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THE VARIABLE-ORDER DISCONTINUOUS GALERKIN TIME
STEPPING SCHEME FOR PARABOLIC EVOLUTION PROBLEMS
IS UNIFORMLY L*°-STABLE*
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Abstract. In this paper we investigate the L°°-stability of fully discrete approximations of
abstract linear parabolic partial differential equations (PDEs). The method under consideration is
based on an hp-type discontinuous Galerkin time stepping scheme in combination with general con-
forming Galerkin discretizations in space. Our main result shows that the global-in-time maximum
norm of the discrete solution is bounded by the data of the PDE, with a constant that is robust with
respect to the discretization parameters (in particular, it is uniformly bounded with respect to the
local time steps and approximation orders).
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1. Introduction. Let H and X be two (real) Hilbert spaces, equipped with the
inner products (-, -)i and (-, -)x, respectively, as well as with the corresponding induced
norms |[|-||x and [|-||x. The respective dual spaces are denoted by H* and X*. Suppose
that X is densely embedded in H, and consider the Gelfand triple

(1.1) X — H~H* < X*.

In this paper, based on a variable-order discontinuous Galerkin (dG) time stepping
method in conjunction with a conforming Galerkin approximation in space, we will
study the stability of the fully discrete numerical approximation of the linear parabolic
problem

(1.2) u'(t) + Au(t) = f(t),  te€(0,T],

Here, A : X — X* is a linear, self-adjoint, and time-independent elliptic operator that
is coercive and bounded in the sense that there are two constants «y 3, 81.3 > 0 such
that

(1 3) <A’U7’U>X,( XX > Q13 ||'UH§2§ Y € X,
[(Av, W x| < Burs ol ol Vo,w e X,

Furthermore, we let f € L2((0,7);H) and ug € H be a given source term and
prescribed initial value, respectively. Applying standard notation for Sobolev and
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Bochner spaces (cf., e.g., [19, section 1.5]), a classical weak formulation of (1.2) is to
find u € L2((0,7); X) N WL2((0,T); X*) such that, for every v € X, it holds that

<u/7 U>X* xX + <A’LL, U>X* xX — (f(t)v U)H ) te (07 TL
(1.4)
u(0) = up.
Here, we signify the duality pairing in X* x X by (u,v)y. . x; incidentally, this dual
product can be seen as an extension of the inner product in H, i.e.,

(1.5) (u,0) g = (U, V)xe i x Yu € H,v € X;
see, e.g., [19, section 7.2]. Recalling the continuous embedding
L2(0,T;X) N Wh2(0, T; X*) < C°(0, T; H)

(cf., e.g., [19, Lemma 7.3]), we conclude that the solution of (1.4) is continuous in
time, i.e., u € C°(0,T;H). Furthermore, the following stability estimate holds:

(1.6)  ullizorx) + 14 llLz oz + llcoo,rm < C (HUOHH + ||f||L2(0,T;]HI)) ;

see, e.g., [19, Theorem 8.9].

In the context of parabolic partial differential equations (PDEs), the dG time
stepping methodology was introduced a few decades ago in [12]. Since then a lot
of research has been conducted on this subject: we point the reader to the classical
works [4, 5, 6, 7, 8, 14, 25], as well as to the more recent articles [1, 2, 3, 13, 15, 16],
where a novel reconstruction technique for the purpose of a posteriori error estima-
tion has been proposed and analyzed. While these articles mainly focus on low-order
temporal Galerkin discretizations of fixed degree, the use of hp-type dG methods was
proposed in [21, 22]. The hp-framework permits us to employ locally different time
step sizes and arbitrary variations of the local approximation orders, and, thereby,
to attain high algebraic or even exponential rates of convergence in time. This fea-
ture is particularly powerful if local singularities appear (for instance, in the form
of a parabolic time layer due to incompatible initial data) [22, 23, 27] or if highly
nonlocal [17, 18] or high-dimensional [26] problems need to be solved.

The present paper centers on the stability of fully discrete hp-version dG time dis-
cretizations of abstract linear parabolic problems. More precisely, given the solution,
u, of (1.2), and its hp-dG approximation, U, our goal is to argue that the stability
estimate (1.6) holds true also on the discrete level. Indeed, using standard energy
arguments, it is fairly straightforward to show that U is bounded with respect to
the L2(X)-norm; indeed, this essentially follows from [22, eq. (2.18)] and the bound-
edness of the duality pairing. In addition, applying a suitable reconstruction U of U
(see, e.g., [16, section 2.1] or [10, section 3.6]) and applying an inf-sup stability result
(cf., e.g., [9]) shows that U’ is also stable in the L2(X*)-norm.

In the current work our goal is to establish the stability of the discrete solution U
with respect to the L>°(H)-norm. We particularly emphasize deriving an estimate
with a (known) constant that is uniformly bounded with respect to the discretization
parameters (i.e., in particular, the local time step lengths and approximation orders).
Since our focus is on a pointwise bound, energy arguments are not appropriate in
the discrete context; indeed, this is due to the fact that suitable test functions (such
as cut-off functions) typically do not belong to the underlying discrete test space.
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Furthermore, the application of inverse estimates usually involves constants that scale
suboptimally with respect to the local approximation orders and, thereby, lead to
nonuniform stability results. For these reasons we will pursue a completely different
and novel approach: More precisely, we will first derive a pointwise formulation of the
fully discrete scheme (section 2.2) using a lifting operator technique as in [24]; cf. also
the temporal reconstruction approach [9, 10, 16]. Then, we analyze the fully discrete
parabolic operator and show that its inverse operator is L°°(H)-stable (section 4).
In order to proceed in this direction, in section 2 we will first investigate the special
case where HH = X = R in (1.1), and we construct a representation formula (section
3.2) which is composed of two terms: The first term is based on the concept of a dG
fundamental solution (section 3.1) and relates to the initial value, ug, in (1.2). The
second term, analogously as in the classical Duhamel principle, is an integral that
involves the product of the right-hand side function, f, in (1.2), and an exponentially
decaying expression in time. Subsequently, using a spectral decomposition, we will
employ the scalar analysis on each time step in order to derive a stability bound for the
inverse parabolic operator in the abstract case (Proposition 4.1). Finally, inverting
the pointwise form of the dG scheme and applying the previous stability analysis
eventually implies the main result of this article, i.e., the uniform L°°(H)-stability
of the dG method (Theorem 4.4). We emphasize that the discrete Duhamel formula
and the stability of the inverse of the fully discrete parabolic dG operator, which will
be developed in this work, have strong implications that reach far beyond the scope
of the present paper; these include, for instance, the analysis of nonlinear parabolic
PDE approximation schemes (see, e.g., [20, sections 5 and 7).

