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Abstract

In this note, we study the action of O(d, d) transformations on the integrable structure of two-
dimensional non-linear sigma models via the doubled formalism. We construct the Lax pairs associated 
with the O(d, d)-transformed model and find that they are in general non-local because they depend on the 
winding modes. We conclude that every O(d, d; R) deformation preserves integrability. As an application 
we compute the Lax pairs for continuous families of deformations, such as J J̄ marginal deformations and 
TsT transformations of the three-sphere with H -flux.
© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

This note presents a synthesis of ideas which separately have been subject to intense study. On 
the one hand, we have non-linear sigma models and their deformations, such as marginal current-
current deformations preserving conformality. On the other hand we have the integrability which 
allows the use of extremely powerful computational techniques and the study of integrable defor-
mations of sigma models which preserve this property. We observe that O(d, d) transformations 
give rise to examples in both groups of deformations. Using the O(d, d) invariant doubled for-
malism, we show on general grounds that a sigma model which is classically integrable remains 
so under any deformation generated by an O(d, d) transformation.

Two-dimensional non-linear sigma models form the basis of the world-sheet description of 
strings propagating in target space. They encode the massless excitations of the string, namely 
the metric Gμν , the anti-symmetric Kalb–Ramond field Bμν , and the dilaton. The field equa-
tions which determine the dynamics of these fields are associated to the beta function of the 
string sigma model: G, B and � will solve the Einstein field equations if the corresponding 
sigma model is conformal. Understanding the moduli space of such two-dimensional conformal 
field theories is crucial for our understanding of string theory. It is therefore interesting to study 
the effect of marginal deformations which preserve conformal invariance. One of the traditional 
approaches is to deform a given theory using a bilinear of left and right-moving conserved cur-
rents [1–7] associated to the isometry group of the target space. Recently, it has been suggested 
that this type of construction is related to the gravity duals of the T T̄ and J T̄ deformation [8–14]. 
Such current-current deformations can be understood as a rotation within the O(d, d; R) group 
that generalizes the O(d, d; Z) symmetry of string theory[15–25]. For reviews, see [26–28]. 
Also, T-duality, one of the characteristic features of string theory, is part of this O(d, d) group. 
Its essence lies in the interplay between the momenta and winding modes of closed strings. At 
the level of the sigma model, T-duality is a consequence of gauging the commuting isometry 
group on the target space [29,30].

The duality-invariant formulation of string theory has a long history [17,20,31,32]. The idea 
is based on the introduction of winding coordinates. A sigma model with a T d fiber is naturally 
extended to an enlarged sigma model endowed with a T 2d fibration containing also the winding 
coordinates subject to a consistency constraint [33–37]. The resulting double sigma model action 
is manifestly invariant under O(d, d; Z) transformations. The doubled formalism is particularly 
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effective to describe so-called non-geometric backgrounds [38,39], where the transition functions 
between local patches involve a T-duality transformation, generalizing the notion of geometry.1

The relationship between integrability and T-duality is by now well understood. The exis-
tence of a Lax pair, giving rise to an infinite number of (non-local) conserved charges, is a 
sufficient condition for classical integrability. The construction of non-local charges is given 
in [41–43]. In [44] it was shown that starting from a model with a known Lax pair, it is possible 
to construct the Lax pair for any T-dual system. Related works are [45–48]. In general, the cor-
responding conserved charges are non-local. In the context of integrability [49] of the AdS/CFT 
correspondence [50], the non-local charges of the (T-dual of) AdS5 × S5 strings were studied 
in [51–56]. T-duality also plays a role in the study of Yang–Baxter deformations [57–64], a tech-
nique which has led to the construction of integrable deformations of AdS backgrounds as well 
as Minkowski spacetime. Some of these backgrounds can be understood in terms of TsT transfor-
mations [65–78], non-Abelian T-dualities [79–83], or generalized T-dualities [84,85]. The latter 
gives rise to solutions of the generalized supergravity equations [84,86], in which an extra vector 
field gives rise to non-geometric Q-fluxes [87] (For a physical interpretation of the extra vector, 
see also [88–90]). Generalized supergravity equations have been also studied in the T-duality 
invariant framework [91–93].

From the point of view of string theory, T-duality is part of a larger O(d, d; Z) sym-
metry that in turn can be extended to the group O(d, d; R). Note that transformations in 
O(d, d; R) \ O(d, d; Z) are not symmetries. We will use them instead as solution-generating 
operations. In this paper we study the interplay between the action of the O(d, d) group and 
classical integrability of sigma models using the doubled formalism. Extending the argument 
in [44], we present a systematic approach to construct O(d, d)-deformed Lax pairs. We start 
with a two-dimensional sigma model S on a manifold with isometry group G of rank d . We 
pick a maximal torus T d ⊂ G as a fiber and we choose a coordinate system such that T d is 
generated by the Killing vectors 

〈
∂x1 , . . . , ∂xn

〉
. Then we double the torus and introduce dou-

bled adapted coordinates {x1, . . . xd , ̃x1, . . . , ̃xd} on which O(d, d) acts linearly. What we obtain 
in this way is a natural action of the group O(d, d; Z), which can be extended to O(d, d; R): 
for each element g ∈ O(d, d; R) we obtain a new (generically inequivalent) sigma model S ′, 
which in general has only isometry group T d , and not the original group G. Using Noether’s 
procedure we write down the conserved currents J ∈ g for the initial model. If these currents 
are conserved and flat, they can be used to introduce a Lax pair L that guarantees the clas-
sical integrability of the initial model. The O(d, d) transformation g maps the Lax pair into 
a new pair L′ for S ′. These currents do not in general correspond to isometries of S ′, and 
so do not stem from Noether’s construction. They are non-local. Nonetheless, they are still a 
one-parameter family of flat currents which is enough to guarantee the classical integrability 
of the deformed model S ′. The O(d, d) transformation maps the momenta of S generically 
into momenta and winding modes of S ′. The non-locality of the currents is a consequence of 
the fact that the Lax pair L′ is constructed using these windings. Having a system that has 
more currents than isometries, the extra currents being realized in terms of winding modes, 
should hardly be surprising. The simplest and best-known example of this effect is the com-
pact boson at the self-dual radius that has an SU(2) × SU(2) symmetry as opposed to the 
geometrical U(1) × U(1). The extra symmetry is naturally interpreted in terms of winding 
modes [94].

1 For a recent review of non-geometric backgrounds, see [40].
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The plan of this paper is as follows. In Section 2 we introduce the basics of the doubled 
formalism and the group O(d, d). In Section 3 we remind ourselves of the construction of the 
Lax pairs and conserved charges in classical integrability and how the Lax pair transforms un-
der O(d, d). In Section 4 we put the general formalism into practice using the simple example 
of O(1, 1)-transforming the sigma model on the two-sphere. In Section 5 we study the Wess-
Zumino-Novikov-Witten (WZNW) model on the three-sphere. Specific O(2, 2) elements give 
rise to J J̄ deformations, TsT transformation and double T-duality of the original sigma model. 
For all these cases, we explicitly construct the transformed Lax pairs, thus making the classical 
integrability of the deformed models manifest. In Section 6 we conclude and present a number 
of future directions in which our work could be extended.

