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We discuss our recent results regarding chiral and U(1)A restoration, both from the formal point
of view of QCD Ward Identities (WI) and from an Effective Theory analysis provided by U(3)
Chiral Perturbation Theory (ChPT) at finite temperature. Our results lead to relevant conclusions
regarding the behavior of chiral partners (in terms of susceptibilities) in the limit of exact restoration and provide useful results for lattice analysis. In addition, it helps to understand the temperature dependence of lattice screening masses in terms of quark condensate combinations. The
U(3) ChPT calculation supports the conclusions obtained within the WI analysis. Finally, the role
of the thermal f0 (500) state in chiral symmetry restoration, regarding the scalar susceptibility, is
also discussed.
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1. Introduction
Chiral and U(1)A symmetries, their nature and their possible restoration, are key elements
of the QCD phase diagram. Chiral restoration is rather well understood from lattice simulations,
which in the physical case, i.e., for N f = 2 + 1 flavors of masses mu = md = m̂  ms , and for
a vanishing baryon density support a crossover-like transition at a critical temperature of about
Tc ∼ 155 MeV [1, 2, 3, 5, 6]. The chiral transition is customarily characterized by the inflection
point of the light quark condensate hq̄qil and the maximum of the scalar susceptibility χS [4]

Z

where
T

dx ≡

Z β

Z

dτ

(1.1)
(1.2)

d 3~x at finite temperature T = 1/β , h·i denote Euclidean finite-T correlators

0

and z(T ) = − limV →∞ (βV )−1 log Z is the free energy density with Z the QCD partition function. As
the system approaches the light chiral limit m̂/ms → 0+ , Tc decreases, the light quark condensate
reduces, and the scalar susceptibility peak increases at Tc [7], approaching a second order phase
transition expected for two massless flavors [8, 9].
The U(1)A symmetry can also be restored, although the nature of such restoration is not related
to any spontaneous symmetry breaking, but to the presence of the chiral anomaly. Hence, U(1)A
restoration takes place only asymptotically as the temperature increases, driven by the vanishing of
the instanton density [10]. The possibility that U(1)A can be restored at a temperature close to the
chiral transition has profound implications regarding its universality class, the oder of the transition [8, 11] and the behavior near the critical end point at finite temperature and baryon chemical
potential [12]. This would also directly affect the way in which different hadron states degenerate
near the transition (chiral partners). Considering in particular the 0++ and pseudoscalar 0−+ meson
nonets; if the chiral group SUL (2) × SUR (2) is restored, the pion is expected to degenerate with the
σl , the light component of the σ / f0 (500) [13, 14, 15] and so would do the a0 (980) with the ηl , the
light component of the η/η 0 pair. If U(1)A is restored, the degeneration pattern would be π − a0
and σl − ηl , i.e., octet members with same quantum numbers but opposite parity. In terms of quark
bilinears,

π a = iψ̄l γ5 τ a ψl = Pa (a = 1, 2, 3),

δ a = ψ̄l τ a ψl = Sa (a = 1, 2, 3),

ηl = iψ̄l γ5 ψl ,

σl = ψ̄l ψl ,

(1.3)

where δ a correspond to the a0 (980). The rest of the octet members will satisfy also similar degeneration patterns. Namely, the K(700) (or κ) versus the kaon for I = 1/2, and the f0 (980) − f0 (500)
pair versus the η − η 0 for the I = 0 octet and singlet members. Actually, the restoration of the
U(1)A symmetry also affects the temperature dependence of the η − η 0 mixing, which is expected
to approach the so called ideal mixing as the temperature increases [16, 17, 18], i.e., the η and η 0
become states with pure light and strange quark content, respectively.
1
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∂
z(T ),
∂ m̂
Z
h
i
∂
hq̄qil (T ) = d 4 x hT (ψ̄l ψl (x)ψ̄l ψl (0)i − hq̄qi2l (T ) ,
χS (T ) = −
∂ m̂
T

hq̄qil (T ) =
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2. Ward Identities: chiral vs U(1)A restoration and screening masses
As stated above, the use of certain WI sheds light on the relation between chiral and U(1)A
restoration. The following identities are particularly useful in that respect [24, 25, 26]:
hq̄qil (T )
,
m̂
hq̄qil (T )
4
χPll (T ) = −
− 2 χtop ,
m̂
m̂
χPπ (T ) = −

