HAUSDORFF DIMENSION DISTRIBUTION OF
QUASICONFORMAL MAPPINGS ON THE HEISENBERG
GROUP

By

ZOLTAN M. BALOGH

Abstract. We construct quasiconformal mappings on the Heisenberg group
which change the Hausdorff dimension of Cantor-type sets in an arbitrary fashion.
On the other hand, we give examples of subsets of the Heisenberg group whose
Hausdorff dimension cannot be lowered by any quasiconformal mapping. For a
general set of a certain Hausdorff dimension we obtain estimates of the Hausdorff
dimension of the image set in terms of the magnitude of the quasiconformal
distortion.

1 Statement of results

It is a subject of general interest to understand the way a certain class of map-
pings changes the Hausdorff dimension of sets. It is well-known that topological
mappings can change the Hausdorff dimension in an arbitrary fashion, while bilips-
chitz mappings do not change the dimension at all. For the class of quasiconformal
(QC) mappings, the situation is much more subtle. The first results in this direction
are due to Gehring and Viisild [GeVa], and the subject is still under active research
[As], [Bi], [BiTy!],[BiTy2], [Ty].

In the present paper, we study this problem for the class of QC mappings of
the Heisenberg group. The Heisenberg group H! has underlying space R but is
equipped with a metric dy that is very different from the usual Euclidean metric.
This makes the study of Hausdorff dimension of sets more complicated than in the
Euclidean case. We refer to the survey article of Gromov [Gr] for more details on
the Heisenberg geometry. Basic definitions that we need in the sequel are recalled
at the beginning of Section 2.

Recall that a homeomorphism f : H! — H! is K-quasiconformal for some
K > 1ifits quasiconformal distortion H(z, f) is uniformly bounded on H:

Supd"(z,y)=r d”(fz) fy)

‘ <K, forallze H'.
mde(,,y)=,- dH(fxs fy)

(1.1)  H(z,f) :=limsup,_,,
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A homeomorphism f : H! — H?! is QC by this definition if it is K-QC for some
K >1.

QC mappings play a central role in many important problems, such as the quasi-
isometry classification of negatively curved spaces [GrPa], [Pal]} and Mostow-type
rigidity results [Mo], [Pal]. The theory of QC maps on the Heisenberg group was
initiated by Mostow {Mo] and subsequently developed in the work of Pansu [Pal],
and of Koranyi and Reimann [KoRel], [KoRe2]. These advances of the theory
make it possible to address the question of Hausdorff dimension distortion. Here
is our first result:

Theorem 1.1. For any two numbers a,3, 0 < a < 8 < 4, there are compact
sets So,Sg C H' and a quasiconformal mapping f : H* — H* such that dim S, =
a, dim Sg = S and fSg = S,.

The corresponding statement in the Euclidean setting is due to Gehring and
Viisila (cf. [GeVa]). The proof of Theorem 1.1 is considerably harder than in the
Euclidean case. Because of the complicated geometry of the Heisenberg metric,
the construction of (even smooth) QC maps becomes a non-trivial task. Smooth
QC maps were obtained in [KoRe1], [KoRe2] using flows of certain special vector-
fields. A different way of constructing fiber-preserving QC maps appears in [CaTa],
[Ta2] (see also [Tal], [Ba] for a similar result for circle bundles). The proof of
Theorem 1.1 is given in Sections 2 and 3. We apply the flow method of Koranyi
and Reimann, combined with a dynamical construction. The idea is based on a
suggestion of Seppo Rickman [Ri].

In our next statement, we estimate the Hausdorff dimension of the image fS for
an arbitrary set S under an arbitrary K-QC map f : H' — H*. Let us introduce
some notation. For a fixed K > 1, we denote by F(H?, K) the collection of all
K-QC maps f : H! - H!.

For f € F(H', K), we denote by J; the volume derivative of f given by

51(@) = tim VB@)

i B for a.e.z € X.

As in the Euclidean case (see [Ge]), it turns out that QC mappings on the
Heisenberg group have a higher integrability property as shown in Section 4 of
[KoRe2]. Namely, if f € F(H', K), then J; € L}, for some r > 1 independent of

f € F(H', K). The following quantity is called the exponent of integrability for
the class F(H!, K):

(12) p=p(H,K)= sup{r>0:J; € L}, forany f € F(H',K)}.



QUASICONFORMAL MAPPINGS 291

Theorem 1.2. Let f : H' — H' be a K-quasiconformal mapping and let
A C H! be a set with Hausdorff dimension dim A = ¢, 0 < a < 4. Then

da(p—1) ) 4pa
—_— < AL ———
p-a S dim f ~“4(p-1)+a’

where p = p(H*, K) is from (1.2).

Theorem 1.2 follows from Theorem 4.1 of Section 4. Theorem 4.1 is a gener-
alization of the corresponding statement from [GeVa] in the context of Q-regular
metric spaces, where a weak (1, ¢) Poincaré inequality holds for a certain ¢ < Q
(cf. [HeKo]).

Our final result states that there are subsets of H! whose Hausdorff dimension
cannot be lowered by QC maps.

Theorem 1.3. For any o, 1 < a < 4 there exists a compact set S, C H' with
dim S, = a such that dim fS, > o for any QC mapping f : H* — H'.

In the Euclidean setting, Theorem 1.3 was recently proved by Tyson [Ty]. The
case 0 < a < 1is unknown even in the Euclidean setting. For 1 < a < 3, our proof
is similar to the one in [Ty]. In the case 3 < a < 4, the proof is different. An
important ingredient in this case is Pansu’s isoperimetric inequality [Pa2], [Gr].
The proof of Theorem 1.3 is given in Section 5.

