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On a Babuska Paradox for Polyharmonic
Operators: Spectral Stability and Boundary
Homogenization for Intermediate Problems
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Abstract. We analyse the spectral convergence of high order elliptic dif-
ferential operators subject to singular domain perturbations and homo-
geneous boundary conditions of intermediate type. We identify sharp
assumptions on the domain perturbations improving, in the case of poly-
harmonic operators of higher order, conditions known to be sharp in the
case of fourth order operators. The optimality is proved by analysing
in detail a boundary homogenization problem, which provides a smooth
version of a polyharmonic Babuska paradox.

Keywords. Spectral analysis, Polyharmonic operators, Boundary
homogenization.

1. Introduction

A recurrent topic in the Analysis of Partial Differential Equations, in Spectral
Theory, and their applications is the study of the variation of the solutions
to elliptic boundary value problems on domains subject to boundary pertur-
bation, with contributions rooting back in the works of Courant and Hilbert
[27], and Keldysh [37]. The mathematical interest in this type of problems is
also given by the possible appearance of an unexpected asymptotic behaviour
of the solutions, which can be understood as a spectral instability phenome-
non. Probably the most famous example in elasticity theory is the celebrated
Babuska paradox which concerns the approximation of a thin hinged circular
plate by means of an invading sequence of convex polygons. This problem
was considered by Babuska in [10] and was further discussed by Maz’ya and
Nazarov in [38] where among various results they present a variant of the
Babuska paradox consisting in the approximation a thin hinged circular plate
by means of an invading sequence of non-convex, indented polygons (see [33,
§ 1.4], for a recent discussion on this subject and for more details concerning
the related results of Sapondzhyan [44]). We find convenient to briefly recall
the formulation of the paradox.
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Given a circle Q in R? and a datum f € L?(€2), consider the following
boundary value problem

A?u=f, in Q,
u =0, on 052, (1.1)
% =0, on 09,

in the unknown real-valued function u. Note that here and in the sequel,
boundary value problems will be understood in the weak sense. Thus, problem
(1.1) consists in finding u € W22(2) N W, *(Q) such that
/ D?u: D?*pdx = / fodz, forall o € W22(Q)NW,2(Q),
Q Q
where D?u : D2<p = Z?fj:l Uz, Pa;z; 15 the Frobenius product of the two
Hessian matrices of u and . In the theory of elastic plates, u represents the
deflection of a hinged thin plate with midplane €2 and normal load f.
Define inside 2 an invading sequence of indented polygons €2,, obtained
by modifying an inscribed convex polygon with n vertexes pj, j = 1,...,n,
and replacing its contour line in a neighbourhood of each pj by a V-shaped
line as in Fig. 1. The small curvilinear triangles appearing have height equal
to b and base of length 7}, while the length of the nearby chord (the side

of the polygon) is denoted by ¢j'. Consider now the same boundary value
problem in €2,

Alup = f, i Qy,

U, =0, on 0Q,, (1.2)
% =0, on d9,,

in the unknown u,, € W22(Q,,)NW,*(Q,). The paradox lies in the fact that
if

|<—j‘ =0(1), ax 7|nj |

1<j<n |n7| 1<j<n |h}]2/3

= o(1),

as n — oo, then the solution u, € W22(Q,) N Wy*(2,) of (1.2) does not
converge to the solution w of (1.1), but to the solution v of the boundary
value problem

A?v=f, inQ,
v=0, on 052, (1.3)
% =0, on9dN.

Here v represents the deflection of a clamped thin plate. Note that it is
possible to choose [(}'| = 0 for all j and n in order to obtain the wild looking
set €0, in Fig. 2.

In [7,8] the authors considered a smooth version of this paradox. Given
a sufficiently regular bounded domain W in R¥~! N > 2. they define a
family of domains (2¢)o<e<e, by setting

Q=Wx(=1,0), Q. ={(Z,zn) RN : 2 € W, -1 < zy < *b(Z/e)} (1.4)
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FIGURE 2. Degenerate indented polygon

where T = (21,...,2x_1), and b is a non-constant, smooth, positive, periodic
function of period Y = [~1/2,1/2]N~!. The geometry of this perturbation is
described in Fig. 3 below.

By comparing Figs. 3a and 2, one realizes that the perturbations look
similar locally at the boundary. This analogy goes further if we define h} =
and 7' = ¢, with € = 1/n. Indeed, in [8] it was proved that if

|77?‘ €
Ao (278 = e2/3a o(1),

as € — 0, that is if & < 3/2, then the same Babuska-type paradox appears.
Moreover, it was also proved that if @ > 3/2 then no Babuska paradox
appears and there is spectral stability. The threshold o = 3/2 is then critical
and represents a typical case of study for homogenization theory: in fact, it
was proved in [8] that the limiting problem contains a ‘strange term’ which
could be interpreted as a ‘strange curvature’.

It is then natural to wonder whether Babuska-type paradoxes may be
detected in the case of polyharmonic operators (—A)™, m > 2 subject to
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FIGURE 3. Oscillations of the upper boundary of ). as € —
0, depending on «

intermediate boundary conditions. The answer is not as straightforward as it
may appear, and it is necessary to clarify first what are the possible boundary
conditions for those operators. Indeed, there exists a whole family of bound-
ary value problems depending on a parameter k = 0,1...,m, the weak for-
mulation of which reads as follows: given a bounded domain (i.e., a connected
open set) 2 in RY with sufficiently smooth boundary, m € N, and f € L%(Q),
find u € W™2(2) N W,**(€2) such that

/Dmu:Dmgodx—i—/ ugoda::/fcpdx, Vo € W™ Q)NnWE2(Q). (1.5)
Q Q Q

Here we denote by W™2(Q) the standard Sobolev space of functions in L?(2)
with weak derivatives up to order m in L?*(Q) and by Wg () the closure
in W*2(Q) of the C*-functions with compact support in €. Note that for
k = m one obtains the Dirichlet problem

(=A)"u+u=f, inQ, 16
{23207 on 012, forall0<I<m-—1, (16)
while for kK = m — 1 one gets the significantly different problem
(=A)"u+u=f, inQ,
0 ), on 99, forall 0 <1 <m—2. (1.7)
% =0, on Jf).

Finally, for £ = 0 one gets the problem with natural boundary conditions, also
known as Neumann problem, and this explains why problem (1.7) is called
intermediate. Actually, in this paper we refer to problem (1.7) as to the strong
intermediate problem to emphasise the fact that (1.7) is the intermediate
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problem with the largest £ and to distinguish it from the other cases where
0 < k < m — 1 which are called here weak intermediate problems. According
to these considerations, one is led to ask the following;:

Question. Are there Babuska-type paradoxes for polyharmonic operators
(=A)™, m > 2 satisfying intermediate boundary conditions, and which are
the natural assumptions which prevent the appearance of this paradox?

We are able to answer to this question in the geometric setting given
by (1.4). Since when m = 2 problem (1.7) coincides with the hinged plate
(1.1), the Babuska paradox will be discussed for polyharmonic operators with
strong intermediate boundary conditions (in short, (SIBC)), being the nat-
ural higher order version of the intermediate boundary conditions for the
biharmonic operator.

Let us describe one of the two main results of this paper. Let €2, and
Q be as in (1.4), V(Q) = W™2(Q.) N W 1?(Q,). For every € > 0, let
ue € V(£2) be the solution of

/ D™y —|—u6<pdx:/ feodx, forall ¢ e V(Q). (1.8)
Q.

Recall that this is the weak formulation of the Poisson problem for (—A)™ 41
with (SIBC). For u € W™2(Q), define T,u = u o ®, where ®. is a smooth
diffeomorphism mapping (). into 2 that coincides with the identity on a
large part K. of Q, with |Q\ K| — 0 as e — 0, see (3.5). Let u be such that
ue = Teul| 2.y — 0 as € — 0.

