already works at the level of 10% with S-waves only, and even better for the
larger values of the cutoff. Such a 10% error on the actual rescattering contributions from
table 3 would yield a very similar uncertainty estimate as the variation observed from the
cutoff dependence before. In total, these results lead us to quote

,m-pole LHC —
a, IO = =8(1) x 1071 (4.17)

for the S-wave rescattering corrections to the pion-pole LHC.
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1GeV 15GeV 2GeV oo ChPT
(1 — B1)™ [107 fm?] 5.4 5.8 58 5.7  5.7(1.0)
(a1 — B1)™ [107* fm?] 11.2 9.7 9.3 89 -1.9(2)
(a2 — B2)™ [1074fm®]  19.9 20.1  20.0 19.9 16.2 [21.6]
(a2 — Bo)™ [107*fm®]  28.4 271 26.7 263  37.6(3.3)

Table 5. Pion polarizabilities from the sum rules (4.19) for a pion-pole LHC and different values of
the cutoff A, in comparison to the chiral two-loop prediction from [136, 137]. The two numbers in the
case of the charged-pion quadrupole polarizability refer to two different sets of low-energy constants.

4.3 Role of the pion polarizabilities

The low-energy behavior of the on-shell vy — 77 amplitudes is strongly constrained by the
pion polarizabilities, which therefore encode valuable information on the two-pion rescatter-
ing contributions to HLbL. The precise relation can be expressed in terms of the expansion

20 -
Mjs hois(s) = a1 — B1 + %(ag — By) + O(s?) (4.18)

for the Born-term-subtracted on-shell amplitudes iLO’++ = ho4++ — No4++. Here, a1 — 1
and ag — P2 refer to dipole and quadrupole polarizabilities, respectively. The soft-photon
zero required as a consequence of Low’s theorem [139] ensures that ﬁo7++ indeed vanishes

for s — 0.
Accordingly, the representation (4.13) implies the following sum rules for the pion

polarizabilities

M Ao, ++(8) — No4+(s) Lo sindo(s’)Ag4+(s)

— — = : : — d : 4.1
20 (017 A1) [ s o T /4M7Z ST PO IFC (19
M 9 Ag4+(5)=Not+(s) 1o sindo(s')Ao++(s") (¢ 1
el _ — | 220 ; il d ’ 0O il
24a(a2 f2) {85 s s:0+7T/4M$ ° |Q0(s")|s" 0(0)+s’ ’

where €(0) denotes the derivative of the Omnes factor at s = 0 and the first term in each
line disappears for a pion-pole LHC.

The numerical evaluation for Ag 14 = Ny 44, see table 5, confirms the observation
from section 4.1 that the charged-pion amplitude is better reproduced than its neutral-
pion analog. In fact, the charged-pion dipole polarizability comes out in perfect agreement
with ChPT [137], as well as with the recent measurement by COMPASS (a; — Bl)ﬂi =
4.0(1.2)stat (1.4)syst X 104 fm3 [140]. The quadrupole polarizability is more sensitive to
poorly-determined low-energy constants, but the sum-rule value lies within the range
quoted in [137] and is also close to (ag — ﬁg)”i = 15.3(3.7) x 10~*fm® obtained in [55] by
combining the more stable chiral prediction for the neutral-pion quadrupole polarizability
with a finite-matching-point sum rule for I = 2.

In contrast, both neutral-pion polarizabilities differ by about 10 units each from the full
result, a deficiency that signals the impact of higher contributions to the LHC, as we will
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demonstrate in the following. The next such contribution is generated by the exchange
of vector-meson resonances V = p,w, whose impact can be roughly estimated within a
narrow-width approximation. Starting from a vector-pion-photon coupling of the form

Lyry = eCve™  FlonmVs, (4.20)

with coupling constant related to the partial width according to

2 213
o (M{ — M2)
Py oy = Oécvvijéﬁa (4.21)
we obtain [54, 141]
M? 1 2(M2 — M?
AV, (s) =202 | — —log wE+l ) = My = M) g

or(s) Tay(s)—1 sox(s)

Unfortunately, the polynomial piece x s is ambiguous and would even appear with a
different sign in an antisymmetric-tensor description of the vector-meson fields [54, 142]. It
is for this reason that in a full Roy-Steiner approach only the imaginary parts are employed,
while the low-energy parameters enter via subtraction constants. However, in order to
predict the numerical values of the polarizabilities in terms of the lowest contributions to
the LHC in vy — 7w we do need the full amplitude in (4.22). Parameterizing the ambiguity
according to s — £ys, we find

Mz

7(0[1 _ BI)V — 20‘2/ [gv _ 2 M‘Q/(SM‘Q/ — MT%)

V3(My - M2y
(4.23)
Adding p,w contributions using masses and partial widths from [143], the quadrupole
polarizabilities are shifted by (ag—ﬁg)"}i =0.9%10~*fm® and (042—52)7‘1}0 =10.3x10"* fm?,
which explains how vector-meson contributions can restore agreement with ChPT for the

M M,
2cx ’

A2 as2 7(@2 - 52)\/ =
M2 — M? 240

neutral pion without spoiling the charged channel. In fact, the hierarchy can be attributed
almost exclusively to the large w — 7%y branching fraction

I'wBRw — 7%] + T ,BR[p? — 7%9]
AT ——

~ 12, (4.24)

which ensures that the same mechanism applies for the dipole polarizability as well.

In any case, such corrections are not contained in our estimate (4.17), but at least at
the on-shell point the impact is expected to be moderate due to the fact that the charged-
pion intermediate states are most important. In particular, the physics related to the
low-energy constants lg — l5, which appear at two-loop level in the chiral expansion for
the HLbL tensor [48], only contribute to the charged-pion polarizability (a more detailed
comparison to ChPT is provided in appendix H). Our calculation therefore demonstrates
in a model-independent way that such next-to-leading-order corrections are moderate in
size, in agreement with [50], but in contradiction to the large corrections suggested in [49].
This conclusively settles the role of the charged-pion dipole polarizability in the HLbL
contribution to (g — 2),.
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5 Conclusions

In this paper we presented an in-depth derivation of the general formalism required for
the analysis of two-pion-intermediate-state contributions to HLbL scattering in (g — 2),.
As a first step we gained a detailed understanding of the properties of the HLbL tensor,
including its decomposition into scalar functions, projection onto helicity amplitudes, and
the relation between the different sets we needed to introduce in the course of our derivation,
see table 1. Some of the more subtle issues that arose in this derivation are related to the
fact that, in order to write down dispersion relations for the HLbL tensor, we had to start
with a redundant set of functions. At first sight, the relation between the latter and the
physically observable helicity amplitudes seems to suffer from ambiguities. To show that
this arbitrariness is only apparent we invoked a set of sum rules, which follow from a simple
assumption on the asymptotic behavior of the HLbL tensor. These sum rules allowed us
to construct a basis for kinematics with one single on-shell photon (singly-on-shell) that
satisfies unsubtracted dispersion relations. In addition they lead to physically relevant
sum rules that constrain the helicity amplitudes for v*4* — nw. After working out the
basis change from the singly-on-shell basis to helicity amplitudes, we combined this general
formalism with a partial-wave expansion to address two-pion-rescattering contributions.