2. Fully discrete discontinuous Galerkin time stepping.

2.1. Variable-order time partitions and discrete spaces. On an inter-
val I = [0,T], T > 0, consider time nodes 0 = ¢y < t; < -+ < ty—1 < ty =
T, which introduce a time partition M = {I,,,}}_, of I into M + 1 time inter-
vals I, = (tm—1,tm], m = 1,..., M, and Iy = {tg}. The (possibly varying) length
ki = tm —tm—1 of a time interval is called the mth time step. We define the one-sided
limits of an M-wise continuous function v at each time node ¢,,,, 0 < m < M — 1, by

URNEES il\rf(l) V(tm + ), v, = l{r}) V(tm — $),

where v, is considered to be a prescribed initial value. Then, the discontinuity jump
of v at t,, 0 <m < M — 1, is defined by [v], := v}, —v,,.

Furthermore, to each interval we associate a polynomial degree r,, > 0, which
takes the role of a local approximation order. Moreover, given any (real) Hilbert
(sub)space V C H, an integer r € Ny, and an interval J C R, the set

PT(J;V) = {p c CUT;V): p(t) = zr:viti, v; € V}
i=0

signifies the space of all polynomials of degree at most » on J with values in V.
If V =R, then we simply write P"(J).

A fully discrete framework for (1.4) is based on replacing the Hilbert space X
from (1.1) by finite-dimensional subspaces X,,, C X, n,, = dim(X,,) < oo, on each
interval I,,,, 0 < m < M. The H-orthogonal projection from H to X,,, for 0 < m < M,
is given by

T @ H— X,,, v v (V—mpu,w)g =0 Yw € X,
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Notice the obvious stability property,

(2.1) lTmollm < ||v||m Vv € H.
Moreover, A,, : X — X,,, denotes the discretization of A defined by
(2.2) (Apu,v)y = (Au, V). o x Yo € X

for 1 < m < M. Recalling (1.3), we observe that A,, is invertible as an operator
from X, to X,,.

2.2. Fully discrete dG time stepping. Based on the previous definitions, the

Jully discrete dG-in-time/conforming-in-space scheme for (1.2) is given iteratively as
follows: Find Uly,, € P™™ (I,,;X,y,) through the weak formulation

L/(Ucvmmt+wvhhhv;4mwi/ (AU, V). dt

Im Im

:/ (,V)adt WV € P (Iy; X,)

Im

(2.3)

for any 1 <m < M. Here, for m = 1, we let
(2.4) Uy = mouo,

where ug € H is the initial value from (1.2), and, thereby, [U]o = Uy" — mouo.
In order to write (2.3) in pointwise form, we proceed along the lines of [24].
Specifically, for 1 < m < M, and any z € X,,,, we define the (linear) lifting operator

Lim o Xy — P (1 X))

/1 (L (), Vg dt = (2, V(tme))g YV € BT (Lns Xon).

Referring to [24, Lemma 6], the explicit representation formula

T'm

(2.5) L (=) = 7= >_ (=)' (2i + DK ()

™ =0

holds, where { K[ };>¢ is the family of Legendre polynomials, affinely scaled from [—1, 1]
to I, such that

(2.6) (1) K™ty 1) = K" (tm) = 1, i>0,

and

(2.7) / K™K (t)dt = kimd- Vi, j € No;
. T i j - %+ 1 iJ 1,] 05

m

see [24, section 3.1] for details. For later purposes, we also introduce the endpoint
lifting operator

L' s X — P (L Xon)
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by

/,m (EI,T (z),V)H dt = (2, V(tm)g YV € P (I X,).

Using (2.5) and (2.6), we may represent it as

28) D)= 2 D1 @i+ DER 1) = = Y2+ DEP (D),
™ =0 ™ =0

For any w € L2(I,,; H) we denote by 1" (w) € P (I,,;X,,) the fully discrete
L2(I,,; H)-projection defined by

/ (I (w), V) dt = / (w, V) dt YV e P (1 Xon)-
I”YL I"YL
Then, employing the spatial projection 7, from (2.1) and the discrete elliptic opera-
tor A, from (2.2), and using the lifting operator L™, we transform (2.3) into
/ (U + L7 ( [Ul i) + AU =T f V) dt =0 YV € P (L Xy,
I’Wl

This immediately implies the pointwise form
(2.9) U'+ L (7 [Ulm-1) + AU =11 f, tel,.
Following [11], for 1 < m < M, we consider the dG-time operator
X P (I Kon) = P (L Ko,
given by
(2.10) Xem(U) = U + L (U, UeP™(In;Xpm).
Consequently, introducing the operator
Trm s P (I X)) = P (1 X))
given by
(2.11) L= xpr 4 A,
we can write (2.9) as
(2.12) Lo (U) =I5 f + L (mn Uy, 1)

for 1 < m < M. Referring to [22, Proposition 2.6}, we note that (2.3) is uniquely

solvable, and hence the operator I''™ from (2.11) is an isomorphism on P (I,,; X;, ).

3. Scalar problem. In order to derive a stability analysis for the fully discrete
scheme (2.12), we focus first on the case where H = X = R. Specifically, for 1 < m <
M, consider the scalar problem of finding a function « : I,,, — R such that

u'(t) + du(t) = f(t), tely,

u(tmfl) = Um—1-
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Here, A > 0 is a fixed parameter, u,,—1 € R is a prescribed initial value, and f :
[0,7] — R is a given source function. The dG time discretization of this problem is
formulated in strong form as

(3.1) Ty (U) =100 f 4 L (uner), t € T,

where, in this simplified context, II"» : L2(I,,) — P (I,,) is the L2-projection
onto P (I,,), and

(3.2) 5, B (L) = B (L), Ty (o) = i (o) + A

is the scalar version of (2.11). As mentioned earlier, I\ is an isomorphism on

the space P™ (I,,). Hence, applying the inverse operator (Ff\";n)*l to (3.1), the dG
solution U on I,,, can be represented as follows:

(3.3) U= (Ty,) L (wn—1) + 105 f] - on L,

Consequently, the stability of the inverse of I is crucial in our analysis. We will
attend to this matter by means of the classical scalar model problem

P! (t) + Mp(t)
'(/}(tmfl) =

0, teln,
(3.4) ) "

with the solution t(t) = e~ At=tm-1),

3.1. dG fundamental solution. We denote the dG time stepping approxima-
tion of (3.4) by ¢\ € P"(I,,) and call it the dG fundamental solution of degree 1y,
on I,. Based on (3.1) and (3.3), with f =0 and wu,,—1 = 1, it holds that

(3.5) Iy (Wym) = L (1)
and

(3.6) V= () L (L),
respectively.