Theorem 7 states that the limit u solves different differential problems
according to the values of the parameter a. More precisely, we have the
following trichotomy:

(i) (Stability) If o > 3/2, then u solves (1.8) in Q, that is, u satisfies
(=A)"u+u = fin Q and (STBC) on 0%
(ii) (Degeneration) If o < 3/2, then w satisfies (—A)"u +u = f in Q, with
Dirichlet boundary conditions on W x {0}, that is
o
onl
and (SIBC) on the rest of the boundary of €;
(iii) (Strange term) If a = 3/2, then u satisfies (—A)"u 4+ u = f in Q with
the following boundary conditions on W x {0}

=0, foral0<I<m-—1,

D'y =0, forall 0 <[l <m—2,
Tt KgZ,,fl =0,

and (SIBC) on the rest of the boundary of Q. Here K is a certain
positive constant that can be characterized as the energy of a suitable
m-harmonic function in Y x (—o0,0).

It follows that if o < 3/2 a polyharmonic Babuska paradox appears.
It is interesting to observe that the critical value 3/2 is the same for all the
polyharmonic operators with (SIBC).
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The techniques used to prove Theorem 7 vary drastically depending on
the case (i)—(iii) considered. Theorem 7(i) is a consequence of Theorem 2,
which is the second main result of the paper and provides a general stability
criterion for self-adjoint elliptic differential operators of order 2m with non-
constant coefficients and compact resolvents (or, more precisely, for their
realization in the space W2(Q) NW,2(Q), 0 < k < m) on varying domains
featuring a fast oscillating boundary.

Theorem 2 is an improvement of a previous result (see [8, Lemma 6.2])
and can be summarized and simplified in the following way. Let €2 and €. be
bounded domains in RY defined as follows:

Q={(Z,xn) € W x (a,b) : T € W,a < g(T) < b},
Qe ={(Z,zn) € W x (a,b) : T € W,a < ¢g.(T) < b},

where W C R"! is as above, a +p < ¢,9. < b—p, a,b € R, and
g.9c € C™(W). If ||g — gc||,, converges to zero as e goes to zero and,
for all |B] = m, HDﬁ(g fge)Hoo converges to zero or diverges to infinity
with a suitable rate expressed in terms of a power of ||g — gc||.,, then the
spectrum of the realization of a self-adjoint elliptic differential operator in
Wm2(Q,.) N Wéc’z(QE), 1 <k <m—1is stable as ¢ — 0 . We note that [8,
Lemma 6.2] is sharp in the case m = 2 and k = 1. In Theorem 2 we allow
a rate of convergence or divergence for HDB (9 — 9g¢) HOO which is much better
when k > 1. For example, going back to Theorem 7(i), we note the following
fact: upon considering profile functions g. of the type g.(z) = €*b(2), where
b is a non-constant periodic function, we could apply [8, Lemma 6.2] to the
polyharmonic problem in a straight forward way; however, this would only
guarantee the spectral stability for « > m —1/2. Our improved stability The-
orem 2 guarantees the spectral stability for the better range a > m—k+1/2.

The proof of Theorem 7(ii) is based on a consequence of a degeneration
argument that was introduced in [21], and which was already exploited in [8].

The reader may wonder if it is possible to push the arguments contained
in the proof of Theorem 7 in order to discuss the general case of weak inter-
mediate problems for polyharmonic operators. The main issue is that the
degeneration argument in Theorem 7(ii) is restricted to the case of (SIBC).
Hence, a detailed analysis of the various possible situations seems to us much
more involved and almost prohibitive for arbitrary values of m and k. We
mention that the case m = 3, £ = 1 will be the object of a forthcoming paper
and we refer to [30] for a number of results in this direction.

We remark that our main results, in particular Theorem 2 and The-
orem 7, are based on the notion of £-convergence in the sense of Vainikko
[46] which is related to Stummel’s discrete convergence and to Anselone and
Palmer’s collective compactness, see [45] and [2] respectively. For a recent
survey on these topics and further generalisations, we refer to [11].

Finally, we mention that, in the case of second-order operators, coun-
terexamples to the spectral stability with respect to domain perturbation are
well-known, see for example the classical [27, Chp. VI, 2.6]. Related prob-
lems for the Neumann Laplace operator and for the Schrédinger operator
with Neumann boundary conditions have been considered in [6,22] and [3]
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respectively. Regarding higher order elliptic operators on variable domains,
several contributions can be found in [4,12-14,16-18,32]. In particular, for a
possible approach to these topics via asymptotic analysis, we refer to the arti-
cles [19,26, 34] and to the monographs [39,40]. We refer also to the monograph
[33] and the articles [31,43] where polyharmonic operators are considered. For
a wider discussion about perturbation theory for linear operators we mention
the monographs [35,36,41].

This paper is organised as follows. Section 2 is devoted to preliminaries
and notation, in particular to the definition of the class of operators and open
sets under consideration. Section 3 contains a general discussion concerning
the spectral stability of elliptic operators, and the proof of Theorem 2 and its
corollaries, see in particular Theorem 4. In Sect. 4 we prove a Polyharmonic
Green Formula which is used in the sequel and has its own interest. Section 5
is devoted to the analysis of strong intermediate boundary conditions and to
the proof of Theorem 7. In “Appendix” we prove a technical lemma used in
the proof of Theorem 7(iii).

2. Preliminaries and Notation

In the sequel, we will use the following basic notation:

e N denotes the set of positive integers. Moreover, Ny := NU {0};

e Given a normed space X, £(X) is the space of bounded linear operators
on X;

o If not otherwise specified, m € N will always be greater or equal to 2;

e 0 Q. ¢ > € > 0 will always denote bounded domains (i.e., open
connected open sets in RN );

e The standard Sobolev spaces with summability order 2 and smoothness
order m are denoted by Wg"?(€2) and W™2(9Q).

e The notation V (), V(£2,) will often be used for subspaces of W™2(Q)
(resp. W™2(£2,)), containing Wg™*() (resp. Wg"?(€)).

2.1. Classes of Operators

Let M be the number of multiindices o = (a,...,ay) € N}¥ with length
la] = @y + - +ay = m. For all a,3 € NJ such that |a| = |3| = m, let
Aap be bounded measurable real-valued functions defined on RY satisfying
Aap = Apq and the condition

> Aap(@)€als >0, (2.1)
la|=||=m

for all z € RN, (£4)|aj=m € RM. For all open subsets Q of RY we define

Qa(u,v) = Z /QAaﬂDauDﬁvdm+/qud:r, (2.2)

|l =[B]=m

for all u,v € W™2(Q) and we set Qq(u) = Qq(u,u). Note that by (2.1)
Qq is a positive quadratic form, densely defined in the Hilbert space L?((2).
Hence, Qq(-,-) defines a scalar product in W"2(0).
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Let V() be a linear subspace of W™2(Q) containing W;"?(Q2). By
standard Spectral Theory, if V() is complete with respect to the norm Q;z/ 2,
then there exists a uniquely determined non-negative self-adjoint operator
Hy (g such that 2(Hy/g,)) = V(Q) and

1/2 1/2
Qa(u,v) = (Hygyu, Hyigyv) @ foralluveV(Q). (2.3)

By [29, Lemma 4.4.1] it follows that the domain Z(Hy (o)) of Hy () is the
subset of W™?2(Q) containing all the functions u € V() for which there
exists f € L?(Q) such that

Qa(u,v) = (f,v)r2(q), forallve V(Q), (2.4)

in which case Hy (oyu = f. If u is a smooth function satisfying identity (2.4)
and the coefficients A,g are smooth, by integration by parts it is immediate
to verify that (2.4) is the weak formulation of problem Lu = f in €, where
L is the operator defined by

Lu=(-1)" Y D*(AssD"u)+u,

la]=[B]=m

and the unknown wu is subject to suitable boundary conditions depending on
the choice of V(Q).

