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ABSTRACT: It was recently observed that boundary correlators of the elementary scalar
field of the Liouville theory on AdSs background are the same (up to a non-trivial pro-
portionality coefficient) as the correlators of the chiral stress tensor of the Liouville CFT
on the complex plane restricted to the real line. The same relation generalizes to the con-
formal abelian Toda theory: boundary correlators of Toda scalars on AdSs are directly
related to the correlation functions of the chiral WW-symmetry generators in the Toda CFT
and thus are essentially controlled by the underlying infinite-dimensional symmetry. These
may be viewed as examples of AdSe/CFT; duality where the CFT; is the chiral half of a
2d CFT; we shall refer to this as AdSy/ CFT;/ ®. In this paper we demonstrate that this
duality applies also to the non-abelian Toda theory containing a Liouville scalar coupled to
a 2d o-model originating from the SL(2,R)/U(1) gauged WZW model. Here the Liouville
scalar is again dual to the chiral stress tensor 1" while the other two scalars are dual to
the parafermionic operators V* of the non-abelian Toda CFT. We explicitly check the
duality at the next-to-leading order in the large central charge expansion by matching the
chiral CFT correlators of (T, V', V™) (computed using a free field representation) with the
boundary correlators of the three Toda scalars given by the tree-level and one-loop Witten
diagrams in AdSs.
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1 Introduction and summary

Quantum field theories in rigid AdSy background (studied from different perspectives, e.g.,
in [1-6]) were recently discussed in the context of AdS5/CFT4: a conformal “defect” model
describing correlators of operators inserted on a straight or circular Wilson line [7-10] is
represented at strong coupling by an effective 2d o-model in AdSy background that follows
from the AdSs x S® superstring action expanded near the corresponding minimal surface.
To find strong coupling corrections to Wilson line correlators requires computing loop
corrections in AdSy [8, 10]; this is, in general, a challenging problem (cf. e.g. [11-14] and
refs. there).

As the theory in AdSs originating [8] from the AdSs x S° superstring action should
be quantum scale-invariant (having no 2d UV divergences), one may hope to learn some
important lessons by first investigating simpler examples of Lagrangian conformal 2d field
theories (like Liouville or Toda) defined on rigid AdSs background. Having conformal
(Weyl) invariance, one may expect the bulk correlators in curved conformally flat space



like AdSs to be directly related to the correlators in flat space. A novel feature in non-
compact AdS space is that while the elementary fields (like scalars of Toda theory) are
not good conformal fields in flat space, their boundary correlators in AdSg (which are the
observables in AdS) are well defined and thus are of interest.

Somewhat surprisingly, they happen to be directly related [15-17] to the correlators of
chiral (holomorphic) primary operators in the 2d CFT defined by the same action in flat
space. For example, the boundary correlators of the Liouville scalar in AdSs have the same
form as the correlators of the holomorphic stress tensor on a plane and thus are essentially
controlled by the underlying Virasoro symmetry. Thus here the chiral half of 2d CFT may
be identified with the effective 1d CFT dual to the conformal field theory in AdSs. We
shall refer to this relation as the AdSy/ CFT;/ ? duality.!

Examples of models exhibiting AdSy/ CFT;/ * duality are conformal abelian Toda field
theories with exponential potentials associated with a finite Lie algebra g. This correspon-
dence was first noticed at the level of the classical AdSy theory (or large ¢ CFT) in [15]
for the g = Ay Liouville theory and also in the particular rank-2 examples of g = As and
By. The case of g = A, was discussed in [17]. The generalization to AdSs loop level (or
subleading 1/c corrections) was presented for the Liouville theory in [16] where also the
exact expression for the map between the AdS, scalar and CEF'T stress tensor correlators
was found. Below we shall extend the Liouville theory loop-level results of [16] to the case
of the As Toda theory.

One reason why the duality between the elementary scalars in AdSs (ds®> = %)
and chiral CF'T operators on the plane is possible is that expanded near the minimum of its
potential the AdSs action describes massive (m? = A(A — 1)) scalar fields ¢ that should
correspond to the dimension A = 2,3,... operators VA at the boundary (with Vo = T)).
Another is that the Weyl symmetry of the AdS, theory suggests enhancement of the global
1d conformal SL(2,R) symmetry to the Virasoro symmetry. Then the boundary correlators
of pa (with z — 0 asymptotics zZ2®A) that we shall denote as (®a, (t1) ... Pa, (tx)) may
be related (on symmetry grounds) to the chiral CFT correlators (Va,(z1)...Va,(2x))
restricted to the boundary of half-plane (z = t + iy — t). A non-trivial question is a
mechanism that determines the proportionality coefficients in this duality relation (i.e.,
symbolically, ko in ®po — kaAVA). Using the Weyl invariance of the AdS, theory one
may map it to the flat-space theory on the upper half-plane and then try to relate the
half-plane boundary asymptotics of the scalar fields to the CFT operators using their
free-field (quantum Miura) representation. The free fields are, in general, related to the
elementary bulk scalars by a non-linear differential (quantum) Bécklund transformation,
but this relation should effectively simplify in the boundary limit. Details of this remain
to be understood.

!This is thus an example of AdS;/CFT; where the boundary 1d conformal symmetry is enhanced from
SL(2,R) to the chiral half of the 2d Virasoro symmetry. This happens when a Weyl-covariant theory is
put on a rigid AdSs background. While superficially similar, this is to be distinguished from what happens
when one considers quantum gravity in AdSz [18] where the bulk diffeomorphism symmetry implies an
enlarged asymptotic global symmetry corresponding to 1d reparametrizations or Virasoro symmetry in the
boundary theory [19, 20] (which may be spontaneously broken [21-24]).



The main focus of the present paper will be on the demonstration of the AdSs/ CFT;/ 2
duality in the case of the non-abelian conformal Toda theory of [25]. Here the derivative
part of the Lagrangian is no longer free but is described by an effective o-model originating
from the SL(2,R)/U(1) gauged WZW model [26, 27]. This theory comes closer to the
string-theory related AdSs model in [8] (containing derivative interactions) and turns out
to be much more non-trivial than the abelian Toda one.

Below we shall first review (in section 1.1) the AdSs/ CFT;/ ? duality in the case of the
Liouville theory and then summarize the analogous statements for the abelian Toda theory
in section 1.2. A summary of our results for the non-abelian Toda theory will be given
in section 1.3.

Section 2 will contain details of new one-loop AdSy boundary correlator computations
in the Ay abelian Toda model providing solid check of the AdS,/CFT ;/ * duality in this
case. Section 3 will be devoted to a systematic discussion of the duality in the non-
abelian Toda theory. In appendix A we will present a heuristic proposal for the all-order
proportionality coefficient between the boundary correlators of the second scalar of the
Ay abelian Toda theory in AdSs and correlators of the dual spin 3 chiral generator in
the CFT. In appendix B we will collect useful relations that are used to compute some
AdS, integrals. Appendices C and D will contain details of the one-loop AdSs calculations
of the coefficients in the three-point boundary correlators that are required to check the
AdS,y/ CFT;/ * duality in the Ay abelian and non-abelian Toda theories.

1.1 Liouville theory

The action of the Liouville theory defined on a 2d space with curvature R is [28, 29]

1
S:M/d2x\/§[(890)2+u262b‘p+Qch], Q=b"1+0b. (1.1)
For the above value of @) this model is Weyl-covariant with central charge
c=1+6Q*=b"2+13+1. (1.2)

Considering the unit-radius Euclidean AdSs background with = = (t,z) and the Poincaré

plane metric

1
ds® = Z—Q(dtZ + dz%), R=-2, (1.3)
the Liouville field ¢ can be expanded near its constant vacuum expectation value,
1 Q
— =1 1.4
¢ =0+, w0 =gploey 5 (1.4)

and then the fluctuation ¢ has classical mass m? = 2. Perturbation theory in the AdSs, bulk
was studied previously in [2, 5, 30]. One may also compute [16] the boundary correlators
of ¢ (relevant from the usual AdS/CFT point of view) by assuming the Dirichlet boundary
conditions for ¢ at the boundary line z = 0, i.e.

C(t,z)‘zﬁO =22P(t) +.... (1.5)



The 1d field ®(t) is associated to a boundary conformal operator with the scaling dimension
A =2 (here m? = A(A — 1) = 2). Then the boundary correlators are defined as

N N

def . =2 f (b 7

([T @) ™ tim [Tz <2 (1.6
i=1 =1

As was noticed in [15], the tree level (b — 0) Witten diagrams computing (1.6) in pertur-

bation theory match the leading large ¢ limit of the correlators of the chiral part of stress

tensor T'(z) of the flat-space CFT (the generator of the Virasoro algebra with the central

charge ¢ given by (1.2))
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where k = k(b) is the constant in the identification ®(t) — sk T(t). Here the r.h.s. may
be viewed as a chiral stress tensor correlator restricted to the real-line boundary of the
half-plane z; = t; + iy; — t;. The relation (1.7) was demonstrated also to hold [16] at the
one-loop in AdSy (i.e. subleading order in large ¢ expansion). Furthermore, it was argued
in [16] using boundary CFT considerations that the all-order expression for x(b) is given by

4Q 4b(1 + b%) 2 T4
T Bred2+3?) 3 9’ T (18)
Using that
c c
(T'(21)T(22)) = 9.4 0 (T'(21)T(22)T (23)) = 5 9 9 > (1.9)
212 212723431

the duality relation (1.7) means that the coefficients in the perturbative expansion of the
two-point and three-point boundary correlators (with the structure controlled by the con-
formal symmetry)?

Co Ca20
f@(t)@(t2) ) = (@(t2) D(t2) B(ts) ) = 55 o (1.10)
12 12 *13 =23
should be given by
5 C 8 (1 + b?)? 4 2, 13,
= K2 = Sl iy K SR

O =R = Gromesad 3 90 Tarl T

6406 (1+v%)3 16, 64 100
Cogo = K3 ¢ = — =——b+ - ——b+-. 1.11
20 = KOS TR 2 L )2 9 27 o7 F (L1.11)

These expansions were checked directly (for the leading tree and one-loop terms) in [16].
The four-point boundary correlators may be decomposed into the disconnected and con-
nected parts

(@(t1) -~ (ta)) = ((t1) -+ (ta) aisc + (B(t1) -+ (ta) heonn - (1.12)

Indices of coefficients indicate dimensions of operators involved.