In the opposite direction, one can ask about raising the Hausdorff dimension
of sets by QC mappings. There is a recent result of Bishop [Bi], saying that the
dimension of any positive dimensional subset of R™ can be raised to be arbitrarily
close to n by QC maps of R". It is likely that with the methods developed in this
paper one can approach this problem in the Heisenberg setting as well.

Let us finally mention that we are working in the first Heisenberg group H?,
rather than H™, only to avoid cumbersome notation. Versions of Theorem 1.1,
Theorem 1.2 and Theorem 1.3 (for1 < a < 3and 2n+ 1 < a < 2n + 2) are also
valid in the setting of the general Heisenberg group H", n > 1.
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2 Cantor-type sets with a given dimension
In a general metric space X, the Hausdorff dimension of A C X is defined by
dim A = inf{a > 0: H,(A) = 0} = sup{a > 0: H,(A) = oo}
Here H,(A) is the a-dimensional Hausdorff (outer) measure of A given by

H,(A) = P_I,% uéf ;L;B(dlamBi)a'
In the above relation, the inf is taken over all countable coverings B = (B;); of the
set A by sets B; with diameter less than e.
For most of this paper, our metric space X will be the first Heisenberg group
(H!, *) whose underlying space is R? with group operation given by

(z1,91, 21) * (T2, Y2, 22) = (%1 + T2, 91 +¥2, 21 + 22 + 2(1 22 — Y271)).
The Heisenberg distance of two points ¢;, g, € H! is defined by
(2.1) du(q1,92) = llg7 " * @|la,
where the Heisenberg norm ||¢}| # is given by
2.2) lallw = (@ + 22 + 2)¢, forq = (a,y,2) € H.

Let us denote by | - | the usual Euclidean volume measure in R®. Using (2.2)
combined with translations and dilations (cf. (2.5) and (2.6) below) we see that there
exists a constant C > 1 such that for an arbitrary ball B(p,7), p€ H}, 0 <r <1
in the Heisenberg metric we have

(2.3) %r“ <|(B(p,m))| < Crt.

The Heisenberg group is of topological dimension 3, but as a metric space with
the metric dy has Hausdorff dimension 4. This follows from (2.3). Moreover, (2.3)
shows that (H!,dy) is a 4-regular metric measure space. To illustrate the intricate
structure of the Heisenberg geometry, let us notice that the 0z axis has Hausdorff
dimension 2, while the 0z and Oy axes are one-dimensional. Moreover, a smooth
(Euclidean) surface has Hausdorff dimension 3 with respect to the Heisenberg
metric (see [Gr]). The usual product formulae for Hausdorff dimension [Ma]
in Euclidean spaces are also false in the Heisenberg setting. Because of these
differences, we cannot use the Euclidean statements; and so we have to work out
the proofs of our results from scratch.
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Before getting into details, let us mention that there is another metric on H?, the
so-called sub-Riemannian or Carnot—Carathéodory metric (see [Be], [Gr]). This
is defined using the left-invariant vector-fields

lij 0 o 0
24) X=5;+2y5;, Y=5§—2:c$,
which satisfy Hormander’s condition. This metric is perhaps more frequently used
in the literature (cf. [Be], [Gr]) than dy. Since the two metrics are bilipschitz
equivalent (see [Ko], [BaMi]), we can work with dy, which is more suitable for
our calculations.

In this section, we start the proof of Theorem 1.1. We shall construct the sets
Sa, Sp that appear in the statement. These sets will be invariant sets for certain
conformal dynamical systems. The maps defining the dynamical system are either
Heisenberg translations

2.5) T, : H' - H', givenby T, (q) = g0 * g,
or dilations
(2.6) da(q) = (ax,ay,a’z), fora>0, q=(z,y,2)€ H',

or finite compositions of the above two.

It follows directly from the definition (1.1) that our maps from (2.5) and (2.6)
are 1-quasiconformal (or conformal in our terminology). Note that the composition
of a K-QC mapping with a translation or a dilation is again a K-QC mapping.

Let B={q € H' : |||l < 1} be the open unit ball in H* centered at0 € H!. A
ball B(go,r) of radius r > 0 and center go € H? is of the form B(gq,7) = Ty, 0 6, B.
Observe that for any r > 0,90 € H! we have the relation

2.7 0 0 Ty = T5,g0 © Oy.

Relation (2.7) implies that the image B’ of the unit ball B under a finite composition
of translations and dilations

B' = (Tgp, 08, 0+ 0T, 06,,)B

is a ball B(g,r) of radius r =r, ---r,, and center ¢ = q(qo1,---,90n,T1 -+, n)-

Let B; = B(gi,r), i = 1,...,Np (No > 2), be disjoint balls of radius r > 0
contained in B. Let f; = d;/, 0 Tq;1 : B(qi,7) = B be the associated conformal
mappings and f : | J; B; — B the generated dynamical system (such that f|p, = f).
Denote by S = S(f) the invariant set of f defined by the conditions S C |J, B;,
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= § = f~1§. To construct the set S, consider for each n the preimages
= f~"B, where "B is the union

L P
37
(I

S-n = U Bix--vin and Bi;...in = ( i:l 0---0 f'-l)ﬁ'

T
1enin

By our previous consideration, S, is a union of N§ disjoint Heisenberg balls of
radius r*. Clearly S, ; C S,, and we obtain S as

s=8=[)f"B

Let o = log Ny/log(1/r). Consider the covering of S by the balls B;, . ;, and let

n — oo. It follows that
Ha(8) < lim Z (diam Bj,..,)* = lim N (2r")* =2°.
131..-In

This shows that dim S < a.

