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We study theOð4ÞWilson-Fisher fixed point in 2þ 1 dimensions in fixed large-charge sectors identified
by products of two spin-j representations ðjL; jRÞ. Using effective field theory we derive a formula for the
conformal dimensions DðjL; jRÞ of the leading operator in terms of two constants, c3=2 and c1=2, when the
sum jL þ jR is much larger than the difference jjL − jRj. We compute DðjL; jRÞ when jL ¼ jR with
Monte Carlo calculations in a discrete formulation of the Oð4Þ lattice field theory, and show excellent
agreement with the predicted formula and estimate c3=2 ¼ 1.068ð4Þ and c1=2 ¼ 0.083ð3Þ.
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Introduction.—Conformal field theory (CFT) holds a
central place in the study of quantum field theory (QFT),
as it is relevant to both particle physics and condensed matter
systems at criticality, and via the gauge-gravity correspon-
dence even to the description of quantumgravity.Generically,
CFTs do not contain any small couplings that can be used in a
perturbative analysis. However, the conformal symmetry
constrains its observables such that we can determine any
n-point function using only operator dimensions and three-
point function coefficients. While it is possible to treat
strongly coupled theories with methods such as the large-
N expansion, the ϵ expansion (see [1] for a review), and the
conformal bootstrap [2], they are notoriously difficult to
access analytically. In simple cases, Monte Carlo (MC)
techniques offer a reliable numerical alternative [3,4].
Recently, it has been shown in a series of papers [5–10]

that working in a sector of large global charge results in
important simplifications and gives us a perturbative handle
to study CFTs using effective field theories (EFTs): it is
possible to write an effective action as an expansion in terms
of a large conserved charge with unknown coefficients. For
the Wilson-Fisher point in the three-dimensional OðNÞ
vector model [11], except for two low-energy couplings,
all terms are suppressed by inverse powers of the large
charge [6]. The approximate physics of the CFT becomes
accessible as a function of these two couplings which we
label as c3=2 and c1=2. This suggests a double-pronged

approach to CFTs, which involves using the large-charge
expansion to determine the effective action, paired with MC
calculations to determine the low-energy couplings. For the
case of the Oð2ÞWilson-Fisher CFT, this approach has been
successfully implemented recently [12]. In particular, it was
shown that the predictions obtained with the two couplings
remain very accurate even for low charges.
In this Letter, we explore the viability of this approach

for the Oð4Þ Wilson-Fisher CFT, which has qualitatively
distinct features from the Oð2Þ model studied earlier. The
fact that Oð4Þ symmetry is non-Abelian and that it leads to
two conserved global charges jL and jR creates novel
challenges. The ground state can become spatially inho-
mogeneous requiring a different analysis in the EFT, and
the construction of a worldline-based lattice model
becomes necessary to access easily the large-charge sec-
tors. The CFT with Oð4Þ symmetry is also interesting in
many subfields of physics. For example, it arises naturally
in the study of finite-temperature chiral phase transitions in
two-flavor quantum chromodynamics (QCD) with mass-
less quarks [13,14]. It is also of interest in studies of
strongly correlated electronic systems at half filling built
out of models of interacting electrons with spin [15].
Traditional Oð4Þ lattice models are constructed using

classical vectors. Unfortunately, in the study of large charge
sectors, using traditional MC methods based on sampling
classical vectors leads to severe signal-to-noise ratio prob-
lems.While worldline representations can in principle solve
these problems [16,17], the presence of an infinite Hilbert
space at each lattice site can still lead to algorithmic
inefficiencies. Fortunately, a discrete version of the Oð4Þ
model with a finite Hilbert space per lattice site is easy to
construct [18,19]. In this work we use this discrete formu-
lation to accurately compute the conformal dimensions
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DðjL; jRÞ (defined below) at the Oð4Þ Wilson-Fisher fixed
point, when jL ¼ jR ¼ j (see Fig. 1). The large-charge
prediction [see Eq. (5)] is an excellent fit to the lattice data
even up to the smallest charge giving us c3=2 ¼ 1.068ð4Þ
and c1=2 ¼ 0.083ð3Þ.
Large charge predictions.—The EFT approach to the