Since the four-point function for the chiral part of the stress tensor T is controlled by the
Virasoro symmetry

02
(T(e1) () = = <Z%14 TR L 414>

2734  R13%24  F14 %23

_l’_

1 1 1 >
c + + (1.13)
2 .2 .2 .2 2 .2 .2 .2 2 2 .2 .2
(le 293734714 F13724 714723 12724 734 713
the relation (1.7) implies that
1 1 1
2
<<(I)(t1) T (I)(t4)>>disc = (022) < 2 .2 + 2 .2 + PR > >
tiotyy tigtyy 144153
1 n 1 n 1
2 12 12 .2 2 12 12 12 2 12 12 12
tiatog i3, 17y gty tiytys ot t3,tys

(@(t1) - P(ta) heonn = C2222 < > . (1.14)

where according to (1.8)

256 b2 (1 b2)4 32 80
4 2 4 5
— — R b _—— b —|— s, 1.]_
02222 e (3 + 2b2)3(2 + 3b2)3 27 27 ( )

This was also verified in [16] (using numerical computation for one-loop integrals appearing
in the computation of the four-point boundary correlator (1.14)).

To conclude, the relation (1.7) found in the Liouville model in AdSy provides the
simplest example of the AdSy/ CFT;/ ? duality. The fact that the bulk theory is conformal
implies that the structure of the boundary correlators is essentially fixed by the Virasoro
symmetry.> While this duality may be viewed as being essentially kinematical, the non-
trivial expression for  in (1.8) receiving corrections from all orders in the small b expansion
provides an important constraint on how the higher-loop Witten AdSs diagrams are to be
evaluated in order to maintain the underlying infinite-dimensional Virasoro symmetry.

1.2 Abelian Toda theory

The generalization to abelian Toda theory for Ay and Bj algebras was discussed in [15]
and for A,, algebras in [17]. A novel feature is that in addition to the Liouville field here
the Lagrangian contains other scalar fields that are massive in AdSs and are dual to the
chiral generators of the W,, symmetry of the Toda theory.*

In section 2 of this paper we will extend the discussion of the corresponding
AdSy/ CFT;/ * duality to the one-loop level on the example of the A, theory with main
results summarized below.

The action of the Ay abelian Toda theory in curved 2d background contains in addition
to the Liouville field ¢ another scalar 1, i.e. is given by the following generalization of (1.1)

S= 4 [ PoVL0F + @) + e cosh(2V3b0) + QRe], (110

Q=>b""1440b, c=2+6Q%. (1.17)

3In particular, the four-point boundary correlators of operators that have protected dimension here do
not contain logarithms of 1d cross ratio, etc.

4Toda field theories associated with a finite (non-affine) Lie algebra g of rank n (see, e.g., [31-33]) may
be formulated in curved space, see, for instance, [34].



This theory is Weyl-covariant at the quantum level: the required value of @ in (1.17) can
be determined, e.g., by viewing (1.16) as a string model in a linear dilaton and tachyon
backgrounds and solving the corresponding tachyon S-function equation [35, 36].

Considering the AdSy background (1.3) and expanding near the constant vacuum value
for ¢ as in the Liouville theory (with ¢¢ given again by (1.4)) one can develop the pertur-
bation theory in small b, i.e. in powers of the fluctuation fields { = ¢ — ¢y and . These
happen to have masses mg =2 and mi = 6 corresponding (according to m? = A(A — 1))
to the dual operator dimensions A¢ = 2 and Ay = 3. Let us label the boundary fields as
® and @3 (cf. (1.5))°

((t,2)], o =220t + ..., (t,2)], , =2Ps(t) +.... (1.18)

In this case the dual CFT is isomorphic to the chiral sector of the W3 extension of the
Virasoro algebra [37, 38], with ® dual to the dimension 2 stress tensor 7' and ®3 to the
dimension (or spin) 3 generator V3 of the W3 symmetry algebra. Defining the boundary
correlators as in (1.6)

N M N M
(JT @) H@g(t}))}Ez_li/ni)()(H C(ti,z7) H (t},2;) (1.19)
i=1 j=1 5T =1 j=1
the expected correspondence is expressed by a generalization of (1.7), i.e
N M
d(t; O3(t))) = T(z V3(z ) 1.20
(T TT a6 = H - H S, (1.20)

Here « has the same form as in the Liouville theory (cf. (1.8)) and the coefficient 3 in the
duality between ®3 and V3 turns out to be a non-trivial function of b

4Q 3 24Q% 22 73 5
_ e 2, 2%, b— ). (121
& c 57T R RN S RRRVA T 15 (1.21)

We shall verify (1.20) and (1.21) by the one-loop AdSs computations in section 2 and
present an argument for the above expression for k3 in appendix A.

The CFT 2- and 3-point functions are constrained by the conformal invariance to have
the form (we adopt the standard normalization for the spin 3 generator V3)%

(T(2)T(22)) = 51+ (T(2)T(22)T(23)) = 55—
12 12713723

(Va(21)V3(22)) = 575~ (T'(21)V3(22)V3(23)) = ﬁ (1.22)
12 12713723

5The index of ®; indicates the dimension of the associated operator (we omit index 2 on the Liou-
ville field @).

®In general, given a primary field Va with the dimension A and the two-point function (Va(z1) Va(22)) =
& the conformal symmetry Ward identity implies that (T'(z1)Va(z2)Va(z3)) = #Am,z. This is
#12 %12 %13 %23

consistent with the values of the coefficients in (1.22) (note that in the (T'T'T") case the central term in the
OPE of T(2)T(0) does not contribute to the three-point function as (T') = 0).



The corresponding boundary correlators can be parametrized as in (1.10)

Coo Ca2
(@(t1)@(t2)) = ——, ((t1)@(t2)@(t3)) = 55 5
t, [SPSELSE
Cs3 Ca33
(P3(t1)P3(t2)) = —5—» (@(t1)P3(t2)Ps3(t3)) = 551 - (1.23)
tia tiatistos
We shall explicitly check the relations implied by (1.20), (1.21)
c o 4 4, c o 16 112 4
Cn=gri=g-gb+ O3 =3M =15~ 75 ’
32 2752 16 224
2 3 3 3
- Sy WL N —erP = o h B (124
Co3z = ch K3 El e Cop = CkK R TR (1.24)

by the one-loop computations in AdSs in section 2.

The non-vanishing four-point correlators (PPPP), (PPP3P3)), and (P3P3P3P3)) were
considered at the tree level in [15] confirming the expected AdSs/ CFT;/ ? relations. While
no conceptual difficulties are expected at the one-loop level where the computation is similar
to the one in the Liouville theory in [16] here will not discuss it because of technical limi-
tations.”

Similar results should hold also for higher rank abelian Toda models where there are
more scalar fields with different masses corresponding to the higher-spin generators of the
underlying W-algebra symmetry. One implication of the AdSs/ CFT; ? duality (1.20) is
that it can then be used to compute the higher-loop AdSs boundary correlators for the
Toda theory using purely W-algebraic methods.

1.3 Non-abelian Toda theory

In the abelian Toda theory the chiral CFT operators (conserved currents) have protected
dimensions so their correlators are constrained by W symmetry modulo overall normal-
izations and thus the corresponding AdSs/ CFT;/ ? duality is a direct generalization of the
Liouville theory case. The story becomes more intricate in the case of the conformal non-
abelian Toda (NAT) theory [25] (see also [39, 40]) that we shall discuss in detail in section 3
below. Here we will summarize the main results.

Keeping only the leading order (one-loop) terms in the corresponding Weyl-invariant
target space metric and dilaton (cf. (3.8)) the NAT action is the following generalization
of the Liouville (1.1) or abelian Toda (1.16) actions

1

S47T

/ d*z \/g[(&p)Q + (9r)% + tanh?(br) (9y)? (1.25)

+ 2 e cosh(2br) + R (Qy —logeosh(br)) |, Q@ =b7"+3b,

"The coefficients Cass and Caao in the three-point functions in (1.23) are expressed in terms of finite
AdS; integrals. Most of them may be computed analytically, but a few have to be evaluated numerically
because the available analytic tools turn out not to be sufficient. In the case of the coefficients in the four-
point correlators the number of diagrams to be evaluated numerically is larger and the expected numerical
accuracy is too low to be reliable.



Here in addition to the Liouville field ¢ with linear dilaton term we have the (r,y) sector
with the kinetic term originating from the SL(2,R)/U(1) gauged WZW model and the
dilaton term Rlogcosh(br) required for the Weyl invariance of this o-model [27]. The
expression for @) is fixed by the condition of quantum Weyl invariance of the potential
term, i.e. by satisfaction of the tachyon equation (3.10) [35, 41]. The (exact) relations
between the constant b, the WZW level k and the total central charge are (cf. (3.9), (3.17))

1
k—2

so that the small b expansion is the same as the large k or large ¢ expansion.

b=

, c=346Q%*+6b> =6b"2+39+b7, (1.26)

Expanding (1.25) around the minimum of the potential for ¢ on the AdSs background
as in (1.4), one finds the action for 3 massive fluctuation fields ¢ and &3, &, (related to 7,y
as in (3.13) with a = b). They have the same mass m? = 2 (to leading order in b), i.e.
should be dual to the boundary operators with the classical dimension 2. We shall denote
the corresponding boundary fields as ® and ®* (cf. (1.5), (1.18))

(L), o =22M+..., )| =veFM)+..., = \2(& + i),
(1.27)
where A, = 24 ... (anticipating possible anomalous dimension). At the classical level, the
NAT model in flat space has three conserved holomorphic currents with dimension 2: the
stress tensor T and a U(1) doublet of “parafermions” chf [39] (generalizing the classical
parafermions of the gWZW model [26]). A natural suggestion is that the corresponding
quantum operators T and V* should be related, respectively, to the AdS, boundary fields
® and ®*. To check the AdSsy/ CFT;/ ? duality in this case we will compute the AdS, bound-
ary correlators using Witten diagrams and compare them to the chiral CFT correlators
of T and V*.
The CFT correlators can be found using an explicit free field representation for T and
parafermions V* that we shall present in section 3.2. A novel feature compared to the
abelian Toda theory is that the dimension of the primaries V* is not protected, i.e. they

have a non-zero anomalous dimension
Ay =247, vvzlzi. (1.28)
ko 1+2b?
Defining the boundary correlators as in (1.6), (1.19)%

N M*

N M*
(ITew IT e*eH)y= tim [z [ @) 2verat ), (129
i=1 jE=1

Z552Z; —0 im1 jizl

the statement of the Ang/CFT;/2 duality should be (cf. (1.7), (1.20))

N M* . N M*
(JITew) [ @) =Vl (] 7=) [] VEED)) (1.30)
i=1 jt=1 i=1 it—1

+ E
2iy25 —)ti,tj

where x and s, = k_ are the coefficients in the correspondence ® — kT, ®+ — kL VT,

8Here we use a short-cut notation: the + products are, of course, independent.



