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ESSENTIAL SPECTRUM OF A MODEL OPERATOR ASSOCIATED
WITH A THREE-PARTICLE SYSTEM ON A LATTICE

© T. Kh. Rasulov*

We consider a model operator H associated with the system of three particles interacting via nonlocal pair
potentials on a v-dimensional lattice. We identify channel operators and use their spectra to describe the
position and structure of the essential spectrum of H. We obtain an analogue of the Faddeev equation for
the eigenfunctions of H.
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1. Introduction

Numerous works are devoted to investigating the essential spectrum of continuous and discrete Schro-
dinger operators (respectively see, e.g., [1]-[3] and [4]-[7]). In [5], in particular, it was proved that the
essential spectrum of a three-particle discrete Schrodinger operator is the union of at most finitely many
intervals even in the case where the corresponding two-particle discrete Schrédinger operator has an infinite
number of eigenvalues.

In the physical literature, “local” potentials, i.e., operators of multiplication by a function, are typically
used. But the potentials constructed, for example, in pseudopotential theory [8] turn out to be nonlocal
and (also for a periodic operator) are given by the sum of a local and a finite-dimensional potential.

Here, we consider a model operator H associated with a system of three particles on a v-dimensional
lattice that interact via nonlocal pair potentials with the role of a two-particle discrete Schrodinger operator
played by the Friedrichs model (see, e.g., [6]). We note that the operator H can be regarded as a noncompact
perturbation of the operator investigated in [6], [7], [9]. We identify channel operators. We describe the
position and the structure of the essential spectrum of H in terms of the spectrum of the channel operators.
Moreover, we prove that the essential spectrum of this operator is a union of at most five intervals. We obtain
an analogue of the Faddeev equation for eigenfunctions of H. The appearance of two-particle branches on
both sides of the three-particle branch of the essential spectrum of H (see Theorem 2.3 below) plays an
important role in studying the finiteness or infiniteness of the discrete spectrum parts located there and in
the gaps of the essential spectrum.

We note that the two-particle and three-particle branches of the essential spectrum of the three-particle
continuous Schrédinger operator [1]-[3] are semi-infinite lines, which have intersections. In our situation, in
contrast to the continuous case, such branches of the essential spectrum of H fill finite-length intervals and
may not intersect, i.e., a gap appears. We must therefore study the branches of the essential spectrum on
both sides of the three-particle branch, which underlies the existence of the two-sided Efimov effect. It was
proved in [4]-[7], [9] that the considered lattice operators do not have parts of the essential and discrete
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spectra to the right of the three-particle branch. In those papers, investigating the essential spectrum
position was based on the monotonicity of the Fredholm determinant in the Friedrichs model. In our case,
unlike in previous works, the Fredholm determinant is not monotonic, and the investigation method is based
on the number of eigenvalues in the Friedrichs model (see Lemmas 3.2-3.4 below).

This paper is organized as follows. In Sec. 2, we consider the model operator as a bounded self-adjoint
operator in a Hilbert space and state the main results. In Sec. 3, based on the decomposition into a direct
operator integral, we reduce studying spectral properties of channel operators to studying spectral properties
of the Friedrichs model. In Sec. 4, we obtain an analogue of the Faddeev equation for eigenfunctions of H.

In Sec. 5, we prove our main results.
2. Model operator and formulation of the main results

Let T” = (—m; w]¥ be the v-dimensional cube with the opposite faces identified, and let Lo(T") and
Lg((T”)Z) be the respective Hilbert spaces of square-integrable (complex-valued) functions defined on TV
and (T")2. We consider the model operator H acting in the Hilbert space Ly ((T")?) as

H=Hy—-Vi—-V,
with the operators Hy and V,,, a = 1,2, given by

(Hof)(p,q) = w(p,q)f(p,q),
(ViP)(p.g) = / ol 8)f () ds,  (Vaf)(p,q) = / va(p, $) (5,9) ds.

