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KHOVANOV WIDTH AND DEALTERNATION NUMBER

OF POSITIVE BRAID LINKS

S. BAADER, P. FELLER, L. LEWARK, R. ZENTNER

Abstract. We give asymptotically sharp upper bounds for the Kho-
vanov width and the dealternation number of positive braid links, in
terms of their crossing number. The same braid-theoretic technique,
combined with Ozsváth, Stipsicz, and Szabó’s Upsilon invariant, allows
us to determine the exact cobordism distance between torus knots with
braid index two and six.

1. Introduction

Every link diagram with n crossings can be turned into one of the two
alternating diagrams with the same underlying projection by changing at
most n/2 crossings. Therefore the ratio between the dealternation number
dalt(L) – the smallest number of crossing changes needed to turn some
diagram of L into an alternating diagram – and the crossing number c(L) of
a link L is at most one-half. We show that this ratio is bounded away from
one-half for positive braid links with fixed braid index. The latter condition
is necessary; we will exhibit a family of positive braid links with increasing
braid index whose ratio dalt /c converges to one-half.

Theorem 1. Let L be a link of braid index n that can be represented as the
closure of a positive braid on n strands. Then

dalt(L)

c(L)
≤ 1

2
− 1

2(n2 − n+ 1)
.

The following result shows the asymptotic optimality of this ratio. Inci-
dentally, it also settles the question about the largest possible ratio between
the Khovanov width wKh(L) of a link L and its crossing number c(L).

Proposition 2. The family of links Ln defined as the closures of the braids
βn = (σ1 . . . σn−1σn−1 . . . σ1)n−1 on n strands satisfies

lim
n→∞

dalt(Ln)

c(Ln)
= lim

n→∞

wKh(Ln)

c(Ln)
=

1

2
.

As discussed above, the ratio dalt(L)/c(L) cannot exceed one-half. Simi-
larly, the ratio wKh(L)/c(L) has no accumulation point above one-half, since
the Khovanov width is bounded from above by the dealternation number
(see [4, Theorem 8]):

wKh(L) ≤ dalt(L) + 2.
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At present, the question about the largest ratio dalt /c for positive braid
links with fixed braid index n remains open. However, the answer is known to
be 1

4 for n = 3 by Abe and Kishimoto’s work on dalt of 3–stranded braids [2];
we determine the answer for n = 4.

Proposition 3. Let L be a link of braid index 4 that can be represented as
the closure of a positive braid on 4 strands. Then

dalt(L)

c(L)
≤ 1

3
.

Moreover, the family of links defined as the closures of the 4–braids
(σ1σ2σ3σ3σ2σ1)n attains this bound in the limit n→∞.

Computations suggest that the ratio wKh(L)/c(L) is far less than one-half
for torus links L = T (p, q). In fact, we expect their asymptotic ratio to be

lim
n→∞

wKh(T (n, n))

c(T (n, n))
=

1

4
.

This would follow from the sharpness of Stošić’s inequality for the Khovanov
width ([10, Corollary 5]; see (6) below). The following result provides
evidence towards this; it shows that Stošić’s inequality is asymptotically
sharp for torus links with braid index 6.

Proposition 4. For all integers n ≥ 3 and k ≥ 1:

(i) dalt(T (6, 2n)) ≤ 2n+ 2,

(ii) dalt(T (6, 2n+ 1)) ≤ 2n+ 2,

(iii) 6k ≤ wKh(T (6, 6k))− 2 ≤ dalt(T (6, 6k)),

(iv) 6k − 1± 1 ≤ dalt(T (6, 6k ± 1)),

(v) lim
k→∞

dalt(T (6, 6k))

c(T (6, 6k))
= lim

n→∞

wKh(T (6, 6k))

c(T (6, 6k))
=

1

5
.

The proof of the upper bounds in Proposition 4 consists in finding braid
representatives of torus links with the smallest possible number of genera-
tors σi with even index, i.e. σ2 or σ4. This technique for obtaining upper
bounds has another interesting application to the smooth cobordism distance
dcob(K,L) of pairs of knots K,L, defined as the minimal genus among all
smooth cobordisms in S3× [0, 1] connecting K×{0} and L×{1}. We denote
by υ(K) = ΥK(1) the upsilon invariant of a knot K, defined by Ozsváth,
Stipsicz and Szabó in [9], and by τ(K) the tau invariant of a knot K defined
by Ozsváth and Szabó in [8].

