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Abstract. Extending pioneering work by Weinberg, Conrad, McCleary,
and others, we provide a systematic way of relating spaces of right orders
on a partially ordered group, on the one hand, and spectral spaces of
free lattice-ordered groups, on the other. The aim of the theory is to
pave the way for further fruitful interactions between the study of right
orders on groups and that of lattice-groups. Special attention is paid to
the important case of orders on groups.
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1. Introduction

A right order on a group G is a total order < on G such that z < y implies at <
yt, for all z,y,t € G. There are at least two distinct motivations for studying
such orders on groups. First, a countable group admits a right order if and only
if it acts faithfully on the real line by orientation-preserving homeomorphisms.
This, as far as we know, is folklore; see [11, Theorem 6.8] for a proof. (While
we use right orders in this paper, other authors prefer left orders as in [11],
the difference being immaterial.) The result indicates that orders on groups
play a role in topological dynamics. For more on this, besides Section 6.5 of
Ghys’ beautiful survey [11], see the research monograph [4]. The reader can
also consult [9], and especially Chapter 14, for the important case of orders on
braid groups.

Second, the collection of all right orders on a group G leads to a repre-
sentation of the free lattice-ordered group (or free ¢-group) generated by G.
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This classical theorem is due to Conrad [6] (see also [17] for a generalisation),
who extended a previous result of Weinberg [25] for the Abelian case. Right
orders have since been central to the theory of ¢-groups; standard references
for the latter are [2] and [8]. All lattice-group notions mentioned in the rest of
this introduction are defined in the subsequent sections.

In 2004, Sikora topologised the set of right orders on a group [20], and
studied the resulting space; see again [4]. In this paper we show, inter alia,
that Sikora’s space arises naturally from the study of lattice-groups, as the
minimal spectrum of the ¢-group freely generated by the group at hand. More
generally, by replacing right orders with right pre-orders—pre-orders that are
invariant under group multiplication on the right—we provide a systematic,
structural account of the relationship between (always total) right pre-orders
on a group G and prime subgroups of the ¢-group F(G) freely generated by G.
One often restricts attention to special classes of right pre-orders on a group.
For example, one may be interested in studying orders (sometimes called bi-
orders) on a group G, that is, total orders on G that are invariant under group
multiplication both on the right and on the left. In that case one needs to
replace F(G) with the free representable ¢-group generated by G. In full gen-
erality, fix an arbitrary variety (=equationally definable class) V of {-groups, a
partially ordered group G, and write F\(G) for the free ¢-group generated by
G in V. The results in this paper provide a theory of the connection between
the prime subgroups of Fy(G), and a corresponding class of right pre-orders
on G, where each pre-order in the class is required to extend the partial order
of G.

The connection we exhibit and study here has been previously identified
in its basic form by McCleary in his paper on representations of free lattice-
groups by ordered permutation groups, cf. [19, Lemma 16]. There, McCleary
considers a free group G and constructs a bijection between right orders on G
and minimal prime subgroups of F(G). This paper may be viewed as a gener-
alisation and extension of McCleary’s result. Let us also mention [3], where the
author acknowledges McCleary’s work as a source for his own correspondence
between closures of orbits (under the natural action of G) in the space of right
orders on a group G, and kernels of certain maps from F(G).

In Section 2 we describe our construction and state our main correspon-
dence result, Theorem 2.5. We also state Corollary 2.7, establishing that the
spaces of right pre-orders corresponding to varieties of lattice-groups are always
completely normal generalised spectral spaces. Here and throughout the paper,
‘spectral space’ is meant in the sense of Hochster [15]. Generalised spectral
spaces are the not necessarily compact versions of spectral spaces. Sections 3
and 4 are devoted to a proof of Theorem 2.5. In Section 5 we use ideas from
Stone duality to obtain Corollary 2.7.

The construction leading to Theorem 2.5 shows that to each variety of
{-groups there remains associated a class of right pre-orders on groups. The
class corresponding to the variety of all /-groups is just that of all possible
right pre-orders. In Section 6 we specialise our main result to the varieties of
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representable and Abelian /-groups, thereby characterising the right pre-orders
that correspond to these two varieties; see Theorems 6.3 and 6.4.

In Theorem 6.15 we show that the usual spaces of right orders, orders,
and orders on Abelian groups are recovered in our framework as the subspaces
of inclusion-minimal right pre-orders of the appropriate class in each case.
Through the bijection of Theorem 2.5, such subspaces correspond precisely
to minimal spectra of the free lattice-group over the given group in the ap-
propriate variety (Corollary 6.16). This leads us in Section 7 to revisit the
much-studied minimal spectrum of an ¢-group, with special attention to its
possible compactness. We obtain a general algebraic compactness criterion in
Corollary 7.11. We also prove as Theorem 7.13 that in the varieties all ¢-groups,
of representable f-groups, and of Abelian ¢-groups, the free lattice-group gen-
erated by any partially ordered group has compact minimal spectrum. The
spaces of right orders or orders on a partially ordered group G are shown to
be the dual Stone spaces of the Boolean algebra of principal polars of the
{-group freely generated by G in the appropriate variety; this is the content
of Theorem 7.14, which also encompasses the analogous result for Abelian
groups.

In the final Section 8 we focus on orders on groups. We have seen in
Section 6 how to specialise our main result (Theorem 2.5) to any variety of
{-groups, and thus in particular to the representable one. However, our last
Theorem 8.12 shows that, in studying orders on a partially ordered group G,
one really ought to look at prime ideals (=normal prime subgroups) of the free
representable /-group generated by G, as opposed to its prime subgroups. To
rephrase on the algebraic side: in varieties of representable ¢-groups the notion
of prime subgroup—which is indispensable in the study of general ¢-groups—
should be done away with and replaced by the notion of prime ideal.

2. Main construction and result

The set of natural numbers is N := {0,1,2,...}. Throughout, by ‘lattice’
we mean ‘partially ordered set such that infima (A) and suprema (V) of fi-
nite nonempty subsets exist’; thus, lattices do not necessarily have maxima
or minima, and even when they do, lattice homomorphisms need not preserve
them. By a partially ordered group we mean a group G equipped with a par-
tial order < compatible with the group operation, that is, from a < b we can
conclude sat < sbt, for every a,b,t, s € G. We write P for the category of par-
tially ordered groups and their positive (equivalently, order-preserving) group
homomorphisms. Recall that a positive group homomorphism is an order em-
bedding if it is injective, and order reflecting on the range. The positive cone of
an object G of P is Gt := {a € G | a > e}, where ‘¢’ is our notation for the
identity element of a group. A lattice-ordered group H (briefly, ¢-group) is a
partially ordered group whose partial order is a lattice order. By ‘/-subgroup’
we mean ‘sublattice subgroup of H’. Recall that the set of order-preserving
bijections Aut Q of any chain (=totally ordered set) {2 can be made into an
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{-group, with group operation f - g standing for ‘g after f’, and point-wise
lattice operations.

A binary relation < C S x S on a set S is a pre-order if it is reflexive,
transitive, and total. ‘Total’ means: for any a,b € S, either a < bor b <X a
(or both). We establish the convention, valid throughout the paper, that ‘pre-
order’ means ‘proper pre-order’; i.e., we assume =< # S x S. This will be
consistent with the standard assumption that prime subgroups are proper.

If < is a pre-order on a group G, then < is right invariant (respectively,
left invariant) if for all a,b,t € G, whenever a < b then at < bt (respectively,
a < tb). For a partially ordered group G, a right pre-order on G is a right-
invariant pre-order on G that extends the partial order on G; a pre-order on
G is a left-invariant right pre-order on G. A proper submonoid C C G is a
pre-cone of G if G=CUC™! and Gt C C. We set

P(G):={C CG|Cis apre-cone of G}.

For a partially ordered group G, the set of right pre-orders on G is a poset
under inclusion, and similarly, P (G) is partially ordered by inclusion. It is
elementary that these two posets are isomorphic via the map that associates
to C' € P (G) the relation: a <¢ b if and only if ba~! € C. The inverse of this
bijection sends a right pre-order < to its positive cone C :={a € G |e < a}.
This isomorphism restricts to one between pre-orders on G and those pre-
cones of G that are normal, i.e., closed under group conjugation; we denote the
subposet of such pre-cones by B (G). In the rest of this paper we deliberately
confuse a right pre-order < on G with its associated pre-cone C. We write
a <btomean a < b and b £ a.