For the reverse inequality dim S > a, we use the so-called mass distribution
method (cf. [Fa] Chapter 9). Namely, we assign the mass 1/N§ to each of the N
balls B;,. ;, andn > 0. This defines a mass distribution 4 on the collection of balls

B= {Bil...in :1<91,.00,in < Ny, n 2> 0}
Moreover, u can be extended to the Borel sets of H* by

p(A) = inf{}: u(B):AC UB,-, B; € B},

where 7 is a multi-index of the form ¢ = 4y ...1,.

Then pz becomes a probability measure on H' supported on S (cf. [Fa]
Proposition 1.7), which clearly coincides with the above mass distribution on the
collection of balls B;. Moreover, by standard arguments (cf. [Fa] p. 119), it
follows that 4 is an a-regular measure on S: there exists C > 1 such that for any
Heisenberg ball B(p, p) withp € S, p < 1 we have

@2.8) =67 < u(B(p,p)) < Co".

Now the upper estimate in (2.8) shows that if (B;); is an arbitrary countable
covering of S by balls with centers in S, then

¥

Q-

Y (@iamB;)° > 7 Y u(B;) > u(S) 2
j j

which shows that dim S > a.
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In conclusion, we have constructed a Cantor set S with

. o _ logNp
(2.9) dim$ = o

We now make the following

Claim. There exists § > 0 such that for any N > 1, there are N* disjoint closed
balls of radius § /N contained in B.

Proof of Claim. We shall use the fact that the Heisenberg group H! is a
4-regular space expressed by relation (2.3).

Given 0 < r < 1/2, let us denote by K(r) the maximal number such that there
are disjoint balls B(q,7),..., B(qK(,), r) contained in B. The maximality of K(r)

implies that
K(r)

B(0,1-7) c | J B(g:,5r);

and by (2.3) we have

K(r)
|B(0,1-r)| < Y |B(g:,57)| < K(r)Cirt,

i=1

which gives

11
(2.10) K(r) > G
Choosing
.rl 1 )
5<mln{§,(—cm} and T—N
in relation (2.10) the claim follows. a

For arbitrary 0 < @ < 1, consider the N* disjoint balls
B(q1,aé/N),...,B(gn+,ad/N) contained in B whose existence is ensured by
the Claim. Consider the associated dynamical system f : Uﬁv;l B(qi,a6/N) -+ B
and its invariant set S = S(f).

Formula (2.9) (with Ny = N* and r = a§/N ) implies that d(N,a) = dim S is
given by
_ 4log N
~ log N — log(ad)

Substituting a = 1 in relation (2.11), we have

4log N
A G = Togs

(2.11) d(N,a)

—~+4 as N — oco.
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On the other hand, for a = (1/N)" we obtain that
d(N,(1/N)¥) =50 asN - .

This shows that for an arbitrary value 0 < o < 4 we can construct a Cantor set
S, as above such that dim S, = a.

3 Maps distorting the Hausdorff dimension

Proof of Theorem 1.1. Let us fix two values o, f such that 0 < a < 4 < 4.
By our previous consideration, we can choose N > 2 and r; = r (N, 8) such
that there exist disjoint balls B(g;,r;) C B, i = 1,..., N for which the associated
conformal dynamical system f : |J; B(gi,r1) — B defined by

flB@gir) = fi = byyr, oTg-: B(gi,71) = B

has the invariant set S = Sz where dim Sg = 8. Similarly, we can choose ry =
r2(N,a) < r, such that the conformal dynamical system g : |, B(gi,72) = B
defined by

91B(gira) = i = 1jry 0 Ty-1 : B(qiyr2) > B
has the invariant set S = S, where dim S, = a < 8. We are going to construct a
quasiconformal mapping F : H' — H? such that FSs = S,. The mapping F will
satisfy F|g1\p = id|g1\p. Inside the ball B, we define F' inductively using our
dynamics f : | J, B(g;,r1) = B and g : | J, B(g;,r2) — B as follows.
Let € > 0 be a small number (to be determined later), and consider the multiring

A§:=B(0,1+¢)\ (Jf'B(O,1-¢)
i
and its iterated preimages Alpy = [ 4G,

= U A5, ;. Where A5, ; =filo---of7lo fi1As.
i1.wiin
Similarly, let
Ay =B(0,1+\ (g7 B0,1-¢),
i

and its corresponding iterated preimages fifn) = g " A4S,

En) = U A~§1___in Where Asl-..in = g;l 0. ogi_zl ogi—llA(e).

i1...3n
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In the first step of our construction, we define a smooth quasiconformal mapping
Fy : A5 — A with the following properties:

(1) o =id on R§ = B(0,1+¢) \ B(0,71(1 —¢)),

(2) Fo = g;" o f; on RS = f{'Rg.

Our first condition on the magnitude of ¢ > 0 is to guarantee

@3.1) RiNR;=0, for0<i,j<N, i#j,

so that conditions (1) and (2) are not incompatible. Recall that the closed balls
B(g;, 1) are pairwise disjoint (cf. Claim), so the choice of such an € > 0 is possible.