In a second step we thoroughly tested our formalism using the example of the pion
box, whose full result is known thanks to an exact relation to the scalar QED pion loop
we established earlier. In particular, we demonstrated that the sum rules that follow from
our assumptions on the asymptotic behavior of the HLbL tensor are fulfilled. Moreover we
studied whether the partial-wave expansion of the pion box converges to the full answer
after resummation, and demonstrated that it does so sufficiently quickly. Given that the
pion-box contribution can be expressed exactly in terms of the pion vector form factor —
much as the HVP contribution of two pion intermediate states is completely determined
by this form factor — we showed that by fitting a dispersive representation of the pion
vector form factor to a combination of space- and time-like data, the space-like form factor
required for the HLbL application can be constrained to a very high precision, leading to
aZ'bOX = —15.9(2) x 107! for the pion-box contribution.

The main motivation for developing a partial-wave framework is to be able to calcu-
late rescattering corrections, since only in a partial-wave basis for helicity amplitudes do
unitarity relations become diagonal. Accordingly, as a first application of the formalism
developed here we studied the unitarization of the pion box, a correction whose evaluation
requires the use of partial-wave amplitudes. Concentrating on S-wave mm-rescattering ef-
fects, we presented a first numerical estimate, which, together with the pion-box evaluation,
combines to

az-box + a;jrjl—épole LHC _ _24(1) > 10—11 (5'1)

for the leading two-pion contributions to (¢ — 2),. The improvement in accuracy with
respect to previous model-dependent analyses is striking. It derives: (i) from our model-
independent approach based on dispersion relations that allows us to express this contri-
bution, in a rigorous way, in terms of hadronic observables, and (ii) from the fact that
all quantities needed in this calculation (the pion vector form factor and the mm S-wave
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phase shifts) are very well known. Remaining two-pion contributions that have not been
addressed yet are likely to lead to larger uncertainties, but given that the error quoted
in (5.1) lies an order of magnitude below the experimental accuracy goal, we are confident
that the final estimate for the total HLbL contribution should be sufficiently accurate to
make these measurements of (g — 2),, a sensitive test of the Standard Model.

Many of the technical advances described here are not specific to the two-pion interme-
diate state but completely general and thus lay the groundwork for a full phenomenological
analysis of HLbL scattering. Armed with these, we are now poised to study other contri-
butions and apply further refinements to the numerical analysis of the two-pion channel
and beyond.
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A Transformed tensor decomposition for the contribution to (g — 2),

For the calculation of (g —2),, we make a linear transformation of the BTT tensor decom-
position:

54 54
H,uzx)\cr _ Z szu)\aﬂi _ Zjﬂiuu)\aﬂi' (Al)
=1 =1

Only 19 of the new structures 7 A7 contribute to (g—2) 4> which is the minimal number of
independent contributions in the (g —2), kinematic limit. The symmetry under ¢; < —¢o
reduces this to 12 terms in the master formula.

A.1 Tensor structures

Here, we give the tensor structures Ti“ VAT explicitly in terms of the BTT structures [31]. The
19 structures contributing to (¢ — 2),, are defined in (2.13). The remaining 35 structures,
which do not contribute to (g — 2),, are defined by

THAT — T 12,15, 18,23, 24,27, 28,29, 30, 32, 35, 36, 37, 38, 41, 44, 45, 48, 49, 52, 53,

MUV A vAo vAo vAo
T = qu - 3Ty + TH + T

T = —q1 - g3q2 - sTE — g2 - s T — qu - gs T + T,
Tfoy)\a _ Tf()y)\g _ Tgﬁt;)\07
Tzle/)\o' = —q-q3 (TQMV)\O' + Trl/)\a + Téuzz)\a) . Tlulln\a + Tl;g/)\o' . T1u71//\0'
S THAT AT e (A.2)
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together with the crossed structures

Té%u)\a _ C12 T{g/)\o]’ T;lzz)\cr _ 623 [T{g/)\a]’ Téu;)\cr _ 623 [612[Tﬁ)u)\a]]’

v ~ny ~nz ATIDN

T = CoolC[ Tl ™)), T = CualTl™),

Tégz//\a _ CQS [Téﬁll/)\o], Tgﬁf)\g _ Clg[T;ll//\a'], (A3)
Tilg/)\a _ Clg[Tﬂ)V)\a],

MUVAC MUVAC MUVAT SUVAC

Tys™ = Cia[T3 ], Ty7 ™ = Cas[T3y ™.

A.2 Scalar functions

In terms of the BTT functions II;, the transformed scalar functions II; that contribute to
(9 —2), are defined in (2.15) and (2.16). The ones that do not contribute to (g — 2), are
given by:

~

;= I, i=12,15,18,...,38,41,...,45,47,48, 49,52, 53,
N ) ) (A.4)
Iy = 3 (—II39 + 2I140 — ), Ilse = Ci3[Ilag).

B New kernel functions for the master formula

Compared to [31], we choose a different basis for the Lorentz structures contributing to
(9 — 2), in order to preserve crossing symmetry between all three off-shell photons. This
modifies slightly the kernel functions in the master formula (2.21).