The following definition provides the natural extension to right pre-orders
of a construction that is standard for right orders—and of course, mutatis
mutandis, for unordered groups. We write G¢ for the partially ordered group
G equipped with the right pre-order C' O G*. Then C induces an equivalence
relation =¢ on G by: a =¢ b if and only if a ¢ b and b ¢ a. We write
[a] for the equivalence class of a € G, where C' is understood from context.
The quotient set of G modulo =¢, which we denote ¢, is totally ordered by:
[a] <¢ [b] if and only if @ <¢ b. It is elementary that the map

G —— Aut QC

defined by pc(a)([b]) = [ba] for a,b € G is a positive group homomorphism.
Its image pc[G] is usually not an ¢-subgroup of Aut Q.

Definition 2.1 (Right regular representation). Let G be a partially ordered
group, and let C O G be a right pre-order on G. We denote by H¢ the
£-subgroup of Aut Q¢ generated by pc[G]. The map

G fe, =< He

a+— Rec(a): [b] — [ba] (2.1)

is called the right regular representation of G¢.



Orders on groups, and spectral spaces of lattice-groups Page 5 of 30 6

Remark 2.2. We consistently use the notation H¢ throughout the paper as in
the previous definition.

Definition 2.3 (Right pre-orders of a variety). For any partially ordered group
G and any variety V of ¢-groups, we write Py (G) for the set of right pre-orders
C € P (G) such that Hx € V. Further, we write By (G) for the subset of Py (G)
consisting of pre-orders.

Thus, writing L for the variety of all ¢-groups, P (G) = P (G). Observe
that Py(G) may well be empty even when G is non-trivial.

We identify any variety V of /-groups with the full subcategory of the
category of /-groups whose objects are the f-groups in V. Let us write P: V —
P for the faithful functor that takes an ¢-group H in V to H itself regarded
as a partially ordered group. By general considerations P has a left adjoint
Fy: P — V, in symbols, F\, 74 P. For G a partially ordered group, F\/(G) is
the f-group free over G in V, or freely generated by G in V. The component
at G of the unit of the adjunction F' 4 P, written

G 1 R(Q), (2.2)

is characterised by the following universal property: For each positive ho-
momorphism p: G — H, with H an {-group in V, there is exactly one (-
homomorphism h: Fy(G) — H such that hon = p, i.e., such that the following
diagram

G = R(G)

x b (2.3)

H

commutes. We write F(G) for Fi (G). (Here and elsewhere we adopt the style
common in algebra of omitting forgetful functors—P, for the case in point—
unless clarity requires otherwise. Also, as in the above, we write 7 in place of
ne for the component of the unit, G being understood.)

Remark 2.4. Bigard, Keimel, and Wolfenstein [2, Appendice A.2], and sim-
ilarly, Conrad [6], distinguish between the universal ¢-group on G, and the
free such f-group, which in their terminology has the further property that
the universal arrow n: G — F(G) in (2.2) is an order embedding. We do not
follow their distinction, and speak of free objects in all cases.

If H is any {-group, set
Spec H := {p C H | p is a prime convex ¢-subgroup of H }.

Here, a convex -subgroup € is a sublattice subgroup of H that is order convex,
and an ideal is a normal convex ¢-subgroup. For any convex ¢-subgroup ¢, the
set of cosets H/E can be lattice ordered by: tx < ty if and only if z < ty in
H for some t € £. A convex {-subgroup p is prime just when it is proper (i.e.,
p # H), and the quotient lattice H/p is ordered. Throughout, we write ‘prime
subgroup’ to mean ‘prime convex f-subgroup’, as usual. We denote by Spec* H
the subset of Spec H consisting of prime ideals.
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We define a map
k: Py(G) — Spec Fy(G) (2.4)
as follows. Given a right pre-order C' € Py(G), write
hc: F\/(G) — HC
for the unique ¢~-homomorphism such that hc o n = Ro. Write He[e] for the
stabiliser of [e], that is, the set of f € H¢ such that f([e]) = [e]. It is known
that Hcle] is a prime subgroup of He (see, e.g., [12, Section 1.5]), and therefore
he ™' (Hgle]) is a prime subgroup of Fy(G). Hence, we set
k(C) := he ™Y (Hcle]) € Spec Fy(G),
to complete the definition of x in (2.4).
We define a map
m: Spec Fy(G) — Py(G) (2.5)
as follows. Given p € Spec Fy(G), we define the relation <, on G by:
a<p b ifand only if pn(a) < pn(b). (2.6)

We shall prove in Lemma 3.2 below that <p,€ Py(G). We write C}, for the
positive cone of <. Finally, set

ﬂ-(p) = Cpa
to complete the definition of 7 in (2.5).

We topologise Spec H using the spectral (or Zariski) topology whose open
sets are those of the form

S(A) ={p€SpecH |ALp},

as A ranges over arbitrary subsets of H [8, Proposition 49.6]. Thus, the closed
sets are those of the form

V(A)={peSpecH | ACp}.

We also topologise Spec”H by the subspace topology, with opens S*(A) for
A C H. Further, we set

Pla):={Ce€Py(G)|acCanda ' ¢C}, foracgG.

We endow Py(G) with the smallest topology containing all sets P(a), and
By (G) with the subspace topology.

Theorem 2.5. For any partially ordered group G and any variety V of £-groups,
the maps r: Py(G) — Spec Fy(G) and m: Spec Fy(G) — Py(G) in (2.4) and
(2.5) are mutually inverse, inclusion-preserving homeomorphisms that restrict
to homeomorphisms between By(G) and Spec™ Fy(G).

Remark 2.6. Definition 2.3 associates a class of right pre-orders on groups to
any given variety V of f-groups, namely, Py(G) as G ranges over all groups;
Theorem 2.5 establishes a non-trivial property of this association. We do not
address in this paper the question of how to obtain a syntactic characterisation
of the class of right pre-orders associated in this manner to a variety V. For
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a more precise formulation of this problem, cf. Question 6.6 below. The con-
struction leading to the statement of Theorem 2.5 makes it clear that one can
also invert the correspondence: a class of right pre-orders on (a class of) groups
uniquely determines a variety V of ¢-groups. Again, a deeper investigation of
this inverse correspondence is left to further research.

Let X be a topological space. A closed set § # Y C X is irreducible
if it is not the union of two proper closed subsets of itself. If every such Y
is the closure of a unique point, the space X is called sober. A generalised
spectral space is a sober space whose compact open subsets form a base closed
under finite intersections. A spectral space is a generalised spectral space that
is also compact [15]. A generalised spectral space X is completely normal [2,
Chapitre 10] if for any z,y € X in the closure of a singleton { z }, either x is
in the closure of {y}, or y is in the closure of {x }. The specialisation order
of a topological space X is the relation defined on X by: z < y if and only if
y is in the closure of { z }.

Corollary 2.7. For any partially ordered group G and any variety V of £-groups,
the space Py(G) is a completely normal generalised spectral space whose spe-
cialisation order coincides with the inclusion order.

3. Order-isomorphism

Lemma 3.1. For any partially ordered group G and any variety V of ¢-groups,
the image n[G] C Fy(G) of G under n generates F\y(G) as a lattice.

Proof. Write G for the ¢-subgroup of Fy/(G) generated by 7[G]. Then the posi-
tive group homomorphism G — G that agrees with n on G enjoys the universal
property of n because any /-homomorphism out of G is uniquely determined
by its action on any generating set of G. Tt follows by a standard argument
on the uniqueness of universal arrows that G = Ey(G). Since 7 is a group
homomorphism, n[G] is a subgroup of G, and therefore must generate F\(G)
as a lattice—it is elementary that in any ¢-group the lattice is distributive and
the group operation distributes over meets and joins. O

If H is an {-group and p € Spec H, then the map
H 2 AutHp
x— Ry(z): py — pyx (3.1)

is an ¢-homomorphism [8, Proposition 29.1]. Note that H/p is naturally a
totally ordered group if and only if p € Spec”H, and R,[H] is isomorphic as
an {-group to H/p.

If p € Spec F\(G), we write , for the chain Fy(G)/p.

Lemma 3.2. For any partially ordered group G and any variety V of ¢-groups,
the map 7 is a well-defined function with values in Py(G).

Proof. 1t is easy to see that 7 is a function from Spec Fy(G) into P (G), and
it remains to show that Hg, € V for any p € Spec F\/(G).
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Claim 3.3. For any p € Spec Fy(G) and any element x € Fy(G), it holds that
px = pn(a), for somea € G.

Proof. Indeed, by Lemma 3.1, each z € Fy(G) is of the form A;V ; n(ai;),
for a;; € G and ¢ € 1,5 € J; finite index sets. Since the chain ), is a lattice
quotient of F(G), we have pzr = A,V ;. pn(ai;). Therefore, px = pn(a;;), for
some a;; € G, and some i € 1,5 € J;. O

Claim 3.4. For any p € Spec F\(G), the images R, [n[G]] and Rc, [G] are iso-
morphic as groups.