Let us assume for the moment that a smooth quasiconformal mapping F; :
A§ — Aj, satisfying properties ~(1) and (2), exists. We define F, : Afyy — Afn)
such that F,,| A A: . — A% . by the formula

T1.eeln 11.0:ln

(3.2) Fnlas,  =gilo---ogiloFyofio---ofi onAf ;.

t]...in

We use F, to define our mapping F : H' \ Sg — H'\ Sa by Fla; . = Fa.
For the correctness of this definition we have to check that

3.3) Fo,=F,1 onR{, = Af, NA(,_y).
Observe that Rf,,, is a union of the spherical rings of the form
R i, =fio-of RS

Using the definition (3.2) and property (2) of Fy, we obtain that the right side of

(3.3) will be

1

Foilps, . =gilo--rogitofioof.

$)...8p

Similarly, using property (1) of Fj, we obtain the same expression for the left
side of (3.3). In conclusion, our mapping F : H! \ S5 — H! \ S, is well-defined.

Let us now recall that F : A5 — Aj§ is a K-quasiconformal mapping for a
certain K = K(a,8) > 1. Furthermore, F| Az, = Finys and by (3.2) we have that
Foy =9, 1) o Fy o f(n), where gi,y and f(,) are finite compositions of translations
and dilations. Composition with f(,,) and g(,,) does not change the quasiconformal
distortion, so it follows that F' is K-quasiconformal on H! \ Sg.

One can see directly from the definition that F : H' \ S — H' \ S, has
a homeomorphic extension F . H' - H! such that F’Sg = S,. We now use
Theorem 1.3 from [BaKo] to conclude that the extension F : H! — H' is a
K, -quasiconformal mapping for some K; > K.
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It remains to construct the mapping Fy : A5 — A§, satisfying properties (1)
and (2). This is done by the flow method of Koranyi and Reimann. Namely, we
consider the vector-field of the form

(3-4) Vi=p-T+§[(Xp)Y - (Yp)X],

where X and Y are the left-invariant vector-fields from (2.4), T = 3/0z and p is
a smooth, compactly supported function. We consider the flow (F;),cr generated
by the vector field V. It follows by Section 5 of [KoRe2] that, for each s € R, the
mapping F, : H! - H! is a C* smooth QC mapping.

Our map Fy : A5 — A§ will be defined as the restriction to A§ of a time-s map
F,: H* - H' asabove. The generating functionp : H! — Rin(3.4)isdefinedina
special way to ensure (1) and (2). To do this, it is convenient to reduce the problem
to a simpler situation. Namely, let g; € H' be a point and let0 < r; < r; < ro. We
shall define a function py : H! — R with the following properties:

(a) supp po C B(go,70),

(b) FosB(go,m1) C B(go,r1) forall s > 0,

(c) there exists s = s(r2, 1) such that Fo,|p(ge,ry) = Tyo © bry/r, © T

Here Fp, stands for the time-s map of the vector field V; given by (3.4) with the
generating function py.

Let us assume that for given data gy € H',0 < r, < r; < 1o, we have already
constructed a smooth function pg = po{go, r2, 71, 7o) ensuring properties (a), (b) and
(). Let us return to our balls {B(g;,r1)}/ , and dynamics f : |, B(¢;,71) — B.
Choose € > 0 so small that, in addition to (3.1), we also have

B(gi,r1 +2¢) C B(0,1—¢)

and
B(gi,m1 +2¢) N B(gj,r1+2¢) =0 fori#j.

Letp; : H! — R be the smooth functions associated todata ¢;,0 < 2 < 71 +€ <
r1 + 2¢ as above and definep: H! =+ R, p = Zf;l p;. It follows that the time-s
map F, : H' — H! of the vector field associated by (3.4) to p satisfies

3.5 F,=id onH"\(|JB(g:m +2¢),

and there exists s = s(rg, ;) such that
3.6) Fol(gimite) = Tai © Oryry 0 Ty-r = gilof; foralli=1,...,N.

Defining Fp := F| ag for s = s(re,71), we see that properties (1) and (2) are
implied by (3.5) and (3.6).
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Our final task is to define py ensuring properties (a), (b), (c) for arbitrary data
g0 = (Z0,Y0,20),0 < 79 < 71 < 19. Let a = ry/r; < 1 and let us write an arbitrary
point g € H! as

g=qo*q = (To + T1,Y0 + Y1, 20 + 21 + 2(yox1 — ZToy1)).

Then we have

G.7) (Tgo 0640 qu-l)q =Ty 0atn
= (zo + a1, Yo + ay1, 20 + a’z1 + 2a((yoz1 — Y120)).

Let us first consider the auxiliary function o : H! - R
Po(Z, Y, 2) = YoT — Toy — %(z — 20)-

By (3.4), the associated vector field will be

- 0 5] o
Vo=—%(@~ o)~ i —yO)a—y + 3[voz — 20y — 2 + 20] 5.

The flow Fy, of V; is given by the solution of the linear system of ODE

& = —3(z — 7o)
3.8 ¥y=—-;u—%)
£ = %[yo.’L‘ —ToY — 2 +z0]

with initial conditions
(z(0),%(0),2(0)) = (xo + =1, %0 + Y1, 20 + 21 + 2(y0Z1 — To¥1))-

Solving (3.8) with the above initial conditions, we obtain

.’L‘(S) =zp+ zle‘%“’,
(3.9 y(s) =yo+me ¥,
2(s) ==z + z1e73% + 2(yoz1 — ylzo)e‘%“’.