The kernel functions 77, .. ., Ty are identical to the ones in [31], while Thg = %Tl[gl]. For
completeness, here we provide the full set of the new kernels, superseding section E.2 in [31]:

T i (0of =1) (of +5) + Q37 (of — 1) (oF +5) + 401Q2 (oF + 0¥ —2) — STmi
1 =

201Q2Q3m?2
X 8(r2—1) 4
e m)

Qi (of —=1) (@7 (of +1) +4Q2 (7> — 1)) — 47m2, L x8 (2 =1) (2m? - Q3)

T, —
? Q1Q2Q3m2 Q3m2 ’
T_1(_2(0{3—1—05—2)_Qﬂ(df—l)(df—i—?) 8T
°T Q3 m2 2Qam? Q102
QT (of 1) (eF +7) QI(1-0of) @Q3(1-0f) 2 2>
2Qum2 o T @m @@
4 8T
X (Wlﬁ - QlQQ) ’
T 1 4(7’2(0{5—1)—}—05—1) B QlT(alE—S) (O’lE—l) n 4t
Q3 m2 Qam? Q1Q>
Qa7 (0f =3) (0F - 1) N 2Q3 (0F 1) 4
Q1m2 Qim2 Q7

— 55 —



2.2 2
Ly (_8@27 _ 16QoQi7  8QF | 16Qu7 16) )

ml% ml% mi Q1
T 1 o 2 (of =1) (0¥ +3)+4 (of +05 —2) 4 _Q%TQ (0§ —5) (0F—1)
5 Q3 1 2m2 Q3 2m2
Qi (of —1) (of +5) Qa7 (of + 508 —6) 127 2Q7 (of — 1)
+ 2 + G 5 o |t o
Qam3, my, Q2 Qsmy,
3 4Q3 (7 + 1
424X (Q1 <8Q2 (r3+7) — 2Q§T> +Q? (3272 4@+l (72 + )>
mu mu
5 (167 10Qor)  4Q%
ta ( Q2 m > m2 | )’
1 (Q% (72 ((oF —22) of — 80¥ +29) + 2 (—50F + 0F +4))
Ts = 3 2
Q3 2mu
2 E_o\2 4, E\ _ E E(_E _
Qo7 (272 ((0F = 3)" — 40F) = 260 + o (of —12) +37) 4,
+ Ql 2 SN
2mu Q2
Q3 (1% (—80F +o¥ (508 —26)+29) —4 (cF +20F-3))  Q}r (o —9) (oF—1)
* Qmi + 2Q2mz
Q37 (05 —9) (05 —1)  8Qyr  2Q3(1-07)  4Q3
+ 2 + + 2.2 2
Qimg, Q1 1my, Q7
3 3 29 4 2 _ 2 2 2 1
+X(Q2Q1 (872 +227) Qi (872 ) . 0? (Q2 (3672 +18) o (1 1)>
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M o
16Q3
~16Q3 (272 +1) - QQIQT) )
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Q3 2mu
Qor (272 (04 —5) (of — 1) —20F + o (¥ +4) —3) 47
+ Q1 92 - =
m? Q2
N Q372 (0'2E — 52) (0’2E - 1) N 3r (0'1E — 9) 2(01E — 1) L
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T Q3<Q1< : 2(272+1)(crlE+<72E—2)>+Q1 (417_4Q27(72+1) (05—1)>

mi Qs mg
6Q17' (0'1 - ) N Q‘lL (2 — ZJ{E)
Qam?, Q3m2

Ly (Q% Bri+d) | o (gQQT (7+2) 16T> 0! (cgg (344 _1672» >
my, my, Q2 m
Q3<E_1+U§_1 2 )+X(—2Q§+8Q27+8Q17+8(72+1)>,

Q3m? im2  QIQ3 mZ Q1 Q2
po_ 1 [ Qi (o — ) (or +3) +2(of +05 —2)) Q57 (0F —1) (05 +3)
10 2Q3 m? Q1m2
5(%(0f —1) (0F +3) +2(of +0§ —2)) Qi (of —1) (of +3)
mﬁ QQmZ
8t Qo1 ((O‘F + 4) UlE + 0'5 (GQE + 4) - 10) 8Q)aT
o <Q2 N mg, " Q1

+87% + X (—16Q7 (77 — 1) — 16Q2Q17 (7° — 1) — 16Q3 (7> — 1)) )
L X <4Q2Q17' . 407 n 4@%) 7

2 2 2
2 my, my, my,

1
M 52033
+4Q2Q17 (=Tof +2Q3 (27 +9) X +7)
+4Q3Q7 (27° (=307 — of +8Q3X +4) — 2 (of + 05 —2) +5Q5X)
+ QI3 (87% (—oF — o +2Q3X +2) — 60F — oF” — 280F +16Q3x + 35)

(QgT (608 + 05" +5) +8Q7 (~of +2Q3 (2 +1) X +1)

12040, (72 (—1005 ol o 9) — 0P —30F 4 202X + 4)

— 8m3( — Q37 +20Q7 (2Q3 (47°X + X) — 1) + Q2Qi7 (4Q3 (° + 3) X —5)

+Q3Q1 (277 (@3X — 1) +2Q3X — 1) +8Q2Q17 X)) ,

1 2
T - 2(_2E 2 (60F _5) _8 2)
L 203 (QQT Qioy”+ Q4 (605’ = 5) — 8
—2Q.Q3 (7‘2 (20{LJ + 8Xmi — 1) —30F + o + 8sz + 2)
2 2 (42 E E2 2 4 (0,2
+Q17— (_2Q2 (47— _5) (01 _02 ) +Q30'1 +8mu+8Q2 (27' —3) X)
+20Q3Q1 (7% (208 +8Xm2 — 1) + oF — 30% +8Xm? — 2Q3X +2)

+ Q17 (—60f —8Q3 (27 —3) X +5) + 4Q2Q§X> , (B.1)
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where

1
X:atan<m>, r=11-12,
Q1Q2x

Q1Q2 E E E i
z= (1-0y)1—03), o7 =41+ —5
4mg; ' Q7

Q3 = Q2 +20:1Qa7 + Q2.

C Feynman-parameter representation of the pion box

In the limit ¢4 — 0, the pion-box contribution to the scalar functions that appear in the
master formula can be written as a two-dimensional Feynman parameter integral:

~ o box 1 1 11—z
0 ) = FY DR @Y @ [ do [ dyli@n) (€D
where
8ry(1l — 2z)(1 — 2y)
I =
(@) Aq23A03
L(z,y) = 41—z —y)(1 — 22 — 2y) Ay ((1 — 27 — 2y)? 1—=z(3—2z) —y(3—2y)>
4T, y) = A%gl Asgy Agy
16zy(1 — 2x)(1 — 2y)
Ag21An
8zy(l—z —y)(1 —2z)%(1 — 2
I(,y) = — y( y)A(3 )*( y)’
123
_ 16zy*(1—-22)(1—2y) (1—az—y 1-—y
hale.y) = A123A03 A3 - Ags )’
8zy(l —z —y)(1 —22)(1 —2y)(1 — 2z — 2
Lo (2. y) = y( y)( A??( y)( v
123
_ Bey(l—z—y)( —20)(A - 2y)(x—y) (1 1

foaleo) = A Ao Do Do) (©2)

and

Ajjr = M2 —zyq} —x(l— 2 — )¢ —y(1— 2 —y)q},

(C.3)
Ay =M} — (1 —x)q —y(1 —y)q;.