Oð4Þ CFT is based on the construction of an effective
action at large charge. Using the fact that SULð2Þ ×
SURð2Þ is a double cover of Oð4Þ, this action can be
put into the form [6,8]

S ¼
Z
R×Σ

dtdΣ
� ffiffiffi

2
p

27c23=2
kdgk3 − c1=2

3
ffiffiffi
2

p
c3=2

Rkdgk þ…

�
;

ð1Þ

where gðr; tÞ ∈ SUð2Þ, r is the coordinate on Σ,
kdgk2 ¼ Trð∂μg†∂μgÞ, and c3=2 and c1=2 are the two
leading low-energy couplings referred to earlier. This
action is to be understood as an expansion around the
fixed-charge ground state. We study the system on a spatial
Riemann surface Σ with scalar curvature R. The field g
transforms as g → VLgV−1

R under the global SUð2ÞL×
SUð2ÞR. The corresponding Noether charges are the
two-by-two Hermitian traceless matrices in the suð2Þ
algebra:

QL ¼ i
Z

dΣcJ∂0gg†; QR ¼ i
Z

dΣcJ∂0g†g; ð2Þ

where cJ ¼
ffiffiffi
2

p kdgk=ð9c23=2Þ − c1=2R=ð6
ffiffiffi
2

p
c3=2kdgkÞ.

Their two eigenvalues are �jL and �jR. Under the action
of SUð2ÞL × SUð2ÞR the charges in Eq. (2) transform as

QL → VLQLV−1
L ; QR → VRQRV−1

R ; ð3Þ

but jL and jR remain invariant. We will refer to the class of
configurations g connected by SUð2ÞL × SUð2ÞR trans-
formations as the ðjL; jRÞ sector. In the underlying QFT the
sectors ðjL; jRÞ naturally label the irreducible representa-
tion space of SUð2ÞL × SUð2ÞR; hence the values of jL and
jR are quantized, i.e., jL, jR ∈ ð1=2ÞZ. Their sum must be
integer, jL þ jR ∈ Z, because we consider only states that
are representations of Oð4Þ.
Instead of QL;R it is more convenient to work with the

projections qL;R ¼ TrðQL;Rσ3Þ=2. In a fixed ðjL; jRÞ sector
these projections will take values in the range −jL;R ≤
qL;R ≤ jL;R. It is natural to identify them with the quantized
charges of the states in the representation with highest
weights ðjL; jRÞ. In Ref. [6] it was shown that the minimal
energy solutions to the equation of motion (EOM) for the
action (1) for fixed values of qL;R are homogeneous in
space and arise in sectors with jL ¼ jR ¼ maxðqL; qRÞ.
This leads to the formula for the minimal energy in a fixed
ðj; jÞ sector:

Eðj; jÞ ¼
ffiffiffiffiffiffiffi
8j3

V

r �
c3=2 þ c1=2

RV
4j

þ…

�
þ ζð−1=2jΣÞ;

ð4Þ

where ζðsjΣÞ is the ζ function for the Laplacian on the
surface Σ and represents the contribution of the Casimir
energy. Since in a CFT the conformal dimension of an
operator is identified with the energy on the unit sphere
Σ ¼ S2 of the corresponding state, we deduce a formula for
the dimension of the lowest operator in the ðj; jÞ sector:

Dðj; jÞ ¼
ffiffiffiffiffiffiffi
2j3

π

r �
c3=2 þ c1=2

2π

j
þO

�
1

j2

��
þ c0; ð5Þ

where c0 ¼ ζð−1=2jS2Þ ≈ −0.094 is a universal con-
stant [20,21].
In this work we generalize this formula to any repre-

sentation ðjL; jRÞ. We need to find the minimal-energy
solutions admitted by the action Eq. (1) whose charge
matrices QL and QR are diagonal and correspond, by the
argument above, to highest-weight states in a representation
of SOð4Þ. In order to study the sectors with jL ≠ jR, the
analysis in Refs. [6,22,23] suggests that we need to look for
inhomogeneous field configurations gðr; tÞ of the form