Proof. Given Claim 3.3, it now follows from the definition of C, that the map
Qc, - Q,

defined by [a] — pn(a) is an order isomorphism between €, and the quotient
Qc, of Gg,. (Recall that the notation Q¢, here applied to the case C' = Cy,
was defined in Section 2.) Therefore, the (-groups Aut(, and AutQc, are
isomorphic through the map

AutQo, —— AutQ, (3.2)

sending f € AutQc, to the order automorphism 7(f): pn(a) — 7(f(la])).
Finally, the f-isomorphism 7 restricts to a bijection between R,[n[G]] and
Re, [G]. Indeed, for b € G,

T(Re, (b)) : pn(a) — pn(ab),
that is, 7(Rc, (b)) = Ry(n(b)). O
By the preceding claim, and by the facts that the f-group R,[Fv(G)] is
generated by R,[n[G]], and similarly He, is generated by R, [G], we infer

that R,[Fy(G)] and H¢, are isomorphic. The homomorphic image R, [Fy(G)]
is in V because Fy(G) is. Hence, Hg, € V, and this concludes the proof. [

Lemma 3.5. For any object G in P and any variety V of ¢-groups, the maps k
and w are mutually inverse.

Proof. Let C € Py(G), and let p := he ™' (Hele]). We show that 7 o & is the
identity on Py(G), that is C, = C. (Recall from (2.6) the definition of the
pre-order associated to Cy.)

If a € C, then

he(n(a) Ae)([e]) = Ro(a)([e]) A fe] = [e].

Therefore, (n(a) A e) € p, and hence, pn(a) > pe. This shows C C Cy. Con-
versely, pick a € Cy, that is, a is such that pe < pn(a) in Q. This means that
e < tn(a), for some t € p. Hence,

ho(tn(a) Ae) = ho(e).
Therefore, the element he(tn(a) A e) is in the stabiliser of [e], which entails:
heo(tn(a) Ae)([e]) = (ha(t)ho(n(a)) Ahe(e))((e]) = [e]- (3.3)



Orders on groups, and spectral spaces of lattice-groups Page 9 of 30 6

Since he on = Re, from (3.3) we obtain
(

Re(a)(ho(t)([e])) A ho(e)(fe]) = [e]- (34)

But ¢ € p, and thus he(t)([e]) = [e]; so, from (3.4) we infer R (a)([e])Ale] = [e],
ie,a€eC.

To show that ko is the identity on Spec Fy/(G), we prove £(Cy) = p for

a prime p of F{/(G). By definition, x € x(Cy) if and only if he, (x)([e]) = [e].

By applying the map 7 defined in (3.2), this is equivalent to R, (x)(pe) = pe,

that is, x € p. O

In order to show that x is order preserving, we begin by recording an
easy observation.

Proposition 3.6. Let H be an (-group generated by a subgroup S C H, and let
x € HT. Then x lies in the sublattice of H generated by {sVe|s€ S}.

Proof. There are finite index sets I and J; and elements s;; € S, ¢ € I and
j € Ji, such that x = \;\/; si;. Since > e we have  V e = x, so we obtain

z=(A;V,, sij) Ve By distributivity, z = A; (/. si; V e). In any lattice,
(avb)Ve=(aVe)V(bVe),
sox = A;V; (si; Ve). O

Lemma 3.7. For any object G in P and any variety V of £-groups, the map &
18 inclusion preserving.

Proof. Let C C D € Py(G), and pick © = AV ; (n(aij) Ve) € Fy(G)* such
that = € k(C), i.e., ha(x)([e]) = [e]. This means:

) = hc (/\ V(naij) v n(e))>
,/\\/hc (11] Vn(e))
= /\\/(Rc(aij) V Rc(e)).

I Ji
Hence, heo(z)([e]) = [e] if and only if

AV (ai;] V [e]) = [e] in Q.
I J

Observe that \/ ; ([ai;] V [e]) >c [e] for every i € I and hence, hc(z)([e]) = [e]
if and only if

V(i3] v [e]) = [e]

Q%

<

for some i* € I. Writing J; = {1,...,n}, and reindexing if necessary, we
have

[ai=1] <¢ [ai=2] <c -+ <c [aiwn] <c [e] in Q¢,
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and hence,
[ai~1] <p [ai-2] <p --- <p [ai=n] <p [e] in Qp.
Therefore,
AV eV [e)) = [e] in Qp,
I J
which is equivalent to hp(z)([e]) = [e]. O

Theorem 3.8. For any partially ordered group G and any variety V of £-groups,
the maps k and ® are mutually inverse, inclusion-preserving bijections.

Proof. By Lemma 3.5, the maps x and 7 are mutually inverse. By Lemma 3.7,
K is inclusion preserving. If p C q € Spec Fy(G), an element a € C, if and
only if pe < pn(a). The latter is equivalent to e < tn(a), for some ¢ € p. Hence,
e < tn(a), for some t € p C q, and therefore, a € Cy. Thus, 7 is inclusion
preserving. 0

Lemma 3.9. For any partially ordered group G and any right pre-order C' on
G, the quotient Q¢ is a totally ordered group with group operation [a][b] = [ab]
if and only if C € B(G). In that case, H¢ is isomorphic to Q¢.

Proof. For a pre-order C' € B (G), it is immediate that =¢ is a group con-
gruence, and Q¢ is a totally ordered group. Conversely, if Q¢ is a group with
operation [a][b] = [ab] totally ordered by <¢, we have that a <¢ b implies
[sat] <c [sbt] for every a,b,t,s € G. That is, sat <¢ sbt.
Now, the map
Qc -+ He

defined by [a] — pc(a) is a group homomorphism. Moreover, [a] <¢c [b] if
and only if [ta] <¢ [tb] for every ¢t € G. Hence, ¢ is an order isomorphism onto
pc|G], and since the ¢-group He generated by the totally ordered group pe[G]
is pc|[G], the proof is complete. O

Note that ¢([a]) € He[e] if and only if po(a)([e]) = [e], that is, [a] = [e].

Theorem 3.10. For any partially ordered group G and any variety V of £-

groups, if C € By(G), then «(C) is a prime ideal of F\(G). Further, if

p € Spec* Fy(G), then w(p) is a pre-order on G.

Proof. For C' € By(Q), suppose z € k(C). We show y~tay € k(C), for every

y € Fy(G). By Lemma 3.9, we identify He with Q¢, and have ho(z) = [e].

Similarly, given y € Fy(G), we have ho(y) = [b] for some b € G. Therefore,
he(y™'zy) = he(y™he(@)he(y) = b7 ][e][b] = [e].

If p € Spec F/(G), and a,b € G, we have a <(p) b if and only if n(a)n(b™') < z

for some x € p. Therefore, if p is normal, we also have
n(s)n(a)n(n(=n®)n(s™") <nls)an(s™) € p,

which implies sat <) sbt, for every s,t € G. g
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4. Homeomorphism

If H is an {-group and = € H, the absolute value |x| € HT of z is defined as
VL. It is classical that the set Conv H of convex f-subgroups of H ordered
by inclusion is a complete distributive sublattice of the lattice of subgroups of
H [8, Propositions 7.5 and 7.10]. Thus, in Conv H, meet is intersection and
join \/ ¢; is the subgroup of H generated by | J¢;. We write €(S) to denote the
convex ¢-subgroup generated by S C H. If © € H, we write €(z) for €({x }),
and call it the principal conver £-subgroup generated by x.

Proposition 4.1. For any (-group H, and for any x,y € H", z € H, the
following hold.

(1) €&(z) =¢(|z]) ={h € H||h| <|z|™, for somen € N\{0}}.
(2) €z Ay) = Cx) AE(y) = €(x) NE(y) and E(z V y) = C(x) V E(y).
Proof. (1) [8, Proposition 7.13]. (2) [8, Proposition 7.15]. O

Throughout, we write S(z) in place of S({z }) for € H, and similarly
for V{z }).

Proposition 4.2. For any {-group H, the set {S(z) | x € H} is a base for the
topology of Spec H.

Proof. [8, Proposition 49.7]. O

Proposition 4.3. For any {-group H, and for any z,y € HT, z € H, the
following hold.

(1) S(2) = S(|2))-
(2) S(zAy) =S(x)NS(y) and S(zVy) = S(x) US(y).