Here, the function v, (-, -), @ = 1,2, has the form

Vo (p7 q) = Va1l (p)val (Q) — Va2 (p)UQZ(q)a o = ]-7 27

and v;;(+), 4,5 = 1,2, and w(-, -) are respectively real-valued continuous functions on T* and (T").
Here and hereafter, an integral with no integration limits denotes integration over the entire domains of
the variables. Under these assumptions, the operator H is bounded and self-adjoint in the Hilbert space
Ly((T7)2).

We note that nonlocal potentials with a degenerate kernel of the form

n

V(p,q) ==Y fi(p)g:(9)

i=1

were studied in [10], [11], where they were regarded as models associated with a system of several particles
interacting via nonlocal pair potentials. For example, one of the nonlocal potentials is given by the Gauss
potential, whose kernel has the form

V(p,q) = —pe PP 550,

in the one-particle case.

Because two-particle Schrodinger equations are easily solved for nonlocal interactions, they are often
used in nuclear physics and in multiparticle problems. They are also systematically used along with Faddeev
equations for three-particle systems. The main feature of these equations [11] is that the particle-wave t-
matrix retains its simple form and can easily be continued, which is the most important characteristic in
nuclear physics and in Faddeev equations.
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We set
wl(paq) = w(p7 Q)a 1.U2(p, Q) = w(Qap)

Unless stipulated otherwise, we assume that « takes the values 1 and 2. We let o(-), 0ess( ), and ogise( )
denote the respective spectrum, essential spectrum, and discrete spectrum of a bounded self-adjoint oper-
ator.

To formulate our main results, along with the operator H, we also consider a bounded self-adjoint
operator H, acting in the Hilbert space Ly ((T")?) as

Ho=H) Vo,  (HI)(p,q) = walp,q)f(p,q),

and the operator (Friedrichs model) h,(p), p € T”, acting in L2(T") as

ha(p) = ho(p) — va (2.1)

with the operators h (p), p € T”, and v, defined as

(R (0)F) (@) = wa(p.0)f(@).  (vaf)(g) = / Vg, 5) £ (5) ds.

The perturbation operator v, of hY(p), p € TV, is a self-adjoint two-dimensional operator. It follows
from the known Weyl theorem [1] on preservation of the essential spectrum under finite-rank perturbations
that the essential spectrum o (ha (p)) of ha(p), p € T, coincides with the essential spectrum of h?(p),
p € T”. It is known that oess(hS(p)) = [ma(p); Ma(p)], where the numbers mq (p) and Mq(p) are defined

as
ma(p) = min, wa(p,q),  Ma(p) = max wa (p, q)-

It follows from the last two facts that oess(ha(p)) = [ma(p); Ma(p)]-
Let C be the complex plane. For each fixed p € T”, we define a function, regular in C\ [ma(p); Mo (p)],
as

Aa(p;z) = AV (p; 2) AP (s 2) + (AP (p; 2))?

(the Fredholm determinant associated with the operator hy(p), p € T"), where

2 2
AE,}) (p; Z) —1— / vozl(s) ds Ag) (p; Z) -1 +/ vaZ(S) ds 7

woz(pvs)_z7 wa(pvs)_z

APlgin) = [ )

wWa(p,s) — 2
It then follows that (see Lemma 3.1 below)
odisc(ha(p)) = {z € C\ [ma(p), Ma(p)]: Aalp;z) =0}, peT”.
We set

= i ) ? M = a b ?
m p};lelguw(p q) p{;leguw(p q)

Utwo(Ha) = U Udisc(ha(p))a Uthree(Ha) = [va]
peT”

The spectrum of H,, is described in the following theorem.
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Theorem 2.1. The equality
U(Ha) == UtWO(HOz) U Uthrcc(Ha)

holds for the spectrum of the operator H,.

We now formulate the result that describes the position of the essential spectrum of H.

Theorem 2.2. The essential spectrum of the operator H coincides with the union of the spectra of
the operators Hy and Ha, i.e., 0ess(H) = 0(H1) U o(H2). Moreover, the set oess(H) is a union of at most
five intervals.

It is obvious that for a given H, the operators H; and H, are uniquely selected by the property of
decomposability into a direct operator integral (see Sec. 3 below).