Our goal is to derive an explicit representation formula for (Ff\’fm)_l. To this end,
we consider the subspace

P! (1) i= {v € P (In) < v(tm_1) = 0}

as well as its image under 1";\’7"7’11, ie.,

W™ (L) == T3 (PG™ (1))

,m

LEMMA 3.1. Let X > 0. It holds that dim W\ (I,;,) = 7, and we have the direct
sum

Wi (I,) @ span{Ly (1)} = P" (I,,).

Proof. If A\ = 0, then the result simply follows by observing that the derivative
operator maps the space P" (I,,,) onto P"~1(I,,,) if r,, > 0, and by noticing that the
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lifting operator is of exact degree r,,. Hence, let us consider the case A > 0. For¢ > 0
and 1 < m < M, consider the integrated Legendre polynomials

9 [t
(3.7) Q' (t) = — K["(s)ds, t e L,.

km tm—1

Evidently, the set {Q"}/, " is a basis of Pj™ (I,,,). Furthermore, since the polynomial
degree of F;:’;n(QE”) is exactly ¢+ 1, for 7 > 0, it follows that {Ff\:';n(an)};;L(; ! forms a
basis of W™ (I,,). It therefore remains to show that the intersection of span{L}m (1)}
and W\ (I,,) is trivial. Take any w € W)™ (I,,), and choose v € Py ([,,) such
that w = v/ + Av = aLl™(1) for some a € R. Then, testing by v and integrating over

I, yields

1
0= av(ty 1) = a/ Lr (1o dt = / (0 + Mpodt = Soltm)? + Aol
I I,

Hence, we conclude that v = 0, and therefore w = 0. 0

It is interesting and useful for the subsequent analysis to notice that the above
setup gives rise to the dG dual solution of degree ry, on I,,, which we denote by ¢\ €
Prm(I,,). It is defined via the differential equation

(3-8) (@3")" = Agym — Ly (@5 (tm) = L (1),

where the lifting operators L) and Ef,;" are given in (2.5) and (2.8), respectively,
with X,,, being replaced by R.

LEMMA 3.2. Suppose that A > 0. There exists exactly one solution of (3.8)
in P'm (I,,), i.e., the dG dual solution ¢\™ is well defined in P™™ (I,,). Furthermore,
P\ is L% -orthogonal to WY (I,,,), i.e.,

/1 o\rwdt =0 Yw € Wi (I,).

Proof. Let us define an operator W : P™(I,,,) — P"™(I,,,) by
(3.9) V() := 0 — Ao — L7 (v(tm)).

We show that the kernel of W is trivial, i.e., ¥ is an isomorphism. Suppose that v €
P (I,,) and W(v) = 0. In the case when A = 0, this implies that v’ = L™ (v(tm)).
Now, since [’,i,:b" (v(tm)) has degree exactly r,,, unless v(t,,) = 0, we conclude that v' =
0 as well as v(t,,) = 0. This, in turn, leads to v = 0. Otherwise, if A > 0, we test (3.9)

by v € P™(1,,) and integrate over I,,. Then,

0= /1 V(v)vdt = /1 (v’ — v — LI (v(tm))) vdt

m m

1

= 5 (V) = (b)) = Aol — v(tn)?
1
= 5 @(tn)” + 0(tn-1)*) = AllolT(r,.) -

This immediately results in v = 0. Hence, there exists exactly one ¢\ € P™(I,,)
such that W(p\™) = Ly (1).
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In order to prove the second assertion, we let w € Wi™([,,) and choose v €
P™ (I,,) such that w = v" + Av. Then, integrating by parts, it holds that

/¢;mwdt_/ & (o) + o) dt

= [ @Y+ ag e d - 65 oten)

Im

- / (=57 + Ady + LT (65 (tn)) o .

Im

Invoking (3.8), we obtain

/ P\rwdt = / —Lym(1)v = —v(tm—1) = 0.
Im I’Vn

Therefore, ¢\™ is in the orthogonal complement of Wi™ (I,,). 0

LEMMA 3.3. Let A > 0. The initial values of the dG fundamental solution \™
and the dG dual solution ¢\ satisfy

(3.10) (b;m (tm-1) = _w;m, (tmfl)‘
Proof. Testing (3.8) by ¥\ and integrating over I,,, by parts, we obtain

0= (s - Aqﬁ'”m—vr"(;m(tm))—mr(l)) vt
/ B (U5m)' dE + G ()05 (E) — G5 ()05 (Fa)
- / SR U5 At — G5 (b U™ (tin) — U5 (b1
/ O {5+ M5 4 L (5 (b))} At — 57 (tan).
Implementing the definition (3.5) of the dG fundamental solution yields

/ By Liy (1) dt = 0 (1) = —67 (bmo1) = V5" (b):

which is (3.10). ad

Our next step is to prove that the dG dual solution takes the value of its maximum
norm at t,,_1.

PROPOSITION 3.4 (stability of ¢\™). Suppose that X > 0. It holds that

(3.11) H(b;m”Loo(]m) = |¢§\m(tmfl)‘
and
(3.12) — 1<\ (tm—1) <O.

The proof of the above proposition, to be presented later, is based on some prop-
erties of the Legendre expansion of the dG dual solution. More precisely, write

T'm

(3.13) = Zal

with the Legendre polynomials { K" }i>¢ from (2.6) and (2.7).
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LEMMA 3.5. Let A > 0. Then, for the coefficients ao,...,ar, n the Legendre
expansion (3.13), the following recursion formulas hold:

1+ ¢§\m (tmfl>

.14 = —
(3.14) ao ke X )
(315) a; = —% (]jn + )\) agp,
(3.16) a; = (20 +1) <2a.i23 — 2]:i)\1> for2 <i<r,.
= m

Furthermore, we have that a; # 0 as well as that
(3.17) sign(a;) = (—1)"!
foranyi=0,...,1r,.

Proof. We begin by integrating (3.8) over I,,,, which yields

f O\ () dt = =1 — @\ (ty—1)-

Then, making use of the expansion (3.13) as well as of the fact that

KMdt=0  Vi>1,

I7n
we see that Ak,a0 = —1 — ¢\ (t,,—1), and hence
g = 1O (1)
0 km)\ )

which proves (3.14). Next, we employ again the integrated Legendre polynomials
defined in (3.7) and notice the following properties (see, e.g., [24, eq. (9)]):

(3.18) Q' = Ki" + K7, Q7" = m(KiH - K"y), i>1
Due to Lemma 3.2, we note that
O—/ (v + v)dt Vo e Pgr(Ly,).

Thus, applying the expansion (3.13) and choosing v := we obtain

J I

T'm

O—Zal/ Km< Km+/\Qm> §=0,. . 1.

Involving (3.18) and using the orthogonality property (2.7) of the Legendre polyno-
mials, we arrive at

2 A
0—(km+A)CLQ+3a1,
DY R A R ALY IFRE S Ak

(3.19)
1 S] S Tm—1-
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Rewriting these equalities yields the asserted recursion relations (3.15) and (3.16).
Here, we note that ag # 0 since otherwise all coefficients would be zero, which, in
turn, would lead to ¢\™ = 0. Moreover, the recursion formulas (3.19) immediately
show that the coefficients a;, j = 1,...,7y,, never vanish, and they have alternating
signs.

