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REDUCTION OF DIMENSION AS A CONSEQUENCE OF
NORM-RESOLVENT CONVERGENCE AND APPLICATIONS
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Abstract. 'This paper is devoted to dimensional reductions via the norm-
resolvent convergence. We derive explicit bounds on the resolvent difference as
well as spectral asymptotics. The efficiency of our abstract tool is demonstrated by
its application on seemingly different partial differential equation problems from
various areas of mathematical physics; all are analysed in a unified manner, known
results are recovered and new ones established.

§1. Introduction

1.1. Motivation and context. In this paper we develop an abstract tool
for dimensional reductions via the norm-resolvent convergence obtained
from variational estimates. The results are relevant in particular for partial
differential equation problems, typically Schrodinger-type operators depending
on an asymptotic parameter having various interpretations (semiclassical limit,
shrinking limits, large coupling limit, etc.). In applications, our resolvent
estimates lead to accurate spectral asymptotic results for eigenvalues lying in
a suitable region of the complex plane. Moreover, avoiding the traditional min—
max approach, with its fundamental limitations to self-adjoint cases, we obtain
an effective operator, the spectrum of which determines the spectral asymptotics.
The flexibility of the latter is illustrated on a non-self-adjoint example in the
second part of the paper.

The power of our approach is demonstrated by a unified treatment of diverse ]
classical as well as recent problems occurring in mathematical physics such as:
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— semiclassical Born—-Oppenheimer approximation;

— shrinking tubular neighborhoods of hypersurfaces subject to various
boundary conditions;

— domains with very attractive Robin boundary conditions.

In spite of the variety of operators, asymptotic regimes, and techniques
considered in the previous literature, all these results are covered in our general
abstract and not only asymptotic setting. Our first result (Theorem 1.1) gives a
norm-resolvent convergence towards a tensorial operator in a general self-adjoint
setting. We emphasize that only two quantities need to be controlled: the size of
a commutator of a “longitudinal operator” with spectral projection on low-lying
“transverse modes” and the size of the “spectral gap” of a “transverse operator’;
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see (1.5) and (1.2), respectively. Although the latter is also very natural it is
hardly visible in the existing literature due to the variety of seemingly different
technical steps as well as the various ways in which these quantities appear. As
particular cases of the application of Theorem 1.1, we briefly recover known
results for quantum waveguides (see, for instance, [3, 10, 12] or [11]) and cast
new light on Born—Oppenheimer type results (see [8, 13, 19] or [18, §6.2]). To
keep the presentation short we deliberately do not strive for the weakest possible
assumptions in examples, although the abstract setting allows for many further
generalizations and clearly indicates how to proceed. We also remark that for
more specific geometric situations sharper spectral results can be obtained, for
example leading to perturbation series to higher order (see the book [15] and the
survey article [5]).

In the second part of the paper, we prove, in the same spirit as previous results,
the norm-resolvent convergence result for a non-self-adjoint Robin Laplacian;
see Theorem 1.5. This will partially generalize previous works in the self-adjoint
(see [9, 16, 17]) and in the non-self-adjoint (see [2]) cases.

As a matter of fact, the crucial step in all the proofs of the paper is an abstract
lemma (see Lemma 1.7) of independent interest. This provides a norm-resolvent
estimate from variational estimates, which is particularly suitable for the analysis
of operators defined via sesquilinear forms.

1.2. Reduction of dimension in an abstract setting and self-adjoint applications.
We first describe the reduction of dimension for an operator of the form

L=85S+T. T=@T, (1.1)
seEX
acting on the Hilbert space H = €, 5, H;. The norm and inner product in H
will be denoted by ||| and (-, -), respectively; the latter is assumed to be linear
in the second argument.
Here ¥ is a measure space and 7y is a self-adjoint non-negative operator on a
Hilbert space H, for all s € X. Precise definitions will be given in §2. A typical
example is the Schrédinger operator

H = (—ihds)* + (=id)> + V (s, 1),
acting on LZ2(Ry x R,). Here ¥ = R, Hy = L*(R), § = —ihd; and T} =
(—=i0:)* + V (s, 1).
We consider a function s — y; such that

y = sig£ ys > 0. (1.2)

Then we denote by IT; € L(H;) the spectral projection of T on [0, ys), and we
set [T+ = Idg;, — T1;. We denote by I the bounded operator on H such that for
® € Hand s € ¥ we have (ITd), = I1,P,. We similarly define [T+ € L(H).
Our purpose is to compare some spectral properties of the operator .Z with those
of the simpler operator

Lot = TI.LTI. (1.3)
This is an operator on ITH with domain ITH N Dom(.%).
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408 D. KREJCIRIK et al

In fact, we will first compare . with
Z =191 + -2+ (1.4)

Then we will define %5 and £ as the restrictions of Z to ITH and TI+H,
respectively, so that

gzgeff@ZJ‘.

We will give a sufficient condition for z € ,0(,,2/”\) to be in p(%) and, in this
case, an gs\timate for the difference of the resolvents. Then, since [T and TT1H
reduce ., it is not difficult to check that far from the spectrum of & L the
spectral properties of . are the same as those of Zegf, so we can make a
similar statement with .% replaced by .Ze¢. In applications, we can for instance
prove that the first eigenvalues of . are close to the eigenvalues of the simpler
operator Zgfs.

We assume that Dom(S) is invariant under II, that [S, IT] extends to a
bounded operator on H, and we set

LS, T 230
= -~ 1.5
N ()
For z € C, we also define

3, 6a 3a ( a) )

=—a’y+ —(+a)lzl+—=(2+— |1z~

n1(2) ﬁa 4 [( a)lz| G NG |z|

a
n2(z) = (1+ a)+ ——= ( )lzl,

f yf V2 16)

773(z)=%<1 + %) + m<2+ %>|Z|,
n4(z)=%(2+ %)

Here a and y are respectively related to the aforementioned “size of
commutator” and “spectral gap”, and z will play the role of a spectral parameter.
Various applications of our main theorems will illustrate what the orders of
magnitude of a and y can be.