According to Theorem 2.2, the operators H; and Hs have the characteristic property of a channel
operator of the corresponding Schrédinger operator (see, e.g., [4], [5]). We therefore call them the channel
operators associated with H. We note that the channel operators H; and Hs have a structure simpler than
that of H, and Theorem 2.2 therefore plays an important role in further investigating the spectrum of H.

We set

Ttwo(H) = Otwo(H1) U Otwo(Hz), Othree(H) = Othree (H1).

We now introduce new subsets of the essential spectrum of H.

Definition. The sets otwo(H) and oinree(H ) are called the two-particle and the three-particle branches
of the essential spectrum of H.

We next assume that v = 3 and formulate the following condition for our further analysis. The
necessary statement for the corresponding dimension is given without comments.

Main Condition. The function w( -, -) has a respective nondegenerate minimum and maximum at

the points (pl(j?in, qgn), t=1,n,1<n< oo, and (p,(ﬂ;X, qﬁ{ix), j=1,m,1 <m < oo, of a six-dimensional

torus.

If the main condition is satisfied, then the continuity of the function va;(-), i = 1,2, on T? implies
that there exist finite integrals

/ 'Uai(s)vaj (S) ds / 'Uai(S)'Uaj (3) ds 273 _ 1, 27 pe T3'

wa(pvs)_m 7 wa(p,s)—M ’

It follows from the theorem on the limit transition under the Lebesgue integral that for each p € T3, there

exist finite limits
lim Aa(p;2) = Aalp;m), lim Ay (p;z) = Aa(p; M),

Z—m— z—M+0

and the functions A, (-;m) and A,(-; M) are therefore continuous on T3.
We set

Ao = Min{ogwo(Hy) N (—o0;m]}, bo = max{oiwo(Ha) N (—o0;m]},
Co = min{owo(Ha) N [M;+00)}, do, = max{otwo(Ha) N[M;+00)}.
The following theorem describes the structure of the spectrum of H,,.
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Theorem 2.3. Let the main condition be satisfied. We assume the following:

1. minyeps Ay (p;m) > 0, and then
a. 0(Hy) = [m; M] if minyers Ay (p; M) > 0, and
= [m; M] U [ca;da], ca > M, if max,ers Ao (p; M) < 0;

pers Ao (p;m) < 0, and then
a. 0(Ha) = [aa; ba] U [m; M), by < m, if minyeps Aq(p; M) > 0, and
b. 0(Hqa) = [aa;ba] U [m; M]U [ca; da], bo < m and co > M, if max,ersAq(p; M) < 0.

We note that Theorems 2.2 and 2.3 taken together describe the position and the structure of the
essential spectrum.

Remark 2.1. The class of functions v;;(-), 4,5 = 1,2, and w(-, -) satisfying the conditions in Theo-
rem 2.3 is nonempty (see Lemma 3.5 below).

3. Some spectral properties of the operators H, and h.(p),
peT”

In this section, we use a decomposition into the direct operator integral to reduce investigating spectral
properties of the channel operator H,, to studying spectral properties of the Friedrichs model h(p), p € T,
defined in (2.1). We describe the discrete spectrum of the operator hy(p), p € TV.

It can be easily verified that the operators H; and Hs respectively commute with any operator of
multiplication by a bounded function us(p) and uz(q) in Ly ((T¥)?). It follows from the decomposition of
the space Ly ((T")?) into a direct integral,

Lz((T”)Z) = /EBLQ(T”) dp, (3.1)

that H, decomposes into the direct operator integral

H, :/@ha(p) dp,

where the operator hy(p), p € TV, is defined in (2.1). We note that identical fibers appear in the direct
integral in decomposition (3.1). We establish a relation between eigenvalues of the operator h,(p), p € T,
and zeros of the function A, (p; -). The following lemma holds.

Lemma 3.1. For each fixed p € T, a number z € C \ 0ess(ha(p)) is an eigenvalue of hq(p) if and
only if Ay (p; z) = 0.