The remaining functions entering the master formula can be obtained with the crossing
relations (2.16).

D Scalar functions for the two-pion dispersion relations

Here, we give the explicit solution for the scalar functions II;, which fulfill unsubtracted
single-variable dispersion relations and only depend on physical helicity amplitudes. First,
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we define the following linear combinations of BT'T functions:
I = 7 + T4 — 51,
p := 1141 — a2 + s,
g = T3 + 147 — 51 + M50,
Hp := Ilp7 — Hag — 21149 + 2159 — 21153,
g =y — s,
p =Tl — Is5 — s,
g := 115 + 116 — H2q — a7 — g + I3 + 1147 — 52 + 154,
Uy = 1lg + [y + 53,
I := 4llyg + Tlog — 41197 — T30 + 37 + 38 + Tlgy + 20040 + Tyg — g5 + [y7 + Ty
+ 3151 — 7ll52 + 61153 + 3154,
Iy == Hgg + 130 — Il37 — H3g — 141 + 20142 — Hag — g5 — Tly7 — Mg +1151 — Tl50+1154,
U =150 — II51 + 154, (D.1)
as well as IIf := Cy3 [HZ]
The 19 functions that contribute to (g — 2), can be written in the form (for ¢ = 0
and t = ¢3)
I, = ﬂgi +(s— q%)Ai + (s — qg)in, (2.62)
where {¢;} = {1,...,11,13,14,16,17,39,50, 51,54},

_ 1 2 2 2
Ap = ——TI4 + q2QI23HB 4 23 e — 429312 )

2 A123 2M123 A123
A, — _ Bgz12(4f — 63) . Yg312(24F + g312) . Yg312(2¢3 + (1312)1_[8
2M123(qF + 43) A3 (af + a3) A3 (af + a3)
4312 )Y Sq312(43 + 2q312)
@) T Ad+d) T Mm@+ g)
Az = —Ci3[A],
A = lﬂj n 4231(q7 — q%)HB  gza(gf — q%)ﬂc n 2¢3(q7 — (I%)HCC _ }HF _ Q§Q312HK7
2 A123 Yo A123 , 2>\123 22 >\1§3
A — _;HA+;H%+2q2(Aqu;q3)HB+ <;+q2(q3;i;2q1)) M. (;+qz(q3;?;;2q9,)> e,
4312(2g312 + ¢3)%
Dos(F+a3)
Ag = —Ci3[Ad4],
Ay =-A=-Ar = _iqg Ip — 3\123 He — ;I\231 5L
123 123 123
Ay = — S(qi —a3) e Y (g312+247) - Y (g312+243) ¢ 1 (TTp—TTp)
Mos(gi+a3) T 2hes(gi+a3) T 2Mas(ai+ad) © 2 +43) ’
Bug = D2y, 4 2y, B2y
BTN P e ¢ A @
Ay = —Ci3[Ass], (D.2)
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and

2 1

2=t llys, Au=—cg—0
4(q + a3) 2(qf + ¢3)

>
S

5. (D.3)

All other A; and A, are zero. We use the abbreviations Qijk = q? +qj2- —q,%, S=¢+¢+q3,
and A123 := \(¢3, 43, ¢3) for the Killén function.
We define five additional scalar functions II; that appear in sum rules:

2 2
q312{S — q7 — ¢ q1234G231
( 5 1 2)1_[35 + B 36,

M2 == g312llG — qos1 1y +
Ig1 == Ci3[M2o],

IToo := 1231023 — 2¢3q123115 — @31o1lc + 2¢3 31210 + A23IT%,
Ig3 == Cy3[Mas],

= 9 2 2r7c 2 2 2

oy == i1 + 311 + 3117 — 2(q7 — ¢3) (s — q3)136.

The singly-on-shell basis consists of 27 elements. The three functions IIss, ITog, and oy
are not given explicitly as they have no significance in the connection with (g — 2),,.

E Basis change and sum rules

E.1 Unphysical polarizations

In the following, we explain why unphysical polarizations are not trivially absent in any
representation. In short, although unphysical polarizations cannot contribute to any ob-
servable, the absence of such unphysical contributions is manifest only if the basis is well
chosen. Otherwise, their apparent contribution vanishes only due to the presence of sum
rules for the scalar functions.

Suppose we have a decomposition of the HLbL tensor into a “physical” and an “un-
physical” piece,

Ao TTMVAC uvio pv Ao prphys puvAo yrunph
27 = thys + 1_[unph - Z T’i,physHi + Z Ti,unthi ’ (El)
i i
where the scalar functions IIY hys are linear combinations of helicity amplitudes with only

transverse polarizations of the external photon. The scalar functions IT;"? " contain also
contributions from the longitudinal polarization. Because these scalar functions cannot
contribute to an observable, the unphysical tensor structures have to fulfill

A
T < 49, 43 (E.2)
Such structures do not contribute to (g — 2),, because the derivative with respect to ¢}
either vanishes for g4 — 0 or is symmetric in p <> o.
Next, we apply the following transformation, which mixes the physical and unphysi-

cal part:
UVAC 1phys puvAo ypunph  uvio phys unph L2 UV unph
Ta7physHa + Tb,unthb - Ta,phys Ha + Oél_Ib + Tb,unph aTa,phys Hb .

(E.3)
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Because not all tensor structures have the same mass dimension, the coefficient « can be di-
mensionful, e.g. & = ¢3-q4 if the mass dimension of Tf 1';31‘5}1 is larger by two units than the one

oY . . 1 . .. aps UVAC 2N,
of T a,phys’ all while avoiding kinematic singularities. The new structure (T punph — &1, a,phys

still cannot contribute to (g —2),, if o oc g4. However, we have introduced a new combina-

tion of unphysical and physical helicity amplitudes into the scalar coefficient functions of

T 5 ;ﬁ;s. If we make such a transformation in the discontinuity appearing in an s-channel
dispersion integral, the factor o = g3 - g4 becomes in the (g — 2),, limit
1
q3 - q4 — —5(8/ -4, (E.4)

where we have replaced the Mandelstam variable s by the integration variable of the dis-
persion integral s’. This factor cancels with the Cauchy kernel 1/(s" — ¢3), producing an
apparent polynomial contribution that depends on both physical and unphysical helicity
amplitudes. As shown in section 2.3 this polynomial contribution actually vanishes due to
sum rules, but in practice it can be tedious to identify the combination of physical and
unphysical helicity amplitudes that corresponds to this vanishing polynomial, and, worse,
in a partial-wave expansion these sum rules are only fulfilled after resumming all partial
waves. Since the above example implies that setting by hand only the unphysical polar-
izations to zero leads to a wrong result, a practical implementation requires a basis where
this contribution is manifestly absent from the beginning. The construction of this basis
is performed in section 2.4.1.