THEOREM 1.1. Letz € ,0(927). If
1= m@IZ -2~ - m@ >0,
then z € p(£) and

IZ -2 = (Z-27"I_
<Mm@IZL =27 IIE =7 I+ m@IE -7
+m@IE =27+ na2).

woJy papeojumod ‘¢ ‘8T0Z ‘Zv6LTY0Z

) SUONIPUOD PUe SWB L 31 39S *[220Z/TT/yT] uo ARiqiauluo Ao |IA ‘Leg BISPAIN Ad ETO000BTES: 00S/ZTTT 0T/I0pAWoo Ao |Im Arig 1 BL

85UB0|7 SUOLILLIOD 9AIER.D a[qeal [dde au Aq peussnob e sspie O ‘38N Jo Sa|ni 10) AriqiauluQ A8|Im uo



REDUCTION OF DIMENSION 409
In particular,
M3 + DICZ — 27 + na2)
L—m@QIEZ =27 — )

In order to compare the resolvent of .Z to the resolvent of Zg, this theorem
is completed by the following easy estimate.

IZ -2 <

PROPOSITION 1.2. We have Sp(,,i/’”\) = Sp(ZLei) U Sp(LY) and, for z €
0(L) such that 7 ¢ [y, +00),

1
dist(z, [y, +00))

[(Z 27" = (L —27'1| <

In this estimate, it is implicit that (Lett — 2)~ ! is composed on the left by the
inclusion TTH — H.

Remark 1.3. These results cover a wide range of situations. In §3, we will
discuss three paradigmatic applications. The space X will be R or a submanifold
of R, d > 2. The set H, is fixed, but the Hilbert structure thereon may depend
on s. In our examples (7)scx is related to an analytic family of self-adjoint
operators which are not necessarily non-negative. Nevertheless, under suitable
assumptions, we can reduce ourselves to the non-negative case. Indeed, in our
applications, we will consider a family (TS)S@: of operators bounded from
below, independently of s € X. Moreover, the bottom of the spectrum of T,
will be an isolated simple eigenvalue i (s). Then we notice that inf;cy i1 (s) is
well defined and that 7, = Ty —infsex, fi1(s) is non-negative. We denote by u(s)
a corresponding eigenfunction. We can assume that ||z (s)||y = 1 forall s € X
and that u; is a smooth function of s. I1; is the projection on u(s) and ITH can
be identified with L2(X) via the map ¢ > (s > @(s)u1(s)). In particular, L
can be seen as an operator on L2(X), which is what is meant by the “reduction
of dimension”. Finally, y, is defined as the bottom fi;(s) — infsex fi1(s) of the
remaining part of the spectrum and

1
v = inf fia(s) — inf i1 (s) < infSp((z — inf [Ll(s)> ) (1.7)
s s SEX
We recall that we assume the spectral gap condition y > 0; see (1.2).

1.3. The Robin Laplacian in a shrinking layer as a non-self-adjoint application.
We now consider a reduction of dimension result in a non-self-adjoint setting,
namely the Robin Laplacian in a shrinking layer. Let d > 2. Here, X is
an orientable smooth (compact or non-compact) hypersurface in R¢ without
boundary. The orientation can be specified by a globally defined unit normal
vector field n : ¥ — S9!, Moreover, ¥ is endowed with the Riemannian
structure inherited from the Euclidean structure defined on R?. We assume that
% admits a tubular neighbourhood, i.e. for ¢ > 0 small enough the map

Og : (s,1) > 5+ etn(s) (1.8)
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410 D. KREJCIRIK et al

is injective on ¥ x [—1, 1] and defines a diffeomorphism from £ x (—1,1) to
its image. We set

Q=X x(—1,1) and Q= O,(Q). 1.9)

Then €2, has the geometrical meaning of a non-self-intersecting layer delimited
by the hypersurfaces
Yire =0 (X x {£1}).

Moreover, X4 . can be identified with X via the diffeomorphisms

@i . {2 — E:‘:78

’ s = sEen(s).

Let @ : ¥ — C be a smooth bounded function. We set a4+ = a o @;}8 :
¥+ — C and we consider on L2(2,) the closed operator ;o (or simply
D, if there is no risk of confusion) defined as the usual Laplace operator on 2,
subject to the Robin boundary condition

a—u-{-(xiSu:O on X4 ;. (1.10)
on ' '

Remark 1.4. Note that a very special choice of Robin boundary conditions is
considered in this section. Indeed, the boundary-coupling functions considered
on ¥, . and ¥_ , are the same except for a switch of sign; see (4.1). More
specifically, a4 ¢(s) = o(s) forevery s € X and n is an outward normal to 2; on
one of the connected parts X . of the boundary 9€2,, while it is inward-pointing
on the other boundary. This special choice is motivated by parity-time-symmetric
waveguides [1, 2] as well as by a self-adjoint analogue considered in [16]. It is
straightforward to extend the present procedure to the general situation of two
different boundary-coupling functions on X , and X_ ., but then the effective
operator will be e-dependent (by analogy with the Dirichlet boundary conditions;
see Proposition 3.4) or a renormalization would be needed (cf. [12]).

Our purpose is to prove that, at the limit when ¢ goes to 0, the operator &,
converges in a norm-resolvent sense to a Schrédinger operator

Lett = —As + Verr,

on X. Here —Ay is the Laplace—Beltrami operator on X, and the potential
Vett depends both on the geometry of ¥ and on the boundary condition. More
precisely, we have

Vet = la|> — 2a Re(a) — a(ky + -+ + kq—1). (1.11)

Note that the sum of the principal curvatures is proportional to the mean
curvature of X.
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REDUCTION OF DIMENSION 411

It will appear later that the shrinking limit ¢ — O strongly penalizes the
normal derivative (independently of the boundary condition). Thus we consider
1 € L(L%()) the projection on functions which do not depend on t: for
u e L2(Q) and (s, 1) € Q, we set

1

(Mu) (s, 1) = %flm,e)de.