Proof. Let z € C\ 0css(ha(p)) be an eigenvalue of ho(p), p € T”, and let f € Lo(T”) be the
corresponding eigenfunction, i.e., the equation

wa(pa Q)f(q) - /[Uozl (Q)val (5) - UQZ(q)Ua2(5)]f(S) ds = Zf(q) (32)

has a nonzero solution f € Ly(T”). We note that for any z € C\ 0ess(ha(p)) and ¢ € T, the relation
we(p,q) — 2z # 0, p € TV, holds. From Eq. (3.2) for f, we then have

Va1 (q) gzl) — Va2 (q)cg)
W (pv Q) -z

fla) = (3.3)
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where

ol = /vai(s)f(s)ds, 1=1,2. (3.4)

Substituting expression (3.3) in (3.4), we find that Eq. (3.2) has a nonzero solution if and only if the system
of equations

(1 _/ Uil(s) ds >O§él) +/Ua1(5)va2(3) dSCC(f) _ 07

Wa(p,s) — 2 wa(p,s) — 2

_/va1(5)0a2(8)d80((11)+ <1+/ Vg (s)ds >C&2) —0

wa(pvs)_z wa(p,S)—Z

has a nonzero solution (O&l), C’g)) € C?, i, if Ay(p;2) =0, where C? is the Cartesian square of the set
C. The lemma is proved.

For any bounded self-adjoint operator A acting in a Hilbert space H, we let H4(z) denote the subspace
such that (Af, f) < A||f|| for any f € Ha(z) and set

N\ A) = sup dimHa(z).
Ha(z)

The number N (), A) is equal to infinity if A\ > minoes(A); if N(\, A) is finite, then it is equal to the
number of eigenvalues of A that are less than A, counted with multiplicities.

Lemma 3.2. For any p € T", the operator h,(p) can have no more than one simple eigenvalue to the
left of my,(p) and to the right of M, (p).

Proof. We introduce the operator v,;, i = 1,2, acting in Lo(T") as
(00 1)) = vasla) [ vs()f(5)ds, i =12

Then the operator v, can be written as v, = Va1 — Va2. We set h&l) = hg — V1. Because the operator vq;,
1 = 1,2, is nonnegative, it is easy to show that h,(p) > h&l)(p), and therefore

Hhaw)(2) € Hyo ) (2), 2 < mal(p).

This implies that
N(z,ha(p)) < N(2,h(p)), 2 < malp). (3.5)

Because the Fredholm determinant A&l)(p; -) of hg})(p) decreases monotonically on the half-axis (—oo,
ma(p)), it follows that N (ma(p), hg)(p)) < 1. Therefore, by inequalities (3.5), the inequality

N(ma(p), ha(p)) <1

holds. This implies that for any p € T”, the operator h,(p) can have no more than one simple eigenvalue
to the left of mq(p).
It can be shown similarly that N (—Mq(p), —ha(p)) < 1. The lemma is proved.

The next lemma describes the set of eigenvalues of hq(p), p € T3, on (—oo, m).
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Lemma 3.3. Let the main condition be satisfied. Then

1. if min,eps Ag(p;m) > 0, then for any p € T3, the operator ho(p) has no eigenvalues on (—oo,m),
and

2. if max,eTs Aq(p;m) < 0, then for any p € T3, the operator hq(p) has a unique simple eigenvalue on
(—o0,m).

Lemma 3.3 is proved similarly to the next lemma, which describes the set of eigenvalues of the operator
ha(p), p € T3, on (M, +00).

Lemma 3.4. Let the main condition be satisfied. Then

L. if min,eps Aq(p; M) > 0, then for any p € T3, the operator ho(p) has no eigenvalues on (M, +00),
and

2. if max,eTs Ao (p; M) < 0, then for any p € T3, the operator hq(p) has a unique simple eigenvalue on
(M, +20).