Theorem 5. For torus knots K and L of braid index 2 and 6, respectively,
we have

dcob(K,L) = max {|υ(L)− υ(K)|, |τ(L)− τ(K)|} .
An explicit formula for dcob(K,L) is provided after the proof of Theorem 5;

see (10). All the statements concerning general positive braids and 4–braids
are proved in the next section; the results about torus links are proved in
Section 3. Section 4 contains an analogue of Proposition 4 for torus links with
braid index 4, and compares the dealternation number with the alternation
number.
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Figure 1. How to alternate around one twist region with
one crossing change.

2. Twist regions and Khovanov width of positive braids

The proof of Theorem 1 and Proposition 2 involve an estimation of the
crossing number and the dealternation number of positive braid links. The
former task is easy, thanks to a result of Bennequin: if a link L is represented
by a positive braid whose number of strands coincides with the braid index of
L, then that braid realises the crossing number c(L). Indeed, the canonical
Seifert surface associated with the closure of a positive braid has minimal
genus (see [3]); a diagram with fewer crossings and at least as many Seifert
circles would result in a Seifert surface of smaller genus, a contradiction.
Here we recall that the number of Seifert circles is not smaller than the braid
index of a link (see [11]). For the second task, we need an upper bound
for the dealternation number in terms of the number of twist regions t of
a positive braid representing a link L. A twist region of an n–braid is a
maximal subword of the form σki , for some generator σi in the braid group
on n strands. The following inequality was proved by Abe and Kishimoto ([2,
Lemma 2.2]; the generalisation from 3–braids to n–braids is straightforward,
see Figure 1):

dalt(L) ≤ t

2
.

Proof of Theorem 1. Let β be a positive n–braid whose closure is a link L of
braid index n. We write β as a product of positive braids β1 . . . βkα, where
all βi have 1

2n(n− 1) + 1 crossings, and α has strictly less crossings (the case
k = 0, i.e. β = α, is also allowed). The condition on the number of crossings
guarantees that every braid βi has two strands that cross at least two times.
Consider an innermost bigon formed by two such strands. Then all other
strands intersecting that bigon pass over it from the bottom left to the top
right, or pass under it from the bottom right to the top left (see Figure 2).

These strands can be moved away by an isotopy, giving rise to a positive
braid containing a square of a generator. Altogether, we obtain a positive
braid equivalent to β with at least k squares of generators. By Abe and
Kishimoto’s result, the dealternation number of L is at most one-half times
the number of twist regions of that braid:

dalt(L) ≤ 1

2
(c(L)− k).
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Figure 2. A bigon

−→

Figure 3. A reducible braid

Figure 4. The braid (σ1σ2σ3σ3σ2σ1)3 and its all-B smoothing.

If k ≥ 1, the highest possible ratio dalt(L)/c(L) comes from the case k = 1,
c(L) = n(n− 1) + 1, dalt(L) ≤ 1

2n(n− 1); it is

dalt(L)

c(L)
≤ 1

2
− 1

2(n2 − n+ 1)
,

as desired. If k = 0, i.e. β = α, then either α contains a bigon, leading to a
lower ratio dalt(L)/c(L), or α can be reduced by a Markov move. Indeed,
in the latter case, the strand starting at the bottom left of α crosses some
number of strands before reaching the top. It can therefore be moved to the
top of α and then reduced by a Markov move (see Figure 3), contradicting
the assumption on the minimality of the braid index of β. �

Proof of Proposition 2. The links Ln represented by the family of braids βn
have n components. Therefore, their braid index is n. By the above remark,
their crossing number is realised by the braids βn: c(Ln) = 2(n−1)2. The key
observation needed to compute the Khovanov width wKh(Ln) is the adequacy
of the diagrams obtained by closing the braids βn. This means by definition
that the all-A smoothing and the all-B smoothing of crossings results in a
union of circles that have no points of self-contact. In the case of our braids
βn, this is easy to check, since the all-A and all-B smoothings of positive braid
diagrams correspond to all vertical and all horizontal smoothing, respectively.
The Khovanov width of a link L with an adequate diagram D can then be
determined by another result of Abe ([1, Theorem 3.2]; the generalisation
from knots to multi-component links is straightforward):

wKh(L) =
1

2
(c(D)− sA(D)− sB(D)) + 3.