gðr; tÞ ¼
�

cosðpðrÞÞeiμ1t sinðpðrÞÞeiμ2t
− sinðpðrÞÞe−iμ2t cosðpðrÞÞe−iμ1t

�
; ð6Þ

where μ1 and μ2 are constants parametrizing the action of
SUð2ÞL × SUð2ÞR on the inhomogeneous configuration
encoded by the undetermined function pðrÞ. The homo-
geneous solution of Ref. [6] with μ1 ¼ μ2 ¼ Oðj1=2Þ and
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FIG. 1. Plot of Dðj; jÞ as a function of j. The squares represent
the data obtained using MC calculations with the lattice model in
Eq. (11). The solid line is the large-charge prediction Eq. (5) with
c3=2 ¼ 1.068ð4Þ and c1=2 ¼ 0.083ð3Þ.
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pðrÞ ¼ 0 describes the jL ¼ jR sectors. In order to
explore solutions with small nonzero values of jjL − jRj=
maxðjL; jRÞ we may expand the action in a series in η2 ¼
ðμ2 − μ1Þ=ðμ2 þ μ1Þ which will naturally be small. At
leading order in η2 the EOM is an elliptic sine-Gordon
equation

2△pðrÞ þ Λ2 sin½2pðrÞ� ¼ 0; ð7Þ

where△ is the Laplacian on Σ and Λ2 ¼ μ22 − μ21. The case
Σ ¼ T2 was already discussed in [22,23]. Here we concen-
trate on Σ ¼ S2ðr0Þ in order to calculate operator dimen-
sions. We express the parameters μ1 and μ2 as functions of
the eigenvalues jL and jR and find that the leading (tree-
level) contribution to the energy of the solutions to the EOM
has the same form as Eq. (4), where now j ¼ jm ¼
maxðjL; jRÞ, plus an extra contribution that captures the
inhomogeneity of the solution [i.e., ∇pðrÞ ≠ 0]:

Etr
Σ ¼

ffiffiffiffiffiffiffiffi
8j3m
V

r �
c3=2 þ

c1=2RV

4jm
þ
Z
Σ
dΣ

ð∇pÞ2
6c3=2jm

þ…

�
: ð8Þ

As discussed in the Supplemental Material [24], when
Σ ¼ S2ðr0Þ, the EOM (7) admits different branches of
smooth solutions, parametrized by an integerlwhich counts
the zeros of pðrÞ. The energy is minimal in the first
nontrivial branch (l ¼ 1), where 2 ≤ r20Λ2 < 6. Here the
integral of the divergence can be computed numerically in
terms of an expansion in jjL − jRj=jm to give

1

4π

Z
S2
dΩð∇pÞ2 ¼ jjL − jRj

jm
þ λ2

�jjL − jRj
jm

�
2

þ… ð9Þ

with λ2 ≈ 0.2455. This is the leading contribution in the
large-charge expansion. There will be in general higher-
order corrections suppressed by inverse powers of the large
charges due to subleading terms in the tree-level action in
Eq. (1) and to quantum corrections.
There is only one term of order Oðj0Þ: the Casimir

energy of the Goldstones resulting from the spontaneous
symmetry breaking SOð3Þ ×D × SOð2Þ2 → SOð2Þ ×D0
discussed in the Supplemental Material [24]. The two
broken generators of the isometries on the sphere only
give rise to one Goldstone degree of freedom (d.o.f.).
Together with the 2 d.o.f. from the broken internal
symmetries, they are arranged into one type-I and one
type-II Goldstone field in the notation of [26]. Only
the former contributes to the Casimir energy as E0 ¼
ζð−1=2jS1Þ=ð2 ffiffiffi

2
p Þ. The zero-point energy is different

from the one in the ðj; jÞ sector because the low-energy
excitations only propagate in the direction of the unbroken
sphere isometry. Once again we can use the state-operator
correspondence and obtain the final formula for the
conformal dimension of the lowest operator in the repre-
sentation ðjL; jRÞ of SOð4Þ when jL ≠ jR:

DðjL; jRÞ ¼
ffiffiffiffiffiffiffiffi
2j3m
π

r �
c3=2 þ c1=2

2π

jm

þ 1

3c3=2

�jjL − jRj
jm

þ λ2
ðjL − jRÞ2

j2m
þ…

�

×
2π

jm
þ…

�
−

1

12
ffiffiffi
2

p : ð10Þ

As we have stressed, the conformal dimensions only
depend on the two Wilsonian couplings c3=2 and c1=2,
which are the same coefficients that appear in Eq. (5) for the
jL ¼ jR case. We now explain how we determine them
using MC methods with our lattice model.
Lattice simulations.—Our lattice model was first intro-

duced in Ref. [18] as a model for pion physics in two-flavor
QCD and studied with an efficient MC algorithm. It is
constructed using four Grassmann fields ψαðxÞ, ψ̄αðxÞ, α ¼
1; 2 at every three-dimensional periodic cubic lattice site
x ¼ ðr; tÞ of size L in all the directions. If we arrange these
four-fields into a 2 × 2 matrix of the form gαβðxÞ ¼ ψαψ̄β

we can write the lattice action as

S ¼ −
X
hxyi

TrðgxgyÞ −
U
2

X
x

detðgxÞ; ð11Þ

where hxyi are nearest-neighbor bonds. This action is
invariant under the SUð2Þ × SUð2Þ transformations gx →
VLgxV−1

R on odd sites and gx → VRgxV−1
L on even sites. The

partition function of the model can be expressed as a sum
over configurationswhere each site either contains a vacuum
site or a worldline of an Oð4Þ particle in the vector
representation. Thus, each worldline has four possible states
that label the eigenvalues ðqL; qRÞ ¼ ð�1=2;�1=2Þ of
particles that travel through the sites. These can be thought

FIG. 2. Illustration of an Oð4Þ worldline configuration in two
dimensions. The solid circles represent vacuum sites, each of
which have a weight U. All other sites have a singleOð4Þ particle
with charge ðqL; qRÞ ¼ ð�1=2;�1=2Þ moving in space-time.
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of as oriented loops with two colors (say red and green). An
illustration of a configuration is shown in Fig. 2.
The weight of a worldline configuration is given by UNm

whereNm is the number of vacuum sites. AsU is tuned, the
model undergoes a phase transition between the massive
symmetric phase at large values to a phase where the Oð4Þ
symmetry is spontaneously broken at small values. Using
well-established MC methods [18,19] we first demonstrate
that at the critical point we obtain the Oð4Þ Wilson-Fisher
CFT by computing the critical exponents ν and η. For this
purpose we compute the current susceptibility ρs and the

order parameter susceptibility χ, details of which can be
found in the Supplemental Material [24]. Finite-size scaling
theory near a second-order phase transition predicts that ρsL
and χL2−η must be simple polynomials of ðU −UcÞL1=ν.
A combined fit of our data gives Uc ¼ 1.655394ð3Þ,
ν ¼ 0.746ð3Þ, and η ¼ 0.0353ð10Þ. In Fig. 3 we plot our
data and the fit. These exponents are in excellent agreement
with earlier results, ν ¼ 0.749ð2Þ and η ¼ 0.0365ð10Þ,
obtained from the traditional lattice model [27].
Having established that our lattice model indeed repro-