Proof. 1. Let min,cs Ay(p; M) > 0. Then the inequality A, (p; M) > 0 holds for any p € T3. It
follows from the continuity of the function A, (p; -) on [M, 00) and the equality

zEIJPoo Ay(p;z) =1 (3.6)
that the function A, (p; -) either has no zeros on (M, o) or has at least two zeros (counted with multi-
plicities) on (M, c0). In the second case, by Lemma 3.1, the operator h,(p) has at least two eigenvalues
(counted with multiplicities) on (M, o00). This contradicts the statement of Lemma 3.2. Hence, for any
p € T3, the operator h,(p) has no eigenvalues on (M,00). We here also use the fact that a number
20 € C\ Oess (ha (p)) is an eigenvalue of h,(p) with multiplicity n if and only if 2z is a zero of the function
A, (p; -) with multiplicity n [12].

2. Let max,cs Aq(p; M) < 0. Then the inequality A (p; M) < 0 holds for any p € T3. By (3.6), the
function A, (p; -) for all p € T? has a unique simple zero on (M, 00) or has at least three zeros (counted
with multiplicities) on (M, c0). Arguing similarly to the above, we conclude that only the first case is
possible, which by Lemma 3.1 then implies that for all p € T3, the operator h,(p) has a unique simple
eigenvalue on (M, +00). Lemma 3.4 is proved.

Lemma 3.5. Let w(-, -) be a function satisfying the main condition. We assume that v,;(p) =
VHai Vai(P), pai > 0, @ = 1,2, such that the function ¥4 (-), ¢ = 1,2, is continuous on T3 with a compact
support Qqi C T2 and Qo1 N Qas = @. We set

~9 —1 ~2 —1
,ugl) — min </ Ual(s) ds ) ’ ,Ufl) — max </ Uozl(s) ds ) ’
peT3\ Jq., Wa(p,s) —m peT3\ Jq., Wa(p,s) —m

~9 —1 ~9 —1
€Y : Dgo(s) ds () 055(8) ds
= min , g = Ina .
Haz peT3< Qo M —wa(p, s) Hoz = 8T Qun M —wa(p, s)

We consider the cases

¢(3¢11) and 0 < Ha2 < Haz s

) and praz > uly.

a. 0< g1 < )
b'0<ua1§ﬂ'
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C. a1 > ufl) and 0 < pa2 < 19, and

d. Hal > /145121) and Ha2 > M((122)'

1)

If conditions a, b, ¢, or d are satisfied, then the respective conditions la, 1b, 2a, and 2b in the statement of
Theorem 2.3 are also satisfied.
Remark 3.1. We note that examples of the functions w( -, -) and 0q,(-), ¢ = 1,2, in Lemma 3.5 are

3

wlp ) =)+ 0 +0)) +el@) o) =301 - cospl?),

i=1

p= (W, p®,p?) e T?,

042?:1 (cosp(i) — cos 1)7 p € B1(0),
0, p € T?\ B1(0),

Va1 (p) =

R a Z?Zl(cosp(i) +cosl), pe Bi(7),

UozZ(p) =
0, p e T\ By(7).

Here, B1(po) = {p € T3: |p—po| < 1}, po € T3. Tt can be seen that the function w( -, -) has a unique
nondegenerate minimum at (0,0) € (T?)? and a maximum at (7,7) € (T3)%, 7 = (7,7,7) € T3, ie,
n=m=1.

Proof of Lemma 3.5. We first note that with the conditions imposed on the functions 4;( - ),
1 = 1,2, the equality A,(p;z) = Ag})(p;z)Ag?)(p;z) holds. We prove the lemma in case c¢. The other
statements are proved similarly.

(2) (€]

Let pa1 > pgyi and 0 < pa2 < 9. Then
o2 d 02 d
max A, (p;m) < max (1 — ual/ O (s) ds ) max <1 + Mag/ Oan(s) ds )
peT? peT3 0.y Wa(p,s) —m ) peTs Quy Wa(p,s) —m

In the last inequality, the second factor in the right-hand side is positive for any poe > 0. Because

Mol > uﬁff , the first factor is negative, and hence max,ers Ay (p;m) < 0. Just the same argument shows

1

a2

that for any pe1 > 0 and 0 < pae < p the inequality min,ers Ay (p; M) > 0 holds. The lemma is

proved.
4. An analogue of the Faddeev equation for eigenfunctions of H

For eigenfunctions of the operator H, we here derive an analogue of the system of the Faddeev integral
equations, which plays an important role in investigating the spectrum of this operator. Our constructions
and argument are similar in part to those in [13], and whenever such a similarity occurs, we limit ourself
to the corresponding reference.