Proof. (1) and (2) are immediate consequences of Proposition 4.1. O

Theorem 4.4. For any partially ordered group G and any variety V of £-groups,
the maps k and ™ are homeomorphisms.

Proof. Since k and 7 are mutually inverse bijections by Theorem 3.8, it suffices
to show that they both are open maps.
We first show that

k[P(a)] = S(n(a) Ve), foraced. (4.1)

Let C € P(a). This means Rc(a)([e]) >¢ [e] in Q¢, that is, hc(n(a))([e]) >
[e]. Therefore,
he(n(a) ve)(le]) = [a] v [e] >¢ [e],

and hence, he "' (Hele]) € S(n(a)Ve). Similarly, for he ! (Hc[e]) € S(n(a)Ve),
we prove C' € P(a). The assumption entails ha(n(a) Ve)([e]) = [a] V [e] >¢ [e].
Since Q¢ is a chain, this can only happen if [a] >¢ [e]. Therefore, a € C' and
al¢gC.

Since {P(a) | a € G} is a subbase, and &, being a bijection, preserves
arbitrary intersections and unions, it follows that & is open.
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To show 7 is open, by Propositions 4.2 and 4.3.(1), together with the fact
that 7 is a bijection, it suffices to prove 7[S(x)] is open, for z € F,/(G)". By
Proposition 3.6,

5(0) - S(/\ \/(o(a) v e>)
I J;

for some finite index sets I and J;, and elements a;; € G. By the second item
of Proposition 4.3,

S(x) = (USn(aij) ve).
I J;

Since 7 is a bijection,
m[S(2)] = (U r[S(n(ais) v e).
I J;
By (4.1), P(ai;) = 7[S(n(ai;) V e)]. Therefore, 7[S(z)] = ; U, P(ai;) is open.
]
Proof of Theorem 2.5. Combine Theorems 3.8, 3.10, and 4.4. O

5. Spectrality

We write Convy, H for the sublattice of Conv H consisting of the principal
convex (-subgroups of H; cf. Proposition 4.1. Note that the lattice Conv, H

does have a minimum (€(e) = {e}), but not necessarily a maximum. We
prove in this section that Spec H is the Stone dual of the distributive lattice
Conv,, H.

Let D be a distributive lattice with a minimum, but not necessarily with
a maximum. Topologise the set X (D) of prime ideals of D by declaring that
the sets

a={IeX(D)|a¢gl}, foraeD (5.1)

form a subbase. The generated topology is known as the Stone topology of
X(D) [24].

Recall that an element x of a lattice D is compact if whenever S C D is
such that \/ S exists, x <\/ S implies < \/ T, for some finite T C S.

Proposition 5.1. For any ¢-group H, the set Convy, H consists precisely of the
compact elements of Conv H.

Proof. [8, Proposition 7.16]. O
Theorem 5.2. For any (-group H, set D := Convy, H. Then, the map
X(D) L Conv H
I—\/{e@)|e(x) e} (5.2)

restricts to a homeomorphism between X (D) and Spec H. The compact open
sets of Spec H are precisely those of the form S(x), for x € H.
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Proof. We first show h defined in (5.2) is a bijection onto the set Spec H of
prime subgroups of H.

Consider I € X(D). If z € h(I), then €(x) € I. Indeed, by Propo-
sition 5.1, there are finitely many €(z1),...,&(z,) € I such that €(z) C
C(x1) V-V E&(xy,). As I is closed under finite joins and downward closed, we
conclude €(z) € I. Injectivity of h is now obvious.

To prove primeness and surjectivity, we make recurrent use of Proposi-
tion 4.1.(2). For primeness, if z Ay € h(I), then €(z Ay) = €(xz) N E(y) € 1.
Since I is prime, either €(z) € I or €(y) € I, that is, either x € h(I) or
y € h(I).

For surjectivity, we pick a prime subgroup p of H and consider the set
I, ={¢&x) | z € p}. Clearly, I, is downward closed and closed under finite
joins. Now, €(x) N €(y) € I, is equivalent to €(x A y) € I,, and the latter is
equivalent to z Ay € p. Since p is prime, either x € p or y € p, and hence,
either €(z) € I, or €(y) € I,. This shows that I, is a prime ideal of Conv,, H.
Since, evidently, p = \/{&(z) | € p }, we have h(I,) = p.

Regarding now h as a bijection h: X(D) — Spec H, we show that h is a
homeomorphism. Indeed, since for © € H, €(z) € I if and only if z € h(I), we
have

h[€(x)] = {p € Spec H | = ¢ p} = S(a). (5.3)

Since h preserves arbitrary unions and intersections, this shows that h is an
open bijection. By Proposition 4.2, it also shows that h is continuous, and
hence a homeomorphism. Finally, it is classical that the compact open sets

of X (D) are precisely those of the form €(x) (see, e.g., [16]), so that (5.3)
establishes the last assertion of the statement. O

Remark 5.3 (Reticulation of lattice-ordered groups). Theorem 5.2 exhibits the
prime spectrum of an ¢-group H via a purely lattice-theoretic construction, as
the Stone dual of the lattice Convy, H of principal convex ¢-subgroups of H.
In several variants, the result has circulated as folklore amongst researchers in
the field. We have provided a full proof because we are not aware of a reference
at this level of generality. For Abelian lattice-groups with a strong unit, alias
MV-algebras, see [10, and references therein]. The construction in Theorem 5.2
is the exact analogue for lattice-groups of Simmons’ well-known reticulation
of a ring [21].

An element u of an ¢-group H is a strong (order) unit if for all x € H
there is n € N\{0} such that z < u™; equivalently, by Proposition 4.1.(1), if
C(u) = H.

Corollary 5.4. For any (-group H, the space Spec H is a generalised spectral
space. It is spectral if and only if the {-group H has a strong unit.

Proof. 1t is a classical result that the Stone dual space of a distributive lattice
D with minimum is a generalised spectral space which is compact if and only
if D has a maximum (see [24]; cf. [13, Section 2.5], [16, Section II1.3]). Sup-
pose now that w € H is a strong unit. Then, we have €(u) = H. Therefore,
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the lattice Conv, H has a maximum, and its dual space Spec H is compact.
Conversely, if Spec H is compact, then Spec H = S(u) for some u € H. But
then, by the definition of S(u), every prime subgroup of H excludes u. A stan-
dard argument (using Zorn’s Lemma) then shows that every proper convex
{-subgroup of H omits u. Hence, u is a strong unit. O

A poset is a root system if the upper bounds of any one of its elements
form a chain.

Proposition 5.5. For any {-group H the poset Spec H is a root system, and
the specialisation order of the generalised spectral space Spec H coincides with
inclusion order.

Proof. Tt is standard that Spec H is a root system [8, Theorem 9.8]. For the
second statement, first note that, for any p € Spec H, p € V(p) and every
closed set V(A) that contains p also contains V(p). Therefore, V(p) is the
closure of p. Further, for q € Spec H, if p C g, then q € V(p), that is, p < g in
the specialisation order. Conversely, if the latter holds, then q € V(p), so that
pCaq. U

Proof of Corollary 2.7. Combine Theorem 4.4, Corollary 5.4, and Proposi-
tion 5.5. O

Remark 5.6. Observe that Corollary 5.4 provides a necessary and sufficient
condition for Py (G) to be compact, and hence spectral, namely, the existence of
a strong unit in Fy(G). This yields a useful sufficient condition for spectrality:
If the partially ordered group G is finitely generated (as a group), then Py(Q)
is compact, and hence spectral. Indeed, in this case Fy(G) is finitely generated
(as an f-group), because it is generated by the image under n of a generating
set for G. But it is well known that an /-group with finitely many generators
Z1,...,o, has \/_, |z;| as strong unit; hence Py(G) is compact.

6. Characterisations of right pre-orders for specific varieties

For any chain €, an ¢-subgroup H of Aut ) is transitive (on Q)—equivalently,
H acts transitively on Q—if for every r,;s € ) there exists f € H such that

flr)=s.

Lemma 6.1. For any partially ordered group G and any right pre-order C on
G, the L-group Ho is transitive on the chain Q¢ .

Proof. For every a,b € G, the equivalence class [a] is sent to [b] by the map
Rc(a™1tb) as defined in (2.1). O

We call an ¢-group representable if it is a subdirect product of totally
ordered groups, and Abelian if its underlying group is Abelian. The class of
representable /-groups is a variety of which Abelian /-groups form a subva-
riety [18, Proposition 9.3.3]. We write R for the category whose objects are
representable {-groups, and A for the category of Abelian /-groups.
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Proposition 6.2. FEvery transitive representable £-group of order-preserving per-
mutations of some chain is totally ordered.