(2.1)
(2.2)

where χPπ and χPll are respectively the pseudoscalar susceptibilities (zero momentum correlators)
associated to the π and ηl bilinears in (1.3), while
χtop (T ) ≡ −

1 AA
1
χP (T ) = −
36
36

Z

dxhT A(x)A(0)i,

(2.3)

T

2

3g
µν , is the topological susceptibility.
with A(x) = 16π
2 Trc G µν G̃
The combination of (2.1) and (2.2) plus an additional identity for the crossed pseudoscalar
susceptibility χPls between ηl and ηs = is̄γ5 s, allows one to write:

χPls (T ) = −2

m̂
2
χ5,disc (T ) = −
χtop (T ),
ms
m̂ms

(2.4)

i
1h π
χP (T ) − χPll (T )
4

(2.5)

where
χ5,disc (T ) =

2
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Nevertheless, there is still not full agreement among lattice collaborations on whether the
U(1)A symmetry is restored close enough to the chiral O(4) one. On the one hand, for N f = 2 + 1
flavors and physical quark masses, the analysis of [5, 6] shows degeneracy of U(1)A partners well
above the O(4) ones. On the other hand, N f = 2 analyses in the chiral limit [19, 20, 21] and in the
massive case [22], indicate U(1)A restoration very close above the chiral one.
Our theoretical approach is based on the use of Ward Identities (WI) connecting the bilinears
defined in (1.3), both formally in QCD and within the low-energy hadronic description provided
by Chiral Perturbation Theory, including the η 0 anomalous sector in the U(3) formalism [23, 24,
25, 26]. Such analysis has been completed for the full scalar and pseudoscalar nonets and allows
one to relate susceptibilities with combinations of quark condensates and differences of partner
susceptibilities with physical vertices. In particular, as we will show in section 2, the symmetry
transformation properties of such identities lead to interesting consequences regarding the relation
between chiral and U(1)A restoration. In addition, they allow one to explain quite accurately the
scaling with temperature of lattice screening masses.
A closely related analysis, which we also review here, is the study of the role of the f0 (500)
state in chiral symmetry restoration [23, 27]. In particular, we show that the scalar susceptibility
χS (T ) saturated by the pole of the f0 (500) at finite temperature describes remarkably well the
expected crossover behavior around the transition, in agreement with lattice data. We will give
more details of this approach in section 4.
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is the order parameter used in lattice simulations to study O(4) × U(1)A restoration, according to
our previous discussion on partner degeneration.
a
The importance of (2.4) is the following: under an axial SU(2)A transformation ψl → eiγ5 αa τ /2 ψl
we have
a

ηl (x) → iψ̄l (x)γ5 eiγ5 αa τ ψl (x) = iψ̄l (x)γ5 cos(αa τ a )ψl (x) − ψ̄l (x) sin(αa τ a )ψl (x),

(2.6)

with a = 1, 2, 3. Thus, for the particular choice
and αa6=b = 0,

(2.7)

we have
D
E
ηl (x) → −ψ̄l (x)τ b ψl (x) = −δ b (x) ⇒ Pls (x) → − T δ b (x)ηs (0) = 0,

(2.8)

where Pls is the ηl ηs coorrelator and we have used that ηs is invariant under SU(2)A transformations
and the last correlator vanishes by parity. Therefore, if O(4) is completely restored so that the
correlators related by SU(2)A transformations degenerate, χPls should vanish. Consequently, the
relation (2.4) together with the previous argument leads to the conclusion that in the phase where
δ − ηl degenerate (O(4)) χ5,disc should vanish and π a − η degenerate as well (O(4) × U(1)A ).
The same identity implies also the vanishing of χtop . This argument favors then a O(4) × U(1)A
pattern, at least from the formal viewpoint, along the lattice results in [19, 20, 21, 22]. In the
physical case one finds larger uncertainties for O(4) δ − ηl degeneration [5, 6], which together
with the strangeness contribution might lead to a larger gap between those transitions [25, 26].
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Figure 1: Comparison of pseudoscalar screening mass ratios and subtracted condensates for the four channels π, K, s̄s and κ. The lattice data are taken from [28] (condensates) and [29] (masses).