Let LgQ)(T”) be the Hilbert space of two-component vector functions f = (f1, f2), fa € L2(T"),
a = 1,2. For each z € C\ gihree(H ), we introduce block operator matrices A(z) and K (z) acting in the
space Lg4)(T”) = Lf)(T”) ) Lf)(T”) as

~ [Au(z) 0 B 0 Ks(z2)
A(z)_< 0 Az(z)>’ K(Z)_<K1(z) 0 )
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where the matrix elements A, (z) and K, (z) are also block operator matrices acting in the space Lf)(T”),

(AP A () (K KS()
A‘”(z)_<Aé‘i><z> A§3><z>>’ K‘”(Z)_<K§?><z> K§3><z>>'

Here, AZ(.jO.‘) (2): La(TY) — Lo(TY), 0,5 = 1,2, 2 € C\ othree(H), is the operator of multiplication by the

function a;;” (p; 2),
it (i2) = AV (pi2),  aly (mi2) = —a5) (p2) = AP (p; 2),
a5 (p; 2) = AP (p; 2),

and Kfj?‘)(z): Lo(TY) — Lo(TY), 4,5 = 1,2, z € C\ 0three(H), is the integral operator with the kernel

Ki(;‘)(p, s;z) (s is the integration variable),

KO (prs:2) = KO (s, p: 2) = Ull(p)'UZl(S)’

11 (p ) 11 ( p ) w2(p’ S) — 2
K (p, s;2) = —K(Q)(S piz) = _’U12(5)U21 (a

12 » 9 21 N gl 1U2(p, S) _Z7
K(l)(p s12) = —K(l)(s piz) = v11(8)v22(q

21 » 12 R gl ’wg(p, S) —Z’
KD (ps:2) = KO (s, s 2) = — V12(P)v22(s

22 » 22 R ol W (p7 S) — 2

We note that for each z € C\ oynree(H), the operator ngq) (2), 1,5 = 1,2, belongs to the Hilbert—Schmidt
class, and K (z) is therefore a compact operator.

Lemma 4.1. For each z € C\ (otwo (H)U O’three(H)), the operator A(z) is bounded and invertible.
The inverse operator A~1(z) is given by

(AT 0 . (BY®) B
. (z)_< 0 A21<z>>’ where Ao (z)_<B£?><z> BY(:))

Here, ij‘?‘) (2): Lo(T?) — La(TY), 4,5 = 1,2,z € C\ (crtwo(H)Ucrthmc(H)), is the operator of multiplication
by the function bg;")(p; z),
ass (02) ey -0 (32)
2 Aa(p;z)’

biY (p;2) = A (pia)

(o), . (), .
b(a) piz) = _a21 (p,Z)’ b(a) D 2) = aqq (p,Z)
21 ( ) Aa(p,z) 22 ( ) Aa(p7z)
Lemma 4.1 is proved similarly to the corresponding lemma in [13].
Because the operator A(z) is invertible for each z € C\ (0two(H) U Othrec(H)), the operator

is defined for such z. The following lemma establishes a relation between eigenvalues of the operators H
and T'(z).

89



Lemma 4.2. A number z € C\ (04wo(H) U Gtnree(H)) is an eigenvalue of the operator H if and only
if the operator T'(z) has a unit eigenvalue and their multiplicities coincide.