If the embedding V(Q) C L?(Q) is compact, then the operator Hy (o)
has compact resolvent. Consequently, its spectrum is discrete, and it consists
of a sequence of isolated eigenvalues A, [V (€2)] of finite multiplicity diverging
to +00. By [29, Theorem 4.5.3] the eigenvalues A, [V ()] are determined by
the following Min-Max principle:

A[V()] = min max QQT(U),
EcCcV(Q)ueFE H“”L?(Q)
dimE =n u#0

for all n > 1. Furthermore, there exists an orthonormal basis in L?(Q) of
eigenfunctions ¢, [V ()] associated with the eigenvalues A, [V (£2)].

We remark that in our assumptions there exist two positive constants
¢,C € R independent of u such that

1/2
cllulymaoy < Qg (w) < C llullymeay

which means that the two norms Q;)/ ? and [*lym.2(q) are equivalent on
V(£2). Note that in general the constant ¢ may depend on Q. However, if the
coefficients A, g satisfy the uniform ellipticity condition

Y Awp@)€abs >0 > [l (2.5)

la|=[B]=m lee|=m

for all z € RY, ((a)jaj=m € RM and for some 6 > 0, then ¢ can be chosen
independent of (2.
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2.2. Classes of Open Sets

We recall the following definition from [16, Definition 2.4] where for any given
set V€ RY and § > 0, Vj is the set {x € RY : d(z,0Q) > §}, and by a
cuboid we mean any rotation of a rectangular parallelepiped in RY.

Definition 1. Let p > 0, 5,5’ € N with s’ < s. Let also {Vi};=1 be a family
of bounded open cuboids and {r;}5_; be a family of rotations in RY. We
say that A = (p,s,s",{V;}_1,{r;}j=1) is an atlas in RY with parameters
s 8,8 {Vi}io1,{rj};=1, briefly an atlas in RY. Moreover, we consider the
family of all open sets Q C R satisfying the following:
(i) @ cU;_1(V;), and (V;), NQL# 0
(i) V;NoY#£Ofor j=1,...,s and V; NN =0 for s’ < j <s
(iii) for j =1,...,s we have
T‘j(‘/j) :{IGRN:CLM' < x; <bij,i:1,...,N}, j= 1,...,s
ri(V;nQ)={z e RY ran; < oy < g;(2)}, j=1,...,¢
where 7 = (z1,...,on-1), W; = {z € RN"1: a;; < a; < by,i =

1,....,N —1} and g; € CFY(W;) for j = 1,...,s, with k € Ny and

0 <+ < 1.Moreover, for j =1,...,s" we have an;+p < g;(Z) < by;—p,

for all z € Wj.

We say that an open set € is of class lef/}'y(A) if all the functions g;,
j=1,...,5 defined above are of class C*7(W;) and ||g;||cr.~w,) < M. We
say that an open set (2 is of class C*7(A) if it is of class C’]ka(A) for some
M > 0. Also, we say that an open set €2 is of class C*7 if it is of class lef/f (A)

for some atlas A and some M > 0. Finally, we denote by C* the class C*:°
for k € NU {0}.

It is important to note that if Q is a C° bounded open set then the
Sobolev space W2(£2) (and consequently all the spaces W™ 2(Q)NWE2(Q),
1 < k < m) is compactly embedded in L?(2), see e.g., Burenkov [15]. More-
over, by using a common atlas as in Definition 1, it is possible to define a
distance.

Definition 2. (Atlas distance) Let A= (p,s,s’,{V;}j_q1,{r;}j=1) be an atlas
in RY. For all Q;,Q, € C™(A) and for all h =0,..., m we set
dE:")(Ql, Q) = max . sup sup |Dﬁg1j(:f) — Dﬁggj(:?)| ,
J=best0<|B|<h (z,an) €T, (V))
where g1, go2; respectively, are the functions describing the boundaries of

Q1, s respectively, as in Definition 1. Moreover, we set dyq = dfg) and we
call d4 ‘atlas distance’.

2.3. Formulae for Higher Order Derivatives of Composite Functions

We recall here few well-known multidimensional formulae for the derivatives
of composite functions. We will use the following notation: by P(A) we denote
the set of all subsets of a given finite non-empty set A and by Part(A) we
denote the set of all possible partitions of A. Namely, m € Part(A) is a set the
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elements of which are pairwise disjoint subsets of A whose union is A. Given
n € N, we often write Part(n) in place of Part({1,...,n}) and P(n) in place
of P({1,...,n}). Moreover we use the symbol |A4| to denote the cardinality
of A; hence, for example |7| with 7 € Part(A) is the number of subsets of A
in the partition 7. Let € be an open set in RY. If I is an open set in R and
fis a C™-function from I to R and ® is a C™ function from 2 to I, then the
Faa di Bruno formula reads

o f(@(x) _ S @) I G (2.6)

Oz, -+ 0x; 8:c
" tn mePart(n) Sern HJES i

Moreover, the Leibnitz formula for the derivatives of the product of two
functions wu, v of class C™(2) can can be written as follows

9™ (uv) oSly  9n=IShy

0w | (27)
Oz, -+ - Ox;,, sezp%n) [[jes 0ni; [1jgs O,

where j ¢ S means that j lies in the complement of S in {1,...,n}. We recall
that in general, if ® is a O™ function from an open subset U of RY to an

open subset V' of R, and f is a function in VVlzcl(V) then the Faa di Bruno
formula reads

n 7| 171 1Sk | Gin)
ai-f-(fb-g? = 2 2 |f| (@) HS k q)a;-
" tn mePart(n) ji,....5 x| €{1,...,7} Hk:l axjk k=1 leSk u
(2.8)

3. Higher Order Operators on Domains with Perturbed
Boundaries

Let m € N, m > 2 and let € > 0. Let V/(Q), V(Q,) be subspaces of W2(0Q),
W™2(Q,) respectively, containing Wy (Q), W¢"?(%) respectively. More-
over, let Hy (q), Hy(q,), Qa, Qa, be as in (2.3). A fundamental part of our
analysis will be based on the following:

Definition 3. [8, Definition 3.1] Given open sets ., € > 0 and 2 € RY with
corresponding elliptic operators Hy (q,), Hy (o) defined on €, € respectively,
we say that condition (C) is satisfied if there exists open sets K. C 2N €,
such that

and the following conditions are satisfied:
(C1) If ve € V() and sup.q Qq. (ve) < oo then lime—o [|ve]l 120\ x.) = 0

(C2) For each € > 0 there exists an operator T, from V() to V() such
that for all fixed p € V(Q)
() lime .o Q. ( ep — 90) 0;
(ii) lime—o Qo \k. (Tep) = 0;
(iii) lime_g ||T6<pHL2(Q€) < 0.
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(C3) For each € > 0 there exists an operator E. from V(Q¢) to W™?(Q)
such that the set E.(V(€)) is compactly embedded in L?(£2) and such
that
(i) If ve € V(Q) is a sequence such that sup .o Qv (q,)(ve) < oo, then

hme—»O QKC (Eeve - Ue) = 0;
(i)
”EEU”Wmﬂ(Q)
sup  sup  ——— g ——
e>0 veV (Q)\{0} QQ€ (U)
(iii) If ve € V() for all € > 0, sup.soQa.(ve) < oo and there
exists v € L%(Q) such that, up to a subsequence, we have
|[Ecve — vl p2(q) — 0, then v € V().