2. Non-linear sigma models and O(d, d) transformations

Let us first review the basics of the doubled formalism and O(d, d) transformations.
We consider a geometric string background, where the D-dimensional target manifold is 

equipped with a metric G and the closed three-form H -flux. H has locally a two-form poten-
tial B . We do not consider the dilaton in this paper. Defining a set of local coordinates Xı̂ , 
ı̂ = 1, . . . , D, the string sigma model action is given by

S[G,B] = 1

2

∫
Gı̂ĵ (X)dXı̂ ∧ �dXĵ + Bı̂ĵ (X)dXı̂ ∧ dXĵ , (2.1)

where the Hodge duality on the world-sheet satisfies �2 = 1. We assume that the manifold of 
interest has Euclidean signature.

We will use the doubled formalism, which is motivated by the search for a background-inde-
pendent formulation of string theory and is manifestly invariant under O(d, d) transformations, 
where d denotes the dimension of the maximal torus T d . From the string sigma model, we read 
off the metric Gij and the B-field Bij in the isometric directions i, j = 1, . . . , d and package 
them into the so-called generalized metric

H(G,B)
Î Ĵ

=
(

G − BG−1B BG−1

−G−1B G−1

)
Î Ĵ

, Î , Ĵ = 1, . . . ,2d . (2.2)

It is not hard to see that the generalized metric satisfies

HtLH = L, (2.3)

where the indefinite matrix L is given by

L =
(

0 1
1 0

)
. (2.4)

The 2d × 2d generalized metric can be considered as the curved metric of the 2d-dimensional 
doubled space.

Our target space manifold has a group of isometries G. Let us focus on a submanifold M of 
the target space, on which the maximal torus T d ⊂ G, d ≤ D of the full isometry group acts 
freely. In other words we separate the coordinates Xı̂ into those that describe M (we will call 
them Xi ) and those that describe the base (Y ). In the doubled formalism we extend M to a 
doubled manifold, whose local patches are formed by a patch of M and a patch of the T-dual M̃ . 
We denote a set of local coordinates on a patch of the doubled manifold by XI , I = 1, . . . , 2d . It 
consists of the doublet of local coordinates on M and M̃ :
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XI =
(

Xi

X̃i

)
, i = 1, . . . , d . (2.5)

In the following we will always choose the polarization such that the first half of the components 
of the doubled coordinates are the “physical” ones.

The action in the doubled formalism is given by [33–37]

Sd =
∫

1

2
HIJ dXI ∧ �dXJ + dXI ∧ �JI (Y ) +L(Y ) , (2.6)

where JI is the source term dependent only on Y and L(Y ) is the Lagrangian density dependent 
only on Y . The action is manifestly invariant under O(d, d; Z) transformations since for g ∈
O(d, d; Z) the action transforms according to

H → gtHg , dX→ g−1dX , J → gtJ . (2.7)

From these transformation rules we can reconstruct the deformed string sigma model with fields 
G′ and B ′ in terms of the new local coordinates X′ i (see Sec. 2.2). As we will see later, the field 
equations for X and Y are equivalent, under the self-duality constraint in Eq. (2.26), to those 
coming from the standard sigma model action.

Once the action of O(d, d; Z) is defined in this way, we can generalize it to O(d, d; R). 
In the following, we use the action of this latter group as a solution generating technique. The 
O(d, d; R) elements include real continuous parameters, which act generically as deformation 
parameters for the starting model.

2.1. The group O(d, d)

We next present the properties of the group O(d, d) in detail. We write g ∈ O(d, d) as

g =
(

α β

γ δ

)
, (2.8)

where α, β , γ and δ are d × d matrices. Their index structures are given by

αi
j , βij , γij , δi

j , i, j = 1, . . . , d . (2.9)

The matrix g leaves the indefinite metric (2.4) invariant,

gtLg = L, (2.10)

where the block matrices satisfy⎧⎪⎨⎪⎩
αtγ + γ tα = 0

βtδ + δtβ = 0

αtδ + γ tβ = 1
,

⎧⎪⎨⎪⎩
αβt + βαt = 0

γ δt + δγ t = 0

αδt + βγ t = 1
. (2.11)

The inverse of g is given by

g−1 =
(

δt βt

γ t αt

)
. (2.12)

The elements of this group are generated by the following elements.
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Diffeomorphisms Given any invertible d × d matrix A, an element of the group of diffeomor-
phisms is parametrized by

gA =
(

A 0
0

(
A−1

)t ) , (2.13)

corresponding to a general coordinate transformations of the metric and B-field. In terms of the 
generalized metric,

gt
AH(G,B)gA =H(AtGA,AtBA) . (2.14)

B-shift The gauge symmetry of the B-field is also naturally encoded in the doubled formalism. 
For an exact two-form d�, the matrix for a shift of the B-field is given by

gB =
(

1 0
−d� 1

)
, (2.15)

which leads to

gt
BH(G,B)gB =H(G,B + d�) . (2.16)

β-Transformation The conjugate to the B-shift is the so-called β-transformation. It is encoded 
by the bi-vector β as

gβ =
(
1 −β

0 1

)
. (2.17)

The frame after β-transformations is known as a non-geometric frame. The bi-vector corresponds 
to an antisymmetric tensor obtained by the Seiberg-Witten map [17,95]. The supergravity frame-
work based on this frame is called β-supergravity [96].

T -duality Finally, let us look at the matrix for the Abelian T -duality. We denote by Ek the 
d × d-matrix with 1 in the (k, k)-entry and 0 everywhere else. Then the matrix for T-duality 
along the k-th direction is given by

gTk
=

(
1− Ek Ek

Ek 1− Ek

)
. (2.18)

The metric and B-field transform according to the standard Buscher rules [29,30].
A general O(d, d) element can be decomposed as

g = (g+)η+(g−)η−
n∏

i=1

gβi
gBi

gAi
, (2.19)

where η± ∈ {0, 1} and g± represents the quotient group O(d, d)/O(d, d)0 by the identity com-
ponent O(d, d)0:

g± =
(
1− E1 ±E1
±E1 1− E1

)
. (2.20)
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2.2. Deformed metric and B-field

Now we want to express the redefined metric and B-field after a transformation in terms of 
the fields in the original frame. We use an O(d, d) element g of the form Eq. (2.8) to rotate the 
generalized metric [97].

The bottom right block gives the inverse of the redefined metric G′,

(G′)−1 = [δ + (G − B)β]t G−1 [δ + (G − B)β] . (2.21)

The redefined metric is thus written as

G′ = ρ−1
1 G(ρ−1

1 )t , with ρ1 = δ + (G − B)β. (2.22)

Next, we look at the top right block of the rotated generalized metric. It reads

B ′(G′)−1 = −1 + [
γ + (G − B)α

]t
G−1ρ1 . (2.23)

Multiplying by G′ from the right, we find

B ′ = ρ−1
1

[
ρ1ρ

t
2 − G

]
(ρ−1

1 )t , with ρ2 = γ + (G − B)α. (2.24)

2.3. Self-duality constraint

In order to get the right number of (physical) (DOF), we need to impose an extra constraint on 
the doubled variables.

We start from a set of the pull-backs of dXI which contain both physical and winding mo-
menta:

dXI =
(

dXi

dX̃i

)
, i = 1, . . . , d. (2.25)

We now impose the self-duality constraint

dXI = LIJHJK � dXK, (2.26)

where the Hodge dual on the world-sheet satisfies �2 = 1. As long as this constraint holds, the 
(EOM) of the doubled sigma model are always satisfied [33–37].