Here sA(D) and sB(D) denote the number of circles resulting from the all-A
and the all-B smoothings of D, respectively. We compute sA = n, sB = 3n−4
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for the closures of the braids βn (see Figure 4) and deduce

lim
n→∞

wKh(Ln)

c(Ln)
= lim

n→∞

dalt(Ln)

c(Ln)
=

1

2
.

For the latter, we recall wKh(L) ≤ dalt(L) + 2 and dalt(L) ≤ c(L)/2. �

Proof of Proposition 3. Choose a positive 4–braid β representing L with the
minimal number of generators of type σ2, and conjugate it so that it does not
start with a generator σ2. Then two consecutive twist regions of the form σk2
are separated by at least two crossings of type σ1 or σ3. This is also true
for the last and first twist region, when viewing these as consecutive along
the closed braid. Therefore, the number of twist regions of the form σk2 is at
most a third of the number of crossings of β. We conclude as in the proof of
Theorem 1. For the second statement, we observe that the links Ln defined
as the closures of the 4–braids (σ1σ2σ3σ3σ2σ1)n are again adequate, which
allows for a simple computation of their Khovanov width. The resulting
limits are

lim
n→∞

dalt(Ln)

c(Ln)
= lim

n→∞

wKh(Ln)

c(Ln)
=

1

3
. �

3. Dealternation number and cobordism distance for torus links
with braid index 6

The following braid-theoretic observation is the main geometric input for
Theorem 5 and Proposition 4.

Lemma 6. For all integers n ≥ 0, there exists a positive 6–braid word βn
with 8n+ 3 odd generators (i.e. σ1, σ3, and σ5) and 2n+ 2 even generators
(i.e. σ2 and σ4) such that βn represents the standard torus link 6–braid
(σ1σ2σ3σ4σ5)2n+1.

Proof. The case n = 0 is trivial since (σ1σ2σ3σ4σ5) contains 3 odd and 2
even generators. For the case n = 1, observe that the positive braid given by
the 6–braid word (σ1σ2σ3σ4σ5)3 is isotopic to

(1) σ1σ3(σ1σ2σ3σ4σ5)(σ1σ2σ3σ4)(σ2σ3σ4σ5) =

σ1σ3(σ1σ2σ3σ4σ5)(σ1σ2σ3σ2σ4σ3σ4σ5);

compare Figure 5. By applying σ2σ3σ2σ4σ3σ4 = σ3σ2σ3σ3σ4σ3 (indicated in
grey in Figure 5), we find

(2) (σ1σ2σ3σ4σ5)3 = σ1σ3(σ1σ2σ3σ4σ5)(σ1σ3σ2σ3σ3σ4σ3σ5).

The right-hand side of (2) can be taken to be β1, since it has 11 odd generators
and 4 even generators.

Next we consider the case n ≥ 2. We reduce this to the case n = 1 by
using that odd generators ‘commute’ with (σ1σ2σ3σ4σ5)2 as follows:

(3) (σ1σ2σ3σ4σ5)2σi = σi+2(σ1σ2σ3σ4σ5)2
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−→

Figure 5. The isotopy
from (σ1σ2σ3σ4σ5)3 to (1).