It is proved in [8, Theorem 3.5] that Condition (C) guarantees the spec-
tral convergence of the operators Hy (g ) to the operator Hy (o) as € — 0.
The convergence of the operators is understood in the sense of the com-
pact convergence, as defined in [46]. Let us briefly recall the setting. Let &
be the extension-by-zero operator, mapping any given real-valued function u
defined on some subset A of RY, to the function £u such that Eu = u a.e.
in A and £u = 0 a.e. in RY \ A. By using € we can map functions in L?(Q)
to the space L?(,), for every € > 0, so that & defines a “connecting system”
between L?(€2) and the family of spaces (L?(Q¢))es0. We then say that:
o v € L*(Qe) E-converges to v € L*(Q) if [|ve — Ev||r2(q.) — 0 as € — 0;
e a family of bounded linear operators B, € L(L*(Q.)) EE-converges to
B € L(L*(Q)) if Bev. E-converges to Bv whenever v, E-converges to v;
e a family of bounded, compact linear operators B, € L(L?*(€))) is said
to E-compact converges to B € L(L?(Q)) if B, £E-converges to B and
for any family of functions ve € L*(Qe) with [|vc||z2(q,) < 1 there exists
a subsequence, denoted by v, again, and a function w € L?(2) such that
B.v. E-converges to w.

We refer to [8, Section 2.2], for further information on this type of conver-
gence. Importantly, in our assumptions on the operators Hy (q,), Hy(q), the
compact convergence of the resolvent operators is a sufficient condition for
the spectral convergence. In particular, we have the following

Theorem 1. Let Q., € > 0 and Q be open sets in RY. Let Hy .y, Hyq) be
operators with compact resolvents, associated with V (Q), V (), respectively,
as in (2.3), such that condition (C) is satisfied. Let i, A, be the k-th eigen-
value of Hy (o), Hy (., respectively. Then H‘;(lg ) E-compact converges to
H;(lﬂ) as € — 0. Moreover,

(i) A, — Ay, as € — 0, for alln € N.

(i) If Ay = A1 = -+ = Angn—1 15 an eigenvalue of multiplicity h and ¢,
Ppilse s Prpn_1 18 an orthonormal set in L?(Q.) of eigenfunctions
associated with the corresponding eigenvalues Aj,, AL i1, - o5 Af 1,
then there exists an orthonormal set Y, Pnii, - Pnin—1 in L*(Q)
of eigenfunctions associated with the eigenvalues (An+i—1)"; such that,
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possibly passing to a suitable subsequence, @5, ;| E-converges to ©ni i1
ase — 0 foralli=1,... h.

(i5i) If Ay = A1 = -+ = Angpn—1 1S an eigenvalue of multiplicity h and @,
Ontl, -+ Prih_1 18 an orthonormal set L*(Q) of eigenfunctions associ-
ated with (Any¢—1)P_, then for every e > 0 there exists an orthonormal
set in L*(Q) of eigenfunctions ©f,, ©541,-. .95 1 associated with
the corresponding eigenvalues Aj,, A}, 1, -.., A, p,_1 such that ¢f ;4
E-converges to ppy,—1 as e — 0 foralli=1,... h.

When the claims (i)—(ii)—(iii) of the previous theorem are verified, we
say that Hy gy spectrally converges to Hy (q) as € — 0.

3.1. An Explicit Condition for the Spectral Stability

We consider now the following geometric setting:
(G1) There exists a cuboid V' of the form W x (a,b), where W C RN~ is an
open, connected and bounded set of class C™, and g, g € C™ (W) such that

ANV ={(z,zny) € W x (a,b) :a < zy < g(T)}, (3.2)
QNV ={(z,zn) e W x (a,b) :a < xny < g(T)}. (3.3)

Assume that Q\ V =Q.\ V for all € > 0.

It is convenient to set Qy = . According to Definition 1, if Q. €
C™(A) for all € > 0, then we can assume (G1) without loss of generality.
For all € > 0, let us consider the quadratic forms Qq, on €. defined as in
(2.2), where the coefficients A, are independent of ¢ > 0 and satisfy the
uniform ellipticity condition (2.5). Then we consider the non-negative self-
adjoint operators Hy (g ) defined by (2.3) with V() replaced by V() =
Wm2(Q.) N Wg’Q(Qe) for some 1 < k < m. Since €. is of class C™, V() is
compactly embedded in L?(£2.) hence Hy (q,) has compact resolvent.

We now state our first result, concerning an explicit condition sufficient
to guarantee the spectral convergence of the operators Hy (q ). This theorem
is a generalisation of [8, Lemma 6.2].

Theorem 2. Let )., € > 0 satisfy assumption (G1). Suppose that for some
keN, withl <k <m, V(Q)=Wm2(Q)NWF2(Q.) for all e > 0. If for
all € > 0 there exists k. > 0 such that

(1) ke > [|ge — 9o, Ve>0, limc.gke =0,

R D?(g.—g) .
(Z'l) 11m5_>0 [”1%7*’94"1'/020 = O, Vﬂ S Né\f with |ﬂ‘ S m,

then H;(lﬂ) E-compact converges to H;(lﬂ) as € — 0. In particular, Hy (g,
spectrally converges to Hy qy as € — 0

Proof. We first observe that the last statement is a direct consequence of
Theorem 1. The case k = 1 is proved in [8, Lemma 6.2]. Thus, we suppose
k > 1. It is possible to assume directly that 2 = QN V and Q. = Q. NV
as in (3.2) and (3.3) respectively. Define k. = Mk, for a suitable constant
M > 2m. Let gc = g — k. and

K. ={(z,zn) € Wx]a,b[: a < zx < §(T)}.
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Note that with this definition of K. (3.1) is satisfied. By the standard one
dimensional estimate

1l oy < C 1 hyrzgany (3.4)
and Tonelli Theorem it follows that condition (C1) is satisfied.

We now define a suitable family of diffeomorphisms ®, : Q. — Q by
setting
(I)E('fa 'TN) = ('fa IN — hE(ja ‘TN))a

for all (Z,zy) € Q., where

0, ifa <zy < g.(z),
o m+1

(00) ~ o) (25505 ) o) <aw < aa)

Then consider the map T, from V() to V() defined by

TESO =@o (I)ea (35)

for all ¢ € V(). One can check that T¢ is well-defined and that condition
(C2)(i) is satisfied. We now want to prove that conditions (C2)(ii), (iii) are
satisfied. We need to estimate the derivatives of ¢ o ®.. Here we can improve
the estimate given in [8, Lemma 6.2] by taking advantage of the decay of
D7 in a neighbourhood of 0%, for |y| < k — 1. We divide the proof in two
steps.

Step 1 We aim at proving a decay estimate for the L2-norms of the
derivatives of ¢ near the boundary, namely estimate (3.12). First, note that

(I)G(QE\KE) :Q\Kez{(jax]\f) €eQ: i‘EVV, ge(i)_ke <N Sg('f)}a

for any € > 0. Fix € ®(Q \ K¢) and 8 € NY, |8 < k — 1. Suppose for
the moment ¢ € C™(2). By the Taylor’s formula with remainder in integral
form, we get that

he(i‘7xN) =

k—1—|8] 1 81(Dﬁ90(55’ 9(z)))

DPp(x) = i 5l (v — 9(2))' + R(B,2),
=0 N
where
_ (zn —g(@)k 10
R0 = g1y
1 ok—18l
/ (1_t)k717|m k,‘mDﬁ@(i'ag(:z)"'t(xN_g(i')) de.
0 Oy

Note that —2k. < g.(Z) — g(Z) — k. < 2y —g(Z) < 0. By Jensen’s inequality,
2

k—|8]
O Do, g(x) + tay — g(@))| dt.

k—|8]
0x'y

1
[R(8, ) < (2k6)2(k—|5|)/
0
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An integration in the variable z in (3.6) and inequality (3.4) applied to the
interval (a, g(z)) yield

OF—181+1

9(z)
2 2(k—[8])+1 .
[ IRER ey < o S D
g TN

e(@)—ke

W2:2(a,9(2))