E.2 Comparison to forward-scattering sum rules

In [63], sum rules have been derived for the case of forward HLbL scattering. In the
following, we compare them to our fixed-¢ sum rules derived in section 2.4.3. To this end,
we consider the case of general forward kinematics, i.e.

g3 = —q1, q4 = 42, (E5)

which implies for the Lorentz invariants

The common limit of forward and singly-on-shell fixed-t kinematics is obtained for g3 — 0.
It is convenient to define the variable [144]

vi=q-qa = 1(s—u). (E.7)

4
In the case of forward scattering, only eight independent helicity amplitudes exist [144].
Consistently, starting with the BTT decomposition (2.7) and taking the limit of forward
kinematics, only eight independent Lorentz structures survive. Interestingly, the two am-
biguities in four space-time dimensions [58] disappear, but even for forward kinematics one
redundancy of Tarrach’s type remains [52]. Therefore, the forward HLbL tensor can be
written as

9
" = D T, (E8)

i=1
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where the tensor structures are given by

T{L}u{\\; _ % <T1WAU +T3W>\a) ’ TQ;LK;; _ g,

Tf;’\\,ﬁ; _ % (Trma _l_TézVAa) 7 TZ;/\\;g _ % (Téw,\o +T1,6u>\a) ’

T = % (Tt +mte™), T = i (Tt + T+ ) (B9)
T%,\\; _ % <T£AV/\U_TéAV/\U> 7 Té‘}%{;’ _ % (T#VAU_T;VAU_TKVAU +T6WAU) ’

1
DN UVAC UVAC UVAC UVAC
Ty pw = 1 <T19 —Thy " =T + 15 ) ;

with BTT structures on the right-hand side of the equations evaluated in the limit (E.5).
The redundancy reads

VI + g Thvay = 0. (E.10)
In terms of the BTT functions, the forward scalar functions are given by

W =10, + 105 — v (Tl — 151 — M5z + s4),
W =115 — v(Ilyg — sy — sy + I54),
W = Iy + I + ¢f (7 + Wiy + Mg + M) + g3 (TIs + Iy + Ty + Iig)
— q1a5 (31 + 130+ T34 +1135) + v (g — oy — o5 + 1130 — a9 + 1151 + 1150 —IT54),
IV =g + Mo — Moy — Moo,
IEY =TIy + Iy — g7 — o,
W = —%(ng + a4 + g6 + ITgg) — g(H:Sl + I3y — T34 — I35)
— 37—l — 140 — 1143 — 114 — a6 — 1147 — ag + 1149 + 1151 + 1150 + 1154,
Y =TTy — T+ Ty — g + v (Mg +Tag + o5 + 30 ) +¢F (TI7 — 11 —ITy3+ 1137 — 21150
+ ¢5 (g — Typ — iy + Iig — 20053) + ¢iq3 ( — a1 — Mg + T34 + I35),

1%
g W =101, — T3 — 3 (ITy9 4oy + g6 +1Tog — 2 (Tg7 -+ I35 4+ g0 + I3+ g +Tgs + a7+ 4s )
2

v
- E(H:n + 3o — 34 — Il35),
15" = Iy — Moy — Mog + Mo + 2(Tag — M5y — Iso + I54) + v/(Il31 + 32 + M3y + I35).
(E.11)
The functions wa are even in v for 7 = 1,...,6 and odd for 7 = 7, 8,9, which corresponds

to the crossing symmetries Ci13 or Coq. We further have Cio [(334 [HEWH = ng, while the
other seven functions are invariant under this transformation. According to our assumption
for the asymptotic behavior (2.39), all the functions IT'W fulfill an unsubtracted dispersion
relation. Note, however, that due to the redundancy (E.10) H}g’\;v enter in observables only
in the linear combination

gie3 1™ — vIIT™, (E.12)
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which requires a once-subtracted dispersion relation. The subtraction constant vanishes in
the quasi-real limit of one of the photons.
With our assumption for the asymptotic behavior, we find three physical sum rules:

/dylmnfw(u) =0, i=4,509. (E.13)

Due to the symmetry in v, the first two are trivially fulfilled: the integrals over the left-
and right-hand cuts cancel. This leaves a single sum rule involving ng.

Next, we consider the basis change to helicity amplitudes. The eight forward-scattering
amplitudes are given by [63, 144]

FW ._ FW . _ FW . _

Hi % o=Hyyyy+Hy o, Hy" :=Hyy H3 ™ := Hoo,o0,
FW FW FW

H4 = H+0,+07 H5 = H0+70+, HG = H++,00 + H+0,0—7
FW .__ FW . _

Hy™ =Hiy 4y —Hi 4, Hg" :=Hyq 00— Hyoo-, (E.14)

where the first six are even, the last two are odd in v. With our conventions for the
polarization vectors, they are related to the scalar functions (E.11) by

HYY = —(v* — i) I — 2q7g3 15" — V211" — 2% TIY — 20723115 Y — vaigillg ™,
HyYV = (1 — i)Y — 1Y — vgig3Tlg Y,

HW = 15 —15Y — gf Y — g™ — 1™,

HiW = —qtTI5 " — (qf)* 1Y — »215Y,

HyW = —gg1" — I — (g3)*15™,

HgV = qia3llg " —vIg ™ + vIg™,

HY = v(gg3l1g "™ — vIIE™Y) + ¢fga1Ig Y,
1
Hg™ = —vlIg™ — S (v* + ¢igd)Tg . (E.15)

In terms of the helicity amplitudes the sum rule reads

& 1
s (v [PV 0) BV ) 2t 5 ) 263 ) -2 1 )
Yo 142

— 212 + ¢?¢3)Im ng(u)> =0, (E.16)

where v denotes the threshold in v. Taking the quasi-real limit g3 — 0 of this equation and
accounting for the different conventions for the polarization vectors, we reproduce the sum
rule (27b) of [63]. In addition, two more sum rules (superconvergence relations) were de-
rived in [63]. They originate in different assumptions about the asymptotic behavior based
on the Regge model of [144]. In table 6, we compare the assumptions on the asymptotic
behavior of the helicity amplitudes: concerning the number of subtractions needed in a
dispersion relation for the helicity amplitudes, this leads in most cases to identical results.”