Then we define [T+ = Id — 1.

THEOREM 1.5. Let K be a compact subset of p(H eff). Then there exist
g0 > 0 and C > 0 such that, for z € K and ¢ € (0, gg), we have 7 € p(H;)

and
(P — )7 = Ui (Lt — 7' MUe N 2120, < Ce-

Here Ug is a unitary transformation from L*(Qg, dx) to L*(Q, we(x) do dt),
where, for some C > 1, we have,

1
forall ¢ € (0, &), forall x € 2, ol < |we ()] < C.

As for Theorem 1.1 it is implicit that the resolvent (L — ) lis composed
on the left by the inclusion MML23(Q,) — L%(2). Moreover, the operator ZLe
on L2(X) has been identified with an operator on ML%(Q,).

Remark 1.6. In the geometrically trivial situation ¥ = RY~! and special
choice Re(«) = 0, a version of Theorem 1.5 was previously established in [2].
At the same time, in the self-adjoint case Im(«) = 0 and very special geometric
setting d = 1 (X being a curve), a version of Theorem 1.5 is due to [16]. In
our general setting, it is interesting to see how the geometry enters the effective
dynamics, through the mean curvature of X; see (1.11).

1.4. From variational estimates to norm-resolvent convergence. All the results
of this paper are about estimates of the difference of resolvents of two operators.
These estimates will be deduced from the corresponding estimates of the
associated quadratic forms by the following general lemma.

LEMMA 1.7. Let K be a Hilbert space. Let A and A be two closed densely
defined operators on K. Assume that A is bijective and that there exist 1y, 12,
M3, N4 = 0 such that 1 — || A=Y — 2 > 0 and

for all ¢ € Dom(A), forall € Dom(A), |(Ap, ) — (¢, A*y)|

<l + nll @AY 1+ sl AGHIY I+ nall AGNILA Y .

Then A is injective with closed range. If, moreover, A* is injective, then A is
bijective and we have the estimates

i+ DIA + 4
L—mll A=Y —n2

AT < (1.12)
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412 D. KREJCIRIK et al

and
AT = AN < BAT AT+ mal A+ AT+
Since the proof is rather elementary, let us provide it now.
Proof. Let ¢ € Dom(.A) and consider ¥y = (ﬁ—l)*¢ € DOm(A\*). We have

I¢17 = (Ag. (A7) = (¢, Ay} — (A, )]
< A7+ m) 8117
+ A+ na) A8 1,

SO

61?2 < il AN+ m) 111 + (3 + DIAT ) + na) 11 1Ag .

Then if nlllvzl\_l | +n2 <1, we get

(3 + DIA + 04
1—ml A=Y =

ol < Al (1.13)

In particular, A is injective with closed range. If A* is injective, the range of A
is dense and thus A is bijective. In particular, witAh (1.13), we obtain (1.12).
Finally, for f,g € K, = A~ f and ¥ = (A~ !)*g, we have

(AT = AN f.8) = (9. A"Y) — (A, ¥),
and the conclusion follows by easy manipulations. g

1.5. Organization of the paper. In §2 we prove Theorem 1.1. We first define
the operators .7, Zand Yo, and then we show how Lemma 1.7 can be applied.
In §3 we discuss some applications of Theorem 1.1 to the semiclassical Born—
Oppenheimer approximation, the Dirichlet Laplacian on a shrinking tubular
neighbourhood of a hypersurface and the Robin Laplacian in the large coupling
limit. Section 4 is devoted to the proof of Theorem 1.5 about the non-self-adjoint
Robin Laplacian on a shrinking layer.

§2. Abstract reduction of dimension. In this section we describe more
precisely the setting introduced in §1.2 and we prove Theorem 1.1. The
applications will be given in the following section.

2.1. Definition of the effective operator. Let (X, o) be a measure space. For
each s € ¥ we consider a separable complex Hilbert space H;. Then on H;
we consider a closed symmetric non-negative sesquilinear form ¢, with dense
domain Dom(gs). We denote by T the corresponding self-adjoint and non-
negative operator, as given by the representation theorem. As already said in
§1.2, we consider a function s € ¥ +— y; € R whose infimum is positive;

wouj papeojumoq ' '8T0Z ‘Zv6LTr0T
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REDUCTION OF DIMENSION 413

see (1.2). Then we denote by [Ty € L(H) the spectral projection of T on [0, vs),
and we set T} = Idy, — IT;.

We denote by H the subset of @, . H, which consists of all & = (Py)sex
such that the functions s > || D[4, and s — |[T1;P;||4,, are measurable on %
and

||<1>||2=/ 10513, do(s) < +o0.
z

It is endowed with the Hilbert structure given by this norm. We denote by IT the
bounded operator on H such that for ® € H and s € X we have (IT®); = IT; ;.
We similarly define T+ € L(H).

The forms g5 on H, define a quadratic form Q7 on H as follows. We say
that ® = (®y)sex € H belongs to Dom(Q7) if &, belongs to Dom(g;) for all
s € X, the functions s — ¢5(Py) and s > g;(I1; D) are measurable on ¥ and

Qr(P) = /Eqs@s)dd(S) < +o0.

We consider on H an operator § with dense domain Dom(S). We assume that
Dom(S) is invariant under IT, that [S, TT] extends to a bounded operator on H,
and we define a as in (1.5). We assume that

Dom(Q) = Dom(S) N Dom(Q7)
is dense in H, and for ® € Dom(Q) we set
(@) = |IS®|* + Q7 (®). (2.1)

We assume that Q defines a closed form on H. The form Q is symmetric and
non-negative and the associated operator is the operator % introduced in (1.1).

Then we define the operator .Z (see (1.4)) by its form. For this we need to
verify that the form domain is left invariant both by IT and IT+.

LEMMA 2.1. For all ® € Dom(Q), we have T1® € Dom(Q) and TI+® €
Dom(Q).