Proof. [18, Theorem 9.3.5]. O

Theorem 6.3. For any partially ordered group G and any right pre-order C' on
G, the following are equivalent.
(1) The right pre-order C is in Pr(G).
(2) The £-group He is totally ordered.
(3) For every a € G, either bab=! € C for every b € G, or bab=! € C~1 for
every b € G.

Proof. For (1) < (2), combine Lemma 6.1 and Proposition 6.2.

For (2) < (3), note that H¢ is a chain if and only if for every a € G,
either [t] <¢ [ta] for every ¢t € G, or [ta] <¢ [t] for every ¢ € G. Equivalently,
for every a € G, either t <¢ ta for every t € G, or ta <¢ t for every t € G,
that is, either e <¢ tat~! for every t € G, or tat~ ! gc eforevery t € G. [

Theorem 6.4. For any partially ordered group G and any right pre-order C
on G, the following are equivalent.

(1) The right pre-order C is in Pa(G).

(2) The L-group He is totally ordered Abelian.

(3) For every a,b € G, [a™'b~1ab] = [e] in Qc.

Proof. For (1) = (2), if C is in Pa(G), the ¢-group H¢ is Abelian, and totally
ordered by Lemma 6.1.

For (2) = (3), observe that H¢ is Abelian if and only if R¢[G] is Abelian
(cf. [6, 1.1]). Thus if and only if for every a,b,t € G, [tab] = [tba] in Q¢. The
latter entails [ab] = [ba] for every a,b € G, that is, [aba~1b~1] = [e], for every
a,beq.

For (3) = (1), pick a right pre-order C on G satisfying [a~1b~tab] = [e],
for every a,b € G. We show that [tab] = [tba] in Q¢ for every a,b,t € G.

Indeed, since [ab] = [ba] and C' is right invariant, also [abt] = [bat], for every
t € G. By using the assumption (3) again, [bat] = [tba] and [abt] = [tab]. Thus,
[tab] = [tba). O

Remark 6.5. The class of right pre-orders on groups is elementary—that is,
axiomatisable in first-order logic—in the language of partially ordered groups.
By Theorems 6.3 and 6.4, so are the notions of ‘representable’ and ‘Abelian’
right pre-orders on groups. (For a related, recent connection between lattice-
groups and logic, see [5].)

Question 6.6. For which varieties of £-groups is the corresponding class of right
pre-orders on groups, as provided by Definition 2.3, elementary in the language
of partially ordered groups?

For any partially ordered group GG and any variety V of {-groups, consider
the factorisation of the universal map n: G — Fy(G) given by

G 5 3[G] = R(G), (6.1)
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where n[G] is the group image of G under 7 partially ordered by the restriction
of the order on Fy(G), and ¢ is the inclusion map.

Proposition 6.7. The group homomorphism &: n|G] — Fy(G) from (6.1) is an
order embedding satisfying the universal property (2.3).

Proof. 1t is evident by construction that £ is an order embedding. Consider
the following commutative diagrams

G "1 R(G) and n|G] A F(n[G])
n& Ilh X) !lk
Fy(n[G)) (@)

We prove that h ok and k o h are, respectively, the identity map on Fy(n[G])
and the identity map on Fy(G). Indeed,

hokon*ol(=hofo(=hon=mn"o(,
and since ¢ is an epimorphism, we get h o k o n* = n*. Similarly,
kohon=kohofo(=kon"o(=&o(=mn.
By the universal property of  and n*, we infer the thesis. O

Remark 6.8. Proposition 6.7 entails that the space Py (n[G]) is homeomorphic
to Spec Fy/(G) and hence, by Theorem 2.5, to the space Py (G).

For a partially ordered group G, a right order on G is a right invariant
proper total order on G extending GT, and an order on G is a right order on G
which is also left invariant. We call (right) orderable a partially ordered group
G that can be equipped with a (right) order. We say that a partially ordered
group G is isolated if a™ € G for some n € N\{0} implies a € GT, for every
a € G. As usual, a group G for which a™ = e for some n € N\{0} implies
a = e, for every a € G, is called torsion-free.

Lemma 6.9. Suppose V is the variety of all £-groups (respectively, representable
L-groups). For any partially ordered group G, the universal map n: G — Fy(G)
is an order embedding if and only if the positive cone GV is the intersection
of the right orders (respectively, the orders) on G; for the variety V of Abelian
L-groups, n: G — Fy(G) is an order embedding if and only if G is an isolated
partially ordered Abelian group.

Proof. For the variety L of all £-groups, see [2, Théoréme A.2.2]. For the variety
R of representable ¢-groups, see [2, Note de Pappendice]. For the variety A of
Abelian ¢-groups, it suffices to observe that the free Abelian ¢-group Fa(G)
over G is the free ¢-group F(G) over G if G is Abelian [6, 1.2]. O

Remark 6.10. For a partially ordered Abelian group G, being isolated is equiv-
alent to G being intersection of the (right) orders that extend it [2, Corollaire
A.2.6).
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Corollary 6.11. Suppose V is the variety of all {-groups (respectively, repre-
sentable (-groups). For any group G, the universal map n: G — Fy(G) is
injective if and only if G is right orderable (respectively, orderable); for the
variety V of Abelian C-groups, n: G — Fy(G) is injective if and only if G is
non-trivial torsion-free Abelian.

Proof. From Lemma 6.9 considering a group G as the partially ordered group
G with the trivial order. O

The isomorphism between the poset of right pre-orders on G and P (G)
restricts to a bijection between the set of right orders on G and the subset R (G)
of pre-cones C' € P (G) such that C N C~! = {e}. We now topologise R (G)
with the subspace topology inherited from P (G), with subbase (of clopens)
consisting of

{CeR(@)|aeC} and {CeR(G)|agC}, (6.2)

as a ranges in G. Similarly, the set of orders on G is in bijection with the subset
O (G) of normal pre-cones C' € R (G), and we equip O (G) with the subspace
topology.

Remark 6.12. For any variety V of ¢-groups, if a right pre-order C' € Py/(G) is
a right order then C must be inclusion minimal in Py (G). In fact, any proper
subset D C C would fail the condition G = D U D~'. Conversely, suppose
C € Py(G) is minimal. Remark 6.8 provides a natural way to associate to C
a minimal element of Py (n[G]). However, there is no a priori reason why the
latter should be a right order. We shall presently see that this is the case for
the varieties of all £-groups, of representable ¢-groups, and of Abelian ¢-groups.

Question 6.13. Characterise the varieties V of £-groups such that, for all par-
tially ordered groups G, the minimal elements of Py(G) are right orders on n|G].

Proposition 6.14. For any {-group H, the following are equivalent.

(1) H is representable.
(2) Fach minimal prime subgroup is an ideal.

Proof. See, e.g., [8, Proposition 47.1]. O

Theorem 6.15. Suppose V is the variety of all (-groups (respectively, repre-
sentable or Abelian (-groups). For any partially ordered group G, the minimal
layer of Py(G) is homeomorphic to the space of right orders (respectively, or-
ders) on n[G].

Proof. For n: G — F(G), the space of right orders on 7[G] nonempty by
Lemma 6.9. By Remark 6.12, the space of right orders on 7[G] is made of
minimal elements of P(n[G]). We now show that every C' € P (n[G]) extends
a right order. Let P be a right order on n[G], and P(C) be its restriction
PN (CNC™1). Consider the binary relation on 7[G] defined by:

a<b <= [a]<[b]or([a]=[b]and e <pc)ba~"), for a,b € G. (6.3)

Then, the relation < is a right order on 7[G] that extends n[G]", and a < b
implies a <¢ b. It is elementary that < is a total order. Suppose now that
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a < b because [a] < [b]. But then, a <¢ b, and hence, at <¢ bt, which means
[at] < [bt]. On the other hand, if [a] = [b] and ¢ <p(c) ba™?, then [ac] = [bc]
and e <p(c) bec~'a~!. Finally, it is clear that if a < b, then a <¢ b.