It remains to show the sign alternation property (3.17). To this end, we test (3.8)
by the Legendre polynomial K, and integrate over I,,,. Then, observing that (¢\™)" is
L2-orthogonal to K" (because it has degree r,, —1) and applying the properties (2.6)
and (2.7) leads to

km>\ Tm Tm
= *marm - % (tm) - (*1) ’
and therefore,
2rp, +1, ., -
(3.20) ar,, = == (@) () + (=1)™).

Next, we test (3.8) by ¢\™ and integrate over I,,,. A brief calculation reveals that

2

(3:21) 2 e, + 185 ()2 = =83 (1) (2 + 65 (tn1))-

Since the left-hand side of (3.21) consists only of nonnegative terms, it follows that

" (tm—1) € [=2,0]. In addition, we note that max,c|_s ) [-2(2 4+ z)] = 1. Hence,
the right-hand side of (3.21) and thereby also the left-hand side are both bounded
by 1. This implies, in particular, that |¢3™(¢,,)| < 1. Therefore, from (3.20) and
because a,, # 0, we infer that sign(a, ) = (—1)"*l. Since the sign of the coeffi-
cients a; are alternating, we necessarily arrive at

sign(a;) = sign(a,, ) (~1)7 = (<L) = (1

for 0 <j <rp. 0

Proof of Proposition 3.4. We apply the Legendre expansion (3.13) of ¢\™. Then,
recalling (3.17) and invoking (2.6), we deduce that

Tm

(3.22) N (tmer) = — ) _lag|< 0.
i=0
This is the upper bound in (3.12). In addition, noticing that

(3.23) 1K e 7, = 1

we infer

Tm

Tm
Lo (1) < Z‘ai| ”szHLoo(jm) = Zo|az|
1=

=0

(3.24) o3

Combining (3.22) and (3.24), we arrive at (3.11). Finally, the lower bound in (3.12)
follows from the fact that ag < 0 (cf. (3.17)) and from (3.14). O

The ensuing lemma provides further properties of the dG dual solution which will
be crucial in the stability analysis below.
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LEMMA 3.6. For A > 0, the coefficient a,,, in the Legendre expansion of ¢\
(cf. (3.13)) satisfies the bound

la,, | <1+ _ Mo -
fml = 2(2r, + 1) ’

Proof. We use the formulas for the Legendre coefficients ao, ..., a,, of ¢} from
Lemma 3.5. Specifically, from (3.14) and (3.17) it follows that

(3.25) Memlagl =1+ ¢\ (tm—1)-
Moreover, taking moduli in (3.15), we deduce that

3(2 4 Akp)

(3.26) o] = =

laol-

In addition, rearranging (3.16), we have

o Ak, < a;—1 Qi1

Q;

- - = , 1<i<r,-—1,
2 2t —1 21+ 3

which, involving again (3.17), leads to

Ak (|ai+1| _ lai|

2 | = :
(3.27) il =" {913 %1

>, 1<i<rm— 1.

Inserting (3.27) into (3.22) implies

m— 1
— " (tm—1) = |ag| + |ar, | + i TZ @ia] _ laii]
A Armel 0 " 2~ \2i+3 2i—1)°

Observing the telescope sum on the right-hand side results in

=" (tm—1)

= (1= 2m |a|—Akm|a|+ Ak la | + 1+)‘k7m |lar. |
- 2 o e T T, 1)t 2(2ry, +1) ) "

Applying (3.26), we note that

Ak Ak
— 5 (1) = — Ak, __rm S 14" - |
5 1) = Mool + 52 o+ (14 52 o,

Making use of (3.25), we arrive at

1= )‘kimm I+ (1+ _ Ak la
22, — 1)t 22ry, +1) )7

which yields the bound

)

Ay,
1> (14 28m .
—< +2(2rm+1)>|a’“m|

This completes the proof. 0
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LEMMA 3.7. Let A > 0. For the dG dual solution from (3.8) it holds that

10X 2,y < Y5.28 (P km AV, 12,
where, for r € Ng and o > 0, we let
3 /a
(3.28) T3.28(r, 0) == (W"D"’Q) :
In particular, ||¢\™ ||L2(Im) — 0, as r,, — 0o, uniformly with respect to \.
Proof. Recalling (3.20), we have that

km A
2r, + 1

(3.29) |5 (tm) — (71)rm+1| _

|ar,, |-

Moreover, due to Proposition 3.4 we notice that
0 <1403 (tn1) =1 =[5 oo,y S 1= 183" (Em)] < [(=1) T = 83 (tm)]| -

Hence,

A
. T () < _m7 - |
(3.30) 0 <1+ ¢y (t 1)72rm+1|am\

From (3.21), we recall that
T |12 T Tm Tm
(331) 2\ ||¢)\ HL"’(Im) = _|¢)\ (tm)|2 - ¢)\ (tm—l)(2 + (b)\ (tm—l))-
We estimate the terms on the right-hand side of the above identity separately. First,
T T T 2 T Tm
|03 (tm)|* = [63 (tm) — (1) T+ 2(=1)" 13 (tn) — 1

> 14 2(=1)"F (= (=1 + @i (tm))
> 1 =2\ (tm) — (=1)" ],

and thus, upon exploiting (3.29),

2k A
—[¢\ (tm)]* < —1 " |ay,,|-
O ()P < —14 52|
Next, with (3.30), it follows that
EmA
24+ ¢\ (tme1) <1+ —— .
+¢)\ (tm 1) — + 2Tm+1|a’rm

Inserting these estimates into (3.31) and recalling the fact that 0 < —@\™ (t;,—1) < 1
(cf. (3.12)), we conclude that

Tm ||2 3kmA
2X X L2(I,,) < m|arm|-
Finally, employing Lemma 3.6 results in
6kmA

Ton (|2
2M 0N ey = 3 5 1) F BN

and dividing by 2\ completes the proof. 0
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Remark 3.8. For A = 0 it is fairly elementary to verify that

(3.32) o = (1)K

Tm

in (3.8), where K is the Legendre polynomial of degree r,, on I,. Therefore,
revisiting (2.7), we observe that

Tm J— km 1/2
166" e = (5757 )

which slightly improves the estimate from Lemma 3.7 above.

The following result is the analogue of Proposition 3.4 for the dG fundamental
solution.

PROPOSITION 3.9 (stability of ¢\™). Let A > 0 and 1 < m < M. For the dG
fundamental solution from (3.8) the identities

(3.33) 105 e ) = 05 (b
and

(3.34) I N 1,y = = (@3 (1)
hold true.