From (3.9), we see immediately that the image Fy,(g) of ¢ = go * g1 under the
flow (Fp,), is given by

FOs(‘I) =Tgo 00e-ssa © qu*l(‘I)-
It is clear that for s > 0, we have Fo,B(go,71) C B(go,1); and for the value

Ta ~
s =—4log e we have Fy, =Ty, 0 0pyr, © qu—l.
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We now obtain py by multiplying py by a cutoff function 5 : H' — R such that
n =1 on B{go,r1) and supp n C B(go, o). For the function py = npo, the required
properties (a), (b), and (c) clearly follow. This concludes the proof of Theorem
1.1. a

A case of special interest is when our Cantor-type sets lie on the
Oz axis. For this, let us consider the above construction with ¢g; = (0,0,1/2),
g2 = (0,0,—1/2) and choose r; = a/+/2. One easily checks that for a < 1 we
have B(gi,a/v2) N B{gz,a/v2) = @ and B(g;,a/v2) C B for i = 1,2. The
corresponding dynamical system f : Uf=1 B(qi,a/V2) — B has an invariant set
S = S(a) which is contained in the Oz axis. This follows from the fact that the
whole Oz axis is invariant under both f, and f5.

According to (2.9), the Hausdorff dimension of S(a) is given by

2log 2

This implies that dim S{a) — 2 as ¢ — 1 and dim S(a) — 0 as a — 0. The proof of
Theorem 1.1 gives the following.

Corollary 3.1. For any two values 0 < a < 3 < 2, there exist sets So, Sg and
a quasiconformal mapping F : H' — H* such that S, C Oz, Sz C Oz, dim S, =
a, dimSg = B and FSg = S,. If a < 1, we can choose S, to be a subset of a
rectifiable curve.

Proof of Corollary 3.1. The first statement of the Corollary follows directly
from the proof of Theorem 1.1. We prove here the second statement.

By (3.10),dim S(a) < 1iffa < 1/4/2. We show that in this case S(a) C I, where
I is a curve that is rectifiable with respect to Heisenberg metric. To construct I, we
use the dynamics f : Uf=1 B; — B. Consider the two points @Q; = (0,0,1),Q2 =
(0,0,—1) and let @, = f;7'Q1,Q, = f;'Q2. Then Q! € 8B; fori = 1,2.

Choose smooth Legendrian curves I}, ¢ B \ (J>_, B;) connecting Q; and Q!
for i = 1,2. A Legendrian curve is a smooth regular curve whose tangent is in
span{X, Y}, where X,Y are the vector-fields given in (2.4). For any two points in
adomain D C H', there always exists a Legendrian curve in D connecting the two
points. This follows easily from Chow’s theorem (cf. [Be]).

Similarly, let Q@ = f;'Q1, Q) = f{'Q2 and let I'} connect Q7 and QY in
B\ (U2, B;). Denote by Ty := |J>_, T'é. Then T C B\ (U~, B:), and

3
length 'y = Z length T}y = ;.

i=1
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Here and in the following, the length of a curve is measured in the Heisenberg
metric. Let us denote by I';, the n-th preimage of I'y under f, Ty, := f~"I, for
each n > 0. Then I', consists of 3 - 2" pieces of smooth Legendrian curves with
total length

ln = 2*(a/V2)™lp = (V2a)"ls.
We define I := J,,»o 'n. We leave to the reader to check that S(a) C I and that T
is a rectifiable curve with

lo
1 I'= l,= .
ength zn: 1-v2a n

Remark. A question of Heinonen and Semmes (see [HeSe]) asks whether
there exists a quasiconformal mapping of the Heisenberg group that maps the Oz
axis onto a rectifiable curve. The above Corollary shows that certain subsets of Oz
with Hausdorff dimension arbitrarily close to 2 can be mapped into a rectifiable
curve.

4 Bounds on dimension distortion

In this section, we work in the general setting of a metric measure space
(X,d,n). We assume that (X, d) is a proper, unbounded metric space and y is a
Borel measure on X that is Q-regular for some @ > 1. This means that there exists
a constant C = C(X) > 1 such that for any ball B(p,r) C X we have

—é,—rQ < u(B(p,r)) < Cr°.

In addition, we assume that X supports a weak (1, g)-Poincaré inequality for some
g < Q. We refer to the paper of Heinonen and Koskela [HeKo] for the definition
and a thorough treatment of the QC theory on metric spaces supporting a weak
Poincaré inequality. This framework is quite general and allows spaces with fractal
character or sub-Riemannian geometry. For example, the Heisenberg group H? is
4-regular and supports a weak (1, g)-Poincaré inequality for any ¢ > 1 by a result
of Jerison [Je].

The content of the results from [HeKo] is that most of the classical theory of
QC maps in R™ remain valid in this abstract setting. Similarly to the definition
from (1.1), we say that a homeomorphism f : X — X is a K-QC map if

SUPg(z,4)<r A(fT, fY)

- <K, forallze X.
mfd(z,y)zr d(f.’t, fy)

H(z, f) == lim sup,._,,
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In this section, we consider the following problem. Let us denote by F(X, K)
the class of homeomorphisms f : X — X that map bounded sets to bounded
sets and are K-quasiconformal for a fixed K > 1. Given a set A C X with
Hausdorff dimension dim A < «, we are interested in estimating the greatest
value 8 = B(X, K, «a) of the Hausdorff dimension of the image set dim fA4 for
feF(X,K):

B =pB(X,K,a) =sup{dim fA:dim A < a, f € F(X,K)}.

Let us fix K > 1 and consider f € F(X, K). From Section 4 of [HeKo] (see
also [BaKao]), it follows that f is quasisymmetric. This is a global property, which
means that there exists a homeomorphism 7 : [0, 00) — [0, c0) such that

4.1 d(z,y) < td(z,z) implies d(fz, fy) < n(t)d(fz, f2),

for all z,y,z € X, t > 0. Moreover, the quasisymmetry function 5 depends only
on X and K (and not on f).