For n: G — Fr(G), Lemma 6.9 entails that the space of orders on 7[G] is
nonempty, and by Remark 6.12, the space of orders on 7[G] is made of minimal
elements of Pr(n[G]). We pick an order P on n[G] and its restriction P(C),
and show that if C' € Br(n[G]), the binary relation < defined in (6.3) is an
order on n[G] included in C'. We can then conclude using Proposition 6.14 and
Theorem 3.10, from which we obtain that every minimal element C of Pr(n[G])
is a pre-order. Hence, we only need to prove that the right order < that we
obtain is also left invariant. For this, suppose that a < b because [a] < [b]. Then,
this means that a <¢ b, and hence, e <¢ ba~!. Now, by Theorem 6.3, e <¢
cba~ e, If we had also cba"'c™! <¢ e, we would get a contradiction with
ba~! #£¢ e since C is a pre-order. Therefore, ca <¢ ¢b, and hence, [ca] < [cb].
Assume now that [a] = [b] and e <p(c) ba™'. If ba~! € P(C), also cha™'c™! €
P(C). The latter entails [ca] = [c¢b] and e <p(cy cba™ ¢! Therefore, if a < b,
also ca < ¢b, and the right order < is in fact an order on n[G].

For n: G — Fa(QG), observe that n[G] is an isolated partially ordered
Abelian group and hence, from Remark 6.12, n[G]™ is the intersection of the
orders that extend it. Moreover, the free ¢-group F(n[G]) over n[G] is the free
Abelian f-group Fa(n[G]) over n[G] [6, 1.2]. Thus, Pa(n[G]) is P (n[G]) and
hence, the minimal layer of Pa(n[G]) is the space of (right) orders on n[G].

The results now follow from Remark 6.8. O

For an ¢-group H, we write Min H for the set of minimal prime subgroups
of H, and we topologise it with the subspace topology from Spec H. We write
Sm(A) (respectively, Vi, (A)) for open subsets (respectively, closed subsets) of
Min H with A ranging over arbitrary subsets of H.

Corollary 6.16. Suppose V is the variety of all £-groups (respectively, repre-
sentable or Abelian £-groups). For any partially ordered group G, Min Fy(G)
is homeomorphic to the space of right orders (respectively, orders) on n[G].

Proof. Combine Corollary 2.7 and Theorem 6.15. O

Remark 6.17. We do not know at this stage whether a characterisation of the
minimal elements of Py(G) along the lines of Theorem 6.15 is feasible, even
in the case of well-studied varieties V of ¢-groups. For example, suppose V is
the variety of normal-valued ¢-groups [2, Théoreme 4.3.10]. Suppose further
that G is a group admitting a Conradian right order [4, Theorem 9.5]. Then
one can prove that each Conradian right order on G is a minimal element of
Pv(G). However, it is unclear to us at present whether each minimal member
of Py(G) is a Conradian right order on G.
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7. Minimal spectra

For any /-group H, we adopt the standard notation x | y—read ‘z and y are
orthogonal’—to denote |z| A |y| = e, for z,y € H. For S C H, we set

St:={xzcH|z Lyforallye S}

we write S+ instead of (S1)+, and xt instead of { x }* for € H. It is clear
that o1 = |z|t for every x € H. A subset T C H is a polar if it satisfies
T = T+ or, equivalently, if there exists S C H such that T = S+. We write
Pol H for the set of polars of H. Under the inclusion order, Pol H is a complete
distributive lattice with H = e’ as its maximum, {e} = Ht = el! as its
minimum, meets given by intersection, and joins given by \/ T; = ([ T3)*+. Tt
can be shown that Pol H is a complete Boolean algebra, with complementation
given by the map T+ T+. If 2 € H, the set 2" is called the principal polar
generated by z. Then, 2+ is the inclusion-smallest polar containing z. We
write Pol, H for the set of principal polars of H; it is a sublattice of Pol H
because of the identities

(x Ay)tt =2t nytt (7.1)
(x vyt =attvytt (7.2)
which hold for every x,y € H*. The minimum e+ of Pol H lies in Pol, H,

while the maximum H = e' is principal if and only if H has a weak (order)

unit—an element w € HT such that for each z € H, w A |x| = e implies = = e.

In that case, wt+ = H. Note that the existence of a weak unit is not sufficient

for Pol, H to be a Boolean subalgebra of Pol H, because the complement of a
principal polar need not be principal (cf. Theorem 7.6).
We recall here the standard characterisation of minimal primes.

Proposition 7.1. For any {-group H and any p € Spec H, the following are
equivalent.

(1) The prime p is minimal.
2 p=Ufa"lz¢p}.
Proof. [2, Théoréeme 3.4.13]. O

From Proposition 7.1, an element w € H™T is a weak unit if and only if
w misses every minimal prime.

Lemma 7.2. The map
Conv, H L Pol, H (7.3)
defined by €(z) — x+ is an onto lattice homomorphism preserving minimum.

Proof. The map f is well defined, since S+ = QZ(S)L for S C H [2, 3.2.5], and
clearly onto. Moreover, it is a lattice homomorphism by Proposition 4.1 and
(7.1)~(7.2), and preserves the minimum since {e} + et®. O

Recall the notation X (D) for the Stone dual of a distributive lattice D
with minimum, and set for the rest of this section D := Pol, H. In light of
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Theorem 5.2, we identify the Stone dual of Convy, H with Spec H. By general
considerations, the map f in (7.3) has a Stone dual f* defined by

X (D) EAR Spec H
I—\/{¢@)|z** eI} (7.4)

Our next aim is to characterise the range of f*. To this end, we introduce a
notion that appears to be new with the present paper:

Definition 7.3 (Quasi-minimal prime subgroups). For any f-group H, a prime
subgroup p € Spec H is quasi minimal if p = J{2**+ | z € p}. The quasi-
minimal spectrum Qin H of H is the subset of quasi-minimal prime subgroups
equipped with the subspace topology inherited from Spec H.

We write { Sq(z) }zen for the open base induced by { S(z) }zenm on Qin H
by restriction.

Lemma 7.4. For any {-group H, the image f*[X(D)] coincides with the quasi-
minimal spectrum Qin H. Further, f* is a homeomorphism onto its range.

Proof. We establish the following equivalent description of f*(I), for any I €
X(D):

ff()={zecH]|z eI} (7.5)

(Compare with Darnel’s construction in [8, Proposition 49.18].) First, observe
that y € f*(I) implies €(y) C €(x1) V -V &(x,) for some zi+,...,2tt €T
by Proposition 5.1. Further, from Proposition 4.1 it follows €(y) C €(x) for
some xt+ € I, since I is closed under finite joins. Thus, from €(y) C &(x)
we obtain y*++ C 2+, which allows the conclusion y € {z € H | z*++ € I'}.
Conversely, y=+ € I, then €(y) C f*(I) by (7.4), and hence, y € f*(I).

Now, if y € z*++ for 2 € f*(I), then y*+ C 2+, and hence y*+ € I by
downward closure of I. Thus, y € f*(I), which entails f*(I) € Qin H. For the
remaining inclusion, suppose p € Qin H. We prove that

I={azt |z ecp}
is a prime ideal of D, and hence, is the pre-image of p under f*. It is elementary
that I, is an ideal of D. Now, by (7.1), zt+ Ayttt =zt nytt € I, is
equivalent to (z Ay)t+ € I, that is, z Ay € p. By primeness of p, either z € p
or y € p, from which the desired conclusion.

Note that injectivity of f* is now immediate from (7.5). Finally, to show
that f* is a homeomorphism onto its range it suffices to observe that (7.5)
entails f*[(z11)] = Sq(z), where x ranges over H, and (z++) is the set of all
prime ideals of D not containing x+; cf. (5.1). O

We record a consequence that provides for lattice-groups the spectral
equivalent of the existence of a weak unit.

Corollary 7.5. For any ¢-group H, there exists a weak unit w € H if and only
if Qin H is compact.
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Proof. This is an immediate consequence of Lemma 7.4 along with standard
Stone duality (cf. Corollary 5.4). O

Theorem 7.6. For any {-group H, we have Min H C Qin H, and the following
are equivalent.

(1) Pol, H is a Boolean subalgebra of Pol H.

(2) Min H is compact.

(3) HT' is complemented: for every x € HY there is y € H' such that
Ay =-eand xzVy is a weak unit.

If any one of the equivalent conditions (1)—(3) holds, then Min H = Qin H.

Proof. By Proposition 7.1, if € m and m € Min H, there is an element y ¢ m
such that y € z+. Moreover, every element z € z1 is also an element of y=*,
that is, z € m. Therefore, m € Qin H.