In the following we will use the self-duality constraint to relate the physical coordinates of a 
model and of its dual. The first component of the constraint can be rewritten as

dX̃i = �
(
Gij dXj + Bij � dXj

)
= �Ji, (2.27)

where the Ji are the Noether currents associated to the freely acting U(1)d isometries along the 
Killing vectors ki = ∂Xi . According to Eq. (2.27), the differentials of the winding coordinates X̃i

are interpreted as the Hodge duals of Noether currents Ji . The fact that dX̃i is exact implies the 
conservation of the currents Ji :

d2X̃i = 0 = d � Ji, (2.28)

which plays the role of an on-shell condition for the dual model.
Under g ∈ O(d, d), the dX are related to dX′ as in Eq. (2.7) via

dXI = gI dX′ J . (2.29)
J
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The differential of the physical coordinates in the original frame is given by

dXi = αi
j dX′ j + βij dX̃′

j = αi
j dX′ j + βik � J ′

k ,

dX̃i = �Ji = γij dX′ j + δi
k � J ′

k .
(2.30)

Their inverse is given by

dX′ i = (δt )ij dXj + (
βt

)ik
� Jk ,

dX̃′
i = �J ′

i = (γ t )ij dXj + (αt )i
k
� Jk.

(2.31)

Using expression (2.27), we can deduce a relation between the physical coordinates of the origi-
nal and of the dual model:

dXi = βijG′
jk � dX′ k + (α + βB ′)ij dX′ j , (2.32)

where the primed metric and B-field are given in Eq. (2.22) and Eq. (2.24). This relation is the 
so-called O(d, d)-duality map derived in [25]. Note that this equation describes the action of 
O(d, d) on the differentials dX. It can be naturally extended to O(d, d; R) even though we have 
introduced it on the double torus where only O(d, d; Z) is a symmetry. The map is non-local in 
the sense that the Hodge duals of the conserved currents Ji are involved. We will use it in the 
following to directly construct the O(d, d)-deformed Lax pairs.

3. O(d, d) transformed Lax pairs

We are now in the position to study how the property of classical integrability behaves under 
O(d, d) transformations. To do so, we first remind ourselves of the construction of the Lax pair.

3.1. Lax pairs and conserved charges

If a system has a global symmetry G (which we assume to be a connected Lie group), we 
can use the Noether procedure to construct the corresponding conserved currents. We denote the 
Killing vectors associated to the isometries by ki and the conserved (d � J = 0) Noether currents 
by Ji .

These currents may additionally fulfill a flatness condition or Maurer–Cartan equation,

dJ + J ∧ J = 0. (3.1)

This flatness is the underlying reason for the classical integrability of a model, as from a flat 
conserved current J we can always construct the so-called Lax pair:

Lλ = a(λ)J + b(λ) � J , (3.2)

where λ ∈R is the spectral parameter. In order to preserve flatness,

dLλ +Lλ ∧Lλ = 0 , (3.3)

we must set

a(λ) = 1

2
(1 ± cosh(λ)) and b = 1

2
sinh(λ). (3.4)

The existence of the Lax pair assures the classical integrability of the model, as each of the Lλ

gives rise to infinitely many non-local conserved charges.
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The construction of these charges is by now standard [42]. Consider the Wilson line W(x, t; λ)

defined as the path-ordered exponential of the Lax connection between (x0, t0) and (x, t),

W(x, t |x0, t0;λ) = P

[
e

∫
C:(x0,t0)→(x,t)

Lλ
]

. (3.5)

Using W we can now define a one-parameter family of conserved charges (monodromy matrix):

Q(t;λ) = W(+∞, t | − ∞, t;λ) = P

⎡⎣exp

⎛⎝ ∞∫
−∞

Lλ(x)dx

⎞⎠⎤⎦ . (3.6)

Since the Lax pair Lλ is flat, if it also vanishes at spatial infinity (Lλ(±∞, t) = 0), the one-
parameter charge Q(t; λ) is conserved for any λ:

d

dt
Q(t;λ) = 0. (3.7)

Expanding around λ = 0,

Q(t;λ) = 1 +
∞∑

n=0

λn+1Q(n)(t), (3.8)

the condition in Eq. (3.7) is equivalent to the conservation of the infinite set of charges

d

dt
Q(n)(t) = 0, ∀n = 0,1, . . . . (3.9)

The construction of the infinitely many conserved charges is based only on the existence of the 
flat of Lλ. It can be performed for any model with a one-parameter family of Lax pairs Lλ, which 
is then classically integrable regardless of the nature of the currents. This is in particular also true 
for non-local currents which do not stem from a Noether construction. We will make use of this 
fact in the following.

3.2. Flat connections and O(d, d) transformations

We have seen how the background data and physical coordinates transform under the action 
of O(d, d). Suppose that the initial model is integrable in the sense of the existence of Lax pairs 
which satisfies the zero-curvature condition (3.3). Now we want to show that the Lax pairs of the 
original model can be mapped to new Lax pairs under O(d, d) transformations.

The O(d, d) map in Eq. (2.32) acts only on the differentials of adapted coordinates. Therefore, 
it is important to make sure that the Lax pairs depend on the adapted coordinates only through 
the derivatives. In other words we need to find a new set of flat currents that is manifestly in-
variant under the action of the maximal torus T d . This can be realized by an appropriate gauge 
transformation under which the Lax pairs transform in the adjoint representation as

Lλ → L̂λ = h−1Lλh + h−1dh , (3.10)

where h ∈ G with G a symmetry group of the initial model. The gauged Lax pair has a vanishing 
curvature on-shell, as

dL̂λ + L̂λ ∧ L̂λ = h−1(dLλ +Lλ ∧Lλ)h = 0, (3.11)
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where the last equality is guaranteed by the equations of motion in the initial model.
Now that the gauged Lax pairs do not explicitly depend on the adapted coordinates, we apply 

the O(d, d) map (2.32) to find the O(d, d)-dual Lax pairs of the form

L̂λ(dXi) → L′
λ(dX′ i ) = L̂λ(dXi → αi

j dX′ j + βik � J ′
k) . (3.12)

In abstract terms, the flatness condition of the original Lax pair L̂ can be understood as a linear 
combination of the EOM of the initial model,

dL̂+ L̂∧ L̂ =
∑

i

EOMi (dX,Y) = 0, (3.13)

where again X are the coordinates of the torus and Y the coordinates of the base. The new Lax 
pair L′ satisfies by construction

dL′ +L′ ∧L′ =
∑

i

EOMi (D(dX),Y ), (3.14)

where D is the O(d, d) map (2.32). This map implements the O(d, d) transformation at the level 
of the EOM: the set of EOM of the deformed system are equivalent to those of the initial system,

{EOM(D(dX),Y )} = {EOM′(dX′, Y )}. (3.15)

To see that, observe that the EOM of the sigma model are equivalent to the EOM of the doubled 
sigma model under the self-duality condition (2.26). In these terms, the O(d, d) map is linear 
and the self-duality condition transforms covariantly under O(d, d). Due to the linearity of the 
O(d, d) map and the fact that the doubled sigma model is invariant under the map, the EOM of 
the transformed model are a linear combination of the initial EOM in terms of the new variables 
D(dX). For example, the EOM for the adapted coordinates X′ i (i.e. the conservation laws for J ′

i ), 
are related to those for Xi via

0 = d2X̃′
i = d � J ′

i = (
γ t

)
ij

d2Xj + (
αt

)
i
kd � Jk = αk

id � Jk (3.16)

where we used (2.31).
The flatness condition of the transformed Lax pair can finally be written as a linear combina-

tion of the EOM of the deformed model and is hence fulfilled on shell

dL′ +L′ ∧L′ =
∑

i

EOMi (D(dX),Y ) =
∑

i

�j
i EOM′

j (dX′, Y ) = 0. (3.17)

This argument shows that for each Lax pair L in the initial model there is a corresponding flat 
Lax pair L′ in the model resulting from the O(d, d) transformation. This is true both for symme-
tries in O(d, d; Z) and for solution-generating transformations in O(d, d; R). In other words, we 
see that classical integrability is preserved on general grounds under O(d, d) transformations. In 
the following we will present some explicit examples of integrable O(d, d) transformed systems 
which are of general interest.