Another implication of the WI discussed above is that they allow one to understand the temperature dependence of lattice meson screening masses [24, 26]; since the susceptibilities χi correspond to zero momentum correlators, one can assume for meson states a scaling of the form
Mi (T )/Mi (0) ∼ [χi (T )/χi (0)]−1/2 and use for χi (T ) the WI relating them to quark condensate
combinations. The latter have to be properly subtracted to avoid lattice divergences. In Fig.1 we
show such comparison of scalings predicted by the WI for lattice data of the same collaboration
3
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with the same lattice action and resolution. The ∆i correspond to subtracted condensates defined in
terms of two fit parameters (see [24, 26] for details). Data above 1.1Tc are not fitted. The agreement
is remarkably good and the WI also explain the strength of the temperature growth of the different
−1/2
channels. For instance, the pion channel would grow like hq̄qil
according to (2.1), while in the
K and s̄s channels there is a hs̄si condensate contribution softening the temperature behavior.

3. U(3) Chiral Perturbation Theory analysis of chiral and U(1)A restoration
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Figure 2: Left:U(3) ChPT results for the isospin I = 0, 1 π, σ , ηl , δ susceptibilities. Right: Evolution
towards the chiral limit of the different O(4) and U(1)A temperatures

Furthermore, in the same figure we also show the trend towards the chiral limit of the different
degeneration temperatures for the nonet members. It can be clearly seen that all tend to the same
value as the chiral limit is approached. Since in the chiral limit O(4) restoration is meant to be
exact, these results confirm the conclusions obtained in section 2. In addition, we have obtained
in [26] that the temperature dependence of χ5,disc (T ) in U(3) ChPT is the same as that of hq̄qil (T )
4
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The discussion in section 2 has dealt with formal WI derived from QCD. A particular hadronic
low-energy realization of those results is provided by U(3) Chiral Perturbation Theory (ChPT),
which is the most general framework describing the π, K, η and η 0 states. In order to incorporate
properly the large mass of the singlet η0 due to the axial anomaly, the U(3) ChPT framework relies
on the large-Nc regime [30, 31, 32, 33], so that the chiral counting is extended to include 1/Nc
in a general parameter δ such that M 2 , E 2 , T 2 , m̂, ms = O(δ ) and 1/Nc = O(δ ), where M, E, T are
typical meson masses, energies and temperatures.
Within that framework, we have analyzed in [26] the different susceptibilities involved in the
chiral and U(1)A degeneration of the scalar and pseudoscalar nonets at finite temperature. Apart
from checking the WI in this effective theory realization, we confirm the restoration pattern discussed in section 2. In Fig.2 we show our results for the susceptibilities corresponding to the four
bilinears in (1.3). They confirm that the chiral O(4) and U(1)A symmetries remain close in terms
of partner degeneration in the physical massive case, with the U(1)A degeneration of π − δ taking
place at a temperature around 1.07Tc with Tc , the temperature where χSll (corresponding to the σ
state) and χPπ match. The bands in that figure correspond to the numerical uncertainties of the Low
Energy Constants (LEC) involved.

Angel Gómez Nicola

near the chiral limit, and they become close in the massive case. Once again, this confirms that
these two order parameters and their corresponding restoration transitions are linked, consistently
with our analysis in terms of WI. Finally, within the U(3) framework, we have also obtained that
the η − η 0 mixing angle approaches the ideal limit around the critical region [26].

4. Describing the scalar susceptibility by the thermal f0 (500) pole

tIAM (s; T ) =

t2 (s)2
.
t2 (s) − t4 (s, T )

(4.1)

where t2 + t4 + . . . correspond to the standard ChPT series and tIAM satisfies
ImtIAM (s; T ) = σT (s)|tIAM (s; T )|2
q
√
2
with σT (s) = 1 − 4Ms π [1 + 2nB ( s/2)] and nB (x) = (1 − ex/T )−1 the Bose-Einstein distribution
function. The amplitude defined through (4.1) develops a pole in the 2RS which corresponds to the
f0 (500) at finite temperature. Around the pole,
t II =

1 g2σ ππ
+...
16π s − s p

(4.2)

with s p (T ) = (Mp (T )−iΓ p (T )/2)2 and gσ ππ the effective σ ππ effective coupling. Regarding (4.2)
as the exchange of the f0 state with self-energy Σ(s p ) = s p , taking into account that Im Σ(0) = 0
and assuming that the result is not affected much by the variation of Re Σ from s = 0 to s = s p , one
has for the unitarized scalar susceptibility saturated by the thermal f0 (500),
χSU (T ) = A