For (1) = (2), observe that if Pol, H is a Boolean algebra, then for every
x € H, we have z+ = y*+ for some y € H. Thus, a quasi-minimal prime p is

p*U{x“‘L’cEp} U{yl|y zt+ for some z € p .
Now, if y € p for some of those 7, then y+ C p and hence,
et vyt =(zvy) T =HCy,
which is a contradiction. Moreover, if y ¢ p, then y ¢ m for every mini-
mal prime m C p, that is, y= C m for every minimal prime m C p. Hence,
y* C p. Therefore, every quasi-minimal prime p € Qin H is in fact minimal.
Since Qin H is the Stone dual space of a Boolean algebra, it is compact, and

hence so is Min H.
For (2) = (3), we first observe that

Sm(z) = Vm(mj‘),

and hence
= U Swl(z) =Sm(mn V-~ Vi),
zE€x+
for some i, ...,y, € xt, where the last equality follows from Vy,(z) being

closed in a compact space, and from Proposition 4.3. Let y := y1 V -+ V yp.
We show that |z| A |y| = e, and Sy (|z] V |y|) = Min H. In fact,

Sm(|z] V [y]) = Sm(2) USm(y) = Sm(2) UV (z) = Min H,
that is, |z| V |y| is a weak unit. Further,
Sm(lz[ Alyl) = Sm(2) NSm(y) = Sm(z) N Vin(z) =0,

or equivalently, |z| A |y| = e since (N, cpimp ™= {e}

For (3) = (1), observe that two positive elements z,y € H* are orthogo-
nal if and only if -t Nyt+ = {e} by (7.1). Similarly by (7.2), zVy is a weak
unit if and only if -+ Vv y*++ = H. Now, since 2+ = |9c|J‘ for every x € H, the
proof is complete.
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Finally, we show that if Min H is compact, then Min H = Qin H. For
this, assume p € Qin H\ Min H. Then for every m € Min H, there is ¢ € p
such that x € m. Hence,

MinH C | {S(z) [z €p}.

If we assume compactness of Min H, we have Min H C S(z; V-V x,,) for
some w := x1 V ---V x, € p. Hence, the prime p contains the weak unit w,
which is a contradiction since w*+ = H. O

Example 7.7. The reverse implication from Theorem 7.6 does not hold. In fact,
we exhibit an ¢-group H for which Min H = Qin H is not compact. Let H be
the f-group

H:={f:N—Z|supp(f) is finite },

where supp(f) := {n € N | f(n) # 0}, with coordinate-wise operations,
and the function 0 constantly equal to 0 as the group identity. We show that
Qin H = Min H = (N, 7,4), where 74 is the discrete topology.

Claim 7.8. The distributive lattice Convy, H is Pol, H, and it is isomorphic to
(N*,n,U), where

N*:={S CN|S is finite }.
Proof. We start from the latter, and observe that for any f € HT,
fAg=0 ifandonlyif supp(f)nsupp(g)=~0.

Therefore, h Ag = 0 for every g € f* precisely when supp(h) C supp(f). From
which we conclude

fH={he H |supp(h) C supp(f) }.

Thus, from (7.1)-(7.2), the map f**+ — supp(f) is a lattice isomorphism
Pol, H = (N*,N,U). Moreover,

C(f)y={ge H||g| < f" for some n € N}.

Hence, every positive element of €(f) has support included in supp(f). Con-
versely, if g € H* and supp(g) C supp(f), then g(n) > 0 implies f(n) > 0.
Now, since the functions have finite support, it is possible to find m € N so
that g(n) < mf(n), for every n € N. Therefore, g € €(f). O

From Lemma 7.4 and Theorem 5.2, we conclude Spec H = Qin H.
Claim 7.9. The Stone dual space of (N*,N,U) is (N, 74).

Proof. Tt is straightforward that (N, 7;) is a generalised spectral space whose
compact opens are precisely the finite subsets of N. The result now follows
from [24, Theorem 15]. O

Therefore, Spec H = Qin H = (N, 74) is Min H, since the specialisation
order of (N, 7,) is trivial. This completes Example 7.7.
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Remark 7.10 (Compactness of minimal spectra). The equivalence of (1), (2),
and (3) in Theorem 7.6 is a well-known result, of which we have provided
a streamlined proof for the reader’s convenience. There is a substantial lit-
erature concerned with the compactness of minimal spectra of various struc-
tures, and we cannot do justice to it here. In connection with Theorem 7.6
we ought to at least mention Speed’s paper [22] for distributive lattices, and
Conrad’s and Martinez’ paper [7] for £-groups. Let us also mention that, in the
Archimedean case, compactifications of minimal spectra of lattice-groups were
recently shown to be inextricably related to the construction of projectable
hulls, see [1,14].

Corollary 7.11. For any partially ordered group G and any variety V of £-
groups, the minimal layer of Py(G) is compact if and only if any one of the
equivalent conditions of Theorem 7.6 holds for Fy(G).

Proof. Combine Theorem 2.5 and Theorem 7.6. O

For a group G, set
X(a)={SCGlacS} and X% a)={SCG|agS}, foracd.

We endow 2¢ with the smallest topology containing all sets X(a) and X¢(a).
With this topology, the space 2¢ is easily shown to be a Stone space, see [4,
p. 6]. Assume additionally that G is partially ordered. It is then elementary
that the set of pre-cones C' C G such that C N C~! = {e}, with the subspace
topology inherited from 2%, is homeomorphic to the subspace R (G) of P (G)
consisting of right orders on G topologised as in (6.2). This homeomorphism
restricts to one between normal pre-cones C' C G with the property CNC~1 =
{e}, and the space O (G) of orders on G.

Lemma 7.12. SupposeV is the variety of all £-groups (respectively, representable
or Abelian (-groups). For any partially ordered group G, the minimal layer of
Pv(G) is compact.

Proof. By Theorem 6.15, if V is the variety of all ¢-groups (respectively, repre-
sentable or Abelian ¢-groups), the minimal layer of Py(G) is the space of right
orders (resp., orders) on n[G]. We can now conclude, since R (n[G]) (resp.,
0 (n][G))) is a closed subspace of 271 [4, Problem 1.38]. O

Theorem 7.13. Suppose V is the variety of all {-groups (respectively, repre-
sentable or Abelian £-groups). For any partially ordered group G, the minimal
spectrum Min Fy(G) is compact.

Proof. Combine Theorem 2.5 and Lemma 7.12. O

Theorem 7.14. Suppose V is the variety of all {-groups (respectively, repre-
sentable or Abelian -groups). For any partially ordered group G, the minimal
layer of Py(G) is a Stone space with dual Boolean algebra Pol, Fy/(G).

Proof. Combine Corollary 7.11 and Lemma 7.12. O
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8. Representable varieties and pre-orders

It is classical that the set Conv*H of ideals of H ordered by inclusion is a
complete sublattice of Conv H, and hence of the lattice of subgroups of H
[8, Theorem 8.7]. We write J(S) to denote the ideal generated by S C H. If
x € H, we write J(z) for the principal ideal 3({x }) generated by {z }, and
Conv;H for the collection of all the principal ideals of H.

Proposition 8.1. For any {-group H, the convex {-subgroup €(S) generated by
a subset S C H is the set

{x € H| |z| <s for some s € (|5]) }, (8.1)
where |S| = {|y| | y € S}, and (T) is the monoid generated by a subset T
of H.
Proof. Set
K :={z € H||z| < s for some s € (|9]) }.

It is immediate that K C €(S). For the other inclusion, we show that K is a
convex {-subgroup containing S. First of all, S C K, and K is a subgroup of H,
as |z| < s and |y| < ¢ implies |zy| < |z||ly||z| < sts. (Recall |zy| < |z||y||z]
is an {-group law, see [8, Theorem 4.13].) To show that K is a sublattice,
observe that if x,y € K, then z Vo~ < sand yVy~! <t for s,t € (|S]) or,
equivalently, ¢ < s, 27! < s, y < t, and y~' < t. Therefore, xy~' < st, and
yx~ ! < ts. Now, since e < s, t, the latter entails

lzy ™| = xy~t vyat <sts e (|9)).
Thus, zy~! € K and hence, also 2y~ Ve € K, since
e<ay Ve < |zy T < sts.
Therefore, x Vy = (zy~! Ve)y € K. We can now conclude, since
Ay =(z7! \/y_1)71 cK.

It remains to show that K is convex. For this, pick z,y € K, and z < z < y
for some z € H. But then, e < zz7! < yor~! and hence, |z27!| < Jyz~! < s,
for some s € (|S|). Therefore, zzx~! € K, and (227 ')z =2 € K. O

We write N (S) to denote the normal closure {y~txy |y € H,z € S} of
S.

Proposition 8.2. For any {-group H, the ideal J(S) generated by a subset
S C H is the convex L-subgroup generated by the normal closure N(S) of
S; equivalently, 3(S) = €(N(S)).