9Note that even (odd) subtractions vanish for a function that is odd (even) in v. This implies that for
Hg 25,8, the subtraction schemes are identical although the exact assumptions for the asymptotic behavior
slightly differ.
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this work ref. [63]
HY =y ~ o)
ng = vl = o= (0)
HEW =y = or(0)
HEW = /0 = por(0)
HEW =0 = or(0)
ng = /0 = por(0)-1
HEW = = (0
HgW = 1,0 - Vaﬂ((])fl

Table 6. Comparison of the assumptions about the asymptotic behavior of the helicity amplitudes.
In [63], ap(0) ~ 1.08 and a,(0) =~ —0.014 was assumed.

For HYW, our assumption is more restrictive. In fact, a similar behavior was used in [63] to
derive an additional sum rule for a low-energy constant in the effective photon Lagrangian,
stressing that this sum rule cannot be justified based on the Regge model of [144]. In our
approach this sum rule emerges naturally by demanding a uniform asymptotic behavior
of the HLbL tensor, which in turn determines the asymptotics of the BTT functions and
thereby of the helicity amplitudes. For Hg \7N, the assumption in [63] is more restrictive
and leads to two additional sum rules, egs. (27a) and (27¢) in [63].

We note that the constraints from gauge invariance that were determined in [63] based
on an effective photon Lagrangian are all implemented in the BTT decomposition of the
HLDbL tensor and can be read off directly from the relations between the helicity amplitudes
and the BTT scalar functions. Finally, with the above description of forward scattering
in terms of BTT functions, we can easily establish the link to our sum rules derived for
singly-on-shell fixed-¢ kinematics. By setting ¢3 = ¢} and taking the limit g3 — 0 in both
situations, we reach the common kinematic configuration, i.e. the case of singly-on-shell
forward scattering. We can then easily find the embedding of the forward sum rule into
the sum rules for the II; functions:

lim I§Y = —2 lim (7 + Iy — o — M5 + 20045 — 20049) , (E.17)
q3—0 g2 —0,
a3=q?

where the right-hand side is a combination of functions fulfilling the sum rules (2.71). We
also note that in the S-wave approximation, the sum rule (27b) of [63] reduces to the
forward limit of (2.91).

F Basis change to helicity amplitudes

F.1 Calculation of tensor phase-space integrals

*

If we consider only S-waves in v*4* — 7w, the phase-space integral in the m7 unitarity

relation for HLbL is trivial and the unitarity relation factorizes. We have calculated the
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D-wave unitarity relation in [28] for an external on-shell photon and in [30] for the fully off-
shell case by using a tensor decomposition. In this approach, the unitarity relation requires
the calculation of tensor integrals with additional factors of the v*y* — mm scattering
angles, which are replaced by scalar products of external and internal (loop) momenta.
Then the unitarity relation can be written as contractions of external momenta with tensor
integrals that depend only on a single momentum and can be solved by a standard tensor
decomposition.

Unfortunately, with this method the expressions become very large, which makes the
computation already at the level of D-waves extremely inefficient. In order to avoid the
excessive amount of contractions in the calculation of the phase-space integral, here we
present an alternative way to calculate the tensor integrals directly by taking derivatives of
scalar integrals. This allows us to calculate even the G-wave unitarity relation, as required
for the present application in section 2.5. In the case of D-waves, we have checked that
both methods give the same result.

We first consider the scalar integrals with additional Legendre polynomials of the
scattering angles:

d3p1 d3p2 4
Inm = 2 5(4) - - Pn ! Pm " Fl
=) o] ey ) 0 (@ p ) BB, (B

where Q := q1 + ¢2 = q4 — q3 and 2/, 2’ denote the scattering angles

Z,:q%—q§—2(q1—qz)-p1 Z,,_q§—qi+2(q3+q4)-p1 (F.2)
1/2 ’ - 1/2 ’
ox(5)A15°(5) n(5) A5 (5)

with Aia(s) = A(s, 4%, ¢3), Asa(s) = A(s,q3,¢3). The HLbL scattering angle is defined as

L —a)( —ad) +s(t—u) (F.3)

M)A (s)

The angles fulfill
cos " = cos 6 cosf + sin 6 sin 6 cos ¢/, (F.4)

where 2z = cosf, 2/ = cost, 2" = cos 6, and ¢’ is the azimuthal angle of p] in the centre-of-
mass frame. The phase-space integral can be understood as an integral over the variables
0" and ¢'.

As a first step, direct calculation leads to

o) 2
Lo 1 / d p 6(Q0 — 2/ M2 +p2)/d§2 Pn(z’)Pm(z”)
0

I )y I (F.5)
_ 1, (s) Pn(2)
8t MM on 417

where we have used the addition theorem for the Legendre polynomials. Next, we define
P :=q — ¢ and R := g3 + g4 and write the angles as
Q*(P-R) — (P-Q)(R-Q)
(P-QP = PPQ2) (R QP — Q)7 (F.0)
’_ P-Q—-2P -p o 2R-p1 —R-Q ’
o= (QY)((P-Q)? — P2V o= (QH)((R-Q)? — R2QH)Y/2

z =

z
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Taking the derivatives of the angles with respect to P, and R, gives

I <Q“(P2(Q-R)—(P-Q)(P~R))
0P NA(Q)N(@QY)
+P*(QX(P-R) - (Q-P)(@Q-R))
LRH(P-Q) — P2Q2)>,
0z _ Q@ (“RQP- _(P-R)OQ-R
3R, ~ AP\ (R*(P-Q) = (P-R)(Q- R))
+P((R- Q) - R*Q?)
+ R (Q*(P-R) - (Q-P)(Q-R))),
07 _ Qi QPP (P Q)R
0Py o (Q)ALA(Q?) A2(Q%)
07" . 2p‘1L - Q* 42 QQRM - (R ’ Q)QM
ORu o (Q)N)(@2) Aaal@)
0z oz"
55, = a5, =" (F.7)

Observing that a loop momentum with an open Lorentz index, p/’, can be written in terms
of the derivative of a v*v* — mm angle with respect to P, or R, and functions of angles
and external momenta only, we can write all tensor integrals in terms of derivatives of
scalar integrals, since the phase-space integral does not depend on P or R. With this
method no additional contractions of Lorentz indices are necessary and the complexity of
the calculation is reduced significantly. This enables the calculation of the G-wave unitarity
relation.