Proof. Let ® = (®y)scx € Dom(Q). We have ® € Dom(S), so by
assumption we have I1® € Dom(S). By assumption again, the function s +—>
qs(ITy @) = g5 (I I[T3Dy) is measurable and we have

/ qs (T @) do (s) < sup ys / 1®sl3,, do (s) < +oc.
x x

SEX

This proves that [1® belongs to Dom(Q7), and hence to Dom(Q). Then the
same holds for [Tt ® = & — [1d. O

With this lemma we can set, for ®, ¥ € Dom(Q),

0(d, V) = Q(IID, TTV) + Q(IT+d, THW).
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) SUONIPUOD PUe SWB L 31 39S *[220Z/TT/yT] uo ARiqiauluo Ao |IA ‘Leg BISPAIN Ad ETO000BTES: 00S/ZTTT OT/10p/wod A ArIqIeL

85UB0|7 SUOLILLIOD 9AIER.D a[qeal [dde au Aq peussnob e sspie O ‘38N Jo Sa|ni 10) AriqiauluQ A8|Im uo



414 D. KREJCIRIK et al

LEMMA 2.2. Forall ® € Dom(Q), we have

Q(P) <20(d).

In particular, the form_( Q is non-negative, closed, and determines uniquely a
self-adjoint operatorg on H. Moreover, we have [I1, .,f] =0on Dom(.,%)

Proof. We have
0(®) — Q(®) = Q(IP, [T D) + QM+, T1P).

Since the form Q is non-negative we can apply the Cauchy—Schwarz inequality
to write

oo, Mte) < /oMe)V/o(mte) < Lome) + ote)) = Lo@).

We have the same estimate for Q ([T ®, [1®), and the first conclusions follow.
We just check the last property about the commutator. Let ¢ € Dom(f ). For
all¢ € Dom(,,%) we have

0(p. Ty) = Q(Ig, My) = O(Tlg. ¥) = (T, LY )y = (¢, LLY ),

This proves that Ty € Dom(.,?) with .,?”\Hw = Hglff and the proof is
complete. (]

Then from Q it is easy to define the forms corresponding to the operators
Lot and L.

LEMMA 2.3. Let Qeff be the restriction of Q to TIDom(Q) = Ran(IT) N
Dom(Q). Then Qs is non-negative and closed. The associated operator Les is
self-adjoint, its domain is invariant under T1, and [T1, Zgt] = 0 on Dom(ZLtf).
Moreover, we have (Dom(.Z) NRan(I1), .Z) = (Dom(Let), Let).

We have similar statements for the restriction Q1 of Q to II-Dom(Q) =
Ran(IT+) N Dom(Q) and the corresponding operator L.

Proof. The closedness of Qe comes from the closedness of Q and the
continuity of I1. The other properties are proved as for Lemma 2.2. We prove
the last assertion. Let ¥ € Dom(%s). By definition of this domain we have
Ty = . For ¢ € Dom(Q), we have

0(p, ¥) = O(Mg, ) = Qerr(Tgp, TIY) = Qes(T1h, )
= (g, Lexi¥) = (P, Lot ¥r).

This proves that € Dom(%Z) and Ly = L. Thus Dom(ZLefr) C
Dom(Z) N Ran(IT) and . = ZLefr on Dom(Zefr). The reverse inclusion
Dom(.%) N Ran(IT) C Dom(.Z) is easy, so the proof is complete. O
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REDUCTION OF DIMENSION 415
Finally, we have proved that

Dom(.Z) = (Dom(.Z) N Ran(IT)) @ (Dom(.Z) N Ran(I11))
= Dom(Zeft) ® Dom(.L™),

and for ¢ € Dom(oé”\) we have
j(p = Zellp + XLHJ‘gD.

From the spectral theorem and Sp(.Z*) C [y, +00), we deduce the following
lemma.

LEMMA 2.4. We have Sp(.Z) = Sp(ZLat) U Sp(LL) and, for 7 € p(2)
such that 7 ¢ [y, +00),

1
dist(z, [y, +00))

[(Z 27" = (L —27'1| <

2.2. Comparison of the resolvents. This section is devoted to the proof of the
following theorem which implies Theorem 1.1 via Lemma 1.7.

THEOREM 2.5. Let & and Z be as above. Let z € C and n1(2), m(2),
13(2), n4(z) be as in (1.6). Then, for ® € Dom(.¥) and ¥ € Dom(.L*), we
have

10(@, W) — (@, V)| < m@I@N¥] + n@IelI(Z —D)v|
+m@ICZ =)@V
+m@IEZ = )@IIEZ — )Vl

Theorem 2.5 is a consequence of the following proposition after inserting z
and using the triangular inequality.

PROPOSITION 2.6. For all ® € Dom(%) and ¥ € Dom(,j?\), we have

1 - 3a EZINERY
S10@.w) - 0@, v < (1] +

V2 y
+%(a||cbn + (1 4 %) "ﬁq’")

12w
x|+ —— ).
Y

Proof. Letv = ||[§, IT]||. We have
O(®, W) — 0(, ¥) = Q(IT+®, NY) + Q(P, [T+¥).
For the first term we write

Q(IT+ &, W) = (STIH @, STIW) = (STI+ &, [S, [TTTW) + (STT+®, [ISTIV),
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416 D. KREJCIRIK et al

so that

Q(IT+®, MTY) = (ST, [S, TIIW) + ([S, T+ ®, TSTIW).

We deduce that

QI @, MW)| < v[[ ST @[ ]| + v[[ TP || STIW .
Similarly, by slightly breaking the symmetry, we get

|QM, ITHW)| < v ST @] + || THW [ SP]].

We infer that

(2.2)

2.3)

10(®, W) — Q(®, W)| < v||STI-®|||| W] 4 v|| T ||| STTW||
F VST + vl[TTH W SD.  (2.4)

Since Q7 is non-negative, we have
IS@)* < Q@) < LD ®].