4. Example 1: S2 and O(1, 1)

We start with the simplest model in order to explicitly illustrate the concepts introduced in the 
last section, reproducing the material in [44] from a different point of view.
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Set-up The sigma model action on the two-sphere reads

S[�,�] = 1

2

∫
�2

[
d� ∧ �d� + sin2(�)d� ∧ �d�

]
, (4.1)

where �, � are the angle variables parameterizing the sphere. The SO(3) symmetry of the 
sphere has three Killing vectors:

k1 = sin(�)∂�+ cos(�) cot(�)∂� ,

k2 = cos(�)∂�− sin(�) cot(�)∂� ,

k3 = ∂� ,

(4.2)

satisfying

[kA, kB ] = fAB
CkC, f12

3 = 1. (4.3)

The corresponding Noether currents are given by

J1 = sin(�)d� + sin(�) cos(�) cos(�)d�,

J2 = cos(�)d� − sin(�) cos(�) sin(�)d�,

J3 = sin2(�)d�.

(4.4)

They are conserved, d � Ji = 0, i = 1, 2, 3, and satisfy the flatness condition

dJi + fi
jkJj ∧ Jk = 0 , f1

23 = +1. (4.5)

As explained above, the Ji can be used to construct the Lax pairs Lλ, see (3.2). They satisfy the 
flatness condition

dLi + fi
kmLk ∧Lm = 0 , i, k,m = 1,2,3 . (4.6)

Taking the path-ordered exponential of the flat currents, we can now compute infinitely many 
conserved non-local charges.

Transformations and currents Now we apply an O(1, 1) transformation to the sigma model 
above. We will see that, while in general the O(3) symmetry is broken, we can still find a set of 
three conserved flat currents that imply the integrability of the deformed model.

It is natural to pick the Killing vector ∂� to define the doubled torus and introduce the coor-
dinate

XI =
(

�

�̃

)
(4.7)

and the corresponding generalized metric

HJK =
(

sin2(�) 0
0 1

sin2(�)

)
. (4.8)

Under the action of g ∈ O(1, 1) they transform as

H →H′ = gtHg, (4.9)

X →X′ = g−1X. (4.10)
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It is convenient to consider the two connected components of O(1, 1; R) separately, which 
can be parametrized as

G0 =
〈
g0(t) =

(
et 0
0 e−t

)〉
, (4.11)

GT =
〈
gT (t) =

(
0 et

e−t 0

)〉
. (4.12)

The first connected component includes the identity, so we expect it to describe a continuous 
deformation of the initial sigma model. We will see that GT describes the T-dual model and its 
deformations.

In this simple situation, the transformations in the connected component G0 are rescalings of 
the initial model. In fact,

X′I =
(

e−t�

et �̃

)
=

(
�′
�̃′

)
, H′ =

(
e2t sin2(�) 0

0 e−2t

sin2(�)

)
, (4.13)

and the deformed action (in the usual polarization where the first component is physical) reads

S0
t [�,�′] = 1

2

∫
�

[
d� ∧ �d� + e2t sin2(�)d�′ ∧ �d�′], (4.14)

which locally still describes a two-sphere.
The situation is more interesting for GT . In this case,

X′I =
(

et �̃

e−t�

)
=

(
�′
�̃′

)
, H′ =

(
e−2t

sin2(�)
0

0 e2t sin2(�)

)
, (4.15)

and the deformed sigma model reads

S′
t [�,�′] = 1

2

∫
�

[
d� ∧ �d� + e−2t

sin2(�)
d�′ ∧ �d�′

]
. (4.16)

It is easy to recognize this as a local rescaling of the T-dual model.
The important observation is that this model has only one isometry, corresponding to the 

Killing vector ∂�′ , so Noether’s construction would only lead to one conserved current. On the 
other hand we know that this system is related to the original S2 sigma model by an O(1, 1) trans-
formation. As we have seen in Section 3, we can simply follow the action of this transformation 
on the three conserved currents in Eq. (4.4). To do so, we need to

• Find an SO(3) transformation of the initial Lax pair to find a gauge in which it is manifestly 
invariant under ∂�, i.e. does not depend on � but only on d�. We use

L̂ = h−1Lh + h−1 dh (4.17)

with

h =
⎛⎝ cos� sin� 0

− sin� cos� 0
0 0 1

⎞⎠ (4.18)

and
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L̂1 = sin(�) cos(�)(ad� + b � d�) ,

L̂2 = ad� + b � d�,

L̂3 = sin2(�)(ad�̃ + b � d�̃) − 2d�,

(4.19)

where a and b were given in Eq. (3.4).
• Impose the self-duality condition

dXI = LIJHJK � dXK , (4.20)

which in our case reads

(
d�

d�̃

)
=

(
1

sin2(�)
� d�̃

sin2(�) � d�

)
. (4.21)

Then we find for the dual Lax pair L′ 1(d�′) = L̂1(d� → d�′):

L̂1 = sin(�) cos(�)(a d� + b � d�)

= sin(�) cos(�)

(
a

1

sin2(�)
� d�̃ + b

1

sin2(�)
d�̃

)
= e−t cos(�)

sin(�)

(
a ∗ d�′ + b d�′) = L′ 1(d�′), (4.22)

where we have first imposed the self-duality condition and then used Eq. (4.15) to relate �̃ to the 
redefined coordinate �′ of the deformed model.

Repeating the construction for the other currents we find that the sigma model in Eq. (4.16)
admits the following three conserved currents:

L′ 1 = e−t cos(�)

sin(�)

(
a � d�′ + b d�′),

L′ 2 = a d� + b � d�,

L′ 3 = e−t

(
a � d�′ + b d�′ − 2

sin2(�)
� d�′

)
.

(4.23)

These currents are flat on shell as expected. They are precisely the non-local T-dual currents 
discussed in [44]. As we have seen, the generalization provided by considering the full O(1, 1)

group is limited to local rescalings.
The strength of our general formalism is that it can be applied to larger O(d, d) groups, which 

in general describe non-trivial deformations beyond T-duality, as we will see in the next section.

5. Example 2: S3 and O(2, 2)

In this section, we study the group of O(2, 2) transformations for the sigma model on the 
three-sphere with non-zero H -flux.
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5.1. WZNW model on the three-sphere

Let us start with the WZNW model on the group SU(2):

S[g] = −1

4

∫
�

Tr
[
g−1dg ∧ �g−1dg

]
+ iκ

3!
∫
V

Tr
[
g−1dg ∧ g−1dg ∧ g−1dg

]
= −1

4

∫
�

Tr[ωL ∧ �ωL] + iκ

3!
∫
V

Tr[ωL ∧ ωL ∧ ωL]

= −1

4

∫
�

Tr[ωR ∧ �ωR] − iκ

3!
∫
V

Tr[ωR ∧ ωR ∧ ωR],

(5.1)

where κ = 1 at the conformal point and the left/right-invariant Maurer–Cartan one-forms jL/R
are defined as

ωL = g−1dg, ωR = −dg g−1 (5.2)

for g ∈ SU(2). By construction, the currents satisfy the Mauer–Cartan equations,

dω + ω ∧ ω = 0 . (5.3)

The variation of the action is given by

δS = +1

2

∫
�

Tr (g−1δg) (d � ωL − iκ dωL)