As the dimension 2 of the stress tensor is protected, its normalization is universal:
(T'(21)T'(22)) = 5 Asaresult, as in the Liouville (1.8) or the abelian Toda theory (1.21),
12
the coefficient x has the scheme-independent expression in terms of ) and ¢
4Q 4b(1+30?) 7

2
_ SR Y R~ S 1.31
c Sra)2+50%) 3 73”07 (1.31)

At the same time, as V* has the non-zero anomalous dimension (1.28), the coefficient C*+~
in the corresponding 2-point function

ct=
2A
A%
212

(VE(2)V ™ (22)) = (1.32)

is scheme-dependent (it, in general, contains a factor of A~2Av where A is a renormalization
scale). We shall assume a scheme in which C*~ is given by
_ c 3k(k+2)
Ct— = =""= 1.33
where k is the WZW level related to b by (1.26). In this scheme our proposed exact
expression for k4 is (cf. (1.28)

2b

2 2
oW =Ty (4 10g2) B - 1.34
T R U 1l b s (1.34)

Representing the AdSs boundary two-point correlators as

Ca2 _ o
(®(t1) 2(t2)) = = (@F(t) @ (t2)) = 55— (1.35)
tio (tip)"v
the correspondence (1.30) implies the following relations
8 (1 + 3b2)? 4 2
Cop=K2c = =SP4 1.36
2N T3y a2+ 5) 3 30 (1.36)
3(14+20%)(1+4b*) 4 8
Ci_ =riCT =41 (1+ b)2( i ):3+3(log2—1)b2+---. (1.37)

The conformal invariance (Virasoro algebra) fixes the three-point functions of the chiral
primary operators to have the following form (after using the Ward identity in footnote 6
and (1.32), (1.33))

c _ c
(T(20)T(22)T(23)) = 555 > (T(21)VT (22)V™ (23)) = a5 (1.38)
212 %13 %23 22 225 255
With the AdS, boundary three-point correlators written as
Oy + - _ Coy
(2(t)P(t2)®(t3)) = 55 5 - (®(t1)@7 (t2) @™ (t3)) = a5 (L.39)
SPASERASE! 2ty tys ¥



the duality (1.30) then rests on the validity of the following relations

64b (1 + 3b)3 16, 64
3 3
pr— = — :—71) 7b ...
G =R e = g ppa e - 9 T gl T
4b (1 + 3b2) 16 16
Cor_ =rKic=—C4_ = b+ —(5—-21log2)b>+---. (1.40
S 3aae (14 9T 9< °g> + (1.40)

We shall verify these predictions in section 3 by the tree and one-loop Witten diagram
calculations of (1.39) starting with the AdSs action (1.25) in expanded in powers of b. This
provides strong evidence for the consistency of the duality (1.30).

We will also compute (at tree level) the non-vanishing four-point correlators:

(D(t1)P(t2)P(t3)P(t4))) (which has the same form as in (1.12), (1.14), cf. (1.13)) and also
(@(t1)@(t2) 7 (t3) @ (ta)), (@ ()27 (t2) 2" (t3)@ ™ (ta)) - (1.41)

The expressions for the latter are only partially constrained by the conformal invariance.
Nevertheless, we will demonstrate that their dependence on the conformally invariant cross
ratio, the structure of kinematical singularities and the conformal block expansions are in
full agreement with the AdSy/ CFT;/ ? relations (1.30). It would be interesting to evaluate
the four-point functions in (1.41) also at the one-loop level, but like in the abelian Toda
theory, this would require developing more efficient computational tools (see footnote 7).

2 A, abelian Toda theory

Here we will discuss loop corrections in the A Toda theory in AdSs with the action (1.16)
with the aim to test the duality relation (1.20). The exact expressions for the coefficients
in (1.21) can be argued for by adapting the conformal Ward identity method used in the
Liouville theory case in [16] as explained in appendix A.

2.1 Perturbation theory

As discussed in detail in [16], the perturbation theory of an abelian Toda theory in AdSs
may be set up in two natural ways that are equivalent at the level of the expressions for the
boundary correlators. In the first approach, proposed in the context of the Liouville theory
in [5] (and thus named ZZ in [16]), one starts with the Toda action in flat space and expands
around a non-trivial solution corresponding to an effective AdSy geometry. In the second
(AdS) approach the theory is put on AdSs background from the very beginning and the
perturbation theory is developed around the constant minimum of the effective potential
that includes the curvature coupling term. Technically, the difference between the two
schemes happens to be in the treatment of the short distance singularity of the Toda field
propagator or the value of ga(z, z). In the ZZ scheme, this is a non-trivial quantity, while
in the AdS scheme it is set to zero. Equivalence between the two approaches is possible
thanks to special identities that ensure a compensation between the tadpole contributions
(present in the ZZ and absent in the AdS case) and the different effective couplings in the

two schemes.”

In the Liouville theory, the basic identity is in eq. (A.9) of [16]. Completely similar results can be
proved in the Ay Toda theory; in general, this should be a consequence of the equations of motion.
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Here we shall adopt the AdS scheme which is simpler as one can simply ignore all
tadpole contributions. Thus we start with the action (1.16) on the AdSs background (1.3)
and expand ¢ near its vacuum value as in (1.4)

S = % / dt dz B(aag“)2 + %(am? + % e ((cosh(2v/3by) — 26¢ — 1)} C@)

Here the interaction terms in (2.1) are multiplied by the common factor % = b%(l + 4b?)
(see (1.17)). The values of the masses mg =2, mi = 6 correspond to the dimensions of
the boundary operators being Ay = 2 and Ay = 3.

In general, the AdS, propagator for a free scalar field pa (z) = pa(t,z) with mass m? =

A(A—1) and kinetic term normalized as in (2.1) is (pA(2)pA(2)) free = 27T Ga(x,2") where

GA = CA 2F1 <A7A72A7 _4> )
u

(4u)®
Ca= 2\/7?rr((AAi 1/2)’ (22)
2 2
u(x,2') = (z 2)4:_2/(t t) .
In particular, for the free propagators for the fields ¢ and ¢ are'®
o0 = (G Niw —e——s =3 (T ogn+2). n=n(ea) = 1)
B(5,0") = (B9 (0w -2 = STV A L logn, (23

2(n—1)
As was mentioned above, in the AdS approach we shall use a particular AdSy covariant
UV regularization in which

g(x,z) =0, h(z,z) =0, (2.4)

and thus may ignore all tadpole contributions.
The explicit computations of the AdSs loop integrals will be often performed by chang-
ing the coordinates from the Poincaré half plane = (t,z) to the unit disk |z| < 1 as follows

, z+1 w—1 9 4 dw dw 4dzdz
U _ ds? = — _ (25
W=tz T Twtd § (w—w)2 (1-—2z)2 (2:5)

Then the action (2.1) becomes (z = 1 + ixa, d’z = dx1dzs)

S— % / 2 B(aag)Q + %(aaqp)? 4 b(12_QZZ_)2e2b<(cosh(2\/§b¢) — ¢ — 1)} . (26)

The mass and interaction terms in (2.6) have the following explicit expansion in b
/d?zi2 (e%c cosh(2v/3bip) — 2b¢ — 1) = /d2z (1 + 4b%) (2{2 + 692

4 2
+12b Cy* + gbg‘?’ + 120 ¢%p? + 607 ! + §b2 Ay )
d*z
m(l—2z22)

°Tn the following, we shall often omit the arguments in u = u(z,z’) and n = n(z, z’).

d?z = (2.7)
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2.2 Two-point functions

Let us now discuss quantum corrections to the two-point functions of the ¢ and v fields,
first in the bulk, and then in the boundary limit defined as in (1.18), (1.19). We shall use
the disk coordinates (2.5), (2.6) and apply the results of appendix B.

Bulk two-point function of ¢ and its boundary limit (®®))

The non-vanishing one-loop contributions to the two-point function of the ( field are

given by!!
(C(1)C(2)) = -—-+.—©—.+.—""\)—.+.—®—.+ @)
g(21, 22) Y21, 22) E:z;:p(zl, 22) El(flg (21, 22)
where
Y = (_ib)QDcc(Zh z), By = (_24b)2wa(21» ), D) = —1682 S (21, 7).

(2.9)

Here, D¢¢ is the bubble diagram with virtual ¢ fields, Dy, is the similar diagram with
virtual ¢ fields. The additional order b2 contribution Xj, is associated with the insertion
of the vertex b2¢% coming from the 1 + 4b? factor in (2.7). Let us give the expressions for
the various contributions. The ¢ loop correction D¢ is

Dee(z1, 22) = Z1o—©—0 Z9 = /dzz'g(zl, B(Z, z), (2.10)

where )
1 nlog“n
B = [ &% N2g(+, 29) = = — ——= 2.11
(21722) / < [g(zlvz )] g(Z 722) ] 8(1 — n)g ( )
As a result,
1 w2 (n+1) nlogn n*log’n | log(1—n) (n+1)logn
DCC = — (15 + — 5 1-—
576 n—1 48 (n —1) 64 (n—1) 48 n—1
_ (n + 1)Lia(n) (2.12)
9%6(n—1) '

Similarly, the v loop contribution Dy, reads

- -

Dyy(21,22) = zlo—-'\ \Il—o 29 = /d2z'g(z1,z')0(z',22), (2.13)

~ ’

- =

where

n? —6n+1 B n[2—2n*+ (n* + 1)logn] logn
16(n — 1)? 8(n—1)* '

C(z1,292) = /d2z'[h(zl,z/)]2g(z’722) =
(2.14)

1 Since we assume the vanishing of simple tadpoles (2.4) only connected one-loop diagrams will contribute
(for a general discussion of tadpole contributions see [16]).
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Thus we obtain

T (n?=1)+1209° =20n+12  n(n®—n+2)logn  n*(5n>—10n+9)log>n

D -
vo 21, 22) 576(n—1)2 144(n—1)3 576(n— 1)1
log(1—n) [1 1)1 1)Li
Llog(t=n) [1_ (n+1)logn] _ (n+1)Liz(n) (2.15)
72 |2 n—1 96(n—1)
Finally, the insertion diagram in (2.9) is determined by
ig—/d%’g(zl,%)g(z’m)
__ nlogn  log(1—7) [ (77+1)10gn] (n+1)Lia(n) 1 7*(n+1) (2.16)
6(n—1) 6 2(n—1) 6(n—1) 6 36(n—1)

Then (2.8), (2.9) give the one-loop bulk two-point function. Going back to the Poincaré
plane parametrization (cf. (2.2)) let us define the boundary correlator on the real line as
in (1.18), (1.19). As a result, we get

(@(e)0(t)) = lim 2722,2(C(0,21)¢(t2,22)) = ég (;‘ P ) S @)

This expression is in agreement with the expected value of Cag in (1.23), (1.24).
Bulk two-point function of ¢ and its boundary limit (®3P3))
The corresponding two-point function reads
(W(z1)¢Y(22))conn = ®----~ -o+o--m--o+o---®---o+--- (2.18)
h 2 =)
(21, 22) ¢y (21, 22) ins, (21, 22)

The non-trivial diagram is 3¢y (21, 22) = (—24b)2 D¢y (21, 22), while the insertion contribu-
tion is B (21,22) = —481? §)¢(21, z9). The bubble is given by

ms.