(3.7)
By integrating both sides of (3.7) with respect to & € W, we finally get
/ o B ORI ol (39
for sufficiently small €, for all |3] < k — 1. Thus, by (3.1) we get
2(k— 1
Jo. i, IDPo@)?de < CRZETEH gl 2, o
2
T k—1— o' (D”P z,g(x
+C [4 fg((x)) k. | 2u1=0 oD 3@% Y| gy — g(z)|?dz day,
(3.9)

for all sufficiently small €, and || < k — 1. We now estimate the last integral
in the right-hand side of (3.9) in the following way

k—1—|8| (@) e e |2
D
Z / / 0 ( @('lrag(x)) |xN _ g(i‘)|21dfd$[\[
ge(T)— 633N
kflf\ﬁ\ 2
Z k21+1/ | Dﬂ‘P (z,9(7)) di
=0
k—1—|B] 2
Z Ck2H1 M (3.10)
€ 1 ’ :
paar 97N || L2y

where ' := {(Z,g(Z)) : T € W}. Thus, by (3.9), (3.10) we obtain

/ D (@) da
¢6(Q€\KF)

k*l*‘ﬁ‘ al(DB(p) 2

> ORI = + ORI |2 -
1=0 N

L2(r)
(3.11)

Inequality (3.11) holds for smooth functions. If o € W™2(Q)NW§?(Q), then
we can choose a sequence (1,,),>1 C C*(€2) such that 1, — ¢ in W™2(Q)
(this is possible because 0f2 is Lipschitz continuous). We then use (3.11) for
Yy, and we pass to the limit as n — oo by using the continuity of the trace

operator and standard estimates on the intermediate derivatives of Sobolev
functions (see e.g., [15, §4.4]). We deduce that

— 2
/b ok IDP(a)|? de < CRZ* Vgl 2 (3.12)
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for all sufficiently small e. Actually, inequality (3.12) holds also for |3] = k
(possibly modifying the constant in the right hand side). Indeed, D%y €
W22(Q), for any |3| = k, hence by standard boundedness of Sobolev func-
tions on almost all vertical lines [see (3.4)] we find that

/ / . |DPo(z)|? dey dE < 2k, / | D p(z dx<20k: \|<pHWm2(Q)

This concludes Step 1.
Step 2 We claim that Condition (C2)(ii) holds. Let ¢ € V(Q) and let «
be a fixed multiindex such that |a| = m. We write

D% = Y DPo(@c(a)p, 5(Po) (@), (3.13)
1<|[3|<m

where pf,, 5(®¢) is a homogeneous polynomial of degree 3] in derivatives of
®. of order not exceeding m — |3] + 1. Note that the polynomial py, 5(®.)
appearing in (3.13) is the sum of several terms © in the following form

- J1s s ,

axh 8.’Ejn 8xin+1 &riw

where! 1 <n < |B],1 < j; < N foralli=1,...,n, in41,...,ig are in
{1,...,N — 1}, and kq, ..., k, are multiindexes satisfying |ki|+ - + |kn,| =

— |B|. Moreover, © is a sum of terms of the type DF1h,--- DEth,, for all
1 <1 < n, for suitable multiindexes L, ..., L; satisfying

|Li|+ -+ |Li| =m —|B] + L. (3.14)
Now by [8, Inequality (6.7)] and hypothesis (iii) we have
|D* b DAl

D" (g — o D7 (ge oo
<o x Ppmns) (L )

nI<ILy| Il fe

—|y1|—k+1/2 —|vi|—k+1/2
M K" [v1]—k+1/ P [yi|—k+1/
0 E e ). E e
L=l Ll =l
[71]<| L] € [v|<|Li] €

< O(l)ﬁl&(m—k-i-l/?)—zilh\ _ O(l)ﬁlé(m—k-i-l/?)—zi\h\—|5\+k+1/2 - lBI—k=1/2
< o(1)klAI=k=1/2

IN

where the last inequality holds provided that
m—k+1/2) = > |Li| - [8]+k+1/2>0.

By (3.14), we have to check that I(m—k+1/2)—(m—|8|+1)—|8|+k+1/2 > 0,
which is verified if and only if I(m — k — 1/2) > m — k — 1/2, and this holds

o (Gn+1) Gipp)
Here it is understood that for |3| = 1 the terms oA .82 ‘\ﬁ\
O%in i1 i)

are not present;

recall that m > 2.
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true because m —k — 1/2 > 0 and [ > 1. Hence we have proved that
|, 5(® || 1) glBI=k=1/2, (3.15)
By inequalities (3.12) and (3. 15) we deduce that

QQE\K£<T6¢>s/Q\K| () dz+ C Z/ D7) da

<c P dere 3 Hm(@)\\; / D7 (@, (2)" de

Qe(Qe\Ke) |a|:m Qe\Ke

1<|BI<k

£ X @l [ 107

la|=m
k<|Bl<m

2 —k— — 2
<C ||SD||L2(Q\K€) + 0(1)H§(|B| g I/Q)ﬁf(k IB+1 o(1) HQOHW?M?(Q\KF) y
(3.16)

for all € > 0 sufficiently small. Since the right-hand side of (3.16) vanishes as
e — 0 we conclude that condition (C2)(ii) is satisfied.

It remains to prove condition (C3). To prove that conditions (C3)(i),
(C3)(ii) are satisfied it is sufficient to set E.u = (Extq, u)|q for all u € V/(Q.),
where Extq, is the standard Sobolev extension operator mapping W2(,)
to W™2(RY). Finally, in order to prove condition (C3)(iii) it is sufficient to
prove that the weak limit v of the uniformly bounded sequence v, (appearing
in the statement of condition (C3)(iii)) lies in W{2(Q). This is easily achieved
by considering the extension-by-zero of the functions v, outside (), passing
to the limit and recalling that the limit set €2 has Lipschitz boundary. O

Theorem 2 can be actually applied to open sets ) in the atlas class
C™(A) by requiring that the assumptions of Lemma 2 are satisfied by all
the profile functions g; describing their boundaries. Then we can prove the
following

Theorem 3. Let A be an atlas in RN, M >0, m € N, m > 2. For all e > 0,
let Q. € CU(A). Let k € N with 1 < k < m and define, for all € > 0,
V(Q) = W™2(Q) N Wy (). If

. (m—k) o
lim d§" (9, 0) =0,

then condition (C) is satisfied, hence H;(lge) E-compact converges to H‘;(lm
as € — 0.

Proof. By using a standard partition of unity argument, it suffices to prove
that the assumptions of Theorem 2 are satisfied by all the profile functions
Jj.e, g5 describing the boundaries of {1, (), respectively, and this follows by

choosing k. = (di‘mfk)(Qe,Q))#. O

In order to prove that the assumptions of Lemma 2 are sharp, we now
consider a the following geometric setting:
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(G2) Let a € R, a > 0. Let b € C°°(W) a positive, non-constant periodic
function, with periodicity cell given by Y =] — 1/2,1/2[V~1. Let us set

x

s =en(2), g@ =0

€
for all & € W. For simplicity, we set go = g and for all € > 0 we consider the
open sets

Qe ={(@,zn) eRYN 12 €W, -1 <y < g.(2)}

Then we have the following

Theorem 4. Let Q., € > 0 be as in (G2) and let k € N satisfy 1 <k <m—1.
Let V(Q) = W™2(Q) N Wy () for all e > 0. If @ > m — k + 3, then
H;(lm) E-compact converges to H‘;(lm as € — 0.