Explicitly, we define tensor integrals involving factors of the scattering angles accord-
ing to:

: d*p d*py :
JHLH ;:/ 2m) 26 (Q — p1 — po )t - - phi 2" F.8
i,nm (27T)32p(1) (2,“_)321)3( 7T) (Q b1 p2)p1 b1 = = ( )

For the G-wave unitarity relation, we need to know the integrals Ii‘f 711;;%“ twithi+n+m <8
and ¢ < 4. The scalar integrals with ¢ = 0 can be calculated easily using (F.5):

Iy,00 = Iy,

To20 = Ip,02 = élm Inii = §]O’

Ioa0 =Ion0s = élo, Iosi = Io13 = gfo, Tozs = 1+175222107

Io,60 = Io,06 = %Io7 Ios1 = Ios = ;Io, Toas = To2a = %Im Toss = 2(3—;)—75%2)[0’

Iog0 = Ip,08= é[o, Ior1 = Ip17= g[o, loe2 = lo,26 = 1—2722210, Ioss = Ioss= 2(346_7;22)10’
foua = L (F.9)

— 66 —



where

1
Iy = £—0(s), (F.10)

while all Iy ;m with n +m odd vanish.

Next, we calculate the remaining integrals with ¢ = 1,...,4 successively using the
derivative trick. The integrals with n = m = 0 are pure tensor integrals and can be
cross-checked with the results from the tensor decomposition method.

In order to compute the integrals I f nms We consider the following derivative:
0 m—+1 //m) m_nm 07

— (2 z =n+1)z 2" " —

ap, ( (n+1) ap,

_ m_nym Q" — 2pr /Q2P“ —(P-Q)Q*
=(n+1)z"% (aW(QQ)/\}QQ(QQ) + 2z (@) ) . (F.11)

Since the phase-space integral does not depend on P or R, we can commute it with the

derivative and find

2 (9)A15°(s) [sP* — (aF — })Q" | R
2 Az (s) et Ty 1gp,
(F.12)

1 o
I{L’nm = iQuIO,nm +

Similarly, the tensor integrals I3, = can be calculated by considering the double derivative

82 m+2 _ym
_— . F.13
oP,0P, (z ‘ ) (F-13)
Finally, by taking multiple derivatives the tensor integrals Igl;g‘n and I} ';l’,\g can be

calculated.

F.2 Direct matrix inversion

The expressions for the helicity amplitudes in terms of the scalar coefficient functions in
the tensor decomposition are easily obtained by contracting the HLbL tensor with the
polarization vectors. Expressing the scalar functions in terms of the helicity amplitudes
requires the inversion of these relations. If we consider the singly-on-shell case, this amounts
to the inversion of a 27 x 27 matrix. The direct analytic inversion of a general matrix of
this size is not possible, but in this case it can be reconstructed along the following lines.

Let us define the basis change from the singly-on-shell helicity amplitudes to scalar
functions as

27

H; = ik F.14
j Nt ;njl s ( )

where 7 is a 27 x 27 matrix. Its inverse is effectively the matrix ¢ in (2.84) (restricted to
A4 # 0) that we need to determine in order to obtain the imaginary parts of the scalar
functions through unitarity.
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First, we note that the basis of helicity amplitudes suffers from the presence of kine-
matic singularities, which makes the expressions for 1 more involved. These singularities
can be removed by applying the general recipe of [62] for the construction of amplitudes
free of kinematic singularities: first, the singularities at the boundary of the physical region
can be removed by

N —Lmi+m — 2\ —2|mi—ma| _

i, = <1—;—Z) zlmi+ 2\(12,2) zlma 2|Hj, (F.15)
where m1 = A1 — A9, mo = A3 — A4, and z is the cosine of the scattering angle. In our
case of fixed-t singly-on-shell kinematics, we have z = s;lq/iJrf. Next, the parity-conserving
amplitudes "

H; + H; (F.16)

are formed (see section 2.5.1 for the notation). Finally, the remaining singularities can be
removed by multiplying with the appropriate powers of /s, )\%Q(s), and A;ﬁQ(s), see [62].
We note that the Martin-Spearman amplitudes constructed in this way are free of kinematic
singularities, but have an asymptotic behavior that is much worse than the one of the BTT
scalar functions.

Since all square-root singularities have been removed, the basis change from the scalar
functions II; to the Martin-Spearman amplitudes is now meromorphic in s, @2, q3, and q%.
We determine all matrix entries with partly numerical methods as follows.

Numerically, the inversion of the 27 x 27 matrix is straightforward. The denominators
of the meromorphic matrix entries can be guessed from the pole structure of the numerical
inversion: they are products of simple polynomials such as A123, A12(s), (¢ — @3 + ¢3)
etc. We calculate numerically the matrix inversion as a function of each of the Lorentz
invariants in turn, keeping the other three invariants fixed. A plot of the matrix entries
as a function of the varying variable reveals the poles and therefore the exact form of the
denominators. This simple but tedious task has to be performed for all 27 x 27 entries.
The remaining numerators are then polynomials of the form

Z az’jszi(Q%)j(qg)k(qg)la (F.17)

it+jt+k+l=n

where the mass dimension of the numerator is 2n and known beforehand. In most cases,
n is a small number, although for very few entries we encounter a maximal value of n =9,
which results in a polynomial with 220 terms. We perform the numerical inversion on a
grid consisting of 9* points in the four-dimensional space of s, ¢?, ¢35, and q% and determine
the integer coefficients a;;; for each of the numerators of the 27 x 27 matrix entries by a fit.
In contrast to the determination of the denominators by hand, this fit of the numerators
can be easily automatized.

Combining the results with the (simple) basis change from helicity to Martin-Spearman
amplitudes then leads to the full analytic expression for the inverted basis change ¢. In par-
ticular, it is straightforward to check analytically that the matrix ¢ determined partly with
numerical methods is indeed the exact inverse of 77. The result is provided as supplementary
material in the form of a MATHEMATICA notebook.
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G Partial-wave expansion of the v*~4* — w7 pion-pole contribution

In order to test the partial-wave formalism, we expand the pion-pole contribution to v*~* —
7 into partial waves. The scalar functions are given by [31] (with isospin conventions

from [28]):

1 1
_ oV 2 Vi 2
71T_F7T ((11)F7r (Q2) <t—M7%+u—M72r>7
2 1 1 G.1)
W:FV 2FV 2 ( :
4 x (a1) W(q2>3—q%—q% t—M,%—i_u—M,% ’

™

5 =

™

— AT _
3 = 5*0.