Heinonen and Koskela (Theorem 7.11 [HeKo]) proved that n-quasisymmetric
mappings have a remarkable higher integrability property. This generalizes a
classical result of Gehring [Ge] from the Euclidean case. More exactly, if f :
X — X is n-quasisymmetric, then there is an exponent r = r(X,7) > 1 such that
Js € Lj,., where J; is the volume derivative of f:

p(fB(z,7))
u(B(z,r))

Let us introduce the exponent of integrability for the class F(X, K):

Je(z) =11_r>% forpae.z e X.

4.2) p=p(X,K) = sup{r > 0:Js € L], forany f € F(X,K)}.

The result of this section is the following abstract analogue of Theorem 12 in
[GeVa]:

Theorem 4.1. Let X be an unbounded, proper, Q-regular metric space
supporting a weak (1, q)-Poincaré inequality for some ¢ < Q. Let 0 < a < Q
and A C X be a set of Hausdor{f dimensiondim A < a. Then forany f € F(X,K),
the image set f A has Hausdorff dimension

. Qpa
IS -

where p = p(X, K) is the exponent of integrability from (4.2).
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Proof of Theorem 4.1. We may clearly assume that our set A is contained
in a large ball By C X.

The case o = @ is obvious. We prove the statement for &« < Q. For each a €
(@, Q) and each r € (1, p), we show that the outer Hausdorff measure Hy(fA) =0,
where

Qra

Qr—1)+a’
We cannot use in the proof non-overlapping squares as in the Euclidean case
(cf. [GeVa]); our argument is based on the 5r-covering theorem (see p. 24 of
Ma]).

Let us choose an arbitrary € > 0 and d > 0. Because H,(A) = 0, we can find a
countable collection {B;}; of balls B; = B(z;,r;) such that

@ Ac U, B; C B,

(b) diamfB; < d, and

(©) 3,5 <e
Using the 5r-covering theorem, we can select a subcollection { B; }; of the collection
{B,}; such that

() AcU; B: C Bo,

(b) diamfB; < d,

(©) >, rf <eand

(d) 1B, N LB, =@ fori; # .
We write

b=

L; = L¢(zi,ri) = sup{d(fz, fz;) : d(zi,z) < 13}

and
i = lg(zs, gri) = inf{d(fz, fz;) : d(zi,7) > 373}

It is clear that {; < L;. Since f is quasisymmetric, we can apply (4.1) to obtain
L; < n(5)l; . Consequently, L; < C!; for some uniform constant C = C(X,K) > 1.
In what follows, C = C(X, K) > 0 will denote an absolute, generic constant whose
value can change even within one string of inequalities.

The relation L; < Cl; together with Q-regularity yields

43)  diam fB; < 2L; < Cl < C(uB(fzi,k))"/Q < C(uf(LB:))Y?.

Because f is absolutely continuous in measure (see [HeKo] Corollary 7.13), it
follows by Holder’s inequality and Q-regularity that

r

(4.4) wraB) = [ Jauser? ( ) (Jf)'du)
g8;

B;
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From (4.3) and (4.4), we obtain

45 Sigiam(sBoP <032 ([ opran)*.

5

Since {fB;}: is a covering of f A, relation (4.5) implies a good estimate for Hy(fA)
via Holder’s inequality:

b(r—1
ar b

(4.6) Z[diam(fBi)]"sC(er) (> / (Jy)du) .

i
5

Relation (4.6) together with properties (c) and (d) of our covering imply

S (diam(fBo)* < 05 ( [(77)au) *

i Bo
Letting ¢ — 0, we obtain H,(fA) = 0 as required. a

Theorem 4.1 gives the upper estimate of Theorem 1.2. For the lower estimate,
notice that in Q-regular spaces X admitting an (1, g)-Poincaré inequality with
g < @, a K-QC mapping f is quasisymmetric. The inverse of a quasisymmetric
mapping is also quasisymmetric, thus quasiconformal. However, the constant of
quasiconformality of f~! is K’; and it could be that K’ > K. On the Heisenberg
group, the situation is better: the inverse of a K-quasiconformal mapping is also
K-quasiconformal by Proposition 20 in [KoRe2]. Thus Theorem 4.1 also implies
the lower estimate in Theorem 1.2.

Remarks.

1. It is an interesting problem for further research to determine the sharp value
of the exponent of integrability p(H', K) from (1.2). The same problem is difficult
even in the Euclidean case. The only exact result in this direction is in R?; it is
due to Astala [As], who showed that p(R?, K) = K/(K —1).

2. In the case when X supports a (1, Q) Poincaré inequality only (cf. [HeKo]),
it is not known whether the higher integrability result still holds.

S Minimal-dimensional sets in the Heisenberg group
In this section, we prove Theorem 1.3. Our task is to construct subsets of H*
whose Hausdorff dimension cannot be lowered by QC maps.

Proof of Theorem 1.3. Given any number 1 < o < 4, we have to construct a
set S, with dim S, = a such that dim fS, > a for any QC map f : H! — H'. We
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consider first the case 1 < a < 3. We use Pansu’s notion of conformal dimension
of a metric space X defined by

dimeonr X = i1}1,f dimY,

where the inf is taken over all metric spaces Y that are quasisymmetrically equiva-
lent to X. Two metric spaces X and Y are said to be quasisymmetrically equivalent
if there exists a quasisymmetry f : X — Y. For the definition of a quasisymmetry,
see {4.1). A lower bound on the conformal dimension is given by

Lemma A. Let X be a compact a-regular metric space. Suppose that there
exists a curve family T in X with the following properties:

(a) there exists 6 > O such that diam~ > 6 for each v € T,

(b) there exists a constant C < oo and a probability measure ji on T such that
p{yeT:yNB # 0} < Cro-1
Jfor each ball B in X of radius r.