Proof. Let z € C\ (atWO(H) U O’three(H)) be an eigenvalue of H and f € Lg((TV)2) be the corre-
sponding eigenfunction. Then the equation H f = zf or the equation

(w(p,q) — 2) f(p.q) — /[vll(Q)vll(s) — vi2(q)v12(s)] f(p, 8) ds —
- / (21 (P21 (5) — 022 ()2 (5)] £ (5. 4) ds = 0 (4.1)

has a nontrivial solution f € La((T")?). Because z ¢ oynree(H), it follows that f in Eq. (4.1) is given by

(1) (1) (2) (2)
o) = @91 (0) —via(a)gs w(if ;vil ip)gf (@) — v2(p)gs” (@) (4.2)
where
A0 = [ f09)ds D0 = [van(s) (s, ds. (13)

Substituting expression (4.2) in (4.3), we find that the system of equations
AP (p;2)g1" (p) + AL (9 2)95” () =
(2) (2)
v11(s)g; (s) / v11(s)gs ()
= ds — v ds,
n@) [ o s —uat) [
— A (3 2)98" () + A (5 2)95” () =
(2) (2)
_ vi2(s)g1” (s) , / v12(8)g5  (8)
— vgl(p)/ wi(p,s) — 7 ds — va2(p) wi(p, ) — 2 ds,
AP (p;2)91” (p) + AP (9 2)95” () =

(1) (1)
=U11(p)/U21(8)gl (8) dS—Ulz(p)/U2l(8)92 (8) dS,

UJQ(p,S)_Z wz(p,S)—Z

— AP (0:2)97 (0) + AP (9 2)98 (p) =

m (1)
o) [N gy gy [12OR )

UJQ(p,S)_Z wz(p,S)—Z

or the equation
AR)g=K()g, 9= (9".05" 01" 9”) € LV (T"), (44)

has a nontrivial solution if and only if Eq. (4.1) has a nontrivial solution and the linear subspaces generated
by solutions of Egs. (4.1) and (4.4) have the same dimension.

By Lemma 4.1, the operator A(z) is invertible for each z € C\ (atWO(H) U athrCC(H)). Therefore, the
equation g = A71(2)K(z)g, i.e., the equation g = T'(2)g, has a nontrivial solution if and only if Eq. (4.4)
has a nontrivial solution. Here, too, the linear subspaces generated by solutions of Eqs. (4.4) and g = T'(2)g
have the same dimension. The lemma is proved.

90



Remark 4.1. We note that the equation T'(z)g = ¢ is usually called the analogue of the Faddeev
equation for eigenfunctions of H.

We see that for each z < min(UtWO(H) U O’three(H)), the operator A(z) is positive, and there hence
exists a positive square root A~1/2(z). For such z, we define the operator f(z) = A"V2(2)K(2)A"V2%(2),
which is a symmetrized version of the Faddeev equation for eigenfunctions of H.

The following lemma is proved similarly to Lemma 4.2 and establishes a relation between eigenvalues
of H and T (z).

Lemma 4.3. A number z < min(o’two (H)UGthree (H)) is an eigenvalue of H if and only if the operator
T(z) has a unit eigenvalue and their multiplicities coincide.

5. Proof of the main results

In this section, we prove our main results using the statements in Secs. 3 and 4 and the Weyl criterion
and the theorem on the spectrum of decomposable operators.

Proof of Theorem 2.1. Applying the theorem on the spectrum of decomposable operators and
taking the equalities

o (ha(p)) = ddisc (ha(p)) U [ma(p): Ma(p)], U [ma(p); Ma(p)] = [m; M]
peTY

into account, we obtain the statement in Theorem 2.1.

Proof of Theorem 2.2. We first prove that o(Hi) U o(Hz) C 0ess(H). For this, we rewrite the set
O'(Hl) U U(HQ) as
U(Hl) U U(H2) - Utwo(Hl) U Utwo(H2) U Uthrcc(Hl)-

The inclusion oinree(H1) C 0ess(H) is proved similarly to how this was done in [14].

Let Iy, I, and Z be unit operators respectively acting in Lo(T"), La((T¥)?), and LY(TY). We
first prove that otwo(H1) C 0ess(H). For this, it is convenient to use the Weyl criterion, i.e., it suffices to
construct a sequence of orthonormalized vectors { f,} C Lo ((T¥)?) for which ||(H—zoL2) fa|| — 0 as n — occ.
Here and hereafter, the symbol || - || means the norm in the corresponding space. Let zg € oiwo(H1) be an
arbitrary point. By Lemma 3.1, there then exists a point pg € T" such that zy € oqisc (h1 (po)). Therefore,
there exists a nonzero function ¢ € Ly(T") such that