= −1

2

∫
�

Tr (δg g−1) (d � ωR + iκ dωR) ,

(5.4)

which leads to the EOM:

d � ωL − iκ dωL = 0, d � ωR + iκ dωR = 0. (5.5)

The Noether currents associated to the SU(2) × SU(2) global symmetry are given by

JL = ωL − iκ � ωL, JR = ωR + iκ � ωR. (5.6)

We see that they are not only conserved but also flat for any value of κ :

dJL + JL ∧ JL = (dωL − iκ d � ωL) + (1 + κ2)ωL ∧ ωL

= (1 + κ2)(dωL + ωL ∧ ωL) = 0 .
(5.7)

The same can be verified for jR. From the conserved and flat currents we can construct the Lax 
pairs:

LL = a JL + b � JL = − ((iκb − a) + (iκa − b)�)ωL,

LR = a JR + b � JR = + ((iκb + a) + (iκa + b)�)ωR,
(5.8)

where a, b contain the spectral parameter λ as before, and are given by

a = 1

2
(1 ± cosh(λ)), b = 1

2
sinh(λ), (5.9)
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and satisfy a2 − b2 − a = 0. Using the Lax pairs, the infinite number of conserved charges can 
be constructed in the usual way (see Sec. 3).

From now on we will set κ = 1 and look at deformations of the conformal model for ease of 
notation. It is convenient to pick an explicit parametrization for g ∈ SU(2):

g = e−(ζ1+ζ2)T2eη T1e+(ζ1−ζ2)T2, (5.10)

where the generators Tα , α = 1, 2, 3 are defined in terms of the usual Pauli matrices

Tα = − i

2
σα, α = 1,2,3, (5.11)

and satisfy[
Tα,Tβ

] = εαβγ Tγ , Tr
(
TαTβ

) = −1

2
δαβ, (5.12)

where ε123 = 1.
The metric and H -flux are read off from

−1

4
Tr

[
g−1dg ∧ �g−1dg

]
= 1

8
dη ∧ �dη + 1

2
sin2

(η

2

)
dζ1 ∧ �dζ1

+ 1

2
cos2

(η

2

)
dζ2 ∧ �dζ2,

1

3!Tr
[
g−1dg ∧ g−1dg ∧ g−1dg

]
= − sin

(η

2

)
cos

(η

2

)
dζ1 ∧ dζ2 ∧ dη,

(5.13)

which, for example, leads to the equation of motion for η

d � dη − sin(η)(dζ1 ∧ �dζ1 − dζ2 ∧ �dζ2 − 2idζ1 ∧ dζ2) = 0 . (5.14)

It is also convenient to decompose the Maurer-Cartan forms on the basis of the Tα in the follow-
ing. Using the SU(2) element (5.10), we explicitly write down (5.2) as

ω1
L = sin(ζ−) sin(η)dζ+ − cos(ζ−)dη ,

ω2
L = dζ− − cos(η)dζ+ = 2

(
sin2

(η

2

)
dζ1 − cos2

(η

2

)
dζ2

)
,

ω3
L = − cos(ζ−) sin(η)dζ+ − sin(ζ−)dη

(5.15)

while

ω1
R = − sin(ζ+) sin(η)dζ− + cos(ζ+)dη ,

ω2
R = dζ+ − cos(η)dζ− = 2

(
sin2

(η

2

)
dζ1 + cos2

(η

2

)
dζ1

)
,

ω3
R = cos(ζ+) sin(η)dζ− + sin(ζ+)dη ,

(5.16)

where we introduced the coordinates

ζ± = ζ1 ± ζ2. (5.17)

In terms of this decomposition, the flatness condition reads

dωα + 1

2
εα

βγ ωβ ∧ ωγ = 0 , α,β, γ = 1,2,3 . (5.18)

The corresponding Killing vectors kα , α = 1, 2, 3 to the above one-forms are computed as
L/R
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k1
L = + csc(η) sin(ζ−)∂ζ+ + cot(η) sin(ζ−)∂ζ− − cos(ζ−)∂η,

k2
L = ∂ζ− ,

k3
L = − csc(η) cos(ζ−)∂ζ+ − cot(η) cos(ζ−)∂ζ− − sin(ζ−)∂η

(5.19)

whereas

k1
R = − cot(η) sin(ζ+)∂ζ+ − csc(η) sin(ζ+)∂ζ− + cos(ζ+)∂η,

k2
R = ∂ζ+ ,

k3
R = + cot(η) cos(ζ+)∂ζ+ + csc(η) cos(ζ+)∂ζ− + sin(ζ+)∂η.

(5.20)

As is clear above, k2
L and k2

R are commuting Killing vectors in our choice of coordinates. The 
associated conserved currents are

J 2
L = 2(J1 − J2) , J 2

R = 2(J1 + J2) , (5.21)

where J1 and J2 are U(1) × U(1) Noether currents for the Killing vectors ∂ζ1 and ∂ζ2 , respec-
tively:

J1 = sin2
(η

2

)
dζ1 − i sin2

(η

2

)
� dζ2 ,

J2 = cos2
(η

2

)
dζ2 + i sin2

(η

2

)
� dζ1 .

(5.22)

In the following we will pick ζ1 and ζ2 to be adapted coordinates in the doubled formalism, so 
that we can study the corresponding action of O(2, 2) .

5.2. Doubled formalism

We start by introducing the doubled coordinates

XI =

⎛⎜⎜⎝
ζ1
ζ2

ζ̃1

ζ̃2

⎞⎟⎟⎠ (5.23)

and read from the sigma model the generalized metric

H =
(

G − BG−1B BG−1

−G−1B G−1

)
=

⎛⎜⎜⎜⎜⎝
1 0 0 1
0 + cot2

( η
2

) − cot2
( η

2

)
0

0 − cot2
( η

2

) + csc2
( η

2

)
0

1 0 0 sec2
( η

2

)

⎞⎟⎟⎟⎟⎠ . (5.24)

The two ingredients of our construction are the choice of an appropriate gauge for the flat currents 
and the O(2, 2) map. The gauge choice depends only on the torus that we have picked and 
remains the same for all the transformations in O(2, 2).

Gauge choice For LL, we pick

h = e−ζ−T2 , (5.25)

so that the gauged Lax pairs decompose as
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L̂1
L = + ((ib − a) + (ia − b)�)dη ,

L̂2
L = − ((ib − a) + (ia − b)�) (dζ− − cos(η)dζ+) − dζ− ,

L̂3
L = + ((ib − a) + (ia − b)�) sin(η)dζ+ .

(5.26)

On the other hand, for JR, we choose

h = e−ζ+T2 , (5.27)

so that

L̂1
R = + ((ib + a) + (ia + b)�)dη ,

L̂2
R = + ((ib + a) + (ia + b)�) (dζ+ − cos(η)dζ−) − dζ+ ,

L̂3
R = + ((ib + a) + (ia + b)�) sin(η)dζ− .