Similarly, e
ISTIW|? < Q(¥) < LV

Then we estimate || TI-®|| and || STI®|. We have

(2.5)

(2.6)

(Mo, o) = QI+, d) = QT+ d) + QT+, 1),

and deduce
QI+ @) < | LT[ + |Q(THd, [TP)].

From (2.3), we get

QI+ @) < | LT 4 v||STIED| | D + v[| TSP

Moreover, we have
Ot @) > ST+ + y (T2

We infer that

y 1 1 2
ISTIH @)% + y T < Znn%nz + ;nfcbnz + 5||SHL<I>||2 + 3||<1>||2

2

)/ V
+Z||HL<I>||2 + —[S®|%

Y

Using (2.5) we deduce that

|.Z |
),2

1 1x02 12 1 2 v? 2 v?
~(IST=®*+y T~ < = [|ZLP|"+ = PII°+ =
2 y 2 2

+||<1>||2),
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REDUCTION OF DIMENSION 417

and thus

|- ®|?

STI+®|12
ISPyt o) < Qa2 @)

Let us now consider || TI-W|| and || STI-W||. We have easily that

ISTIH @2 + y T W1 < QW) = O(W, M) < | 2||ITH v,

and thus e
ST+ w2 LW
— T < (2.8)
Y
It remains to combine (2.4)—(2.8), and use elementary manipulations. O

§3. Examples of applications. In this section we discuss three applications of
Theorem 1.1 and we recall that we are in the context of Remark 1.3.

3.1. Semiclassical Born—Oppenheimer approximation. In this first example
we set (2, 0) = (R, ds). We consider a Hilbert space Hr and set H = L*(R,
Hr). Then, for h > 0, we consider the operator S, = hD; on H, where
Dy = —id;. We also consider an operator 7' on H such that for ® = (®;)scr € H
we have (T ®); = Ty d,, where (T) is a family of operators on the family of
Hilbert spaces () which depends analytically on s. Thus the operator £ = .%},
takes the form

212
Ly =h"D; +T.

Operators of this kind appear in [13, 14] where their spectral and dynamical
behaviours are analysed. As an example of operator 7', the reader may have the
Schrodinger operator —A; + V (s, t) in mind, where the electric potential V
is assumed to be real-valued. Here the operator norm of the commutator
[~ Dy, IT] is controlled by A times the supremum of ||dsu1(s)|7. Assuming
that ||d5u1(s)|l% is bounded, we have a = a(h) = O(h); see (1.5). Let
us also assume, for our convenience, that p; has a unique minimum, non-
degenerate and not attained at infinity. Without loss of generality we can
assume that this minimum is O and is attained at 0. Thus, here y just satisfies
y = infser pna(s) > 0.
For k € N* we set

A (h) = sup inf (%0, ). (3.1)
FcDom(g,) ¢<€F
codim(F)=k—1 llell=1

By the min-max principle, the first values of Ar(h) are given by the non-
decreasing sequence of isolated eigenvalues of ., (counted with multiplicities)
below the essential spectrum. If there are a finite number of such eigenvalues,
the rest of the sequence is given by the minimum of the essential spectrum.
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418 D. KREJCIRIK et al

We similarly define the sequence (Agffx(h)) corresponding to the operator
2 eff- Note that .2}, ¢ff can be identified with the operator

h*D} + p1(s) + h*[[dsu1 ()13, -

As a consequence of the harmonic approximation (see, for instance, [4, Ch. 7] or
[18, §4.3.1]), we get the following asymptotics.

PROPOSITION 3.1. Let k € N*. We have

Y
0
hettx(h) = (2 — 1) MIT()h+o(h), B 0.

From our abstract analysis, we deduce the following result.

PROPOSITION 3.2. Let co, Co > 0. There exist hg > 0 and C > 0 such that,
for h € (0, ho) and

7 € Zp = {z € [=Cph, Coh] : dist(z, Sp(fhyeff)) > coh},
we have 7 € p(%,) and
1L — 2" — (Lhet —2) ' < C.

Proof. Let h > 0 and z € Zp. If h is small enough we have Coh < y so
zZ € p(Lheff) N ,0(92#) = p(Z). Moreover, by the spectral theorem,

1

[ =07 | <[ Fher =07 |+ |G =07 < ot o=

With the notation of (1.6) we have

liminf sup (1 — 014 @) 1(Zh — 2) "'l = n2.(2)) > 0.

h—0 €7
From Theorem 1.1 and Proposition 1.2, we deduce that z € p (%),
(6 [

and the estimate on the difference of the resolvents. Here and occasionally
in what follows, we use the notation x < vy if there is a positive constant C
(independent of x and y) such that x < Cy. (]

From this norm-resolvent convergence result, we recover a result of
[14, §4.2].

PROPOSITION 3.3. Let k € N*. Then

A () = her i () + O(h?), h — 0.
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REDUCTION OF DIMENSION 419

Proof. Let ¢ > 0 be such that Agff g1 (h) — Aetf k (h) > 2eh for all h. We set
Zh = Aeff k (h) + eh. The resolvent (£, eff — zn)~ ! has k negative eigenvalues

N SR S
Aeft k() — zn Aefi1 () — zn
all smaller than —¢/ h for some « > 0, and the rest of the spectrum is positive.

By Proposition 3.2 the resolvent (%}, — z;,) ™! is well defined for / small enough
and there exists C > 0 such that

1L —z) ™" = (Lhett —z) 'l < C.

By the min—max principle applied to these two resolvents, we obtain that for all
j €{l,...,k} the jth eigenvalue of (&}, — zp) "1 is at distance not greater than
C from 1/(Aeff k+1—; — 2n), and the rest of the spectrum is greater than —C. In
particular, for j =1,

1 1
- <
Mc(h) —zn Aettx(h) — zp

so that
Ak () — et k (M) < Clhett k() — zpllAk(h) — zal.
This gives
Ak (h) — Aett k(M) < Ceh|Ar(h) — Aett x (h) — €hl,
and the conclusion follows for & small enough. O

3.2. Shrinking neighbourhoods of hypersurfaces. In this subsection we
consider a submanifold ¥ of RY, d > 2, as in §1.3. We choose ¢ > 0 and
define ®,, Q2 and €2, as in (1.8) and (1.9). For ¢ € H(; (R2¢), we set

09" (p) = / Vol dx,

&

and we denote by — Agg the associated operator. Then we use the diffeomorphism
®; to see —ASDZLr as an operator on L2(S2). We set, for (/S Hol(SZ, do dt),

QP (y) = 02" (Y 0 ©; ).