Proof. For simplicity of presentation, we suppose that r,, > 4 (the cases 0 <
rm < 3 can be verified directly). We show (3.34) first. For this purpose, let us
expand (1))’ in a Legendre series, i.e.,

Tm—1

(3:35) (W3 = Y bk,
i=0
with coeflicients by, ..., by, —1. Recalling (3.7) and using (3.18), for t € I,,,, we have

t
;m(t): ;m(tm_l)Jr/ ( ;m)/ds
tm—1

T —1

T an m
= 1?,\ (tm—l) + 7 ;0 bZQz (5) ds

Tm—1

T km m m N bi m m

(3.36) =P\ (tm—1) + o <bO(K0 + K{") + Z ﬁ(Ki-H _Ki—1)>'
i=1

Note that K" = 1. Then, inserting (3.35) and (3.36) into (3.5), using the represen-
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tation (2.5) of the lifting operator, and comparing coefficients leads to the equations

(3.37)

Ak N
AP (tm—1) + (1 t— ) bo — —=b1 =

6
Ak Ak,
71)0—}—[)1 10 ———by
A, M
o b1+ b — oo bi =
22i—1) T T o)
A
———b. _o+b. 1=
22y —3) T2 T O
Ak,
— b, _
22y — 1) "™
Here, we denote by e/\ =1-

from (3.4) and its dG approxnnatlon (N
that the signs of the coefficients by, . . .

1,
—(=1)"(2i+ 1)y,

Em

125

1

km eA,m’

3 +
——€
km A,m?

m
1 Tm—1 +
(—1)" Y (2ry, — 1)e

1 T
(=1)" (2rm + 1)ex -

3" (tm—1) the error between the initial values of 1)
. In order to show (3.34), we first illustrate
r.,—1 are alternating. We focus on the case

where 7, is even. Let us first observe, by (3.10) and (3.12), that

(3.38) 0 <Yy (tm-1) < 1.
Rewriting the last equation in (3.37), we have
(-1
brmfl = W(Zl'r?n — 1)6;7”.
Using (3.38), we notice that
(3.39) el >0,

and because 1, is even, we arrive at b,

equation in (3.37), we infer

2 2(—1)rm—1t
A2,

br,m,Q = —W(Qrm — 3)b7‘m71 +

Analogously, the third equation in (3.37), with i = r,,, —

_1 > 0. Then, from the second-to-last

—3)(2r, — 1)ef, <O0.

A,m

(2rm

2, implies that

2
br,,—3 = _W(Qrm —=5)by,,—2
2 — 5 2(—1)rm—2
2’“71@,”,1 n ¥(2rm — 5)(2rm — 3)el, > 0.
Tm — ’

We continue in the same way to conclude that sign(b;) = (—

it for 1 <i <y — 1.

Finally, applying the second equation in (3.37), it holds that

M,
Then, from (2.6) and (3.23), we obtain

T —1

2
bo=< b1 +

(5" () = — |
> |

= ¥ -

> W5 Nl 1,

3
b ke;\ﬁm) < 0.

Tm—1 T —1
Dol =D bl K e,y
=0 =0



L*>°-STABILITY OF dG TIME STEPPING 307

which gives (3.34). For r,, odd we may proceed similarly.
In order to complete the proof, we show (3.33). To this end, we evaluate (3.5) at
t= tm,12

( ;m)/(tm—l) + /\w;m (tm—l) - e;mL:{;" (tm—l) = 0.

Since the coefficients of the lifting operator L] are alternating, and because of prop-
erty (2.6), it is straightforward to see that [|L7:" [y w7, ) = Ly (tm—1) > 0. Hence,

with e;tm > 0 and by means of (3.34), we see that

MGG (1) = 15 oy + € L e -
Thus, in view of (3.5), which implies that
M gy < Y ey + € L ety

we conclude that 1} takes its maximum at ¢ = ¢,,_1. d

3.2. Representation formulas. In this section we derive explicit representa-
tion formulas for the operator (I'y” )~ defined in (3.2). Observing (3.5) and Lemma

3.1, it is sufficient to investigate how (Ff\%)fl acts on Wi (I,,).
LEMMA 3.10. Let w € Wy (I,,,), then it holds that

t

) ) = [ (s ds

tm—1

Proof. Let w € W\ (I,,), and choose v € P{™ (I,) with w = v" + Av. Then, we
have the following equation:

w(s) = T35, (0)(5) = (8) + Aofs) = e Xt L (Atn(s)) s,
’ S

Hence, it follows that & (e*Ms=tm-1)y(s)) = eMs~tm-1)y(s). Integrating with respect
to s over (tm—1,t) and using v(tm,—1) = 0, we obtain

t
eMt—tm—1)y(4) = / eMeTtm=1)yy(s) ds,
tmfl

and therefore,

@ma*mmw=ww=/ Nt (s) ds.

This completes the proof. 0
PROPOSITION 3.11. For any w € P"™™(1,,) it holds that

t
(Tn,) ™ (w) = —e A emtne) ( [ wer ds) Bo®+ [ s,
I

m tm—1

where

t
(3.40) nf\”"m(t) =1 —/ ek(s_tm—l)L;’l"(l) ds.

tm—1



308 LARS SCHMUTZ AND THOMAS P. WIHLER

Proof. Consider any w € P"™ (I,,,). Then, Lemma 3.1 implies that there exist
a € Rand wy € W™ (1,,) such that w = wo+ oL} (1). Hence, applying Lemma 3.10
and recalling (3.5) yields

(03~ () = (T5,) ™ (o) + a(T5,) (L (1)

t
= / GA(S_t)'lU(] ds + aw;m

tm—1

¢
= / A6 (w — al™ (1)) ds + ap\m

tm—1

¢ ¢
a( L —/ eAEHLm (1) ds) —|—/ ey ds.
tvn—l t

m—1

Setting
t
oy, = ;m—/t M= T (1) s

and using the fact that )™ is the solution of (3.5), an elementary calculation reveals
that

(OF7,) + 0%, = =\ (tm—1)L (1)
Integrating this identity, we arrive at
O (1) = 7T =Dl (b1 ), (1),
Therefore,
t
(an;n)—l(w) _ ae—k(t—tm—l)w;m(tmil)nimm(t) +/ e/\(s_t)wds.

tm—1

In order to determine the value of o, we employ Lemmas 3.2 and 3.3. This yields
/ we\™ dt = a/ Lo (1)@ dt = ad\™ (tm—1) = —ah\™ (tm—1),
m I”YL

which directly leads to the desired formula. 0
The following lemma gives an interesting interpretation of 7} defined in (3.40).
Let us denote by
(3.41) enm = e Mo gty -t e I,
the pointwise error between the solution ¢ of (3.4) and the dG fundamental solu-
tion ¥\ from (3.6).
LEMMA 3.12. We have the identity