(5.28)

The first components L̂1
L/R do not have components in the directions dζ±, and they will not be 

affected by O(2, 2) transformations.
Finally let us observe explicitly the connections of the gauged Lax pairs. In the following 

some example of special interest will be discussed. Using the U(1)2 conserved currents (5.22) , 
we compute

dL̂1
L + L̂2

L ∧ L̂3
L = (ia − b) [d � dη − sin(η) (dζ1 ∧ �dζ1 − dζ2 ∧ �dζ2 − 2idζ1 ∧ dζ2)] ,

dL̂2
L + L̂3

L ∧ L̂1
L = −2(ia − b) (d � J1 − d � J2) ,

dL̂3
L + L̂1

L ∧ L̂2
L = 2(ia − b)

[
cot

(η

2

)
d � J1 + tan

(η

2

)
d � J2

]
(5.29)

as well as

dL̂1
R + L̂2

R ∧ L̂3
R = (ia + b) [d � dη − sin(η) (dζ1 ∧ �dζ1 − dζ2 ∧ �dζ2 − 2idζ1 ∧ dζ2)] ,

dL̂2
R + L̂3

R ∧ L̂1
R = 2(ia + b) (d � J1 + d � J2) ,

dL̂3
R + L̂1

R ∧ L̂2
R = +2(ia + b)

[
cot

(η

2

)
d � J1 − tan

(η

2

)
d � J2

]
,

(5.30)

which obviously vanish under the EOM (5.14) and the conservation of J1 and J2.

5.3. Marginal deformations

Current–current deformations of WZNW models are described by transformations O ∈ O(d) ×
O(d) ⊂ O(d, d). In the case of a WZNW model on a compact Lie group, all maximal Abelian 
subgroups are pairwise conjugated by inner automorphisms so the complete deformation space 
is D = O(r, r)/(O(r) × O(r)), where r is the rank of the group (see e.g. [7]). In our case, there 
is only one possible deformation of this kind, which we will call J J̄ -deformation.

To realize this deformation, we can consider for example the element g(α) ∈ O(2, 2) written 
as

g(α) = 1

2

(
R(α) + S(α) R(α) − S(α)

R(α) − S(α) R(α) + S(α)

)
, (5.31)

where
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R(α) = S(α)−1 =
(

cos(α) sin(α)

− sin(α) cos(α)

)
. (5.32)

The J J̄ -deformation results from performing [1,4]

1) an O(2) × O(2) rotation g(α) given by (5.31),
2) a diffeomorphism gA (2.13) characterized by

A(α) =
(

cos(α) + sin(α) 0
0 cos(α)

)
, (5.33)

3) a B-shift gB (2.15) given by

d�(α) =
(

0 cos(α)(sin(α) − cos(α))

− cos(α)(sin(α) − cos(α)) 0

)
. (5.34)

In summary, the O(2, 2) transformation corresponding to the J J̄ -deformation is given by

gJ J̄ (α) = g(α)gdiff(A(α))gB(d�(α)) =

⎛⎜⎜⎜⎝
1 0 0 tan(α)

0 cos(α)
cos(α)+sin(α)

− sin(α)
cos(α)+sin(α)

0

0 cos(α)
cos(α)+sin(α)

cos(α)
cos(α)+sin(α)

0
−1 0 0 1

⎞⎟⎟⎟⎠ .

(5.35)

Then the generalized metric transforms as

H′ = gJ J̄ (α)tHgJ J̄ (α)

=

⎛⎜⎜⎜⎜⎜⎝
tan2

( η
2

)
0 0 − tan2

( η
2

)
0 cos2(α)

(cos(α)+sin(α))2
cos2(α)

(cos(α)+sin(α))2 0

0 cos2(α)

(cos(α)+sin(α))2
�1

(cos(α)+sin(α))2 sin2( η
2

) 0

− tan2
( η

2

)
0 0 �1

cos2(α) cos2
( η

2

)

⎞⎟⎟⎟⎟⎟⎠ ,
(5.36)

where

�1 = cos2(α) + cos2
(η

2

)
sin(α)(sin(α) + 2 cos(α)) . (5.37)

This leads to the following deformed sigma-model:

S′
α[η, ζ ′

1, ζ
′
2] = 1

2

∫
1

4
dη ∧ �dη + 1

�1
(cos(α) + sin(α))2 sin2

(η

2

)
dζ ′

1 ∧ �dζ ′
1

+ 1

�1
cos2(α) cos2

(η

2

)
dζ ′

2 ∧ �dζ ′
2 − 2i

�1
cos2(α) sin2

(η

2

)
dζ ′

1 ∧ dζ ′
2 . (5.38)

The EOM for ζ ′
1, , ζ

′
2 can be expressed as

d � J1(α) = 0 , d � J2(α) = 0 , (5.39)

where we define the conserved currents of the dual model to be
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J1(α) = 1

�1

[
(cos(α) + sin(α))2 sin2

(η

2

)
dζ ′

1 − i cos2(α) sin2
(η

2

)
� dζ ′

2

]
, (5.40)

J2(α) = 1

�1
cos2(α)

[
cos2

(η

2

)
dζ ′

2 + i sin2
(η

2

)
� dζ ′

1

]
. (5.41)

They obviously correspond to the U(1) × U(1) isometries along the Killing vectors ∂ζ ′
1

and ∂ζ ′
1

, 
respectively. Note that

S′
α[η, ζ ′

1, ζ
′
2] = 1

2

∫
1

4
dη ∧ �dη + dζ ′

1 ∧ �J1(α) + dζ ′
2 ∧ �J2(α). (5.42)

At order O(α), the action is approximated as

S0[η, ζ ′
1, ζ

′
2] + α

2

∫
2 sin4

(η

2

)
dζ ′

1 ∧ �dζ ′
1 − 2 cos4

(η

2

)
dζ ′

2 ∧ �dζ ′
2 + i sin2(η)dζ ′

1 ∧ dζ ′
2

= S0[η, ζ ′
1, ζ

′
2] − iα

2

∫
1

4
J 2

L(ζ ′) ∧ (1 + i�)J 2
R(ζ ′) ,

(5.43)

where S0 is the undeformed action whereas J 2
L/R(ζ ′) are undeformed conserved currents (5.6)

with their arguments replaced by ζ ′
1/2 .

To construct the flat currents of the J J̄ -deformed model, let us apply the inverse map of the 
duality automorphism (2.12). It leads to the following relations:

dζ1 = dζ ′
1 + tan(α) � J2(α) ,

dζ2 = 1

1 + tan(α)

[
dζ ′

2 − tan(α) � J1(α)
]

.
(5.44)

We can now explicitly give the deformed Lax pair L′ = L̂(dζ1/2 → dζ ′
1/2):

L′ 1
L =

(
(ib − a) + (ia − b)�

)
dη ,

L′ 2
L = − 2

(
(ib − a) + (ia − b)�

)[(
sin2( η

2

) − cos2
( η

2

)
1+tan(α)

)(
dζ ′

1 + tan(α) � J2(α)
dζ ′

2 − tan(α) � J1(α)

)]
− dζ ′

1 − tan(α) � J2(α) + 1

1 + tan(α)

(
dζ ′

2 − tan(α) � J1(α)
)

,

L′ 3
L =

(
(ib − a) + (ia − b)�

)
sin(η)

[
dζ ′

1 + tan(α) � J2(α) + dζ ′
2 − tan(α) � J1(α)

1 + tan(α)

]
,

(5.45)

whereas

L′ 1
R =

(
(ib + a) + (ia + b)�

)
dη ,

L′ 2
R = 2

(
(ib + a) + (ia + b)�

)[(
sin2( η

2

) + cos2
( η

2

)
1+tan(α)

)(
dζ ′

1 + tan(α) � J2(α)
dζ ′

2 − tan(α) � J1(α)

)]
− dζ ′

1 − tan(α) � J2(α) − 1

1 + tan(α)

(
dζ ′

2 − tan(α) � J1(α)
)

,

L′ 3
R = +

(
(ib + a) + (ia + b)�

)
sin(η)

[
dζ ′

1 + tan(α) � J2(α) − dζ ′
2 − tan(α) � J1(α)

1 + tan(α)

]
,

(5.46)



20 D. Orlando et al. / Nuclear Physics B 950 (2020) 114880
where the inner product of the two-component vectors is used in L′ 2
L/R. Based on our general 

arguments in Section 3, we were thus able to explicitly give the Lax pair of the J J̄ -deformed 
sigma model, which guarantees its classical integrability.