D¢y (21, 22) = zlo--m--o 29 = /d2z’h(z1,z')B¢(z',22). (2.19)
Here
147 nlogn  n(1+n)log’n
B — d2 /h / / h / _ o .
1/;(2’1, ZQ) / z (Zlv z )g(Z 721) (Z ?z2) 16(1 — 77) 8(77 — 1)2 8(7] — 1)3
(2.20)
As a result
Doy (1, 22) =— 2 (" =1)+7*((n+4)+1) n*(n+3)log®n  n(2n+1)logn
<2 2880(n—1)2 192(n—1)3 ' 160(n—1)2
1 n+l  (n(n+4)+1)logn]  (n(n+4)+1)Lis(n)
—log(1— — 2.21
50108 =1) [ n—1 2(n—1)2 480(7—1)2 (221)
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The insertion contribution in (2.18) is proportional to

flw = /d2z'h(z1,z’)h(z’,z2)

_ 150 —1) +20(n(n+4) + 1) n(3n+4)log(n)

120(n — 1) 20(n — 1)2
3(n+1 +4)+1)1 +4) + 1)Li
+log(l—n) |- m+1)  (nn+4) )QOg(n) (i +4) )212(77)  (2.22)
20(n — 1) 20(n — 1) 10(n — 1)
Defining again the boundary correlator according to (1.18), (1.19) we finish with
1 16 112
— : -3_,-3 _ = 2 2r=2 .
(@3(t1)@s(tz)) = lim 7,72, (P(ts, 21)(t2, 22)) = &, (15 0 > , (2.23)
which is in agreement with the expression for Cs3 in (1.23), (1.24).
2.3 Three-point functions
We can also check the relations (1.30) for the three-point functions
(0®) = v (TTT), (DB3dy) = 113 (TV3Vh) (2.24)

by reproducing the one-loop perturbative expansions of the coefficients Cooo and Cass
in (1.24). The relevant one-loop diagrams can be computed using the disc parametrization
of AdSs. The only type of bulk diagram that cannot be computed analytically is the one
with a triangle loop but it can be evaluated numerically with good precision well below
one percent level. As a result, we confirmed the duality predictions in (1.24). The details
can be found in appendix C.

3 Non-abelian Toda theory

Another non-trivial example of AdSs/ CFT;/ ? duality is provided by the non-abelian Toda

(NAT) theory of [25] (see also [39, 40]). This theory may be viewed as a special case
of a conformal model with a 3-dimensional target space with the kinetic term given by
a scalar plus a o-model originating from the SL(2,R)/U(1) gauged WZW model [26, 27]
supplemented by a potential analogous to the abelian Toda model one.

We shall discuss the quantum conformal properties of the NAT model, in particular,
give a free field representation for its 3 conserved currents: the stress tensor 1" and a pair
of “parafermions” V*. This will allow us to compute their CFT correlators. One novel
feature will be that in contrast to the YW symmetry generators in the abelian Toda case
here V* will have a non-trivial anomalous dimension (1.28). This will allow us to compare
the CFT correlators with the boundary correlators of the corresponding elementary fields
in the NAT Lagrangian in AdSs (1.25). The boundary correlators given by the Witten
diagrams will be computed at the tree and one-loop level. As as result, we will verify the
AdSy/ CFT;/ ? correspondence (1.30).
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3.1 Definition of the model on AdSs background

Let us start with a o-model like theory on a curved 2d background
1
S = 47r/d22 VL, L = Gu(x)0u2"0%" + T(x) + RP(x). (3.1)

Here p,v = 1,...,D, R is 2d curvature, @ is a “dilaton” and T is a “tachyon”. The
standard Weyl-invariance conditions of decoupling of the conformal factor of the 2d metric
are [42, 43]

R, +2V,V, &+ ...=0, AV 4 (0P)? 4= L
VT + G"0,00,T —2T+...=0.

Here we presented only the leading one-loop terms in the corresponding Weyl-anomaly
coefficients and ignored O(T?) terms in the 3-functions corresponding to non-perturbative
divergences [35, 36] that will not be relevant for the model discussed below (with T given
by a sum of exponentials with non-constant products).

The D = 3 model (3.1) (with z* = (¢, r,y)) we will be interested in will be

L= (0p)* + (0r)* + G(r)(dy)* + T(p,7) + RD(p, 1), (3.4)
with G,®, T given by a particular solution of the leading-order equations (3.2), (3.3)
G(r) = tanh?(ar), & = Q¢ — logcosh(ar),
T = 42 e?* cosh(2ar).
Here the constants a,b and @ are related by
1+02—-bQ+2a®>=0, ie.  Q=b"1(1+2d) +0b, c=3+6Q%+6a>. (3.7)

The case of a = 0 brings us back to the Liouville theory (plus two extra free fields).

In general, the leading-order metric coefficient G and the dilaton @ in (3.5) require a
modification in order to satisfy the Weyl-invariance equations (3.2) at the 2-loop level [44].
Including the 3- and 4-loop terms in the S-functions requires further modifications [45]
(whose form depends, in general, on a renormalization scheme [46]). Recognizing that (3.5)
is the “classical” background for the SL(2,R)/U(1) gWZW model corresponding to a coset
CFT allows one to determine the exact metric and dilaton [47]

tanh?(ar)

2
G(r)= —1_%tanh2(ar) , ® = p—logcosh(ar)—1log [1—2 tanh?(ar)], (3.8)
3k 1
_ 2 2_ nn2 _
c=34+6Q“+6a”=60Q +k:—2’ a —5 (3.9)

Here k is the level of the gWZW theory so that the total central charge is the sum of the one
for the linear dilaton ¢-theory and the SL(2,R)/U(1) coset theory: ¢ = (1+6Q?)+ (2% —1).
The exact background (3.8) was first found [47] by identifying the “point-particle” probe
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equation (LoT = 2T) in the coset CFT with the leading-order tachyon equation (3.3).!2
This corresponds to the choice of a “CFT scheme” in which the tachyon equation is not
modified by quantum (or o) corrections [46], i.e. its exact form is the leading-order one

in (3.3) or
1

o VGe—2®

As the potential T in (3.4) is assumed not to depend on the isometric y coordinate and

9,(VGe 22 g9, )T —4T = 0. (3.10)

since for the exact background (3.8) one gets no corrections to the combination v/Ge 2% =
e~2@¢ sinh(ar) cosh(ar) we conclude that the corresponding exact solution for T is still
given by (3.6) with b related to @ and @ by (3.7).

Below we will only consider the leading order terms in loop expansion, i.e. will ignore
finite quantum counterterms coming from 1/k expansion of (3.8) (which are, in general,
required for the preservation of the conformal invariance and also integrability [51] beyond
the 1-loop order). We shall thus start with the following Lagrangian (3.4) on a unit-radius
AdS; background (R = —2)

L = (8¢)% + (0r)? + tanh?(ar)(9y)? + p2e®? cosh(2ar) — 2Qy + 2logcosh(ar). (3.11)

Here the last two terms come from the dilaton coupling in (3.4). The coupling constants
a and b are a priori independent with @ expressed in terms of them by (3.7). As in the
Liouville or abelian Toda model the presence of an extra “dilaton” term in the action on the
AdS, background implies the existence of a constant extremum of the resulting potential
(see (1.4)): @9 = %log %, r = 0. The perturbation theory near this vacuum is then
described by (p = o + ()

L = (0¢)% + (0r)? + tanh?(ar)(0y)? + % [e?¢ cosh(2ar) — 2b¢] + 2log cosh(ar). (3.12)

Introducing the new coordinates (r,y) — (£1,&2) (with y-isometry becoming rotation in
the &; plane)

¢1 = a~Lsinh(ar) cos(ay), & = a~ ! sinh(ar) sin(ay), =46, (313)
the Lagrangian (3.12) takes the following SO(2) invariant form

(961)* + (0€2)*
1+ a2 &2

L= (3¢)*+ + 9 [e26(1 + 2a%€%) — 2b¢] + log(1 + a?€?). (3.14)

Expanding to quadratic order in the fluctuation fields (¢, &1, &2) we find that their masses are

a® 242
mg =2bQ =2(1+2d° +b?), mg, , = 7 (0+2Q) = b—2(1+2a2+ 3p%).
(3.15)
We observe that in the special case when
a="o, (3.16)

12The same background (3.8) can be found also from the quantum effective action for the gWZW
model [48-50].
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all masses have the same value m? = 2 at leading order in expansion in the coupling b.
With (3.16) we get from (3.7) (see also (1.25), (1.26))

Q=>b""+3b, c=34+6Q%+6b>=6b"2+39+b%. (3.17)

The case of (3.11) with (3.16) corresponds to the NAT model of [25] with the exact con-
. _ 1 13
formal background given by (3.6), (3.8) and b = NE=—h
This is the model we shall study below. It can be also obtained by a Hamiltonian
reduction [52-54] of the By = SO(5) WZW model over a nilpotent subgroup [25]. It should

be possible to derive it directly from a gauged WZW model obtained by “null” gauging of

a solvable subgroup (similarly to how that was done for the abelian Toda models in [55]).
This should give a o-model with a 5d target space, containing, in addition to the first three
terms in (3.11), also AL = [e2(#F7) 4 2(¢=1)]=19, 4d_v. Solving for the two extra fields
u and v as in [55] will then reproduce the €2 cosh(2br) potential in (3.11).

Our starting point in the computation of the AdSs boundary correlators will thus be
the Lagrangian (3.14) with a = b expanded to quartic order in the fluctuation fields or to
b? order in the coupling

L= 3(00)% + 3(96)° + (1 +36*) * + (1 + T b°) €
+b(1+30%)(2¢E2+ 2¢%) +0P[2CP 2 + L¢P - L 2 (06)*] + O(bY). (3.18)

Note that the expansion of higher order terms in % = pf% in the exact background (3.8)
which we ignored in (3.12) produces only higher order O(b*) terms in (3.18) that will not

contribute to the computations performed in this paper.

3.2 Underlying flat-space CFT

Following [25], the classical integrable structure of the NAT model was elucidated in [39].
It was shown to admit three conserved holomorphic (plus anti-holomorphic) quantities: the
stress tensor 7" and the two currents V¥ with the same classical dimension 2. Using a non-
trivial change of variables they may be written in terms of free fields. After quantization T’
and V¥ should represent primary operators in the underlying CFT. The chiral half of this
CFT should then play the role of the boundary CFT in the AdSs/ CFT;/ * correspondence.