duces the Oð4Þ CFTwhen U ¼ Uc, we can use the method
we developed in Ref. [12] to accurately compute the
conformal dimensions Dðj; jÞ at the Oð4Þ CFT. We can
create configurations in a specific ðjL; jRÞ sector by placing
appropriately charged sources and sinks at t ¼ 0 and t ¼
L=2 respectively. More concretely, sources that create a red
loop are assigned the charge ð1=2; 1=2Þ and the sinks that
annihilate them are assigned the charge ð−1=2;−1=2Þ.
Similarly, those that create and annihilate the green loops
are assigned charges ð1=2;−1=2Þ and ð−1=2; 1=2Þ. Using
these fundamental sources we can construct sources and
sinks with any charge ðqL; qRÞ. However, since each site
can only have one red or one green source, to create a
source with a large charge we distribute the fundamental
sources in a local region near the origin (see Supplemental
Material [24] for more details). Since the couplings c3=2
and c1=2 can be computed by fitting the data for Dðj; jÞ to
the predicted form in (5), in this work we only study the
sector with jL ¼ jR ¼ j; j ¼ 1=2; 1; 3=2;…. For this pur-
pose we only work with sources and sinks of equal charges
by creating 2j sources of red loops at t ¼ 0 and annihilating
them at t ¼ L=2. This naturally projects us into the highest-
weight representation sector with jL ¼ jR ¼ j. Let ZjðLÞ
be the partition function in the presence of these sources
and sinks. In Ref. [12] we developed an efficient algorithm
to compute the ratio RjðLÞ ¼ ZjðLÞ=Zj−1=2ðLÞ, which is

expected to scale as C=L2ΔðjÞ for large values of L. By
evaluating RjðLÞ for various values of j, L and fitting to the
expected form we can accurately compute the difference in
the conformal dimensions ΔðjÞ ¼ Dðj; jÞ −Dðj − 1=2;
j − 1=2Þ. From these differences we can also estimate
Dðj; jÞ, since conformal invariance fixes Dð0; 0Þ ¼ 0. Our
final results are tabulated in Table I up to j ¼ 5. As the table
shows, our results are also in good agreement with earlier
calculations up to j ¼ 2 [28]. We first confirm the EFT
prediction of j3=2 for large values of j, by fitting the
conformal dimensions in Table I for j > 2 to the form Cjp

and obtain p ¼ 1.49� 0.02 with a small χ2=d:o:f:. Then
fitting all the data in Table I to the form in Eq. (5) we obtain
c3=2 ¼ 1.068ð4Þ and c1=2 ¼ 0.083ð3Þ again with a small
χ2=d:o:f: (see Fig. 1).
Conclusions.—In this Letter we provided a new pre-

diction for the anomalous dimensions DðjL; jRÞ [see (10)]
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FIG. 3. The critical scaling plots of ρsL (circles) and χL2−η as a
function of the scaling variable ðU − UcÞL1=ν. The solid lines
show the goodness of the combined fit of all the data shown to
polynomials to fourth order.

TABLE I. Results for the conformal dimensions Dðj; jÞ up to
j ¼ 5 computed using worldline MC methods in this work
(second and fifth column). We also compare our results with
earlier calculations up to j ¼ 2 found in [28].

Dðj; jÞ
j (this work) (from [28])

1=2 0.515(3) 0.5180(3)
3=2 1.989(5) 1.9768(10)
5=2 3.945(6) � � �
7=2 6.284(8) � � �
9=2 8.949(10) � � �

Dðj; jÞ
j (this work) (from [28])

1 1.185(4) 1.1855(5)
2 2.915(6) 2.875(5)
3 5.069(7) � � �
4 7.575(9) � � �
5 10.386(11) � � �
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at the Oð4Þ Wilson-Fisher fixed point in terms of the two
couplings that appear in the fixed large-charge effective
action (1). Our prediction is valid in the limit of large
ðjL; jRÞ and small jjL − jRj=maxðjL; jRÞ. We then use a
discrete lattice Oð4Þ model to compute the two couplings
by fitting the data for Dðj; jÞ to the prediction in Eq. (5)
obtained from an earlier work. We also demonstrate that
this prediction provides an excellent approximation even at
small values of j (see Fig. 1). Our estimate c3=2 ¼ 1.068ð4Þ
and c1=2 ¼ 0.083ð3Þ can be used in (10) to predict
DðjL; jRÞ even for jL ≠ jR. While our lattice model can
in principle be used to check the validity of these pre-
dictions, our method is likely to suffer from signal-to-noise
ratio problems when jL and jR are sufficiently large and
different. Discrete lattice models like ours can in principle
also be designed for other non-Abelian symmetry groups,
thus allowing us to explore the robustness of the large-
charge EFT method for general CFTs. Such extensions are
likely to bring new challenges providing a fertile ground for
further research.
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