5.4. TsT transformation

TsT transformations [68–71,73,74,76–78] can be also interpreted as O(d, d) transformations 
and conveniently described using the doubled formalism.2 In this section we will derive explicitly 
the six non-local flat currents of the resulting model.

Given the two-torus generated by (ζ1, ζ2), the corresponding TsT transformation consists of

TsT transformation =

⎧⎪⎨⎪⎩
1) a T-duality along ζ1 direction ,

2) a shift ζ2 by α ζ̃1,

3) a T-duality along ζ̃1 direction .

(5.47)

The T-duality along ζ1 is realized by the matrix

gT1 =

⎛⎜⎜⎝
0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1

⎞⎟⎟⎠ , (5.48)

and the doubled coordinates transform as

(g−1
T1

)I J dXJ =

⎛⎜⎜⎝
d̃ζ1
dζ2
dζ1

d̃ζ2

⎞⎟⎟⎠ . (5.49)

Next, we perform the shift transformation,

dζ2 → dζ2 + α dζ1 . (5.50)

In order to have a consistent transformation in O(2, 2), this shift must be supplemented with an 
opposite shift of the dual coordinates. Then we have

Sα =

⎛⎜⎜⎝
1 0 0 0

−α 1 0 0
0 0 1 α

0 0 0 1

⎞⎟⎟⎠ . (5.51)

The complete TsT transformation is realized as

gTsT = gT1SαgT1, (5.52)

which is expressed in components as

gTsT =

⎛⎜⎜⎝
1 0 0 α

0 1 −α 0
0 0 1 0
0 0 0 1

⎞⎟⎟⎠ . (5.53)

2 See also a recent work [93].
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It clearly lives in the component of O(2, 2) connected to the identity. In the classification of 
Sec. 2.1 this is a β-transformation with bi-vector

β ≡ 1

2
βij ∂Xi ∧ ∂Xj = α∂ζ1 ∧ ∂ζ2 , (5.54)

which can be identified with an Abelian classical r-matrix in terms of a Yang–Baxter deforma-
tion.

Using the O(2, 2) element (5.53), we compute the deformed sigma model as3

S′
λ[η, ζ ′

1, ζ
′
2] = 1

2

∫
1

4
dη ∧ �dη + 1

�2
sin2

(η

2

)
dζ ′

1 ∧ �dζ ′
1 + 1

�2
cos2

(η

2

)
dζ ′

2 ∧ �dζ ′
2

+ 2i

�2
(1 + α) cos2

(η

2

)
dζ ′

1 ∧ dζ ′
2 ,

(5.55)

where

�2 = 1 + α(2 + α) cos2
(η

2

)
. (5.56)

The equations of motion for ζ ′
1 and ζ ′

2 are written as the conservation laws associated with the 
U(1)2 isometries along k1 = ∂ζ ′

1
and k2 = ∂ζ ′

2
. The corresponding Noether currents are given by

J1(α) = 1

�2

[
sin2

(η

2

)
dζ ′

1 + i(1 + α) cos2
(η

2

)
� dζ ′

2

]
,

J2(α) = 1

�2

[
cos2

(η

2

)
dζ ′

2 − i(1 + α) cos2
(η

2

)
� dζ ′

1

]
,

(5.57)

respectively. Up to linear order O(α), the action (5.55) is given by

S′
α ∼ S0[η, ζ ′

1, ζ
′
2] + α

2

∫
−2 sin2

(η

2

)
cos2

(η

2

)
dζ ′

1 ∧ �dζ ′
1 − 2 cos4

(η

2

)
dζ ′

2 ∧ �dζ ′
2

+ 2i cos2
(η

2

)
sin2

(η

2

)
dζ ′

1 ∧ dζ ′
2 ,

(5.58)

which implies that the contribution of the deformation cannot not be written only in terms of 
J1(0) and J2(0) in a closed form.

Applying the O(d, d) map given in (2.12), we obtain

dζ1 = dζ ′
1 + α � J2(α) ,

dζ2 = dζ ′
2 − α � J1(α) ,

(5.59)

which motivates us to define using J± = J1 ± J2

dζ± = dζ ′± ∓ α � J∓(α) . (5.60)

Now that we have identified the transformation of interest, we find the TsT-deformed Lax pairs 
as follows:

3 This background is related to (3.76) in [40] under the suitable coordinate changes. See also [98].
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L′ 1
L =

(
(ib − a) + (ia − b)�

)
dη ,

L′ 2
L = −

(
(ib − a) + (ia − b)�

)[
dζ ′− − cos(η)dζ ′+ + α � (J+(α) + cos(η)J−(α))

]
,

− (
dζ ′− + α � J+(α)

)
,

L′ 3
L =

(
(ib − a) + (ia − b)�

)
sin(η)

[
dζ ′+ − α � J−(α)

]
,

(5.61)

whereas

L′ 1
R =

(
(ib + a) + (ia + b)�

)
dη ,

L′ 2
R =

(
(ib + a) + (ia + b)�

)[
dζ ′+ − cos(η)dζ ′− − α � (J−(α) + cos(η)J+(α))

]
,

− (
dζ ′+ − α � J−(α)

)
,

L′ 3
R =

(
(ib + a) + (ia + b)�

)
sin(η)

[
dζ ′− + α � J+(α)

]
.

(5.62)

We see that the well-known example of the integrable TsT deformation can be also treated in a 
systematic manner as an O(d, d) transformation.

5.5. Double T-duality

As a final explicit example, let us now consider an O(2, 2) transformation not connected to 
the identity that describes a one-parameter deformation of the T-dual model. The transformation 
consists of the combination of

1) an O(2) × O(2) rotation g(α) given by

g(α) =

⎛⎜⎜⎝
0 sin(α) cos(α) 0

− sin(α) 0 0 cos(α)

cos(α) 0 0 sin(α)

0 cos(α) − sin(α) 0

⎞⎟⎟⎠ . (5.63)

Note that for α = 0 this does not reduce to the identity
2) a diffeomorphism gdiff (2.13) characterized by

A(α) =
(

cos(α) − sin(α) 0
0 cos(α)

)
, (5.64)

3) and a B-shift gB (2.15) given by

d�(α) =
(

0 sin(α)(sin(α) + cos(α))

− sin(α)(sin(α) + cos(α)) 0

)
. (5.65)
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All together, we obtain

gJ J̄ (α) = g(α)gdiff(A(α))gB(d�(α)) =

⎛⎜⎜⎜⎝
0 −1 cot(α) 0

tan(α)
1−tan(α)

0 0 1
1−tan(α)

tan(α)
1−tan(α)

0 0 tan(α)
1−tan(α)

0 1 −1 0

⎞⎟⎟⎟⎠ . (5.66)

Then the generalized metric transforms as

H′ = gJ J̄ (α)tHgJ J̄ (α)

=

⎛⎜⎜⎜⎜⎜⎝
tan2(α)

(1−tan(α))2 0 0 − tan2(α)

(1−tan(α))2

0 tan2
( η

2

) − tan2
( η

2

)
0

0 − tan2
( η

2

)
�2

(sin(α))2 cos2
( η

2

) 0

tan2(α)

(1−tan(α))2 0 0 �2
(cos(α)−sin(α))2 sin2( η

2

)

⎞⎟⎟⎟⎟⎟⎠ ,
(5.67)

where

�3 = sin2(α) + cos2
(η

2

)
cos(α)(cos(α) − 2 sin(α)) . (5.68)

This leads to the following deformed σ -model:

S′
α[η, ζ ′

1, ζ
′
2] = 1

2

∫
1

4
dη ∧ �dη + 1

�3
sin2(α) cos2

(η

2

)
dζ ′

1 ∧ �dζ ′
1

+ 1

�3
(cos(α) − sin(α))2 sin2

(η

2

)
dζ ′

2 ∧ �dζ ′
2

+ 2i

�3
sin2(α) sin2

(η

2

)
dζ ′

1 ∧ dζ ′
2 .