−→

Figure 6. The braid
isotopy (3) for i = 3, 5.

for all i in {1, 3, 5}, where i+ 2 is read modulo 6 (compare Figure 6). Using
Equations (2) and (3), we rewrite (σ1σ2σ3σ4σ5)2n+1 as

(σ1σ2σ3σ4σ5)2n+1

(2)
= (σ1σ2σ3σ4σ5)2n−2σ1σ3(σ1σ2σ3σ4σ5)(σ1σ3σ2σ3σ3σ4σ3σ5)

(3)
= σiσi+2(σ1σ2σ3σ4σ5)2n−2(σ1σ2σ3σ4σ5)(σ1σ3σ2σ3σ3σ4σ3σ5)

= σiσi+2(σ1σ2σ3σ4σ5)2n−1(σ1σ3σ2σ3σ3σ4σ3σ5),

where i = 1, i = 3, or i = 5; depending on whether n is 0, 1, or 2 mod-
ulo 3. Again i + 2 is read modulo 6. Applying the above inductively to
(σ1σ2σ3σ4σ5)2l+1 for l ≤ n, we find

(σ1σ2σ3σ4σ5)2n+1 = σiσi+2(σ1σ2σ3σ4σ5)2n−1(σ1σ3σ2σ3σ3σ4σ3σ5)

= σiσi+2σi−2σi(σ1σ2σ3σ4σ5)2n−3(σ1σ3σ2σ3σ3σ4σ3σ5)2

= · · ·

= σk11 σ
k3
3 σ

k5
5 (σ1σ2σ3σ4σ5)(σ1σ3σ2σ3σ3σ4σ3σ5)n,

where k1 + k2 + k3 = 2n. �

Lemma 6 has an interesting application concerning fibre surfaces of braid
index 6 torus knots, which we will use in the proof of Theorem 2. Let F (p, q)
denote the unique fibre surface of the torus link T (p, q).

Proposition 7. For all integers n ≥ 2, the fibre surface F (6, 2n+1) contains
F (2, 8n+ 1) as an incompressible subsurface. In particular,

dcob(T (6, 6k ± 1), T (2, 24k ± 1)) = g(T (6, 6k ± 1))− g(T (2, 24k ± 1))

for all positive integers k, where g(T (p, q)) = 1
2(p − 1)(q − 1) denotes the

Seifert genus of T (p, q) for positive coprime integers p, q.

Proof of Proposition 7. To the closure of a positive braid word β, we associate
its canonical Seifert surface given by vertical disks for every strand and half
twisted bands connecting them for every generator in β. As remarked in
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Section 2, this is a minimal genus Seifert surface. In particular, the 6–strand
positive braid word (σ1σ2σ3σ4σ5)2n+1 yields the fibre surface F (6, 2n+1). We

rewrite (σ1σ2σ3σ4σ5)2n+1 as (σ1σ2σ3σ4σ5)2(σ1σ2σ3σ4σ5)2(n−1)+1 and then
apply Lemma 6 to find a braid word βn−1 with 2n even generators and 8n−5
odd generators such that

(σ1σ2σ3σ4σ5)2n+1 = (σ1σ2σ3σ4σ5)2βn−1.

By deleting the 2n even generators in βn−1, we find a positive braid word

αn = (σ1σ2σ3σ4σ5)2σk11 σ
k3
3 σ

k5
5 ,

where k1, k3 and k5 are positive integers such that k1 + k3 + k5 = 8n − 5.
The closure of αn is the torus knot T (2, 8n+ 1). Since deleting a generator
in a positive braid word corresponds to deleting a band in the associated
Seifert surface, we have that F (6, 2n+ 1) may be turned into F (2, 8n+ 1)
by removing 2n bands. Consequently, F (2, 8n + 1) is an incompressible
subsurface of F (6, 2n+ 1).

For the second statement of the Proposition, we recall that, if a knot K is
the boundary of a genus gK incompressible subsurface of a genus gL Seifert
surface with boundary the knot L, then there exists a cobordism of genus
gL − gK between K and L. Applying this to T (2, 8n+ 1) and T (6, 6n+ 1)
yields a cobordism of genus n. More explicitly, such a cobordism is e.g.
given by 2n saddles guided by the 2n bands corresponding to the deleted
generators described in the previous paragraph. �

For the proofs of Proposition 4 and Theorem 5, we use Lemma 6 and
Proposition 7 as geometric inputs, respectively. As an obstruction to cobor-
disms and the dealternation number we use the Upsilon invariant, which we
recall next, before applying it in the proofs of Proposition 4 and Theorem 5.