We need a more explicit expression of QE" in terms of the variables (s, 1)
on . For (s, ) € 2 we have, on T(5; Q2 >~ Ty ¥ x n(s)R,

d(s,t)®g = (|dnz + etdgn) ® Eldn(S)R.

Hence
d@g@,)@(gl = (IdTSZ + Stdsn)fl ® Silldn(s)]R-
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420 D. KREJCIRIK et al

We recall that the Weingarten map —dsn is a self-adjoint operator on 73X
(endowed with the metric inherited from the Euclidean structure on R?). For
v e HY(Q,dodt), x € Q. and (s, 1) = @;1()6), we get

IV 0 O HW) 7,0, = @O ) VY (s, D7 q,
- 1
= lIdr + etdsm) ' Vsyr (s, DI, 5 + 5190, DI
The eigenvalues of the Weingarten map are the principal curvatures «i, ...,
kq—1. In particular, for (s, t) € Q we have

d—1
det(d(s.) @) = ew,  where we(s, 1) = [ [(1 — etk (). (32)
j=1

The Riemannian structure on €2 is given by the pullback by ®, of the Euclidean
structure defined on 2.. More explicitly, for (s,#) € €2 the inner product on
T5.1)S2 is given by

forall X, Y e T(S,l‘)(Q)s g(X,Y) = (d(s,t)(ae(x), d(s,t)®e(Y)>]Rd-

Then the measure corresponding to the metric g, is given by ew, do dt. Thus, if
we set
Ge(s, 1) = (dr,x + etdyn) 2, (3.3)

we finally obtain

QP (y) = / (7,5 + etd,n) "V, (O (1) dx

Qe

: )
+g_2/9 19,9 (071 (x))|* dx
1
:s/ (Ge(s, Vs, Volr ) s we dadt+—2/ |0,V |*ew, dodt.
Q &7 JQ

The transverse operator T (¢) is the Dirichlet realization on L2((—1, 1), sw, dt)
of the differential operator —s_zws_ 19,w.9,. We denote by wui(s, €) its first
eigenvalue and we set u(e) = infsex w1 (s, €). We have, by perturbation theory,
ase — 0,

n? n?
pi(s, &) = 2t Vi(s) + OCe), n(e) = a2t o),

where the potential

]d—l ) 1 d—1 2
V(s):—E;Kj(s) —I—Z(;Kj(s))

is assumed to be bounded from below.
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REDUCTION OF DIMENSION 421

We denote by .Z, DI the operator associated to the form QD" and by
< D'ff the corresponding effective operator as defined in the general context
of §1.2. It is nothing but the operator associated with the form H'(XZ) 3
® = QEir(gous,g) where u; . is the positive L?-normalized groundstate of
the transverse operator (and actually depending on the principal curvatures
analytically). From perturbation theory, we can easily check that the commutator
between the projection on u; . and S = —iG;/ 2 V; is bounded (and of order ¢&).

PROPOSITION 3.4. Let ¢y, Co > 0. There exist g > 0 and C > 0 such that,
forall e € (0, &y) and

2 € Zepcpe = {2 € R |z — ()] < Co. dist(z, Sp(LL) > col,

we have

1(ZLPT — )=t — (P — 7l < Ce

¢, eff

We recover a result of [11] (when there is no magnetic field).

Proof. We are in the context of Remark 1.3. The form Q. — u(e) is non-
negative. We denote by %, the corresponding non-negative self-adjoint operator

and define .Z; as in Lemma 2.2. Given ¢ > 0 and z € Z, c,.., We write ¢ for

— w(g). Thus, in the notation of the abstract setting, we have y, ~ 5_2, a, =

O(e2), ¢ = O(1) and hence 01 (¢) = O(&), m.e(¢) = O2), 13.6(¢) = O(e)
and n4,:(¢) = O(£?). Moreover, by the spectral theorem, we have

IZ — )~ = 0.

Thus, there exists g9 > 0 such that, for ¢ € (0, g9), z € Z¢,,c,.c and = z—p(e),
the operator .%; — ¢ is bijective and

I =07 I = 0.
(- = (Z -7 =0).

The conclusion easily follows. O

Given ¢ > 0, we define the sequences (ADir(s))keN* and (A Diéff(e))keN*

corresponding to the operators .Z>" and .Z D'ﬁ as in (3.1). By using analytic
perturbation theory with respect to the parameters (sx;)1<j<qd—1 to treat the
commutator, we have, for all k € N*,

2
[E)Iéff(g) — + )‘k +0O0(), &—0,

where )\,:5 is the kth eigenvalue of —A; + V (s).
We recover a result in the spirit of [3, 11].
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422 D. KREJCIRIK et al

PROPOSITION 3.5. Forall k > 1, we have

2
: T
AP (e) = ¥l + A7 +0@), &—0

Proof. Letk > 1. There exist cq, ¢o, Co, &9 > 0 such that, for ¢ € (0, &), we
have .
)”l?,léff(s) + €0 € Zey.Co.e-
As in the proof of Proposition 3.3 we obtain from Proposition 3.4 and the min—
max principle

IR (8) — (AP0(e) + E0) ™ — ORg(e) — WR(e) +éo)) ! = O(e).
We deduce
AR (e) — Apie(e)] = O@)| (AL () — (APeg(e) + o)),
and the conclusion follows. J

3.3. Dirichlet-Robin shell with large coupling constant. In this section, we
continue to consider the hypersurface X of the previous subsection (here ¢ = 1).
Let us now consider the Dirichlet—-Robin Laplacian in an annulus. In other words,
with w1 and G as defined by (3.2) and (3.3), we consider on the weighted space
L2(w; ds dt) the quadratic form

R (W) = / (G1(s. Vs, Vs¥)7s + |99 [Dwi (s, 1) ds dt

2 x(0,1)

—a/ [ (s, 0)> ds.
D)

It is defined for ¢ € Dom(QBR) where

Dom(QPR) = {(y € H'(Z x (0, 1)) : (s, 1) = 0, 8, (s, 0) = —a (s, 0)}.