(5.69)

Since this O(2, 2) element is not in the component connected to the identity, the above deformed 
action does not turn into the one for the three-sphere for any value of α.

An interesting limit is the SU(2)/U(1) gauged WZNW model given by α = 0 [99–102],

lim
α→0

S′
α[η, ζ ′+, ζ ′−] = 1

2

∫
1

4
dη ∧ �dη + 1

4
tan2

(η

2

)
d
(
ζ ′+ − ζ ′−

)∧ �d
(
ζ ′+ − ζ ′−

)
, (5.70)

where the metric becomes degenerate and the B-field vanishes.
As before, using (5.69), the EOM for ζ ′

1, , ζ
′
2 can be expressed as

d � J1(α) = 0, d � J2(α) = 0, (5.71)

where we define the conserved currents of the dual model to be

J1(α) = 1

�3
sin2(α)

[
cos2

(η

2

)
dζ ′

1 + i sin2
(η

2

)
� dζ ′

2

]
, (5.72)

J2(α) = 1

�3

[
(cos(α) − sin(α))2 sin2

(η

2

)
dζ ′

2 − i sin2(α) sin2
(η

2

)
� dζ ′

1

]
. (5.73)

They correspond to the U(1) × U(1) isometries along the Killing vectors ∂ζ ′
1

and ∂ζ ′
1

, respec-
tively. Note that

S′
α[η, ζ ′

1, ζ
′
2] = 1

∫
1

dη ∧ �dη + dζ ′
1 ∧ �J1(α) + dζ ′

2 ∧ �J2(α) . (5.74)

2 4
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Applying the inverse of the O(d, d)-duality map in (2.12), we obtain

dζ1 = −dζ ′
2 + cot(α) � J1(α) ,

dζ2 = tan(α)

1 − tan(α)
dζ ′

1 − 1

1 − tan(α)
� J2(α) .

(5.75)

As a result, we find the deformed flat currents L′ = L̂(dζ1/2 → dζ ′
1/2):

L′ 1
L =

(
(ib − a) + (ia − b)�

)
dη ,

L′ 2
L = − 2

(
(ib − a) + (ia − b)�

)[(
sin2( η

2

) − cos2
( η

2

)
1+tan(α)

)(dζ ′
1 + tan(α) � J2(α)

dζ ′
2 − tan(α) � J1(α)

)]
− dζ ′

1 − tan(α) � J2(α) + 1

1 + tan(α)

(
dζ ′

2 − tan(α) � J1(α)
)

,

L′ 3
L =

(
(ib − a) + (ia − b)�

)
sin(η)

[
dζ ′

1 + tan(α) � J2(α) + dζ ′
2 − tan(α) � J1(α)

1 + tan(α)

]
,

(5.76)

whereas

L′ 1
R =

(
(ib + a) + (ia + b)�

)
dη ,

L′ 2
R = 2

(
(ib + a) + (ia + b)�

)[(
sin2( η

2

) + cos2( η
2

)
1+tan(α)

)(dζ ′
1 + tan(α) � J2(α)

dζ ′
2 − tan(α) � J1(α)

)]
− dζ ′

1 − tan(α) � J2(α) − 1

1 + tan(α)

(
dζ ′

2 − tan(α) � J1(α)
)

,

L′ 3
R =

(
(ib + a) + (ia + b)�

)
sin(η)

[
dζ ′

1 + tan(α) � J2(α) − dζ ′
2 − tan(α) � J1(α)

1 + tan(α)

]
.

(5.77)

Also this example is therefore systematically classified as classically integrable.

6. Conclusions and outlook

In this paper we showed the classical integrability of models which are obtained from in-
tegrable sigma models with a non-Abelian isometry group via an O(d, d) transformation. This 
class includes T-dual models, J J̄ -deformed models and TsT-deformed models. To show the clas-
sical integrability, we have explicitly constructed the transformed Lax pairs using the doubled 
formalism and shown that they remain flat.

Our conceptual basis is the string-theoretic picture of the equivalence between momenta and 
winding modes, showing that integrability goes beyond Noether’s construction which is based on 
the study of isometries only. Locality and non-locality are not physical properties but dependent 
on the duality frame. Our discussion is another example of a case in which the stringy picture is 
superior to a purely field-theoretic point of view.

Starting from here, it is possible to develop this line of thought in a variety of directions:
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• As further concrete examples, one could study WZNW models with a compact group different 
from SU(2). This case will yield a picture which is qualitatively similar to the explicit exam-
ples discussed here. Since the rank is in general larger than one, the possible transformations 
are richer and will lead to more interesting deformations.

• When studying WZNW models on non-compact groups, there are several inequivalent max-
imal tori that can be considered (because they are not related by inner automorphisms), 
leading in turn to systems with very different physical properties.

• Of course WZNW models are just a natural starting point. We can study in the same way any 
integrable sigma model with a non-Abelian isometry group of the target space.

• O(d, d) transformations capture a number of deformations which can be understood as 
Yang–Baxter deformations [103,104]. It would be interesting to understand the extent to 
which these two approaches are related. A recent work exploring this direction is [93].

• It would be interesting to uplift our construction of deformed Lax pairs via the O(d, d)-dual-
ity map (2.32) to the cases of other T-dualities such as non-Abelian T-duality [105] and 
Poisson-Lie T-duality [106,107] based on the so-called E -model [62,64]. In particular, 
the Poisson-Lie T-duality emerges naturally in Double Field Theory [108] as pointed out 
in [109]. For a related work, see [110].

• We have explicitly constructed the deformed Lax pairs and have outlined the construction of 
the corresponding conserved charges in Section 3. It would be interesting to understand the 
role of the deformation parameters of the group O(d, d) in the algebra of conserved charges. 
The method in [46,111–114] would be helpful.

• Since we have focused solely on classical integrability, our results apply both to O(d, d; Z)

and O(d, d; R). The first case amounts to an exact equivalence of models, while O(d, d; R)

should be understood as a solution-generating technique. This difference should appear when 
studying the algebra satisfied by the charges. In the latter case, we would expect a deforma-
tion of the algebra to appear [113,115–119].

• In the study of integrability, the spectral parameter λ plays an important role. It would be 
interesting to see whether O(d, d) transformations can be understood in terms of a map 
acting on the spectral parameter [120].

• One interesting open question that remains is the behavior of integrable models under non-
perturbative string dualities such as S-duality. Since the dual system is supposed to describe 
the same physics as the original one, a reasonable conjecture is that integrability should be 
preserved. The issue with non-perturbative dualities is that at least some of the perturbative 
local degrees of freedom in one frame become in general non-local and non-perturbative in 
the other, so it can be very difficult to identify those that are required to realize integrability 
from the point of view of the two-dimensional theory. This might explain existing examples 
in the literature of the non-preservation of integrability in S-dual models [121].

These points go beyond the scope of this work, but would be interesting topics for future research.
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