The helicity amplitudes become:

_ _ 1 1 1
V2NV 2 2 2
1 (¢t —a3)° 2
Lo a2 9 9 @i—a4)" 2, o) 2 2
+ 4<3 oy ((3 a1 CI2)+< p (¢1+q3) | 2 s 2@ )
AT = A = —FY(@)FY ()~ (s — am2)(1 — ) — 4+ 1
+— —+ ™ 1/+ 7 \42 2 ™ t— M% u— ]‘{721_ )

iy =—H") = —FX(Qf)FX(qg)Q

1 /2 s+q?—q3
\/?(5—41\4,2)2\/1—,22 UG

1 n 1
t—M2 u—M?2)’

s ™

s—qi—q3

1 /2 s—q@+q3
\/;(3—4]\43)2\/1—,22 1 =2

Hf, = —Hf = —F/ (6))Fy (¢3)

)

1 n 1
t—M?2  u—M?

2 s—q%—q% ™ T
_ 2(s—4M?2)z? 1 1
Hly = —FY (¢)FY (63)( 1— u : 2
We calculate the partial-wave expansion thereof:!°
I _
NJ,)\1>\2 (S) = 5 / L dz di%O(Z)HZ\rl)\g (57 t(S, Z), U(S, Z))a (G3)
where m = |\ — A2|. With the relation
r 2 1
—_ M2 1/2 —
L Mﬂ— 0-77(8))\14 <S> r z (G 4)
1 B 2 1 '
u=MZ ()M (s) T E
where
2 2
_ 5741 — 4
=iz, (G.5)
or(s)A157(s)

1We use a different convention than in [31] and do not (anti-)symmetrize the partial waves with respect
to ¢} < ¢3.
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we can calculate the pion-pole contribution to the helicity partial waves in terms of the
Legendre functions of the second kind, defined by

1
Q) = = / P g, (G.6)

2/ 4x—=2

They satisfy the relations [145]

Qr(a)Py-a(a) = Prla)Qrale) = 7550, .

(J+1D)Qut1(z) = (2 + 1)zQ,(x) — JQy-1(2),

which, together with the recursion relation for the Legendre polynomials

(J + 1) Py () = (27 + 1)zPs(z) — TPy () (G.8)
leads to the following expressions for the pion-pole helicity partial waves:
Noes(s) = FY (@) FY @) {UW e s+ 12) Qute) 2y B } ,
N (6) = FY R @) 20 [ (o)~ () =0 1) ot}
Nisols) = FY @)Y <q2>2C;’(“§5> ot e - i),
Noos ) = Y )Y () e A o) - 010}
Nyan(s) = FY (@) FY (@) 5 { ) 2 aJU} | (@.9)

H Pion polarizability and vy — 77 in ChPT

The one-loop amplitude for vy — 7 takes the form [146, 147]

l6—l5 S

2
8,++(S)‘ChpT = N0,++( ) 487 2F2 167T2F2 (1 + 2M7r00(8))7
T
n M2 2
0,++(5)’0hPT - 8 ’r2F2 5 (14 2M:Co(s)), (H.1)

where we have suppressed the arguments for the virtualities, lg — I5 refers to a combination
of SU(2) low-energy constants [148], and the loop function is given by

1

dx s
Co(s) = s log [1 —z(l —x) M2] (H.2)

Unitarity is only fulfilled perturbatively, so that at the one-loop level

c ox(s) Mg 1+ 0x(s)
I 20.(s) s — M,% 14+ 0x(s)
Im h0,++(8) |ChPT = TNO,-I--F(S) (tg(s) - t(Q)(s)) = 47TF2 1 1 — Jﬂ_(s)v (HS)
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with tree-level w7 partial waves tg(s). Due to the pathological high-energy behavior of these
imaginary parts, the chiral amplitudes do not fulfill an unsubtracted dispersion relation,
but only a subtracted variant of the form

=l s [ dmhG ()]enpr

8’++(8)‘ChPT = Nosy(s) + 482 f2° + s AMz s2(s' —s)
B (s)] ___ S s?Mz [ ds’Im Mt 4+ ()| onprr (H.4)

O4+12/1ChPT 9672 F2 T Jansz sB(s' — s) ’
to be contrasted with
s [ ,dmho ()

h =A — ds' ———"2 " 2 H.5
0,4++(8) 0,++(s) + TF/4M,% s S(s' —s) (H.5)

for the full amplitudes provided that the imaginary parts fall off sufficiently fast. If the
MO inhomogeneity is approximated by the Born term that is indeed the case, which, by
comparison to the chiral amplitudes, allows one to predict the derivatives at s = 0 and
thereby the pion polarizabilities within this approximation. At the one-loop level this
implies a sum rule for lg — l5, whose numerical evaluation lg — l5 = 2.7...2.9 for the same
range of cutoffs as in section 4.3 indeed comes out very close to the phenomenological
value lg — I5 = 3.0(0.3) [137, 149, 150]. As discussed in section 4.3, only the charged-pion
polarizability is reproduced in this way, indicating that higher contributions to the LHC
are required in the case of the neutral pion.

In ChPT the value of lg — I5 can be empirically understood in terms of resonance
saturation, explicitly one has [142, 151, 152]

- F? F?
lo = Is|,, = 487" 75 ~ 24m° o = 3.4, (H.6)
A p
where F4 and My4 refer to decay constant and mass of axial resonances to be related to
pion decay constant and vector masses by short-distance constraints, see [151]. The fact
that resonance saturation indeed reproduces the empirical value of g — I5 rather accurately
has motivated the construction of models based on explicit a; resonances to incorporate the
corresponding effects related to the charged-pion polarizability into HLbL scattering [49,
50]. Our calculation makes use of an alternative strategy that exploits a sum rule for
the relevant low-energy parameters, largely saturating the phenomenological value. In
particular, in this framework the impact of higher contributions such as the a; to the LHC
on the polarizability itself is expected to be small — in fact, the exchange of vector mesons
would contribute first — so that significant corrections would require a weighting in the g—2
integral that emphasizes kinematics away from s = 0, where the polarizabilities are defined.
Such contributions cannot a priori be excluded, all the more since the comparison with the
physical polarizability only determines the on-shell properties, but not the dependence on
the photon virtualities.
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