Ex,m (t)

A T
e)\,m(tmfl) "

e—A(t—tm,_l)n;:nm(t) —
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Proof. Due to (3.39), let us first note that the right-hand side in the above identity
is well defined. Recalling (3.6) and applying Proposition 3.11 with w = LI (1), we
note that

t
w0 = = ([ lp e as) g+ [ e
Im

tWL—l
t
_ _¢§m (tm71)e—k(t—tm,—l),r];”:nm’(t) +/ e)‘(s_t)L:,T(l) ds.
tvn—l

By virtue of Lemma 3.3, this leads to

t
() = 3 (b )e M) (1 - im(tm—l))/ AL (1) ds,

tm—1

and thus,

t
—exm(t) = _e/\,m(tmfl)e_k(t_tmfl) + eA,m(tm*l)/ e)\(s_t)erm(l) ds

tm—1

e—)\(t—tmfl)n;":nm(t)_

= —exm(tm-1)
This proves the lemma. 0
Summarizing the above results, we obtain the following representation expression.
COROLLARY 3.13. For any w € P™ (I,,,), the identity
(3.42) (M) w) = —% /Im we () dt + /;1 Ay ds
holds true.

3.3. Stability. We are now in a position to derive stability bounds for (F;”;n)*l
as well as for the scalar dG time stepping solution from (3.3). In this section, let us
suppose that A > 0.

PROPOSITION 3.14 (L*°-L2-stability of (I'\ )~'). Let w € P™(I,,), 1 <m <
M. Then the stability estimate

Tm — 2
(3.43) || L, < OK R Tl

holds, where

€x,m

3.44 CL = Yya8(rm, k) || —2™
( ) AT 3~28( ) e)\,m(tm—l)

s + min (17 (zka)“ﬁ) .

Proof. We separately bound the two terms on the right-hand side of (3.42). By
means of the Cauchy-Schwarz inequality and Lemma 3.7, we have

\ / wey dt\ < Nl g,y 195 e,y < P T8 (P k) Tuollga s -

Therefore, we infer that
(3.45)

exm(t)
e)\’m(tm,ﬁ

e)\vm(t)

—_— w 2 .
e)\,m(tm71> || HL (Im)

Leo(Im)

/ wébf\'" dt' < k;,/ng.Qg(T’m, k’m)\)
I
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Similarly, it holds that

t t /2
[ ) ds [ ds> iy
tom— tm—1

‘ S ety (
(3.46) Leo(ryy  tEIm

m—1
< min (K2, (20)72) Jwllgaq, ) -
The two estimates (3.45) and (3.46) immediately imply the asserted result. |

Remark 3.15 (L°°-L!-stability of (I":\i’;n)*l). As in Proposition 3.14 above, for
w € P (L,), 1 <m < M, we can derive the bound

Tm -1 Ll
(3.47) |5 | L, < Ol
where
(3.48) oL | —Sm +1.
sT'm e)\7m(tm71) Lo (1)

Indeed, to see this, for the first term on the right-hand side of (3.42) we employ
Proposition 3.4 to obtain

\ | wee dt\ < el g,y 1957 e,y = N0l r, ) 1657 (o] < el s,
Therefore, we obtain the bound

eA
m / d);m dt‘
€, m m 1

As for the second term, we note that

¢
/ A (s) ds
-

m—1

(SN m(t)

(3.49) o m( )

”wHLl(Im)'
Lee (I,)

t
< sup / A0 uw(s)|ds < [[wllpa,)

t€lm Jtpm—1

(3.50)

Lo (Im)
Thence, combining (3.49) and (3.50) gives (3.47).

Remark 3.16. The term He%m (tm_1)"t arising in the two constants

eAvaL“’(Im)
C/I\‘;m and C/I\“;m from (3.44) and (3.48), respectively, can be estimated uniformly with
respect to the time step k,, and the polynomial degree r,,. In fact, performing an
integration by parts in (3.40), we note that

Wi (1) = 1 — XM=tn) i +/\/ (o= tm=1) pion () ds,

where we define .
prm(t) == / L= (1)ds, tel,.
tm—1

Rearranging terms, we obtain

t
(0 =X @) <3 [ Qe () ds, te T

tm—l



L>°-STABILITY OF dG TIME STEPPING 311
Referring to [11, Lemma 1], it holds that

(3.51) 11 = pr Lo 1,y = 1-

Consequently, we conclude that

t
Iny\m, ()] < Mt—tm—1) 4 )\/ AMe—tm—1) g = A t—tm—1) _ 1

tm—1

Recalling Lemma 3.12 results in

€x,m

(3.52) 7e)\,m(tm—l)

< sup (2 — e_’\(t_tm'*l)> =2 — e Mm,
Lo° (1) tel,,

In particular,

CY. < (2= e m) Ty.08(rm, ki A) + min (1, (2)\km)*1/2)

(3.53) ; "
<2
(2(2rm +1)+ k:m)\>

+1<V6+1

in (3.44), and thus C;\ﬂr is uniformly bounded with respect to the parameters k,,,, r,,
and \. Incidentally, a considerably more involved analysis in [20, section 4] reveals
that it even holds that He)\’m(tm,l)_le)\’mHLw(I ) = 1; i.e., the above inequality
improves, for example, to C;;Qrm < /324 1.

Remark 3.17. For A = 0, recalling (3.32), we see that Proposition 3.11 implies
the following representation formula for (x"=)~!(cf. (2.10)):

(o) Hw) = (1) ( /I wKzzdt) (1= plm () + /t wds

m tm—1

for any w € P"™ (I,;,). Revisiting (3.51) and denoting by

2rpy + 1
Wy, = T / wK" dt
v km I m

m

the r,,,th Legendre coefficient of w (cf. (2.7)) leads to the stability estimate
106 @) e ry < [0l + 0l s © € B (T,

which is an improvement of [11, Proposition 1].

The above Proposition 3.14 immediately implies an L°(I,,)-stability bound for
the dG time stepping solution U € P™(I,,,) from (3.3).

THEOREM 3.18 (L*°-stability of scalar dG solution). The dG solution U €
Prm(I,,) from (3.3) satisfies

2
Ul e 1,y < lum—1] + C&,rmeQ 12,y s

with C&;m from (3.44).
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Proof. Employing the triangle inequality to (3.3), together with the linearity of
(F’)'\"”‘m)*1 and LT, we have

10l 1y <l [(C) 7 W) || @ )|

LOO(Im) LQC(Im) .