Mπ4 MS2 (0)
,
4m2l MS2 (T )

with

(4.3)

1
MS2 (T ) = Re s p (T ) = Mp2 (T ) − Γ2p (T ),
(4.4)
4
and A a proper normalization constant which accounts partially for the uncertainties in this approach. Choosing A to match the perturbative ChPT one-loop result for χS at T = 0 AChPT '
0.15, (4.3) provides a very good description of lattice data, as we show in Fig. 3, taken from [27].
The bands correspond to the uncertainty provided by the LEC involved, which in this case are
those related to ChPT pion scattering, namely the renormalized l1r , l2r , l3r , l4r in [36]. The results are
mostly sensitive to l1r and l2r , as the figure shows, l3r and l4r coming only from the renormalization
of Mπ and Fπ . Their central values and uncertainties are taken from [37], where the LEC are fitted
5
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Another recent important line of research concerning chiral restoration has been the analysis
of the role of the thermal f0 (500) to describe the scalar susceptibility [23, 27]. One can show
that under certain assumptions, the scalar susceptibility (1.2) can be related to the zero momentum propagator of the σ / f0 (500) state. On the other hand, Unitarized ChPT provides a reliable
framework to describe the f0 (500) as a resonance in the second Riemann sheet (2RS) of the ππ
scattering amplitude [34], including finite temperature effects, for instance through the so called
Inverse Amplitude Method (IAM) [35]. In that framework, the I = J = 0 partial wave reads

Angel Gómez Nicola
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Figure 3: Saturated scalar susceptibility including the uncertainties coming from the LEC involved. The
lattice data and errors are from [1].

to experimental data and give a good agreement with the PDG for the f0 (500) and ρ(770) T = 0
poles.
The previous result shows that the unitarized susceptibility (4.3) can describe lattice data
within the T = 0 uncertainties. A more quantitative evaluation of the predictive power of this
approach can be obtained by comparing it with the well established method of the Hadron Resonance Gas (HRG), as carried out in [27]. In particular, to derive the scalar susceptibility, a HRG
approach has been used where the mass dependence of the different hadrons is obtained through
a constituent NJL-like approach as described in [38, 39]. In order to compare both approaches, A
in (4.3) has been left as a fit parameter, setting also a normalization parameter B for the HRG free
energy, and fitting both to lattice data. In Fig.4 we show the results for such a fit as given in [27],
including temperature values up to 163 MeV. The HRG tends to give a better description, as expected, for data below the maximum, but the saturated approach can account better for the data
around the transition peak. For the fit shown in the figure, the χ 2 /dof equals 4.9 for the f0 (500) fit
and 10.3 for the HRG one. For comparison, taking out the lattice points above the peak reduces the
HRG χ 2 /dof to 1.3, increasing the saturated one to 6.2.

5. Conclusions
We have shown that the use of formal QCD Ward Identities allows one to extract powerful
conclusions regarding chiral O(4) and U(1)A restoration. In particular, formal O(4) restoration
in terms of the ηl and δ a (a0 (980) meson) partners points to a O(4) × U(1)A pattern in terms of
π a and ηl degeneration and the vanishing of the topological susceptibility. The WI analysis also
allows one to determine the temperature scaling of lattice meson screening masses in terms of quark
condensates, which fits well with lattice data and helps to understand their qualitative behavior. We
have also shown the results of a U(3) calculation at finite temperature for the susceptibilities of the
scalar and pseudoscalar nonets, which confirms the findings of the WI analysis. In particular, in
the chiral limit we find that the O(4) and O(4) ×U(1)A partner degeneration temperatures become
identical and the order parameter χ5,disc scales like the light quark condensate.
6
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Figure 4: Comparison of fits to lattice data for the thermal f0 (500) approach (left) and the HRG (right). The
quoted uncertainties in the fit parameters and the bands correspond to the 95% confidence level. The lattice
data and errors are from [1].

The result of a recent analysis of the role of the thermal f0 (500) to describe the scalar susceptibility has also been reviewed here. Assuming that the scalar susceptibility is saturated by the
f0 (500) resonance at finite temperature, whose pole is calculated from a unitarized ChPT approach,
provides a very accurate description of lattice data, which improves over the standard Hadron Resonance Gas near the transition peak.
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