In [9], Ozsváth, Stipsicz, and Szabó introduced an infinite family of
concordance invariants Υ(t), parametrised by the interval [0, 2]. We use υ –
the invariant corresponding to t = 1 – and the τ–invariant as introduced by

Ozsváth and Szabó in [8]. The latter can be recovered as limt→0
−Υ(t)

t .
Both τ and υ are integer-valued concordance invariants. In fact, they both

bound the smooth slice genus and, thus, the cobordism distance of knots [8,
Corollary 1.3][9, Theorem 1.11]. Thus, for all knots K and L we have

(4) |υ(L)− υ(K)|, |τ(L)− τ(K)| ≤ dcob(K,L).

As a consequence of the fact that υ equals −τ on alternating knots and
their similar behaviour under crossing changes, one has for all knots K
(compare [7, Corollary 3]):

(5) |τ(K) + υ(K)| ≤ dalt(K).

The τ–invariant equals the genus of positive torus knots [8, Corollary 1.7].
We recall the value of υ on positive torus knots of braid index 2 and 6.

Lemma 8. For all positive integers k,

υ(T (2, 2k + 1)) = −k,
υ(T (6, 6k + 1)) = −9k,

υ(T (6, 6k + 5)) = −9k − 6.
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Proof. The values of υ for torus knots with braid index 2 (or more generally
thin knots) are provided in [9, Theorem 1.14]. For torus knots of braid index
6, the inductive formula from [6, Proposition 2.2] yields υ(T (6, 6k + 1)) =
kυ(T (6, 7)) = −9k and υ(T (6, 6k + 5)) = υ(T (6, 6k + 1)) + υ(T (6, 5)) =
υ(T (6, 6k + 1))− 6 = −9k − 6. �

Proof of Proposition 4. Items (i) and (ii) follow from Lemma 6. Indeed, by
Lemma 6, there exists a positive braid word βn with closure T (6, 2n + 1)
that has 2n+ 2 even generators. Changing the corresponding 2n+ 2 positive
crossing to negative crossings in the associated diagram for T (6, 2n + 1)
yields an alternating diagram. Thus, we have dalt(T (6, 2n+ 1)) ≤ 2n+ 2.
Similarly, by Lemma 6, the torus link T (6, 2n) is the closure of a positive
braid word βn−1(σ1σ2σ3σ4σ5), which has 2n + 2 even generators. By the
same reasoning as above this yields dalt(T (6, 2n)) ≤ 2n+ 2.

The lower bound for the Khovanov width claimed in (iii) is given by
Stošić’s inequality ([10, Corollary 5]),

(6) wKh(T (n, kn)) ≥ n(n− 1)k + 2 .

The lower bound claimed in (iv) follows from (5). Indeed, by Lemma 8,
we have υ(T (6, 6k + 1)) = −9k and, therefore,

6k = 15k − 9k = |τ(T (6, 6k + 1)) + υ(T (6, 6k + 1))| ≤ dalt(T (6, 6k + 1)).

Similarly, we have

6k − 2 = 15k − 5− 9k + 3 = |τ(T (6, 6k − 1)) + υ(T (6, 6k − 1))|
≤ dalt(T (6, 6k − 1)).

Finally, (v) follows from (i) and (iii) since c(T (6, 6k)) = 30k (compare
with the beginning of Section 2) and wKh ≤ dalt +2. �

Next we turn to the cobordism distance between torus knots of braid
index 2 and torus knots of braid index 6. In fact, it will be clear from the
proof below that dcob(K,L) = dcob(K,J)+dcob(J, L), where J is the (unique)
braid index 2 torus knot of maximal genus such that dcob(J, L) = g(L)−g(J).
See (10) below for an explicit formula for dcob(K,L).

Proof of Theorem 5. For the entire proof, we write L = T (6,m) and K =
T (2, n), where n is an odd integer and m is an integer coprime to 6. Also,
by taking mirror images, we may (and do) assume that m is positive. Fur-
thermore, we take J to be the positive torus knot T (2, 4(m− 1) + 1). Note
that, by Proposition 7, there exists a cobordism of genus

(7) g(L)− g(J) = τ(L)− τ(J) = −υ(L) + υ(J),

where the last equality follows immediately from Lemma 8.
Let us first consider the case n ≤ 4(m− 1) + 1. Then

(8) dcob(K,J) = τ(J)− τ(K) =

{
g(J)− g(K) if n > 0
g(J) + g(K) if n < 0

.
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Therefore,

dcob(K,L) = dcob(K,J) + dcob(J, L)

(8)(7)
= τ(L)− τ(K) =

{
g(L)− g(K) if n > 0
g(L) + g(K) if n < 0

.