Since our application of the free-field construction to the quantum NAT model appears
to be new, let us start with recalling first the free-field representation for the SL(2,R)/U(1)
gWZW model (see, e.g., [56-58]), i.e. for the (r,y) subsector of (3.11) with no tachyon
coupling. The classical conserved quantities in this case are

1
E

13Let us mention that the misleading claim in [40] that the leading-order model of [25] defined by the
metric and tachyon in (3.5), (3.6) is not conformally invariant was due to ignoring the contribution of the

1 i V2
T, ,=-= (01 £ i0p2) e 3 (3.19)

1
0,cl 2 (8801)2 - 5 (3902)27 Uj: ==

dilaton coupling in (3.5) (see also [41]).
!4Here we redefine £ by % to restore the standard normalization of the fields, i.e. the action is now given

by S = [d’z /g L.
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where k is the level. The quantization is performed by assuming that ¢; (i = 1,2) are two
free quantum fields with the standard OPE

1
Opi(2) 0p;(0) ~ ——30i; (3.20)

The conserved stress tensor and the parafermions UT of the quantum gWZW model are
given by the following generalizations of the classical quantities in (3.19) (see, e.g., [58])

1 1 1

T, =—=:(0p1)%: == : (0¢p2)? : — ——— %1, 3.21
1 \/E . ) +i Y2

—: B2 0p1 +i0 e VETE 3.22

\/i ( k ¥1 P2 ( )

This T; obeys the Virasoro algebra with the central charge of the gWZW theory
3k
=—-1 2
€0 k—2 ) (3 3)

while U turn out to be the primary fields with dimension A, i.e.

A 1 1
To(z)Ui(O)N75Ui(0)+;6Ui(0)+..., Ay =1+, (3.24)
The operators UT and U~ have a non-trivial OPE
1 2A
Ut (2)U™(0) ~ 55— |-1——LT,(0)+... | . (3.25)
v €o

Going back to the NAT theory, this free-field construction may be generalized by adding
another free field y3 (again obeying (3.20)). Then the analogs of the classical conserved
quantities T, and V=F found in [39] are proposed to be (cf. (3.21), (3.22))

I=1,-5 D (Op3)? : — \TQ 3
123: (0p:)* : 1 — ——Q Py, (3.26)
2 = \f\/i V2
= (0p3 —pO)U* =: (83 —p) —= <\/73801 + 23@2> S ar . (3.27)

where @ and p are constants to be fixed as functions of the level k. Note that the classical
dimension of V*(z) in (3.27) differs by 1 from that of U* in (3.22). The stress tensor T
in (3.26) obeys the Virasoro algebra with the central charge (cf. (3.9))

3k

5t 6Q7. (3.28)

c=co+1+6Q°=

Requiring that this matches the NAT central charge in (3.17) (where b = \/klj) gives the
same value of @ as in (3.17), i.e

E+1

=bt43b= .
@ VEk—2

(3.29)
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Computing the OPE of T'(z)V*(0) (generalizing the one in (3.24)) one finds that the leading
singularity is O(z~3) with the residue ~ (v2k — 2vk — 2p), i.e. the necessary condition

for V* to be primary is
k

P=avE—2
This turns out to be also the sufficient condition, i.e. assuming (3.30) we find that V* are
primary with the same dimension A, = A, +1 =2+ ¢ (cf. (3.24)), i.e.

(3.30)

A 1 1
T(z) VE0) ~ Tgvi(owgavi(ow..., Ay =2+, (3.31)

The OPE for V* and V™ is found to be (cf. (3.25), (1.32))

ct- 2A A
VI VT(0)~ 55— |1+ 22 =Y T+ 22 =0T+ 2" Qu+ ... |,
z°=v C C
(3.32)
o _ 3k +2)
k—2

where ¢ is the NAT central charge in (3.28). Q4 is a dimension 4 operator that may be
decomposed in a dimension 4 descendent of the identity plus a primary of dimension 4.
Computing the OPE of V*(2)V1(0) we find that there are no poles in z and first
regular term is
V) V) ~ 225 Q0(0) + ..., (3.33)
where the operator 2y has somewhat complicated expression (that will not be needed
below).' One can check that Qg is a primary field with dimension
4
A, =4+ T (3.34)
3.3 Two-point and three-point functions

To check the AdSy/ CFT;/ ? duality (1.30) let us start with two-point functions. The coeffi-
cient Cag in the boundary correlator of ¢ fields in (1.35) can be computed as in the Liouville
theory [16], but noting that now we can have also the fields & 2 propagating in the loop.
Taking into account the coefficients of the interaction terms in the Lagrangian (3.18) and
the fact that to leading order & has the same mass as (, the one-loop result is obtained
multiplying by 3 the one-loop correction in the Liouville theory

4 1 4 2
=—(1-— SR+ =24 .
Cos 3( 3><6 > 3 3 R (335)

which is indeed in agreement with (1.36).

5Note that in the pure SL(2,R)/U(1) gWZW model (without extra Liouville ¢ field and potential) the
dimension 3 operator in the corresponding OPE (3.25) is not simply 07, but the spin 3 generator of the
Wiy extension of the Virasoro algebra (see, for instance, [58, 59]). In the NAT case the first non-trivial
correction in (3.32) appears at order z* in the square brackets. It would be interesting to explore if this is
an indication of an underlying Wy symmetry (cf. [60]).

161t is the normal ordered product of several monomials in (1, @2, w3 with total of 4 derivatives times

exp (252 4s).
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The correlator of the &; fields can also be found by a simple modification of the previous
calculations (cf. (2.8), (2.18)):

(€i(21)€5(22))conn = 0i50(21, 22)

g=e----- 0+0--m--0+0---®---0+--- (3.36)
2 7 2 K
= g(z1,22) + (=80)"Dec (21, 22) + 5 - (=)0 B (21, 22) + ..

where D¢¢ and ig are given in (2.12) and (2.16). In the limit when one point is sent to
the boundary, ze — 0, the expression for (3.36) gets simplified to

(€ (z1,t1)€ (22,12))conn = §(z1, 1522, t2)

2
4 Z1Z9 245

== |5 —5 +0(8) (14 26%(log2 — 1)] +O(b"), (3.37)
3 |z7 + 1ty

where we kept only the leading order term in zo — 0 and defined ¢+ = %(51 +i&) as

in (1.27). The above expression is consistent with the field £ being dual to an operator

with dimension

Ay =2+, W = b2+ 00", (3.38)

in agreement with (1.28) obtained from the CFT. Then the 1-loop corrected bulk-to-
boundary propagator turns out to be

g(t';t,z) = lim (" (2,6 (7)) comn

0 Z/Av

4 z Av
= ——— 1+ 2b%(log2 — 1)] + O(b%). 3.39
Setting both legs to the boundary z,zZ/ — 0, we get the boundary limit of this correlator
(cf. (1.27), (1.29)) with the coefficient in (1.35) being

O, = §[1 +26%(log2 — 1) +--- | . (3.40)
This is also in agreement with (1.37) where we substituted (3.32) and the 1-loop expression
for kg in (1.34).

The exact form of ki proposed in (1.34) is motivated by the free-field representa-
tion (3.27) of V* and the OPE (3.32). Following the argument used to determine x3 of
the abelian Toda theory (1.21) in appendix A, one may conjecture that

oL+1/k [l =9

3(k+2) 7 (341)

e = 2V/2 702_ ol/k —

where the factor 2'/* takes into account the anomalous dimension (3.31) of V* and the
overall coefficient is fixed by matching with known tree level value k4 = % b+---. Written
in terms of b = ﬁ, eq. (3.41) becomes the same as (1.34) (see also (1.28)).
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Next, let us consider the three-point correlator in (1.29), i.e. (@PP) ~ (TTT). Again,
we can use the result in the Liouville theory since the virtual & o fields behave as copies

of the Liouville field, taking into account the values of the coupling coefficients in (3.18).
Thus we find for Ca9 in (1.39)

16b 64b° 16, 64
Crgpg= ——— +3X —— e = —— bt — B34 .nn . 3.42
S R AT 9’ 9" (3.42)
This agrees with the expected expression in (1.40).
Turning to the second three-point function (®®Td~) ~ (TVHTV ™), using (3.40), the
prediction for its coefficient in (1.39) is given in (1.40), i.e.

16 16
C’2+,(b):—§b+§(5—2log2> Bt (3.43)

We have confirmed it by a detailed computation described in appendix D.

3.4 Four-point functions

The structure of (TTTT) is fully determined by the conformal symmetry (1.13). The
AdS,y/ CFT;/ ? correspondence (1.30) then predicts that the corresponding boundary corre-
lator should be given by (1.14), (1.15). These predictions can be checked in the same way
as in the Liouville theory, taking into account the multiplicity of virtual exchanges of (
and &;. Indeed, for the coefficient of the connected part in (1.14) we have in the Liouville
and in the non-abelian Toda cases

Coozp = K'e = (3.44)

256@4_{33122—39174—%?16(76—!—---, Liouville
=
c

32 12 80 14 464 1.6
3252 3% 80pt 4 48456 4 ... NAT

where we used the model-dependent specific values of @ and ¢ (see (1.1), (1.2), (1.25),
(1.26)). As expected (cf. (3.40), (3.42)), the one-loop b* correction in the NAT model is
simply three times that of the Liouville theory. There is no such simple relation at higher
orders in b.

The expressions for (TTV*TV ™) and (VTV VTV ™) related to the boundary correla-
tors in (1.41) are not fully fixed by the conformal symmetry and thus represent a particular
interest. In the first case the dual four-point correlator (®®®Td~) has a disconnected
contribution that is just (®®)(®T®)) and it then obeys AdSs/ CFT;/ ? as a consequence
of the relation between the two-point functions. In the connected part, at the tree O(b?)
level, the fields &; play again the same role as the Liouville field { and the matching can
be easily checked.

The story is more complicated for the remaining non-vanishing correlator
(@*T®~d+td~) which according to (1.30) should be proportional to the CFT correlator
(VYV-V*TV™) restricted to the real line. The latter is non-trivial because of the non-
locality in the OPE of V'V in (3.32) and (3.33). To compute this correlator one should use
the free field representation (3.27) perturbatively in small b or large k.
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AdS: boundary correlator (#T®~®1Td~))

The boundary correlators in AdSy have, in general, the same form as correlators in 1d CFT.
If we have four primary operators O in 1d CFT of the same dimension A, their correlator
is constrained by the global SO(2,1) conformal invariance to take the following form

1 12 t3y
t t t t = —x = . 4
(O1(t1) Oa(t2) O3(t3) O4(ta)) (i ta) 8 G(x), X= (3.45)
Here x is 1d conformally invariant cross-ratio. The function G(x) in (3.45) admits the
s-channel expansion (see, e.g., [61])

G(x) =Y _enFu(x), Fr=x" 2Fi(h, h,2h,X), (3.46)
h

where h labels the conformal dimension of the fields appearing in the OPE 0102 = [Oy] +
[Op] + -+, and the coefficients ¢, may be expressed in terms of the coefficients in the
2-point and 3-point functions of O, 02 and the exchanged field.