Recalling (3.6), it follows that

101y < Ftmnes | B ey + [ (5 MO0 P
Using (3.33) and (3.38) and estimating the second term on the right-hand side of the
above inequality by means of Proposition 3.14, we deduce that

2 T
Ul e 1,0 < Ntm—1] + Cx B2 1Tl

m)

The proof now follows from applying the L2(I,,)-stability of IT7m. |

4. Linear parabolic equations. We now attend to the stability of the fully
discrete dG time discretization (2.9) for the linear parabolic evolution problem (1.2).
For this purpose, for 1 < m < M, we make use of the spectral decomposition of
the discrete elliptic operator A, introduced in (2.2): Since A,, is self-adjoint and
positive definite, there exist orthonormal basis functions {p;}rm C X, X, =
span{y1, ..., ©n, }, which are eigenfunctions of A,,

(41) (QOZ',(,O]')H :5ij7 Am(p1 = )\1(,01, Z,j = 1,...,nm.

Here, for 1 <i < n,,, we signify by A\; > 0 the (real) eigenvalue corresponding to ;.
Then, any function w € P™ (I,,,; X,,,) can be represented as

Mm

(4.2) w(t) = ai(t)pi,
i=1

where a; € P™ (I,,,) are time-dependent coefficients, and by Parseval’s identity it
holds that

Nm

@I =3 ait?,  tel.

i=1

Furthermore, for the purpose of Remark 4.6 below, we derive a lower bound on the
dual norm. Specifically, for w(t) # 0 as in (4.2), using (1.5), we have

w2, = su (w(t), v)%. . x <w(t)7A7_nlw(t)>§§*XX7 (w(t),qulw(t));I
[l = s = 2 T AT T A

Moreover, with the aid of (1.3) and (2.2), we deduce that
avslAZ w1 < (AAZ w(t), ALt w(t))y, o = (w(t), AL w(t))y, -

Hence,
w3 > ars (w(t), AL w(t)),.
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Due to (4.1) we infer that
ALtw(t) = Z@i(t))\i_l%,
i=1

and in conclusion,

M

(4.3) w2 s Y @y

4.1. Stability of dG solution operator. Following our approach in section 3.3
we now investigate the stability of the inverse of the discrete parabolic operator I')m
from (2.11).

PROPOSITION 4.1. Given w € P (1,,,; X,,), with a spectral representation as in
(4.2), we have

N

(4.4) (Cr) ™ w) = Y (03,0 " @),

i=1

where ' and T\" - are the discrete operators defined in (2.11) and (3.2), respec-
tively. Moreover, the estimate

(45) 1) ™0 e, ) < Okl el 1,0
holds true, with

(4.6) Cp, '= max CS’TW

1<i<ng,

where C&QT is defined in (3.44); cf. also (3.53).

Proof. Let w € P™™ (I,;,; X,,). Since I''™ is an isomorphism on P (I,,,; X,,) there
exists a unique v € P™ (I,,,; X,,,),

N
v=> bipi, bi e P (1), 1<i<nm,
=1

such that w =TI (v). Equivalently, by linearity of T'7m,

w=S T (b = S i (b)ei + bihmer = > (G (b0) + Aiby)
i=1 =1 i=1

i=1

Comparing coefficients with (4.2), we infer that a; = I'y", (b;), and thus that b; =
(T3 ,.) " (aq), for any i = 1,...,ny,. Therefore,

Nm

(Cr) " Hw) = v = (T5,) " a)es,

i=1
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which is (4.4). Now, employing (4.1), we obtain

2
<oz,

@) @) H—supZ\r“" -

Applying Proposition 3.14, we arrive at

Tm 12
)™ @)l o g,y < Okl (Z ||ai||izam>> = okl g g, -

i=1
Recalling (3.53) completes the proof. 0

4.2. Stability of homogeneous problem. For 1 < m < M, denote by " &
P (Ipn; X,y,) the solution of the discrete problem

d
(4.7) ¥ AR A L (T (1)) = Lo (T U a),

where U, _, € H is a given value. Note that this is (2.9) with f = 0.

LEMMA 4.2. Let @™ € P (1,,; X, ) be the solution of (4.7). Then, we have the
stability estimate ||\ @™ |

ooty < Ut |-

MNm

Proof. We use the spectral decomposition m,,,U,,_; = ijl ajpj, with constant
coefficients aq,...,a,,,. Furthermore, exploiting the representation of the lifting op-
erator from (2.5) and involving (3.5), it holds that

Ly (m U, Z a;Lym (1 Z ajl"r’" )5,

where we slightly abuse notation by denoting the lifting operator on X,,, and on R in
the same way. Hence, by virtue of (2.12), with f = 0, and due to (4.4), we observe
that

(4.8) T = () 7 L (mnUp)) = ) agiouir
i=1

Using orthogonality and applying (3.33) and (3.38), leads to

Nom, MNom,
2 -
||‘IlrmHL°°(Im;H) < ZC@ ng\j < Za = |lmmU,, 1H1HI'
j=1
Finally, applying the stability property (2.1) completes the proof. ]

Remark 4.3. We notice that W™ defined in (4.7) is the fully discrete approx-
imation of the solution of the homogeneous parabolic equation (1.2), with f = 0,
on the time interval I,. For ¢t € I, the latter can be represented as U(t) =
e*A(t’tmfl)u(tm_l). Consequently, for ¢ € I,,,, the error satisfies the identity

U(t) — @ (t) = e A=) (u(ty, 1) — 1 Upn_y)
(4.9) + (e—A(t—tm_l) _ e—Am(t—tm—l)) Ui

+ (e m.(t tm— 1)7-[- U’;L 1— |I(7Wn (t)) .
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Let us briefly discuss the three terms on the right-hand side of the above equality. By
stability, the first term in (4.9) may simply be estimated by

sup He—A(t_tm—l) (u(tmq) _ WmUT;q) H

tel, H

< ultm—1) = TnUp, |l < Jultm-1) = Upi il + [[Unct = Ui |52

which shows that this term is bounded by the error in the previous time step and by
a mesh change contribution. Moreover, the second term in (4.9) refers to a Galerkin
discretization error in space. Finally, using the spectral decomposition of 7,,,U,,_; as
in the proof of Lemma 4.2, and recalling (4.8), the third term in (4.9) can be written
in the form

N

Ay (t—t— — ™ =X (t—tm— m
e~ Al DU — 8 ( Za]gpj( 1)—7,0;\],), te L.
Thus,
MNm
(t—tom_ - m
s ettt tmnt s = w0 < 3 el

where the scalar error ey ,, is defined in (3.41). Employing (3.52), we notice that
||e/\17m||L°°(I ) < 2lex; . m(tm—1)| and therefore obtain

Sulp H m(t—tm—1) mU;_l—qﬂm(t)H <2H7rm i 1HHsup‘1— ;’j”(tm_l) .
te

In particular, we see that the third term converges spectrally as r,,, — oo.

4.3. Stability of inhomogeneous problem. Let us now turn to the stability
of the fully discrete dG discretization (2.3)—(2.4) of the linear parabolic problem (1.2).