Indeed, we have dcob(K,L) ≤ dcob(K,J) + dcob(J, L) by composition of
cobordisms and dcob(K,L) ≥ dcob(K,J) + dcob(J, L) follows from the fact
that τ(L)− τ(K) is a lower bound for dcob(K,L).

This leaves us with the case n > 4(m− 1) + 1. Similarly to (8) we have

(9) dcob(K,J) = −υ(J) + υ(K) = g(J)− g(K).

Thus,

dcob(K,L) = dcob(K,J) + dcob(J, L)

(9)(7)
= −υ(K) + υ(J)− υ(J) + υ(L)

= −υ(K) + υ(L).

Indeed, we have dcob(K,L) ≤ dcob(K,J) + dcob(J, L) by composition of
cobordisms and dcob(K,L) ≥ dcob(K,J) + dcob(J, L) follows from the fact
that −υ(K) + υ(L) is a lower bound for dcob(K,L). �

If we choose K = T (2, n) and L = T (6,m) as in the above proof, where
n is an odd integer and m is an integer coprime to 6 and m ≥ 7, then the
distance from Theorem 5 can be explicitly given by

(10) dcob(K,L) =
|4(m− 1) + 1− n|

2
+
m− 1

2
.

4. Alternation number and torus links of braid index 4

We briefly comment on the alternation number alt(L) of a link L – the
smallest number of crossing changes needed to make L alternating. We
note that alt(L) is different from dalt(L) – the smallest number of crossing
changes needed to turn some diagram of L into an alternating diagram.
Clearly, alt(L) ≤ dalt(L) for all links. This inequality can be strict. The
latter follows for example from the fact that all Whitehead doubles W (K) of
a knot K satisfy alt(W (K)) ≤ 1, while wKh(W (K)) ≤ dalt(W (K)) + 2 can
be arbitrarily large. While the lower bound given by wKh no longer holds
for alt, the lower bound given by |τ + υ| still holds; compare [7, Corollary 3].

Consequently all upper bounds for dalt provided in this paper also hold
for alt and, for torus knots of braid index 6, the alternation number, like the
dealternation number, is determined up to an ambiguity of 2. Indeed,

6k − 1± 1 ≤ alt(T (6, 6k ± 1)) ≤ 6k + 1± 1,

by Proposition 4 (and its proof).
Let us conclude by discussing the case of braid index 4 torus links. While

an analogue of Lemma 6 holds, the consequences for dalt are less interesting
since alt was previously determined for T (4, 2n+ 1) [7, Theorem 1]. Also,
the analogue of Theorem 5 (and Proposition 7) was previously established;
compare [5, Corollary 3 (and Theorem 2)]. We briefly summarise the results
that can be obtained by the same techniques we used in Section 3.
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Lemma 9. For all integers n ≥ 0, there exists a positive 4–braid word βn
with 5n+ 2 odd generators and n+ 1 even generators such that βn represents
the 4–braid (σ1σ2σ3)2n+1. �

As a consequence one finds

n ≤ dalt(T (4, 2n+ 1)) ≤ n+ 1 and

dalt(T (4, 2n)) ≤ n+ 1;(11)

in comparison, one has altT (4, 2n+ 1) = n [7, Theorem 1]. By Stošić’s
inequality and c(T (4, 4k)) = 12k, (11) yields

Corollary 10. For all integers k ≥ 1,

2k ≤ wKh(T (4, 4k))− 2 ≤ dalt(T (4, 4k)) ≤ 2k + 1

and

lim
n→∞

wKh(T (4, 4n))

c(T (4, 4n))
=

dalt(T (4, 4n))

c(T (4, 4n))
=

1

6
.
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