Let us consider the AdSs boundary correlator of for fields &; using the notation ®; for
their boundary values as in (1.27), (1.29). According to (3.45) the result should read

1
2A Gi1i2i3i4 (X) ) AV =2+ b2 +..., (3.47)

(@5 (12) @iy (82) @iy (1) @it () =

where in general we should have A, = 2+1f% (see (1.28), (3.31)). At order O(b?) we have
trivial disconnected contributions where the two-point function (®;®;) includes propagator
loop corrections. These contributions automatically respect the structure in (3.45) and also
are consistent with AdSy/ CFT;/ ? as discussed in section 3.3 above. Indeed, the disconnected
part can be written in the generalized free field form

2A
i X v
G?1§§i3i4 (X) = 0—2&—— 5i1i252'3i4 + XQAV 5ili35i2i4 + <1 — X) 5ili46i2i3] ’ (3‘48)
where (cf. (1.37))
2 4
C._ =C+ 0O C=2n—=— 3.49

is the coefficient in the two-point function of ®; in (1.35). The disconnected O(b?) con-
tributions can be found from the tree-level disconnected diagrams where the pairs of ®;
fields are connected by a tree propagator and the b? correction comes from the expansion
of the prefactor in (3.45) depending on the coupling b because of the non-zero anomalous
dimension in A, .

The disconnected contribution can be represented as (cf. (3.49))

i - Sie S
G?j;im (X) = C? (tigtaq) 207+ |:(t12t311)l;(21izl;12+"') +2 crossed terms + self-energy loops

11121374 11121374 11121374

:G(O)disc (X)+ |:G(1)disc (X)+G(-1)Self (X) +O(b4). (3'5())
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Figure 1. Connected diagrams of order O(b?) contributing to (@, (t1) - - ®;, (t4) ).

In particular,

4
0) disc X
G7(;122¢3i4(x) =C? [5z’1i25i3i4 + X 0y 0igig + (1_X)4(5i1i45i2i3} ,
disc log x —log(1 — x
Gz(1122i3i4 (X) = b2 C2 X4 |:2 log X 5i1i36i2i4 +2 (1 — X()4 )5i1i45i2i3:| ,
1) self 0) dis

There are also connected O(b?) tree diagrams of the two types (see figure 1): the
exchange diagrams of the form (a) and the contact diagram (b) where the internal vertex
is the derivative-dependent £2(9¢)? o-model interaction in (3.18), i.e. the leading-order
connected contribution is

1 h 1 t
G, = G 00 + GLLm ) + - (3.52)

The contribution of the exchange diagrams in figure 1 (a) sums up to

1) exch 1 D1122 D1212 D1122
Gz('u)zeisi; (X) = %16 b2 C4 |:5i1i2513i4 4t%2 +5i1i35i2i4 4’[%3 +6i1i45i213 4t%2 :| ’ (3'53)

where the D-functions are defined by the AdSs integral [62—64]

dtdz + z As
DA1A2A3A4(t1>t23t3,t4)=/ 2 I1 [22+(t_t.)2] : (3.54)
i=1 v

Using the known explicit expressions for the D-functions in (3.53) we obtain

2

exch b2 X4 lOgX X
Gz(‘112)2i3i4 (X) = Z C4 {5i1i25i3i4 |:(X1)2 IV 1 - (X+2) Xl()g(l _X)

X

(x—3)x*logx  x* 2

+ 04104000, [— + +x° log(1—x

R e e 1L
(2x =3)x*logx . x*

(x—1)2 + -1 —(2x+1)x* log(l—x)] } (3.55)

+ 51'11'3 51'2@'4 [
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The contact diagram in figure 1 (b) evaluates to

con b? 2x—3)(3x—2)(3x2+2x+3
Gz(llz)gigiz (X) = C4 {5i1i45i2i3 |:_ Sl X4(X)_(1;<2 SR (356)

_ 2 4
— LB A+ 3) B+ Ax+3) log (1 - x) - XTPEC I logx}

2(1-x)*

—3)(x+2)(8x*—8x+3 1
+5i1i35i2i4 [_ (X )(X )( X X )X+§(2X+3)(2X2_2X+3)log(l_X)

4(1-x)3
_ s d)toax | s s [ (@2xk DB DEX - Sx 8
2(1—x)* 1112 Y314 (=)
L 3x2 —10x+10)(3x2 —2x+2)x "1
+§(3x+2)(3x2—2x+2)xlog(1_X)_( X"~ 10x 2)((1icx)4x )X ng}}.

All the three of the above contributions (disconnected (3.51), exchange (3.53) and con-
tact (3.56)) are separately crossing invariant. In particular, if we consider (®T®~d+d~)
where &F = %(Cbl + i®5) correspond to bulk fields £€*, we can check the 1 > 3 crossing
invariance relation for each of the contributions

2(2+b2+-)
) Gii(1-%). (3.57)

X
+—+-(X) T—x
The total O(b?) term in G = GU¢ + G turns out to be

x4 el 16 x (6 — 19x + 19x?)
(1—x)* 27(1 - x)?

Giy-(x) = CF_ {1 +

A
—=——1 log(1 — X)] +---. (3.58)
(1- x)‘*]
Notice the cancellation of the log x terms which is a non-trivial fact (cf. [8, 10]). This is in
agreement with the OPE (3.32) where the first exchanged primary has dimension 4 with
no anomalous contribution.

Another interesting case is the four-point function (®T®+t®~d~). Its coefficient func-

tion G414 __ is related to the above one in (3.58) by the 2 <+ 3 crossing transformation

G () = X2 G (x7Y). (3.59)

From (3.55) one finds

4 16(6y2—19y+19)y*
X ]+2{ (6x x+19)x (3.60)

Gs—— () =CL [X4+ (I 27(1—x)?

4
- [X4+(1i<x)4] [10g(1—x)—210gx]}+(’)(b4).

Expanding in conformal blocks (cf. (3.46))

o0

Gir——(x) = Z(an+52dn+"') Fr. (), hn =mn b+, (3.61)
n=4
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we find non-zero contributions only with even values of index n. The leading order coeffi-
cients ag, are

VT3 (20— 1)(2n — 3)(n — 1)T'(2n + 3)

n — y 3.62
2 81T(2n — 1) (3.62)
while the first few values of d9,, are
304 5056 219320
d = — = — = — .
1T o N ST 87 61347’ (3.63)

Remarkably, all anomalous dimensions -, of the exchanged operators are equal, i.e.
T =4. (364)

This follows from the fact that the b log x term in (3.60) is proportional to the tree level
disconnected contribution. Again, this feature has a simple explanation on CFT side —

from the point of view of the OPE of V*V ™. All operators in this OPE have a common

exponential factor of the form exp(iQ—\*//ggpg) that is just the squared exponential in VT

102v2\2 _ 4
particular, this is true for n = 4, in agreement with (3.34), i.e. hy = A, =4+ % =

44462 + -,

in (3.27) and this is the origin of the common anomalous contribution

CFT correlator (VTV-V+TV~)

We can now test Ang/CFT;/2 by comparing the above result for (®+*®~®Td~) in (3.47),
(3.60) with the CFT correlator (VTV~V+V ). The latter can be found using the free field
representation (3.27) and expanding in large k. This reduces to a purely Wick contraction
calculation since after the 1/k expansion the exponential operators in (3.27) become a sum
of polynomial local operators. Representing the large k£ expansion as

(VIVTVIVT) =k Go(x) + kGi(x) + -+ (3.65)
we find
X4
=91+ ——|,
G =01+ 725
3 (24 — 102y + 169x2 — 134> + 67x?) [ X! ]
_ —18 |1+ ——|log(1—x). (3.66
Gi L - og(l=x).  (3.66)

Notice that the logarithmic term in (3.66) arises from the contraction of two 9 fields with
no derivatives which appear from the large k expansion of the exponential in (3.26). As a
result, the coefficient of this logarithmic term is proportional to Gy.

To satisfy the AdSy/ CFT;/ ? relation (1.30) we should have

C2_Go+b%Gy+ -+ = w3 (K*Go+ kG1 + ), (3.67)
where from (3.55)
4
X
Go=1+—2>—
R T
16x (6 —19x +19x%) 32 x4
Gy =— 22 14+ 2| log(1— ). 3.68
! T 1) 5 +(1—x)4 og(1 —x) (3.68)

— 95—



Expanding (3.67) in small b = ; + ... using the values of x4 and C;_(b) from (1.34)
and (1.37) gives
Go = 9 Go, G1=35 G +72Go. (3.69)

Comparing (3.66) with (3.68) we find that these relations are indeed satisfied.
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A Expression for k3 in A Abelian Toda theory

To suggest an exact expression for k3(b) in (1.21) we shall use similar considerations as in
the Liouville case in [16]. We shall start with a free field realization of the spin 2 and spin
3 W5 symmetry generators (7', V3) based on two real free bosons ¢1,¢2 with normalization
(different by +/2 from the one in (3.20))

qbz(z)gbj(O) ~ =2 5ij logz . (Al)

Explicitly (conformal normal ordering is understood in all composite operators) [65]

T = @061~ § (962)? +i00 01, (A.2)
Vs = % [(a¢2)3 —3(0¢1)* Dpg + 3i g D2y Depa + 9i g D1 0% Po + 602 Ppa|, (A.3)

where (cf. (1.17))

‘ . B ,
Q, B= Nk c=2+6Q°". (A.4)

Naively, if we could ignore the contribution of the potential term in the flat-space Toda

action (1.16) to its stress tensor (or assume that the stress tensor becomes traceless at the
quantum level) we could formally identify the fields in (A.2) as (¢1, ¢2) = 2 (@, 1)).17

In the semiclassical limit starting with (1.16) one may formally eliminate the conformal
factor of the AdSe metric by redefining the Liouville field as ¢(t,z) — ¢(t,z) + Q log z, i.e.
transform the action into the flat-space one. This leads to the Toda CFT for the field
(¢,1) defined on a flat upper half-plane (w = t + iz, z > 0) with the stress tensor
T(w) = —(0wd)? — (Ow¥)* + Q 02¢ (where 8,y = (0 — i 0,)). The field ¢ has then the
boundary asymptotics ¢(t, z)}z_>0 =22 ®(t) — Qlogz + .... Taking the boundary limit in
T (w—t) gives T(t) = —3 Q ®(t) + O(z%). This is precisely the operator relation which is
required for the validity of the expression for « in (1.8), i.e. k(b) = —% b+ ---. Identifying

7Tn fact, the transformation between the fields in the Liouville or Toda action and the free fields involves
a non-trivial Backlund transformation [66].
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(¢1, #2) = 2 (¢, 1) we get in the boundary limit z — 0: ¢1 — 222®—2Q logz, ¢ — 223P3.
The boundary limit of the product Vi¢s is then

Va(w)ga(0)| | = 2V3(t) 22@5(0) = 22° k3 Va(1)V5(0), (A-5)
z
where we replaced ®3 — k3V3 as it should be in the correlation functions in (1.20). Hence,
using that Va(w)V3(0) ~ w64 -+ we can write x3 in terms of the coefficient K in the
leading singularity in the OPE (A.5)

hs= DK Vw)on(O)| |~ (A.6)

2¢

z—0

A straightforward computation using the free-field representation (A.3) gives

L 2iBag  38a096:(0) B

Vi (w) s (0) 4 L {—%(0) + ga082¢1(0) (D

w3 2 w2 w 12

where X = 6 (9¢1)? — 6 (0pp2)? — 6 g 9*¢1. Then contributions to (A.6) come from the
first ~ w3 term and also terms originating from the —2Q logz piece in ¢, i.e.