THEOREM 4.4 (L°°(H)-stability of the dG time stepping method). For any 1 <
m < M, the fully discrete dG time stepping solution U € Hn]\f{:l Prm (Ln; X)) from
(2.3) fulfills the stability estimate

(4.10) U e 0,y :20) < N0t llsz + Yt £l 0,6, -

Here, we let vp, := maxi<j<m C;, where, for 1 < i < M, the constant C; is defined
n (4.6).

Proof. For 1 < i < m, we invert (2.12) to infer the solution formula

(411) U,

= (07N L (mUpy) + (T7) NI f) = 7 4 (T7) (I f),
where W™ is the solution from (4.8). Then, Lemma 4.2 implies that

||U||L°°(IL ) = Ul + || (i) (H;if)HL“’(Ii;H)'
Furthermore, employing (4.5), together with the L?(I;; H)-stability of IT}*, we have

N — 1 ri 1/
(412) @) T O gy < Ok Il < O™ 1l -
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This yields the bound
(4.13) 1T o 1y < MOl + Gk 1 £l 1, -

Now select i* € {1,...,m} such that |Ully (o)) = IUllLe(r,. ) Then,
with (4.13) it holds that

1
U oo (0,t0)m) < Ui 1 [l + Cink; 2||fHL2(I JH) -

In order to estimate the first term on the right-hand side of the above inequality, we
iterate the bound (4.13), thereby yielding

1
1Tl (0. yt) < N Nlpoo o+ Ci k2 1 F o, )

<|NUi Zollm + Cik” |1 £l 7,
(4.14) Zl (i)

—_ 1
< Uy e + > Cibd™ 1 Fllpe gz, -

=1

Recalling (2.4) and applying the Cauchy—Schwarz inequality, we obtain

m 1/2 m 1/2
||U||L°°((O,t,,L);H) < |Imouollm + ¥m <Z ki) (Z |f||i2(1i;H)> )

i=1 i=1
and the proof is complete. O

Remark 4.5. Recalling (4.6) and exploiting (3.53), we infer a (rough) estimate
for 7, from (4.10), namely 7, < maxj<i<m C; < V6 + 1. In particular, 7, is
uniformly bounded with respect to any discretization parameters.

Remark 4.6. Revisiting (3.43) and invoking (3.53), for any w € P™(I,,), we
deduce the bound

(4.15) H(r;?mrl(w)H

1/
Loo (L) < C)\r >‘ ’ ||wHL2(Im)a

where 5’%2; = (2—e" )(k: N)72Y3.98 (T, kmA) +27 /2. Similarly as in (3.53) it is
1mmed1ately verified that C° X.r,, 1s uniformly bounded with respect to kp,, rp, and A.
Now, proceeding as in the proof of Proposition 4.1, and utilizing (4.15), we obtain

< 02 Z)‘ 1 ||al||L2(,m),

) Hw%m<zu&m )

with ém ‘= MaXi<i<n,, 5')%;77_7”. Invoking (4.3), this transforms into

| (@)~ ||L°°(I H)<Cm0‘13 wllea(z,,;50)-

Then, the bound (4.12) is modified to

T \— Tm ~ ! Tm ~ =t
7 OO )|, 1) < Comr Il ey < Conerd 1l ree)
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where the projection I needs to be extended to L2(I,,;X*); cf. [24, eq. (10)].
Thereby, we obtain the following analogue to (4.13):

_ -~ —1
U e 1,20y < WUl + Ciay o 1 o, e

Adding as in (4.14), we arrive at

_ 1 =~
||UHL°°((O,tm);H) <NUs llm+ 041.3/2 Z Ci Hf”L?(Ii;X*) ’
i=1

We emphasize that, in contrast to the bound derived in (4.14), there are no lo-

cal scaling factors k;/ ® in the previous estimate. Consequently, when aiming at a
global L2((0,t,,); X*) norm of the data f, the application of the Cauchy—Schwarz in-
equality causes an unfavorable m-dependence (i.e., the number of time steps) in the
resulting bound:

(4.16) HU”LOO((O,t,,,L);]HI) < [[mouo e + %nmw ”fHL?((O,tm);X*) ;

here, ¥, 1= maxi<i<m 6’1 We underline that (4.16) is relevant, for instance, in the
spectral context, where 7, — 0o, m = 1,..., M, on a small number M of (possibly
large) time steps.

Remark 4.7. For t € I, the solution of the linear parabolic problem (1.2) is given
by

t
u(t) = e ACTtm—Dy (¢, 1) + / e A=) f(s) ds.
tm—1

Hence, recalling the solution formula (4.11) for the discrete problem on I,,,, we have
u(t) = U(t) = H(t) +3(1), t eIy,

where the terms () = e At~ tm—1)y(t,, 1) — ¥ " (t), with ¥ from (4.8), and

() = / e A9 f(s)ds — (D) "L (I £) (1)

tm—1

correspond to the homogeneous and inhomogeneous part of the PDE, respectively.
Here, to bound the error ||u — Ul|;,«;, 4, We can employ our previous analysis from
Remark 4.3 to control |||y ey, - Additionally, in order to estimate ||J[|j;, . let
Im f =30 fi(t)gi be the spectral decompositi(:ln of II'™ f. By Proposition 4.1 and
Corollary 3.13 we have that (Ty) = (IT f) = Y27 (T5", )~ (fi) @i, and thus

(T3) (AL f)

o t Nom,
— _W(U)/ fi(s) K',ZL(S)dS+/ Zew\i(tfs)fi(s)%ds
-1) J1,

ex, m(t
i=1 Aem (tm tm—1 =1

- ex;,m(?) K — A (t—
=Y -2l [ e ds e [ et pds
=1

ek,i,m(tm—l) I tm—1
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Then
Nm t
~ S 1,m — —s r
20 =3 P [ gz ds [ e (0) T 0 ds
t
+ / (e_A(t_S) — e‘Am(t_s)) I f(s) ds.
tm—1

We notice that the second integral is a data approximation term (which, with the aid
of stability, can be estimated further), and the third integral relates to the spatial
Galerkin discretization. Incidentally, the second term in (4.9) and the third integral
above add to the semidiscrete error in space; cf. [25, section 6]. Moreover, recall-
ing (3.52), the first term can be estimated by

Nm

Z e/\“mm / fi(s (s)ds|.

< ex,m(t

Even though both sides of the the above inequality are computable, we could pro-
ceed as follows by means of the Cauchy—Schwarz inequality (which results in a more
pessimistic bound):

T Y2 o, /2

/fz JON" (s < Z”fz”L?([m) ZHd’Tm

While the first term on the right-hand side of the above inequality can be bounded
by [|fllz2(s,,m) the second term can be estimated by means of Lemma 3.7.

n m

L2 (Im)
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