Proof. We aim at applying Theorem 2 with x. = € ||b]| _, for some 6 € (0,1)
to be specified. By the classical Gagliardo-Nirenberg interpolation inequality
D% ]l < O ajmm 107 Fllg) P/ £ for all f € W=(2) (see
e.g., [42, p.125]), in order to verify condition (iii) in Theorem 2 it is sufficient
to verify it for |§] = 0 and |3| = m (see also [8, Proposition 6.17]). When
|8] = 0 we have

- llge — gl : € i a(1-0(m—k—1/2))
lmiH X —clim ——— =clim &” m
e—0 Hzn—k+1/2 e—0 ¢@0(m—k+1/2) e—0 )

where ¢ is a constant depending only on |[b]| . The right-hand side clearly
1

tends to 0 as soon as 0 < ey

When |3] = m, we must check that lim._,o % = 0. Note that
Ke

Eafm
T a(1-6(—k+1/2)—m
= Ccat(—kti/z) € :

H DPyg,
oo FHL2

oo

and the right hand side tends to zero if and only if
1
a(1+9(kz—§))—m>0. (3.17)

By letting 0 — m in (3.17) we obtain that inequality (3.17) is satisfied
when a > m — k 4 1/2, true by assumption. By Lemma 2 we deduce the
validity of Theorem 4. O

Remark 1. When k = m—1, Theorem 4 states that if & > %, H‘;(lQ ) A H;(lg)
as € — 0, independently on m > 2. Actually, it is possible to prove that
o = 3/2 in this case is the critical exponent, in the sense that when o < 3/2
the operator H‘;(lge) does not converge to H;(lﬂ). We refer to Theorem 7 for
a complete discussion about the spectral convergence of Hy (g ) depending

on «.
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4. A Polyharmonic Green Formula

In this section we provide a formula which turns out to be useful in recognising
the possible natural boundary conditions for polyharmonic operators of any
order. Let us begin by stating an easy integration-by-parts formula.

Proposition 1. Let 2 be a bounded domain of class CO%l in RN, Let m € N
and let f € C™TY(Q), p € C™(Q). Then

/ D"f . D"pdr = —/ D™ Y Af): D" lpda
Q Q

+/ D™f:(n® D™ 1p)ds, (4.1)
o0
where the symbol : stands for the Frobenius product, n is the unit outer normal

to 09, and ® is the tensor product, defined by (n @ D™ 1), ..
O foralli,jr,- »jm-1 € {1,---, N}.

n; ————+t——
g 8ajj1 "~61jm’71

Jm—1

Proof. The proof is a simple integration by parts. Indeed, dropping the sum-
mation symbols we get

/Dmf:Dmgpdw:/ omf 0" 4y
Q o Oy, -0z, Oxj, ---Ozj,
m—+1 m—1 m m—1
:—/ orT s A ons 0" . as
Q @517]21 . aiﬂjm 858]'2 s ijm 1e) 8517]‘1 s ijm asz s ijm
:7/ Dmfl(Af):Dmflgoder/ (D™f): (n®@ D™~ 1p)dSs. O
Q oQ

By applying m times the integration by parts argument used in the
proof of formula (4.1), we deduce the validity of the following

Corollary 1. Let m € N. Let f € C?*™(Q), p € C™(Q). Then

/QDmf:Dmgodx: (fl)m/ﬂAmﬂpdx

m—1

I [ @ F @) e D) as
k=0 0%

(4.2)

Theorem 5. (Polyharmonic Green Formula - Flat case). Let H be the half-
space H = {(z,xn) € RN : oy < 0}. Let m € N. Let f € C?*™(H), ¢ €
C™(H) with compact support in H. Then,

m—1
Aty
D™ f:D"pdr = —1m/Am dz + / B
fpraeprear =y [ ansears 32 [ BngE

where By : C*™(0H) — C**Y(OH) is defined by

dz, (4.3)

at—‘rl

B<f>=n§f<—1>m-t-1(l)w ((Am-l—w) (1.4)
t t) 551\ e S

1=t
and An_1 is the Laplace operator in the first N — 1 variables.
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Proof. Let r =m — k — 1. First note that we can write

[ (o (2)
S0 L (7 () (5)

(4.5)

Then, by using (4.5) in the last integral in the right-hand side of (4.2) we get
the following as boundary term

m—1 , T r o 6t+1(Akf) . 8t _
Z(_l)kZ(J/RNlDI <8x'§\}"1 ).Dx (axN>d (4.6)

k=0 t=0

By dropping the summation symbols, the integrand in (4.6) becomes

or—t 8t+1(Akf) gr—t at@ B
/]RN_1 Dz, - Oz, ( DT s, -0y, \ Oy dz, (4.7)

where the indexes ; run on the first N — 1 coordinates. By integrating by
parts r —t times in 41,...,%—¢ in (4.7) we deduce that (4.6) equals

m_1 r 2(r—t) t+1( AR ¢
Z (_1)7n—t—1 Z (T) / _ 0 - 0 (t+1f) 0 © dz.,
P t RN-1 0 T, <0 T, _, 8$N axN

k=0

where we have no other boundary terms because ¢ has compact support. We
rewrite the last expression as

m—1

S £ ()L (SR e

k=0

We now apply the change of summation index r = m — k — 1 in the first sum
of (4.8). We deduce that (4.8) equals

m—1
8t+1(Am,—r—1f) 8t(p
m t—1 t dz. 4.9
; Z()/RNl _1< Ottt ozl (4.9)
By exchanging the two sums in (4.9) we get (4.3). O

Remark 2. If m = 2, then (4.3) reads
2
/D2f;D2<pdx:/ A2f<pd:r+/ OF 9% 45
H H R

N-—-1 BJSN 333]\[

of of _
_/RN—l <AN 1<8$N> +A<6xjv>><pdx,

which is consistent with the formula provided in [8, Lemma 8.56]. Indeed,
if the domain is a hyperplane, the boundary integral faH(divaH(sz .

n)aq) ¢ dS appearing in [8, Lemma 8.56] coincides with [, ANfl(azN ) pdz.
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Theorem 6. Let Q be a bounded domain of RN of class C%', m € N, m > 2.

Let f € W2m2(Q) n W 12(Q) and ¢ € W™2(Q) N W 12(Q). Then
mf om— 1@

a0 on™ On™m— 1

/Dmf:Dmgodac:(—l)m/Amfgodx+ ds.  (4.10)
Q Q

Proof. By (4.2) it is easy to see that

/ D™f:D"pdr = (fl)m/ Amfgader/ D™f:(n® D™ 'y)ds,
Q Q I9)

(4.11)
for all ¢ € W™2(Q)NW""*(Q), since Do = 0 on IQ for all | < m —2. We

note that D™ f : (n@ D™ L) = (nT D™ f) : D™ . Moreover we claim that

Dmlp = g:,;lff ;n 11 n on Jf2 and we prove it by induction. If m = 2 the

claim is a direct consequence of the gradient decomposition V|sn = Voo +
a—ann. Now we assume that m > 2 and that the claim holds for m — 1. Then,
by using the fact that D™ 2p|sq = 0, for all o € W™2(Q)NW""3(Q), we
get

AS)

m— m—2 m— m—1
D" Lylo0 = D(D™2p)|pq = (D "0 N Yn) o I n
o0 P)lo -2 Ipm—1 )
=1

i=1

for all o € W™2(Q)NWg"~"*(Q). This proves the claim. Then we can rewrite
(4.11) as

/QDmf:Dmcpd:E:(—l)m/QAmfgodm

m—1 m—1
+ / 0" 2Ty . < n) (4.12)
o0 On™ i=1
= T Hym . m—1 — Dmif . m _ o"f
and since (n* D™f) : <®i:1 n) =D"f: <®i:1n) = Fn we deduce
(4.10). 0

5. Polyharmonic Operators with Strong Intermediate
Boundary Conditions

Let Qc, € > 0 be as in (G2). Consider the polyharmonic operators (—A)™ +1
subject to strong intermediate boundary conditions, corresponding to the
energy space V(Q,) := W™2(Q,) N W "*(Q.). More precisely, let Ho_ g
be the non-negative self-adjoint operator such that

(Ha, su,v)r2(0.) = (Hglz{,zsu» Hglz{?sv)Lz(Qe) = Qa, (u,v), (5.1)

for all functions u, v € W™2(Q )W~ 12(Q,), where Qq, (u, v) fQ D™y
D™y + uv dx, is the quadratic form canonically associated with HQ 5. As it
is explained in Sect. 2 the equation Hq, su = f with datum f € L?*(Q),
corresponds exactly to the weak Poisson problem (1.8).
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Let Ho p be the polyharmonic operator satisfying strong intermediate
boundary conditions on 9 \ W and Dirichlet boundary conditions on W,
whose associated boundary value problem reads

(=A)"u+u=f, inQ,,

giﬁ:O, on W, forall0 <] <m—1, (5.2)
gijf:O, on Q. \ W, forall 0 <1 <m—2, '
9u =, on 90\ W.