Then
dimeonr X > a.

Remark. Lemma A follows from Lemme 1.6 in [Bo] (see also Lemma 3.9 in
[Ty]). The basic idea behind this statement goes back to Pansu (cf. Lemme 6.3 in
[Pal]).

Since a quasiconformal mapping f : H! — H! is always quasisymmetric, we
can apply Lemma A, once we construct an a-regular subset X C H'! satisfying
conditions (a) and (b).

The set X = S, will be of product-type and foliated by horizontal line segments
in the 0zz plane emerging from a Cantor set S,_; C Oz withdim S, ; = a -1,
0 <a-1<2 Suchaset S, has already been constructed in the proof of
Corollary 3.1. Recall also from Section 2 that S,_; carries an (& — 1)-regular
probability measure u: there exists C > 1 such that forany r < 1,p € S, we
have

(5.1) 277 < u(Bp,) N Sar) < O

The set S, is defined by

(5.2) So ={T°(p) :=(5,0,0) xp: p € Su_1,8 € [0,1]}.
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To show that S, is an o-regular set, we construct a probability measure v on S,
such that for any q € S, r<,

(.3) 27 < v(Blar)N ) < OF°,

for some uniform constant C > 1. The measure v is defined as a product measure
v = p * m, where m is the usual 1-dimensional Lebesgue measure on [0, 1]. More
precisely, for sets of product-type

AxI={T*°(p) :p€ AC So-1, s€ I C[0,1]},
where A C S,_,, I C [0, 1] are Borel subsets, we define v by
54 v(A*I) = p(A)ym(I),

and extend it to a measure on the o-algebra generated by sets of type A * I.

To prove (5.3), we introduce some notation. For C > 1, r, s € [0, 1], denote by
I(C,r,s) the interval [s, s + Cr]. Relation (5.3) follows now from (5.1), (5.4) and
the following

Claim 1. There exists C > 1 such that for any p € Sa—1, 8,7 € [0, 1] we have
the inclusions

(B(p, —é—r) N Sacy) * I(é,r, s) € B(T*(),r) N 8 C (B(p,Cr) N Su_s) * I(C, 1, 5).

Proof of Claim 1. Because ¢ : H! — H! is an isometry for any s € [0, 1], it
is enough to prove Claim 1 for s = 0. Let us show the right inclusion. Choose an
arbitrary point z € B(p,r) N S,. Then z = T*1(q) for some s; € [0,1], ¢ € Sa—1.
Observe that s; = dy(z,q). Similarly, a direct calculation gives that dg(z,q) <
dy(z,p) < r. This gives that s; < r. By the triangle inequality, dg(p,q) <
du(z,q) + du(z,p) < 2r. In conclusion, z = T*1(q) € (B(p,2r) N Sa—1) *[0,7], as
required. The left inclusion is left as an exercise for the reader. a

Let us denote by I the curve family
I'={%}peSazi» p: [0,1] — H, Yp(s) = T*(p).

The measure u is transported from S,_; to a probability measure i on I'. By
the right inclusion from Claim 1, condition (b) of Lemma A follows directly. This
proves Theorem 1.3 forl1 < a < 3.

For the values 3 < a < 4, we cannot use the same proof. The reason for
this is that for higher dimensions we cannot construct a set with a nice fibration



QUASICONFORMAL MAPPINGS 307

by horizontal curves where the uniform product structure guaranteed by Claim 1
holds. In this case, we use a different argument.

Let us start with some notation and terminology. Let X C Y be a subset of the
metric space Y. In what follows, denote the Hausdorff dimension of X by dimy X.
The a-dimensional Hausdorff content H2°(X) of X is defined by

HX*(X) = inf diamB;)*
(X)) =ig &EE:B( ),
where the inf is taken over all countable coverings B = (B;); of the set X. Observe
that for bounded sets H2°(X) is always finite, and we have H®(X) < H,(X).
Moreover, H°(X) = 0iff H,(X) = 0.
We also consider the upper Minkowski dimension of X given by

dimp X = inf{s > 0: lim sup N(X,¢)e® = 0},
€—0

where .
N(X,e) = min{k : X C | ] B(z:,€), i € X}.
i=1

For a general set X,
(5.5) dimg X < dimpyX,

where equality holds in (5.5) if X is a regular set. For the proof of (5.5) in the
case when X C R", we refer to Chapter 5 in [Ma]. The same proof also works for
general metric spaces.

Inthecase 3 < a < 4, the set S, = X will be a Cantor set of Heisenberg spheres
defined as follows. Let A C [1,2] be a regular Cantor set of (Euclidean) dimension
a,0 < a< 1. LetS, =03B(0,r) be the Heisenberg sphere of radius r and define
X = {U,es Sr- The proof of Theorem 1.3 proceeds now with the following two
statements.

Lemma 5.1.
(5.6) dimyg X =dimpy X =3 +a.

Lemma 5.2, For any QC mapping f : H' - H!, dimyg fX >3 +a.

Proof of Lemma 5.1. Because of (5.5), it is enough to prove the following
inequalities:

(5.7 dimpy X <3+a
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and
(5.8) dimg X > 3+a.

Relation (5.8) follows from the considerations in the proof of Lemma 5.2 (see
Remark after (5.18) below). We prove (5.7). It suffices to show that there exists
C > 0 such that for 0 < € < 1 we have

(5.9) N(X,e) < C(1/e)**e.