Proof. By Proposition 8.1, we know €(N(S)) = €((|N(S)])), or equivalently,
C(N(S)) = C€((N(]S])))- Clearly, €(N(S)) C 3(S). To conclude, it suffices to
show that €(N(S)) is normal. But this is immediate, since

ol < [T wi *sivis
T
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for s; € |S], y; € H, and I finite, implies
-1 -1 -1 -1 -1, -1
|27 @z =27 zz < 2 (Hyz 81%) z=1]7""y "simez € (N(IS))),
I I

and hence, 27 'zz € €(N(9)) for every z € H. O

Proposition 8.3. For any (-group H, and for any x,y € H*, 2 € H, the
following hold.

(1) 3(2) = 3(|2]) = {h € H | |h| < [L;c;w; '|2w;, for finitely many w; €
H

(2) J(x'/\ y) CI(z)NTI(y) and I(xzVy) =T(x) VI(y).

Proof. (1) is immediate from Proposition 8.2. Item (2) follows from the fact
that ¢ € Conv H contains x,y € H™ if and only if z Vy € & also, z Ay is
contained in every convex f-subgroup containing x or y. O

In light of Proposition 8.3, when the set Conv;H of principal ideals of
any ¢-group H is ordered by inclusion, it is a join-semilattice with minimum
J(e) = {e}, and a subsemilattice of Conv*H (and therefore of Conv H).

Proposition 8.4. For any ¢-group H, the following are equivalent.

(1) H is representable.
(2) Each polar is normal.

Proof. See, e.g., [8, Proposition 47.1]. O

Remark 8.5. Lemma 7.4 and Proposition 8.4 ensure Qin H C Spec* H for every
representable ¢-group H.

Lemma 8.6. For any {-group H, the following are equivalent.

(1) H is representable.
(2) For every xz,y € HT, 3(z)NI(y) C I(xz Avy).

Proof. For (1) = (2), we use the characterising property of representable (-
groups stated in Proposition 8.4: we show that J(z) NJ(y) C J(x A y) entails
that 2+ is normal, for every € H. Assume x Ay = e, for some z,y € HT,
that is, assume y € o for z,y € HT. Thus,

3() N3(y) = 3z Ay) = {e}. (8.2)

This means that x Aa~lya = e for every a € H, as (xAa"tya) € I(x)NTI(y) =
{e} for every a € H. Thus, a~'ya € 2+, for every a € H.

For (2) = (1), we show that J(z) N J(y) C J(x Ay) for every z,y in
the positive cone of a representable /-group H. For this, let H be a subdi-
rect product of [],., Ct, for C; totally ordered groups. If |z| € J(z) N3 (y),
Proposition 8.2 entails

|z| < Ha;lxai, and |z] < Hbj_lybj.
I 7
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Thus, in a given factor C; of the product [ [, Ct,
(Iz])+ Ha xa;)s, and (|z]): Hb yb;)¢
Since the group operation is also defined coordinate-wise, we obtain
(12D)e < JJ(ai De(@)e(ai)e, and (2] < T )e(w)e(bi)e.
I J
Without loss of generality, we can assume (z); < (y):, and hence
(Iz)e < H( 1)t($)t(ai)t = H(afl)t(m Ay)i(ai)z.
I I
Since t € T was arbitrary, |z| < [[; ¢; ' (z Ay)c;, for some ¢; € H, and [ finite.
Thus, z € 3(z A y). O
Consider the map
Conv, H 4= Conv*H (8.3)
defined by €(z) — J(z), for z € HT.

Theorem 8.7. For any (-group H, the map g: Conv, H — Conv*H defined in
(8.3) is a join-semilattice homomorphism preserving minimum such that

g[Convy, H| = Conv, H.
Moreover, it is a lattice homomorphism if and only if H is representable.

Proof. First, observe that from €(z) = €(y), it follows that x € €(y) C T(y)
and y € €(z) C J(z). Thus, if €(z) = €(y), then J(z) = J(y). Hence, g is well-
defined. Further, it is clear that g[Conv,, H] = Conv, H. By Proposition 4.1.(2)
and Proposition 8.3.(2),

9(€(x) v €(y)) = g(&(x Vy)) = Iz Vy) = I(z) VI(y).
Finally, €(e) = {e} = J(e).
Since ¢g(€(x) N &(y)) = TJ(x) A J(y) if and only if J(x Ay) = J(x) N
J(y), the second statement follows from Lemma 8.6, Proposition 4.1.(2), and
Proposition 8.3.(2). O

Proposition 8.8. For any ¢-group H, the set Conv;H consists precisely of the
compact elements of Conv* H.

Proof. Pick a compact element £ of Conv*H, and note that € € \/ ., J(z). By
compactness, also € C J(x1) V-V I(zy,), for z1,...,z, € t. Hence,

tE=J(x1 V- Va,)

by Proposition 8.2.(2). Conversely, consider J(z) C \/;¢; for some z € H,
and ¢; € Conv*H. But then, the element |z| € H" equals y; - - - yy,, for some
Y, Ym € U, €. Thus, J(x) C €&, V---VE; , where ji,...,jn € J are such
that Yi € Eh O
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Corollary 8.9. For any representable £-group H, Spec*H is homeomorphic
to the dual space of the distributive lattice with minimum COI’IV;;H . Hence,
Spec*H is generalised spectral.

Proof. For any representable ¢-group H, set D := Conv:;H . Then, the map
X (D) — Conv*H

I— \/{3(x)| I(z) € I}

restricts to a homeomorphism between X (D) and Spec”H. The proof goes
along the same lines as the one of Theorem 5.2, and it is based on Proposi-
tion 4.2, Proposition 8.3, Theorem 8.7, and Proposition 8.8. O

For any ¢-group H, we consider the function

Conv H 25 Conv H

t— m e, (8.4)
zeH

that maps any convex ¢-subgroup ¢ of H to the largest ideal contained in £.
(For a related use of this map, compare the characterisation of representable
l-groups in [23, Theorem 2.4.4.(d)].) Recall that an endofunction ¢: S — S on
a partially ordered set S is an interior operator if it is contracting (v(z) < z),
monotone (z < y entails ¢(x) < ¢(y)), and idempotent (v o ¢ coincides with ¢
on S). The fixed points of ¢ are called the open elements of S. The map v is
an interior operator on Conv H, and Conv*H consists precisely of the open
elements of v.

Lemma 8.10. For any {-group H, the map v descends to an interior operator v
on Spec H such that Spec*H consists precisely of the open elements of v if and
only if H is representable. In this case, v: Spec H — Spec™H is a continuous
retraction.

Proof. First, if v is an interior operator onto Spec™ H, since v(m) C m for every
m € Min H, we can conclude v(m) = m and hence, every minimal prime is an
ideal. Thus, by Proposition 6.14, H is representable. Conversely, suppose that
H is representable, and take xz,y € H such that x Ay = e. We show that
either z € v(p) or y € v(p), for every p € Spec H. If = & v(p), there exists a
w € H such that w™'zw ¢ p. Now, since x Ay = e and H is representable, by
Proposition 8.4 also w™'zw A 2~ lyz = e for every z € H. Therefore, since p is
prime, 2~ lyz € p for every z € H, that is, y € v(p). The fact that v descends
to an interior operator v: Spec H — Spec®H is immediate. Also, v(p) = p if
and only if p € Spec* H. Finally, observe that

vS* (@) = | Sty "ay)
yeH
and hence, v is continuous. g

Remark 8.11. The map v: Spec H — Spec”H sends a prime subgroup p to
the kernel ker R, of the map R,: H — Aut H/p defined in (3.1).
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For any partially ordered group G and any variety V of representable
{-groups, consider

Pv(@) 2 Py(@)
Cr— [ t'Ct. (8.5)

teG

Theorem 8.12. For any partially ordered group G and any variety V of repre-
sentable £-groups, the following hold.

(1) The set By(G) with the subspace topology induced from Py(G) is gener-
alised spectral.

(2) The map B is an interior operator on Py(G) such that By(G) consists
precisely of the open elements of 3. Moreover, 3: Py(G) — By(G) is a
continuous retraction.

Proof. (1) follows immediately from Theorem 2.5 and Corollary 8.9.

For (2), observe that for a right pre-order C, the set 3(C) is clearly a
normal submonoid of G. Moreover, if a ¢ 3(C), there is a conjugate t~tat ¢ C
for t € G; hence, by Theorem 6.3, s~'as € C~! for each s € G, that is,
a~1 € B(C). Therefore, B(C) U B(C) " = G, and 3 is a well-defined function
onto By (G). Further, § sends a right pre-order C' in Py(G) to the largest
pre-order contained in C, and B(C) = w(v(k(C))). Thus, an application of
Theorem 2.5 and Lemma 8.10 completes the proof. 0

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.
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