Note that we are identifying W with W x {0}. Then the following theorem
holds.

Theorem 7. Let m € N, m > 2, Q. as in (G2), Hq, as in (5.1), for all
€ > 0. Then the following statements hold true.
(i) [Spectral stability] If o > 3/2, then Hgls A 515 as € — 0.
(ii) [Instability] If o < 3/2, then Hs;is A Hg’lD as € — 0, where Hg p is
defined in (5.2).
(ii1) [Strange term| If o = 3/2, then Hgil 5 H' as € — 0, where Hg is
the operator (—A)™ + 1 with strong intermediate boundary conditions

on OQ\ W and the following boundary conditions on W: D'u = 0, for
alll <m —2, 0% u+ K@?Nflu =0, where the factor K is given by

K= D™V |* dy
Y x (—00,0)

-/ (a";;;ﬁm Fm—1)Axo (%))b(ym

and the function V is Y -periodic in the variable § and satisfies the
following microscopic problem

(=A)™V =0, inY x (—o0,0),
?9;‘{(?]70)20, onY, forall0 <1 <m -3,
G (7.0) = (7). onY,

G (5,0) =0, on'Y.

Proof. Statement (i) is a straightforward application of Theorem 4 with k =
m — 1. To prove (ii) we check that Condition (C) in Definition 3 is satisfied
with V(Q) = Wi () n W' 12(Q), and V(Qe) = W™2(Q) N 1%(9.).
Here Wy, “2(€2) is the closure in W2(£2) of the space of functions vanishing
in a neighborhood of W. Let K. = Q for all € > 0. Then we see immediately
that condition (3.1) and condition (C1) are satisfied. We define now T, as
the extension by zero operator from Wgnv[%(ﬂ) to W™2(W x (—1,+00)) and
FE. as the restriction operator to 2. With these definitions it is not difficult
to prove that conditions (C2) and (C3)(i),(ii) are satisfied. It remains to
prove that condition (C3)(iii) holds. Let v, € W™2(2.) N W "?(Q.) be
such that [|[ve|[yym2(q,) < C for all € > 0. Possibly passing to a subsequence
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there exists a function v € W™~12(Q) such that ve|g — v in W™2(Q) and
vl — v in W™=12(Q). By considering the sequence of functions 7. (v.|()
it is not difficult to prove that v € W" (). Tt remains to check that
9" — 0 on W x {0}. This is proven exactly as in [8, Theorem 7.3] by

— =
oz’

applying Lemma 4.3 from [20] to the vector field V! defined by

) amfl . amfl .
‘/52 = <07 ’0’_7_’01"0,... aOa_Qv)a
ox'ly oz “0x;
foralli =1,..., N—1, where the only non-zero entries are the i-th and the V-

th ones. We remark that it is possible to apply Lemma 4.3 from [20] because

by Theorem 4 the critical threshold for all the polyharmonics operator with

strong intermediate boundary conditions is a = 3/2, which coincides with the
~'v(,0) 9b(%)

critical value in [20]. We then deduce that %Ty =0,ae WxY.
IN k1

Since b is a non-constant smooth function we must have % =0 a.e.
N
on W. This concludes the proof of condition (C3)(iii).
We provide a proof of (iii) in Sections 5.1 and 5.2. O

Remark 3. We take the chance to point out a misprint in [5, Theorem 1, (ii)]
where the condition 87, u+K 92" u = 0 in our Theorem 7(iii) above, appears
for m = 3 with — K instead of +K as it should be.

5.1. Critical Case: Macroscopic Problem

In this section we prove Theore 7(iii). Let us define a diffeomorphism @, from
Q. to Q by

O (T, zy) = (T, 2Ny — he(T,2n)), forall z = (Z,zy) € Qe,
where h. is defined by

0, if —1<ay < —e,

he(i'7xN) = mE i r
v (i)™ s st

By standard calculus one can prove the following

Lemma 1. The map P, is a diffeomorphism of class C™ and there exists a
constant ¢ > 0 independent of € such that |he| < ce® and |Dlh€| < ce® 7, for
alll =1,...,m, € > 0 sufficiently small.

As in [8, Section 8.1], we introduce the pullback operator T, from L?(£2)
to L?(Q.) given by Teu = u o @, for all u € L*(Q).

In order to proceed we find convenient to recall some notation and
results in homogenization theory regarding the unfolding operator. We refer
to [1,23,24,28] for the proof of the main properties of the operator, and we
mention that recent developments can be found in the article [9].
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For any k € ZV~! and € > 0 we define
CF = ek + €Y,
Ly.={keczZ""'.CF cW},
U ¢k
k€I,
Then we give the following
Definition 4. Let u be a real-valued function defined in €. For any ¢ > 0

sufficiently small the unfolding @ of u is the real-valued function defined on
We xY x (=1/¢,0) by

iz, 3.uv) = (e[ 2] + emeny)

for almost all (Z,7,yn)) € W.xY x (=1/€,0), where |
part of the vector Ze~! with respect to Y, i.e., [Te~
T e Ck

} denotes the integer
] = k if and only if

z
€
1

The following lemma will be often used in the sequel. For a proof we
refer to [25, Proposition 2.5(i)].

Lemma 2. Let a € [—1,0[ be fized. Then

/ u(z)dr = e/ u(z, y)dzdy (5.4)
We x(a,0) W.XY x(a/e,0)

for all uw € L*(Q) and € > 0 sufficiently small. Moreover

2 ~
/ d'u(x) dr — 12 / d'
WEX(Q,O) 8.’1)1‘1 e a‘riz WEXYX(G/E,O) 8:%1 T 8ylz

for alll <m, ue W™2(Q) and € > 0 sufficiently small.

2
(z,y)dz| dy,

Let W2 (Y x (—00,0)) be the subspace of W,"?(RN~1 x (—o0, 0))

Pery ,loc loc

containing Y-periodic functions in the first (N —1) variables . We then define

W2 (Y x (—00,0)) to be the space of functions in WPery oY X (=00,0))
restricted to Y x (—o0,0). Finally we set
wiel (Y x (=00,0)) = {u e Wiy | (Y x (-00,0))

D ul| 2y (—o0,0y) < 005 VY| = m}.
(5.5)
For any d < 0, let ’P}wmy (Y x (d,0)) be the space of homogeneous polyno-
mials of degree at most [ restricted to the domain (Y x (d,0)). Let ¢ > 0
be fixed. We define the projectors P; from L2(W., Wm2(Y x (—=1/¢,0))) to
LQ(We,Pﬁom,y(—l/e,O)) by setting

=3 [ pruecoat

[n|=i
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foralli =0,...,m—1. We now set Q,,—1 = Pr—1, Qm—-2 = Pp—2(I—Qun_1),
etc., up to Qo = Po(I — Z;":_ll Q;). Note that Qn—j, j = 1,...,m is a
projection on the space of homogeneous polynomials of degree m — j, with
the property that Q,,—x(p) = 0 for all polynomials p of degree m — k with
k # 7. We finally set

P=Qo+Q1+ -+ Qm-1, (5.6)
which is a projector on the space of polynomials in y of degree at most m — 1.
Note that DJP(¢)(Z,7,0) = [y, DI(z,7,0)dy for all [8] = 0,...,m — 1.
In particular, it follows that fY(ngp(:f,y,O) — D5P(1/J)(f,gj,()))dgj = 0 for

almost all Z in /V[767 for all || =0,...,m— 1.