In these definitions « is real, and we are interested in the strong coupling limit
o — +00.

This quadratic form is of the form (2.1) with S = G/*V, and T, =
—w1_18,w18, acting on H 2((0, 1)) and the Dirichlet-Robin condition. The
spectrum of T is well understood in the limit « — +o00. Actually, the family
(T;) depends analytically on the principal curvatures («;(s))1<;j<d—1. We can
deduce from the previous works [6, 7, 9] that, as ¢« — +o00,

pi(s,a) = —a? —ak(s) + O),  pa(s,a) =c >0,

and
(@) = inf (s, ) = —a? — atmax + O(1),
se

wouj papeojumoq ' '8T0Z ‘Zv6LTr0T

) SUONIPUOD PUe SWB L 31 39S *[220Z/TT/yT] uo ARiqiauluo Ao |IA ‘Leg BISPAIN Ad ETO000BTES: 00S/ZTTT OT/10p/wod A ArIqIeL

85UB0|7 SUOLILLIOD 9AIER.D a[qeal [dde au Aq peussnob e sspie O ‘38N Jo Sa|ni 10) AriqiauluQ A8|Im uo



REDUCTION OF DIMENSION 423

with ¥k = Zd_l k. Here, for simplicity, we assume that « has a unique
maximum at s = 0 that is not degenerate and not attained at infinity. Moreover,
we assume that the eigenvalues of DS2 + %Hesso(—/c)(s, s) are simple. We let

Zepea = {2 €R: |z — @) < coar. dist(z, SPCZPR)) = Co).
PROPOSITION 3.6. There exist C, oy > O such that, for all z € Z¢, cy.ar
LR - = (Ll -7 < Cal.

Proof. Here we have y = O(a?), v = O(e~!) and a = O(a¢~?). We again
use Remark 1.3 and we apply Theorem 1.1 with .Z = faDR — u(a) and z
replaced by z — u(a). For z € Z, c,.«» We get

m = 0@, m = O0(™?), n = O(a™?), na = Oa™).
Moreover, for o large enough, we have, forall z € Z., ¢y.a» 2 € p(Z eff) and

ILPE -7 <c

Then Theorem 1.1 implies the desired estimate. 0

We recover, under our simplifying assumptions, a result appearing in
[6,9,17].

PROPOSITION 3.7. Forall j > 1, we have, as ¢« — +00,

A eff(oz) =—a’+ vi(a) + O(1)

and
WP (@) = —a® +vj(@) + O,

where vj(a) is the jth eigenvalue of DS2 — ak(s).

Proof. Let us first discuss the asymptotic behaviour of the eigenvalues of
the effective operator. Let us recall that this effective operator is defined as
explained in §1.2, and that it can be identified with the operator associated with
the form H'(X) 3 ¢ — QBR(W s.a) Where ug o is the positive L?-normalized
groundstate of the transverse operator 7 (s). The asymptotic expansion of the
effective eigenvalues again follows from perturbation theory and a commutator
estimate; see [9, §3] where it is explained how we can estimate such a
commutator.

Now we proceed as in the previous section. Note that, by the harmonic
approximation, for all j > 1,

vji(@) = —kmax + oz]/zf)j + 0@,
where (V) jen+ is the non-decreasing sequence of the eigenvalues of Ds2 +
%Hesso(—/c)(s,s). In particular, the asymptotic gap between consecutive
eigenvalues is of order «1/2. Then there exist co > 0, Cop > 0 and C > 0
such that, for « large, 7z = Aasz(a) + C € Z.,.c,.a- We use Proposition 3.6 and
we get, as in the other examples,

AP — APR (@) < ca™. O
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424 D. KREJCIRIK et al

§4. The non-self-adjoint Robin Laplacian between hypersurfaces. In this
section we prove Theorem 1.5. The proof is split into two main steps. We first
transform the problem into an equivalent statement, where & is replaced by a
unitarily equivalent operator on 2.

4.1. A change of variables. The operator &2, is associated to the (coercive)
quadratic form defined for ¢ € H'(S,) by

0L(@) = 0} 4(¢) = / Vol + / At el — / a_lpl?.  (4.1)

3 2+.s E—,a

As in §3.2, we use the diffeomorphism ©, to see &2, as an operator on L3(Q):
for € H'(Q) we set

QX)) = QLY 0O h.

‘We obtain

0i(y) = / |(d7,5 + etdsn) 'V (O, (x))* dx

€

i -1 2
+ 2/ 10 (O, " (x))|” dx
& Q.

+f a+,8|wo<®:)—1|2—/ ool o (O
o >

- 1 -
= / (Ge(s, )V, Vi) rsew, do dt + ;/ |at¢|2ws do dt
Q Q

+/a(|w|2wg)|t:1da—/ a (Y [*We)|i=—1 do,
> )

where, as in (3.2), w(s, t) = H?;}(l — etk j(s)). Notice that L*(Q, do dt) and
L%(Q2, eW, do dr) (or their corresponding Sobolev spaces) are equal as sets, but
®, induces only a unitary transformation from L%(2, e, do dt) to L*(Q,, dx).