3iQ?

472

i@ i 3 2.
8¢1—7+"‘, —EX+§aoa¢1—

(A.8)

To find the latter one has to take into account the upper half plane mirror poles in the
OPE (see, for instance, [67]) and expand near the boundary z — 0 according to'®

IS S _20i22+
(t—iz)3 (t+iz)3 t6 ’
1 1,1 _ 10 22
z | (t—iz2)?2  (t+iz)?2] t6 ’
1 1 1 21 2
— — = ... A.
22 {(t—iz) (t+z’z)] Tt (4.9)

This gives in total the following expression for the coefficient K in the OPE in (A.6)
3 .
K =2iB0a3 x (—204) + §5a0 xiQ x 100+ 8 x 3Q* x 2i = —4Q* 3. (A.10)

As a result,

3 6Q%pB 24 Q?
= K=— = , A1l
3 2c c cvde+ 22 ( )

which is the expression given in (1.21).

8The Dirichlet boundary conditions for the free fields ¢1 and ¢2 require a non trivial gluing map for
the odd spin chiral generators, i.e. the non-trivial reflection relation V3(z) = —V3(%) for the odd spin field
V3. The same happens in the familiar example of the spin 1 current J(z) = ¢ 9¢ when ¢ has a Dirichlet
boundary condition, see, e.g., section 4.1 of [68].
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B Fourier expansion of the A = 3 propagator in AdS,

A useful tool to compute the AdSy integrals in disk parametrization (2.5) is the Fourier
representation of the A = 2,3 propagators (2.3). As illustrated in [69], see also appendix
A of [16], the simplest diagrams that occur in the calculations of this paper are multiple
AdS, integrals that depend on a number of fixed points and on internal points that are
integrated in SU(1,1) covariant way. Using a Fourier representation, one first integrates
the relative angles of involved points and performs radial integration as the last step. The
coefficients of the Fourier expansion in the A = 2 case of g(z,2’) are given in [69]. Here
we need the generalization to the A = 3 case, i.e. the propagator h(x,x’) i;l (2.3). Using

the disk coordinates (x = z, 2’ = 2’) we have 7 in (2.3) given by n = IZ__ZZEI, . The Fourier
expansion of h(z,2’) then reads
h(z,2) =Y ha(|2%2'7) cos(nd(z,2)), (B.1)
n=0
(2, y) = 0(z — y) en(y) du(z) + 0(y — 2) ca(@) dn(y) (B.2)

where 9(z, 2) is the angle between the disc points z and z’. The coefficients ¢, (x) are given
by (for any n > 0)

/2 n— n—1)(n—
o) [RELECLELLES ¥

. B.
1-2)2 ntl  mt2)mn+1)” (B-3)
The coefficients d,,(x) take the following special values for n =0, 1,2

3(x+1) (22 +4z+1)logx

W) =T T sz
—22—-10z -1  6yz(xr+1)logx
d =
W=y T o
23— 722 —T7x+1 6rlogx
= — B.4
while for all n > 3
1

dp(z)=

n(n—1)(n—2)z"/2 (1—x)? [_(n_Q)(n_1)xn+2+2(”_2)(n+2)$”+1

—(n+1)(n+2)m"+(n+1)(n+2)x2—2(n—2)(n+2)x+(n—z)(n—w. (B.5)

C Perturbative calculation of Cs55 and Cs33 in A, abelian Toda theory

To compute three-point boundary correlators in (2.24) it is useful first to recall the form
of the tree level bulk-to-boundary scalar propagator in AdSs in disc parametrization. On
the Poincaré half plane, assuming Dirichlet boundary conditions, for generic mass or A
(m? = A(A — 1)) we may define (here w = (t,z))

ga(t,w') = z A ga(w,w’) , (C.1)

z—0

~ 98 —



where for the A = 2,3 fields ¢ and ¢ of the Ay abelian Toda theory (cf. (2.3))

st = e = 4 [ 2 e =g = 0 [ 2 )

3122+ (t—t 15 + (t—
(C.2)
Under the map (2.5) the disk boundary |z| = 1 is mapped to the real axis z = 0 of Poincaré
plane as
,eie —+ 1 0 0
t(9)——zei6_1 ——cot§, z=re". (C.3)

Then the bulk-to-boundary propagators (C.2) become
4sin & (1 —|2'])?
3 | et — 21‘4 ’

16sin® & (1 — [2/])3
15 e — /|6

g(0,7') = h(8,2') = (C.4)

In general, for three fields of dimensions Ay we will have
<<<DA1 (bAQ (I)A3 >> = CA1A2A3 ICAlAQAg (917027 03) ) (05)
KCasa50 (01,02,03) = [t(01) —t(02)[ 23721752 [¢(02) —t(03)| 21 2272 [£(03) —t(61) 222172,

Let us now consider the Witten diagrams contributing the two non-vanishing three-point
boundary correlators (®PP)) and (PP3P3).

Coefficient Ca22 in (PP P))

Let us start with computing the coefficient Cy29 of the contributions proportional to K =
Ka22 in (C.5). The expression for (®PP)) will differ, in general, from the one in the Liouville
theory because here the second field ¥ may also appear in virtual exchanges.

Tree level diagram. At leading order in b there is a single diagram

16
cgng— (-8b) = —'b. (C.6)

—  (8) [ duglen wiglea,w)glta ) = 5

This is a special case of the general expression

1
E / d2w gAl (t17 w)gAQ (t27 w)gAg (t37 w)

T F( A1+A22—A3 )F(A1+A23—A2 )F( A2-&-A23—A1 )F( A1+A2+A3—1)

_ 2
8 L5+ A)T(5 + A2)0(5 + Ag) ’ (©7)

giving 2 for A = Ay = A3z = 2.

Diagrams with dressed propagators. These diagrams give
(1) 33 _
O b7 =

Their contribution is
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Diagrams with ¢ loop. The contribution of the diagrams

61

C%)Q’Qb‘3 = + 2 permutations, (C.10)

may be found by taking the boundary limit of (the propagator on the r.h.s. is bulk-to-

1 1
zlllino 2 Zlo—Q Z2 = 3 01<—o 22 . (C.11)

boundary one)

This gives
Oy ob® = é(—Sb) (—160%) % Clohb <—81b) x 3= —3CH)b". (C.12)
Diagrams with 1 loop. Similarly, the diagrams
01
(3'%)2736‘3 = ‘ I~‘ + 2 permutations, (C.13)

may be computed from

1 S
lelr_r}og 210—\\“,,0 z2 = 21 Olf—o 22, (C.14)
and give
1 1 1
Clay 3b° = op (—12021) (—120°2121) 2 i (—8b> x3=—909 v, (C.15)

Diagram with vertex insertion. According to the structure of the interaction La-
grangian in (2.7), at order b we need to include also a special tree diagram

Cipab® =i (C.16)

where the insertion represents the b vertex appearing due to the overall factor 1 + 4b?
in (2.7). This gives (cf. (C.6))
1 0
C'52)2,4 = 40;2)2- (C.17)

Triangle diagram with ¢ loop. This non-trivial diagram is the same as in the Liouville
theory and thus can be found from [16]:

0%)2,5 = b_g::_ : = 053)2 =—=. (C.18)
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Triangle diagrams with @ loop. This diagram is given by the following finite disk

integral
1 ':: ’ ‘\ "".
052)2,6 b’ = i/'_ R \\. (C.19)
(- 24p)°

= IC/d2w1d2w2d2w39(t1,wl)g(t2,w2)g(t3,w3)h(w1,w2)h(w1,w3)h(w2,w3)-

Its numerical calculation by the same method as discussed in [16] gives'?

1
Ol = —5.619 £ 0.011, (C.20)

Total coefficient of three-point correlator. The duality prediction (1.24) amounts to
6 (1
Oy _Cima 14 (C.21)
C(O):Z cl0 T3 ’
222 a=1 U292

Thus, we should have the following exact value of the contribution 0%)2,6 in (C.20)

14 N 19 152 _
Clar = Cao) (—3 F1-4+3+9— 6> - gcggg — 5 = —5.5%. (C.22)

Comparing this to (C.20), a relative error is just 0.2%, thus confirming the validity of (1.24).

Coefficient 0233 in <<‘I)‘I)3‘I)3»

Let us now check the prediction (1.24) for Coss. Here we shall use the notation K = Kos3
(see (C.5)).