(hl (po) — ZQIl)w = 0 (51)

We set
v, (p) d’((ﬂ

X
fTL( ’ ) = " 9
" iy I

where X, (-) is the characteristic function of the set

Vn(po)z{pET : ntl

1
<|p_p0|< ;
n

and M(Vn(po)) is the Lebesgue measure of V;,(pg). It is easy to verify that {f,} is an orthonormalized
system. We show that with zg € otwo(H1),

lim ||(H = 20L) fal| =0

n—-+o0o
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holds for the system {f,}. We note that

=zt = o | #(xw(m)) [ / \(w@, Q) — 20)b(a) -

"l w(Vipo
: X (5)02(p, 5) 82
dq} dp+/‘/ \/M(Vn(po)) d

Then there exists a number C' > 0 such that the second term can be estimated via Cyi(V,(po)), which by

—/vl(q, s)w(s)ds dp.

the construction of the set V,,(pg) tends to zero as n — +o0o. We estimate the first term via

/ #(’;V:((Zl)) 1) =20t < s [ln(s) o
By (5.1), the estimate tends to zero as n — —+oo. Hence, 29 € 0ess(H). Because zp € owo(H1) is an
arbitrary point, it follows that oiwo(H1) C Oess(H). The inclusion oiwo (Hz) C 0ess(H) is proved similarly.
We have thus proved that o(Hy) Uo(Hs) C 0ess(H).

We now prove the inverse inclusion, oess(H) C o(Hy) U o(Hsz). Because the operator K(z) is compact
and the operator A~!(2) is bounded, T'(z) is an analytic function in C\ (0(Hy) U o(Hs)) with values in
a compact set. By the self-adjointness of H and Lemma 4.2, the operator-valued function (I — T(z))fl
exists for all Im z # 0. From the Fredholm analytic theorem (see Theorem XIII.13 in [1]), we conclude that
the operator-valued function (Z — T (z))71 exists everywhere on C \ (o(H1) Uo(Hs)) except a discrete set
S, where it has a finite-rank residue. This implies that o(H) \ (c(H1) U o(Hz)) consists of only isolated
points, which can have accumulation points only at the boundary of the set o(H;)Uo(Hz). Hence, we have
o(H)\ (¢(H1) Uo(H2)) C o(H) \ 0ess(H), i-e., 0ess(H) C o(H1) U o(Hy).

By Lemma 3.2, for any p € T", the operator h,(p) has no more than one simple eigenvalue to the left
of m, and no more than one to the right of M,. Then by the theorem on the spectrum of decomposable
operators, it follows from the definition of the set otwo(Hy) that it consists of the union of no more than
two intervals, which are located in both parts of the set otnree (H). Therefore, oess(H) consists of the union
of no more than five intervals. Theorem 2.2 is completely proved.

Proof of Theorem 2.3. Let min,crs Ay(p;m) > 0. It then follows from Lemma 3.3 that for any
p € T3, the operator h (p) has no eigenvalues to the left of m. By the definition of the set otwo(Hy),

Otwo(H) N (=00, m) = @.
a. Let min,cps Ay (p; M) > 0. It can be shown similarly that
Otwo(Ha) N (M, 00) = @.

Theorems 2.1 and 2.2 complete the proof of part a of Theorem 2.3.

b. Let max,crs Aq(p; M) < 0. By Lemma 3.4, for any p € T?, the operator ho(p) has a unique
simple eigenvalue E,(p) > M. Because the functions v (), i = 1,2, and w,( -, -) are continuous in their
domains, the function E,(-) that sends an element p € T? to the eigenvalue E,(p) is also continuous on
the compact set T3. Hence, the set of values Im E,, of E, () is an interval Im E,, = [cq; da], where ¢, > M.
It follows from the definition of oywo(Hy) that

Otwo(Ha) N (M, 00) = [ca;da], ca > M.

With Theorems 2.1 and 2.2, we obtain the proof of part b of Theorem 2.3.
The other statements in Theorem 2.3 are proved similarly. The theorem is proved.
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