For0<e<1,liet

N(A,e)=min{j: AC LJJ(T‘ —&rite€), r; €[1,2]}.

=1

By the a-regularity of A, there exists C' > 1 such that

(5.10) N(A,e) <C/e.

Let r1,...,7na,e) € [1,2] be such that A C Uﬁvz(f")(r,- —¢,7; + €). Consider the

spherical rings R(r;,€) = B(0,7; +€)\ B(0,r; —¢), i = 1,...,N(A,¢). It follows
that

N(A,€)
(5.11) Xxc |J R0

=1

Using (2.2), we can estimate the Euclidean volume of R(r,¢) by
(5.12) |R(r, )] = c(r)e + oe),

where 1/C < ¢(r) < C for some constant C > 1 and r € [1,2].
Let

n(r,e) = max{j : there exist j disjoint balls of radius ¢/5 contained in R(r, 100¢)}.
By the 5r-covering theorem, (2.3), and (5.12), we obtain
(5.13) N(R(r,¢€),€) < n(r,e) < C/éd.

By the inclusion (5.11) and the estimates (5.10) and (5.13), relation (5.9)
follows. a

Proof of Lemma 5.2. Fix a small 0 < < a/2 and consider an arbitrary
covering (B(y;,r})): of fX C H'. We show that there exist ¢ > 0, € > 0 such that
for r; < e we have

(5.14) @R > e
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By the 5r-covering Theorem, we can assume that B(y;, £r}) N B(y;, %r;-) = @ for
i# J.

Since f is quasisymmetric, there exists a ball B(yo, o) such that B(yo, 7o) C
f(B(0,r)) for all r € A. An important point in the proof is the next claim.

Claim 2. There exists a constant co = co(ro) > 0 such that for each r € A,

(5.15) HP((S0)) > co.

Proof of Claim 2. The proof is based on Pansu’s isoperimetric inequality
[Pa2] (see also [Gr] pp. 159—-164), which states that if Q2 is a bounded domain in
R?3 with piecewise C? smooth boundary, then

(5.16) H3(89) > c|Qf/*,

for a certain absolute constant ¢ > 0. We remind the reader that in relations
(5.15) and (5.16) the Hausdorff measures/contents are taken with respect to the
Heisenberg metric.

There are two main differences between (5.15) and (5.16). The first difference
is that we do not have a smoothness assumption on (5.15); the second is that we
need a lower estimate for Hg°(99) rather than just H3(92). Nevertheless, we can
reduce (5.15) to (5.16) by the following elegant argument communicated to the
author by Pierre Pansu.

Let Q, = f(B(0,r)) and consider a finite covering (B(z;, p;)); of 8Q2,.. Introduce
a new domain € := Q, |, B(2i,p:). Note that the boundary Q.. is piecewise
smooth and 99 C |J, 0B(zi, p;). Applying the isoperimetric inequality (6.16) to
2, we obtain

0<er <03 <193/ < CH3(89;) < ) H3(0B(zi,0:)) < C Y 5%,

which gives Y, p? > ¢o > 0 for any finite covering (B(z;, p;)); of the boundary
89,. If we have an infinite covering, we can use the compactness of 912, to obtain
a finite subcovering and conclude (5.15) in this case also. O

Set z; = f7'y;. By the quasisymmetry of f~!, there exists a constant
C = C(f) > 1 and radii »; > 0 such that

B(z,1:) € £ (B(yi, i) € f7H(B(wi, 1)) € B(zi,Cry).

Let us note that while (B(z;,Cr;)); forms a covering of X, the closures of the
smaller balls (B(z;, }r;)); are disjoint, i.e., (B(z;, $r;) N X); forms a packing of X.
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Let
1, if f(S,) N B(yi,ri) # 0,
xi(r) =

0, otherwise.

Using (5.15), we have
(5.17) co < H$P(f(Sr)) < Z(r Pxi(r),

for each r € A. Integrating (5.17) with respect to the measure u on A and using
the a-regularity of u, we obtain

co < Z(ré)“u({r € A: S, n fH(B(yi,r)) # 0}

5.18 i
(-18) < Z(r£)3/,t({r € A:S.NB(z;,Cr;)) #0}) < C’Z(ré):’rf.

Remark. When f is the identity map, r; = r;; and (5.18) gives the uniform
lower bound ¥, r3*® > ¢ for an arbitrary covering (B(z;,7;)); of X. This implies
that dimg X > 3 + a, which is exactly relation (5.8) needed in the proof of Lemma
5.1

To continue the proof of Lemma 5.2, let us choose b > 1 such that ba >
dimpy X = 3+a. Since (B(z;, £r;) N X); forms a packing of X, it follows (see [Ma]
or [Bo]) that there exists § = §(b) > 0 such that r; < § implies that }°, r?* < 1.
Since f~1! is uniformly continuous on compact sets, there exists € > 0 such that if
] < ¢, then diamf~}(B(y;,r!)) < § and so r; < §. The magnitude of € > 0 depends
only on f and §, € = ¢(f, d).

Applying Hélder’s inequality to (5. 18), we obtain

(5.19) 0<c< (Z(r')r”r) (Z r"“) (E(’”i)‘%) N ,

under the condition b > (3 + a)/a. Choosing b= (3+a—1n)/(a—1n) > (3 +a)/a,

we obtain (5.14) from (5.19). This completes the proof of Lemma 5.2. O

To complete the proof of Theorem 1.3, it remains only to consider the cases

a = 1,3,4, which are easy. O
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