Tree level diagram. The leading order O(b) contribution is given by

61
(0) I ol 2 4
Cogsb= ¢+ A i = i (—24b) [ d*wg(t1, w)h(t2, w)h(ts,w) = i (—240b)
Oaw 03
T
-, (C.23)

Diagrams with dressed propagators. The diagrams that are obtained from the tree
level diagram by adding loop to one of the propagators are

‘ .,...' :“‘-;t;..'.' ',"".I..".' :““‘I“"n
ot b =i (:) R A N I Loy ; (C.24)

33,1 AT Lo_eTN | /"")_: : (\;‘\ it
v » v » v - v©- »

9Tn principle, one could try to use an analytic approach based on an exact integral representation for
the triangle diagram. One such option is the split-representation discussed, e.g., in [14]. However, if one is
interested in the final number and not just in special analytical features (like residues) such representation
does not appear to be very useful.
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Their contribution is

1 1 1 7 0 47 (o
Clihy = [(_6 - 6) +2- (—5” Clgh = T Cigh-

Diagram with ¢ loop. Taking into account (C.11) we find

01
C§3)372b3 = (5
by« >0s
1 4b 1 0 1 0
Diagram with 1 loop. In a similar way, the diagram
th
Céé?’),fﬂ b3 = iy \l )
Oy« >

may be computed by using (C.14) giving

1 1 1
Clghat* = 57 (—1202!) (—o0?at) SO ( > — 309,

24 24b

Diagrams with mixed (1 loop. The two diagrams

03 02

ar= L L
92‘"-:." 0, 93;“-:." ™0,

can be computed using by the relation

1 1
lim 3 210-(}22 :EQI+-_--..22 ,

z1—0 Zl
leading to
1

1
Ciha = 75 (—1202!) (= 12672121) C(0) 30 <_24b> 2= —8CO b

Diagram with vertex insertion. The diagram

1 l
053?%,553::_/ « b

~ -

comes from the b3 cubic vertex in the action (2.7), giving

1 0
053)3,5 =4 Cés:)s :

~32 -

(C.25)

(C.26)

(C.27)

(C.28)

(C.29)

(C.30)

(C.31)

(C.32)

(C.33)

(C.34)



Triangle loop diagrams. The two most complicated diagrams

Cé?g,@bg—{,A AN (C.35)

~ e ~

correspond to
1
053)3761)3 — (036)

K
1
+E(_24b)3 /d2w1d2w2d2w3g(tl,wl)h(t27w2)h(t3aw3)h(w1,w2)h(w17w3)g(w27w3)-

1
— (—Sb) (—245)2 / d2w1d2w2d2w3 g(tl, wl)h(tz, wg)h(tg, ’LU3)g(’LU1, WQ)g(W1, w:;)h(wg, ’LU3)

These integrals require a numerical evaluation following the same method as in [16] giving
Clane = —11.47 £ 0.03. (C.37)

Total coefficient in three-point correlator. From the expected result for Cass in (1.24)

we should have 0
(1) 6 C 1

0 — 0 15
053?’) a=1 05323 15

This corresponds to the following prediction for the numerical coefficient Céé%ﬁ

. o [ 86 47 27 (0 288
i) o =) <_15+15+1+3+8_4):5 ;3g:_75:_11.52.... (C.39)

Compared with the numerical value in (C.37), we find good agreement with a relative error
of about 0.4%. This strongly supports the validity of (1.24).

D Perturbative calculation of C,;_ in non-abelian Toda theory

Here we collect the details of the calculation of the coefficient Coy_ in the boundary
correlator in (1.39) leading to the result in (1.40), (3.43). The aim is to reproduce the
expansion

cOy

(@ (t1) @ (t2)(t3)) = (t; — t2)2(ts — t1)2(t3 — t)2

[1 + b2 <C(1) + Cl(;; log |t12\> + - '},
where .

co__10 W = 21og2 -5, W =

b= 2. (D.2)

We shall consider in turn various classes of loop diagrams contributing to (D.1) starting
with the AdSs action (3.18). The coefficient Cl(;é will get contributions only from diagrams

with dressed ¢ propagators while C(Y) will receive several types of contributions.
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Diagrams with dressed £ propagator

The diagrams with dressed £ propagators can be obtained from the three-point tree-level
contact diagrams by replacing one of the bulk-to-boundary &-propagator by its loop cor-
rected version g!°°P(t,w) in (3.39). Explicitly it can be computed as follows

(80) [ g t,w) g ) s 0)
2 1 74\3 [ dtdz z 2407 z 245
=(—8b)|1+b%(2log2—2)| — (= / < ) <>
o[-0 o G) [ (arer)  (arecer

(o)

160 1 10
== e | 1 <210 2—)—26210 t }Jr(') ) | D3
9 \t12!2|t23\2!t31|2[ 62773 g |ti2| (%) (D.3)

where we used the relation (C.7) written in the form

/ dtdz 3 ( 7 )Ai B ﬁ F(A1+A22*A3 )I‘(A2+A23*A1)F(A1+A23*A2 )F(A1+A22+A3*1)
22+(t—ti)2 2 F(Al)F(Ag)F(Ag)|t12|A1+A2_A3|t23‘A2+A3_A1 ‘t31|A3+A1_A2 ’
(D.4)
Comparing with (D.1) we see that the overall coefficient C(® and the logarithmic coefficient

1
Clos

z2

already match (D.2) while the coefficient C(Y) gets the following contribution

10
M =21og2 — 3 (D.5)

Diagrams with non-derivative vertices

There is a set of simple diagrams which do not involve the derivative interaction vertex
€2(0¢)? in (3.18) and thus do not require new calculations: their contributions can be
obtained from previous results in the Liouville or abelian Ay Toda theory by adjusting
combinatorial coefficients (below we indicate this by using the symbol “x”). These are:

1. Diagrams with dressed ( propagator:
1 1

1
ctV = o x3=—3. (D.6)

2. Diagram with extra cubic vertex from the factor % = b% (14 3b%) in (3.14):

cV=3x1=3 (D.7)
3. Triangle diagrams with two possible fields in the loop:
T 7
cV=2xs=1. D.8
4 “6 73 (D.8)

4. Diagrams with a cubic and a non-derivative quartic vertex: (i) for only ¢ in the loop
(one cubic ¢2 and one quartic ¢?£? vertex)

=1, (D.9)
and with both ¢ and ¢ in the loop (one cubic (£2 and one quartic (22 vertices) we get

M =92x(-2)= -4 (D.10)
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Diagrams with derivative vertex £2(9¢)?2

This are the diagrams involve the o-model derivative interaction £2(9¢)? in (3.18). There
are different types of them depending on which leg (bulk-to-bulk or bulk-to-boundary) is
acted on by the two derivatives.

Type I. The first relevant diagram is

63
cM oy = ¢ (' w"\: ¢ (D.11)
\\w’,'
"“‘ a§’¢;\s\a£ ...'
92". '91

To evaluate it we find it convenient to use the identity in eq. (4.10) of [8], i.e.

90K A, (2,1 t1) Op K a, (2, 1 ta)
= AR, (6 0) Ky (2.6 t2) - 265 Ka, (2, tt) Kay (2. t1) |, (D12)

where g% = 7269 is the AdS; metric and Ka(z t,t)) = (W This allows us

to transform the expression for the above diagram into another one with A = 3 external

propagators and only non-derivative interactions. Using that (here C; = 2= as in (2.2))

d?w 8%g(w, t1)dag(w, t2)g(w, t3) = (21Cy)> / d?w 8Ky (w, t1) 8 Ko (w,t2) Ko (w, t3)

:(27762)3/dgw4([?2(w,t1)l?2(w',t2)—2t%21~(3(w,t1)1?3(w,t2)>I?Q(w,tg)

3
32|t12]?[t23]?t31|?

15 2 1
=4(27Cy)3 22 = — = (D.1
( 7TC2) < 12256|t12|4’ > ( 3)

to3]%t31 |2 9 Jtyo|?[tes)?]ta |2

this diagram evaluates to (cf. (2.11), (C.11))

/ 42w 0 g(w, 11)Bug(w, t2) — Blw, ws) “=° 1 / 42w 0%g(w, £1)Dag (1w, t2)g(w, t3)

z3 8
1 2 1 1 1
=) - - - D.14
8 ( 9) tio|?[tos[*tan[> 36 [tiz]?[tas]?ts1[? (D-14)
As a result, its contribution to CV) is given by
1 1 1 1
Oy = (—8b) (b2 x 2 x 2)2 x 3 (—36> = —§c<0>53 - M= —5» (D.15)

where the factor of 2 comes from the two species of the fields in the loop and % is a
symmetry factor.
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Type II. If one derivative from £2(9¢)? is on a bulk propagator while the other is on a
bulk-to-boundary propagator, we get the diagram

O =i gl Wy (D.16)

It can be computed in terms of the function defined in (2.11)

B(w,ws) = /de' [g(w,w')]Qg(w',wg). (D.17)

Taking a derivative over w® gives
0o B(w,w3) = 2/d2w/ Oag(w, w")g(w, w")g(w', w3). (D.18)

On the other hand, sending w3 to the boundary, we have

.1 1
213H—>n() %B(w, w3) = gg(w,tg) , (D.19)
and thus )
/de’ ag(w, w")g(w,w")g(w', ws) = 1—68ag(w,t3). (D.20)

These simple manipulations allow us to write the contribution of the above diagram as

/de/ d*w 9%g(w, t1)dag(w, w')g(w, w')g(w', w3)g(w, t2)

=16 d?w 9%g(w, t1)0ag(w', w3)g(w, ta). (D.21)

This is the same expression as for the diagram of Type I (cf. (D.14)) and thus we get

L (-2) o - e D22)
16 9) [|ti2]?|tes]?ts1]? 72 |ti2)?tos|?|ts1]? '
As a result

(1) ~(0) 13 2 1 1 (0)1,3 (1) 1

G CO B = (80 (P x2x2) x2 (2 ) = —5CO% = =-7. (D.23)

where the factor 2 comes from the two possibilities of assigning the derivative (on either
leg 1 or 2).
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Type III. When both derivatives from the o-model vertex are on the bulk propagators

we obtain
03
1 1" ;\\
Cé ) O3 =i o Wy g (D.24)
: ww,
92".,. :,..01
The diagram requires the calculation of
By (w,ws) = /dgw' 0%g(w, w")0ug(w, w')g(w', w3). (D.25)
Taking another derivative of (D.18) gives (O = %8“&1)
OB(w,ws) = 2/d2w/ Og(w, w')g(w, w")g(w', w3) + 2 Bag(w, ws). (D.26)
The m? = 2 scalar propagator in AdS, satisfies
1
Og(w,w") = 2g(w,w’) — — @ w,w'). D.27
(w,w') = 2g(w,w’) 7 (w, w') (D.27)

Using this in (D.26) the J-function gives a contact term proportional to the propagator
at coincident points g(w,w) which we set to zero in the AdS scheme (consistent with the
AdSy symmetry). Thus

1
Bao(w, ws) = §DB(w,w3) — 2B(w, w3). (D.28)
To compute Byg as a function of the n-invariant in (2.3) we observe that
OB = n(n —1)*0,0,B + (n — 1)*9,B, (D.29)

where we used the relations (On = n(n — 1)? and 0*nd,n = (n — 1)?, that follow from the
definition of 1 in (2.3). Sending ws to the boundary, we obtain

.1 1
lim — Byg(w, w3) = —gg(wat3)- (D.30)

z3—0 23

Finally, the above diagram thus gives

IEE R S S S D
89 [t12[*tas|?t31 |2 36 [t12]?to3]?t31]? '
which results in the following contribution to the coefficient C(1)
1 1 1 1
M cOp® = (—8b) (b? x 2 x 2) x 2 x 5 <—36) =5 cV = —5» (D32)

where the factor of 2 accounts for the two possible fields in the loop and % is the symme-
try factor.
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Total result for C)
Summing up all the 9 contributions given above in (D.5), (D.6), (D.7), (D.8), (D.9),
(D.10), (D.15), (D.23), (D.32) we get for the total value of the coefficient C(Y) in (D.1)

9

10 1 7 11 1
cW=S"cV=2log2~ T~ +3+; ~1-4——— =21log2—5,  (D.33)
- 3 2 3 2 2 2

which is in agreement with (D.2).
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