4.2. A change of function. 1In the next step we make a change of function to
turn our problem with Robin boundary conditions into an equivalent problem
with Neumann boundary conditions. For this we consider the unitary transform

- [L2(Q, e, dodt) — LA2(Q,e 2Ry, do dt),
U : et
u — Jee*u,

We set

W, = e—ZStRe(a) u~)£ .

woJy papeojumod ‘¢ ‘8T0Z ‘Zv6LTY0Z

) SUONIPUOD PUe SWB L 31 39S *[220Z/TT/yT] uo ARiqiauluo Ao |IA ‘Leg BISPAIN Ad ETO000BTES: 00S/ZTTT OT/10p/wod A ArIqIeL

85UB0|7 SUOLILLIOD 9AIER.D a[qeal [dde au Aq peussnob e sspie O ‘38N Jo Sa|ni 10) AriqiauluQ A8|Im uo



REDUCTION OF DIMENSION 425

Then on H'(Q2, w.dodt) we consider the transformed quadratic form given b
q g y

0.(¢) = QXU ')
= / (G¢(Vs — etVsa), (Vs — et Vsa)p)we do dt
Q

1
+—2/ 10, |>w; do dt

& Q

1 _ _
——/(a¢8,¢+&¢8,¢)w5dadt+/ la|?|¢)*we do dt

g Jo Q

1 1
+—/ a|¢>|wgd0——/ al¢|*w, do.
& Jx & Jx

By integration by parts we have

1 _ 1 1
——/ a¢8t¢w€dadt:——/ oelqblwgdcr—i-—/ a|¢|*w, do
e Jo & Jy €Jx

9
+ f (—ZaRe(a)+a8t~w£)|¢|2w5da dr.
Q

We

Finally,

0:(¢) = / (G¢(Vs — etVsa), (Vs — etVia)p)w, do dt
Q
+ 12/ 10:¢|>we do dt
&= Jo

2i -
+—1/ Im(e) 3, ppwe do dt+/ Velop|Pwe do dt,
& JQ Q

where
-
Ve = |af? — 20 Re(a) + a 28
&

We

On HY(Q, w, do dt) we can also consider the forms defined by

—~ 1
Qe(¢)=/ |vs¢|2do—dr+—2f |at¢|2dodr+/ Veiil|* do dt
Q & Q Q

and

Qeft(¢) = /Q |Vs¢|* do dt + /Q Veitlp|* do dt.

We denote by .7, Z, and L the operators corresponding to the forms O, O,
and Qe respectively.
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426 D. KREJCIRIK et al

4.3. On the new operator £.. 1If U, denotes the composition of the unitary

transform associated with ©, and U,, we write .4 = U, P.U7 and the
estimate of Theorem 1.5 can be rewritten as

1L — 27" = (Lot — 2 'l 20y S & (4.2)

As P, the operator £, is m-accretive. We have the following accretivity
estimate when ¢ goes to 0.

LEMMA 4.1. Ifey > 0 is small enough there exist My > 0 and co > 0 such
that, for € € (0, g9), M > Mo and ¢ € H'(Q), we have

Proof. There exists C1 > 0 such that, for ¢ € (0, &9) and ¢ € H' (), we
have

Re(Q:(¢)) = (1 — C18)[[(Vs — et Vi) * + Z a1
2| Im(a) [loo (1 + C1)
- 080 Io: ol — C1||¢||2-
For some C, > 0, we also have
1(Vy — etVa)gll* > (1 — &) Vs¢l* — C2l1 8]
and
1 — C18 2| Im(a) || (1 + Cr)
13 ll* — O: o:ellllell
|I3z<p||2 10: @1l 2[[Im(e) || (1 + Cr18) ||l
=(1—-Cre)
g2 e 1—Cie
19, <a||2
> (1 - Cie)——— — Callol*.
The conclusion follows if g9 > 0 is chosen small enough. g

A remarkable property of ., is the following complex symmetry (cf. [1]).

LEMMA 4.2. Lete > 0and z € C. If 7 € C is an eigenvalue for £, then 7 is
an eigenvalue for Z°. In particular, the operator £, has no residual spectrum.

Proof. Since .Z; is unitarily equivalent to &, = 2, ,, it is sufficient to
prove the result for &, . Notice that Dom(Qé’a) = Dom(Q; z)- Moreover, for
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¢,y € Dom(Q} ,) we have Q] (¢, V) = QL , (¥, $), s0 P}, = P Now
let v € Dom(Z o). Forall ¢ € Dom(Qg’a), we have

0. 5. %) =0l ,(@. V) = (, Do) = (. Peath).

This proves that v € Dom(Z. ) and P, ¥ = P, V. Thus, if we denote by
J the complex conjugation, we get that &7, ,, is J-self-adjoint,

Peag=JPeql.
The conclusion follows. O

4.4. Proof of Theorem 1.5. Theorem 1.5 will be a consequence of the
following proposition.

PROPOSITION 4.3. There exist &9, C > 0 such that, for all ¢ € (0, &), ¢ €
Dom(.Z}) and € Dom(.Z,),

106(0, %) — Qe V)| < Celloll 21¥ 2.
Proof. We set

De(g, ) = Qclg, ¥) — Ocl, V).

Using the Taylor formula, we get

’

1 2 -
IDeo, I S ellell g 1Yl mp + S loelllony |l + ‘E /le(a)aﬂﬁwws do dt

where (|17, = %117, @ TIVs¥ 12, (o The most delicate term is the last one.
We have

1
’Qs(tlm(a)% V) — S—Z/Im(a)a,aa)afwwg do dt

1
< Nl 19 s + e ll13v1.

SO

1
Q:(t Im()g, ¥) — / Im(e)@d; Y we do dt
1 1
Slelap vl + el + Zliellay Il

Since Q. (t Im(a)g, ¥) = {t Im(a)p, Z.v), we obtain

1
Selelg v ila + SHarelilio vl
+ llello il + el Zev el

We conclude with Lemma 4.1. O

1
- / Im(o)o; Y ow, do dt
&
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By Proposition 4.3, there exists C > 0 such that, for z € K, ¢ €
Dom((H")*) and € Dom(H,), we have

102", ¥) — 200, ¥) = (Qe(p, ¥) — 20, Y| < Cellgl ety 1V 1l 7, .

Finally, we apply Lemmas 2.4 and 1.7, and Theorem 1.5 follows.
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