Lemma 3. Let m € N, m > 2 be fized. The following statements hold:
(i) Letv. € W™2(Q) with [Oellyyrm.2(qy < M, for alle > 0. Let V; be defined
by
Vve(:fﬁl/) = ﬁe(fvy) - ,P(UE)(Ea y)v
for (z,y) € W, x Y x (—1/€,0), where P is defined by (5.6).

Then, possibly passing to a subsequence, there exists a function v €
L2(W, w2 (Y x (—00,0))) such that for every d < 0

7D;1z/eery_\ YD g 2 N
(a) o, Dyv in L*(W x Y x (d,0)) as ¢ — 0, for any v € Ny,
v <m—1.
(b) e — D76 in L2(W x Y x (—00,0)) as € — 0, for any v € N},
W| =m,

where it is understood that the functions Ve, D}V, are extended by zero to
the whole of W XY x (—00,0) outside their natural domain of definition
W. x Y x (=1/e,0).

(i) If € WH2(Q), then lim, o (Teh) o = (&, 0) in LW x Y x (~1,0)).

Proof. The proof follows as in the proof [8, Lemma 8.9] by noting that P is
a projector on the space of polynomials of degree at most m — 1, so that a
Poincaré-Wirtinger-type inequality still holds. U

Let f. € L?(2,.) and f € L?(2) be such that f. — fin L*(RY) ase — 0,
with the understanding that the functions are extended by zero outside their
natural domains. Let v, € V(Q.) = W™2(Q.)NW "~ "?(%) be such that for
all € > 0 small enough

Hg, sve = fe- (57)
Then Hv5||Wm,2(Q€) < M for all ¢ > 0 sufficiently small, hence, possibly
passing to a subsequence there exists v € W™2(Q) N WJ"™"?(Q) such that
ve = v in W™2(Q) and v — v in L2(RY).

Let o € V(Q) = W™2(Q) n W 2(Q) be fixed. Since T.p € V(Q,),
by (5.7) we have

/ DmvC:DmTEgodx—i—/ veTegodx:/ feTepda, (5.8)
Q. Q. Q.
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and passing to the limit as e — 0 we get [, v.Tcpdz — [,veodr and

er feTeSD dz — fQ f@dx

Now consider the first integral in the right hand-side of (5.8). Set K, =
W x (=1, —e€). By splitting the integral in three terms corresponding to Q. \ €2,
O\ K. and K. and by arguing as in [8, Section 8.3] one can show that
fKe D™y, : D™pdx — fQ D™y : D™pdx and er\Q D"y : D™ T.pdx — 0,
as € — 0. Let us define Q. by

Q. = V/[Z x (—¢,0).

We split again the remaining integral in two summands as follows:

/ D™v. : D" T.pdx
QK.

= / D™ : DT, pdx + D™, : D" T.pdx. (5.9)
Q\(KUQo) Q-

Asin [8, Section 8.3], fQE\(KeUQE) D™y, : D™T.podx — 0, as € — 0. It remains
to analyse the limit as € — 0 of the last summand in the right-hand side of
(5.9). To do so, we also need the following lemma in the proof of which we
use notation and rules of calculus recalled in Sect. 2.

Lemma 4. Letl € N, [ < m, and let iy,...,4 € {1,...,N}. The functions

—

he(Z,y), aszi_h_é(f,y) defined for y € Y x (—1,0), are independent of T.

ajil

7 2 ﬁ = 2

Moreover, ||h, L= O(e3/?), Ere (Z,y) i =0/ as e — 0,
1-3/2  9h. (- ' (b(7) (yn+1)™+?

and 'Lfl > 2 we hav€ € / W(l’,y) — %ayi) as € — 0,

uniformly iny € Y x (—1,0).

Proof. First, note that the part of the statement involving the asymptotic
behaviour of h, as ¢ — 0 follows directly from Lemma 1 and Definition 4.
Assume now that [ > 2. By applying formula (2.7) we have that

— —_— m—+1
CThe oy < 0 TP (e
Ox;, -+ - 0z, ’ SeP() €ls| HjeS 8%‘]- Hj¢5 8131'3- 9e(@) + €
(5.10)
Standard Calculus computations based on Formulas (2.6) and (2.7) give

] ( Iy e >m+1 =C(|8]) e 19 (yn + 1)1 HS] 5
[ljgs iy \ge(@) +¢ (e To(y) + 17T LU
a|r|—|m|=1+|S o (m+ |7])! (m+1)!
' A E%SC) ﬂegme e ml (mA1-1+|S]+[A])!
A#D
(yn + 1) 1=tFIS Al
(e>=1b(y) 4 1)m+1+inl

2\ Blb(y
iy, 5.1
H N H HzeB aylz (5.11)

ke(SC\A) Ben
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where C(|S]) = % By (5.10) and (5.11) we deduce that
l—« ﬁ—}:

€ — (T
B, "'8$z‘l( 2 Y)
m+1—1+|S|

ISy (7
 ea a—|s| 07'b(y) —i41s| (yn + 1)
=c E € 7008‘)6 (e2=1b(g) + 1)m+1 8

i; N

SEP() jes OV igs

151y (5 m+|m|)!
fée Y Ea—w\Ha bé) $ 3 |A|—\w|—l+\sw(_1)\w|( +|m])!

m!
SeP(l) jes 9Yi AcP(5C) mEPart(A)
A#D

(yw + DS a1 0'"b(7)
C(|SU AD (601—1 + 1)"L+1+|7T‘ H ZkN H HlEB 8?!11

kE(SC\A) Ben
(5.12)
It is possible to prove by direct computation that all the summands appearing

in the second line in the right-hand side of (5.12) are vanishing as e — 0. By
letting € — 0 in (5.12) we see that

o Oh. 0'51b(y
lime ™ ———( Z C(IS)) (yn + 1)1t H 8i, N
0 Oy - 83:” SeP() ILjes 9vi; i¢s
8l m—+1
-2 +1
T 8yi,,( @)y~ + 1)),
concluding the proof. O

Finally, we are ready to prove the following

Proposition 2. Let v € V() be such that [[ve|lym.2(q,) < M for all e > 0.

Let Y =Y x (=1,0) and g(y) = b(5)(1 + yn)™+* for all y € Y. Moreover,
let b € L*(W, w?e’iy (Y x (—00,0))) be as in Lemma 3. Then

D™ : D™ (Tep) dx —

oM o(z, ) omt

Dt Y I+1 ® _
:D d ,0)dz,

2 (l+1>// i ( Bym—1-1 ) v 9 yax;*;—l(x )dz

for all o € W™2(Q) N W 2(Q), as e — 0.

m—1

Proof. We set
Py(t) ={m = (S1,...,S5) € Part({1,...,m}) : I Sy with |Sg| > 1},
Py(t) = {mw € Part({1,...,m}) : |7| =t, 7 ¢ Pi(t)}.

We note that in the definition of P (¢) we may assume without loss of gener-
ality that the only element Sj, with cardinality strictly bigger than 1 is S;. In
the sequel, we always assume that a given partition 7 of cardinality ¢ is rep-
resented by m = {S1,...,S:}. In the following calculations, we use the index
notation and we drop the summation symbols Z;\I Jim=1 and Zf\f i1

With the help of (2.8) we compute
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e O™ (p o D)
D™ve : D™(Tep)dx = d
0. v (Tep) dz = / Ox;, -+ 0x;,, Oz, -~ O0x;,, .
8mU5 8|7T‘SO Ed 3‘5’6‘@9’“)
= Z [ e\T —F—dx
Q. Owiy -+ 0w, T By, i ies, Oz

m € Part({1,...,m})
™= {517...,S|ﬂ.|}
my, o™y aq)gjl) aq)gjm)
/ (')x“ . 8aclm Oxj, -+ 0xj,, (®c(z)) 0x;, ox;,, dz
oM, ot t a|Sk|<I>£jk)
+ Z > TP (®.(x)) [[5———d=

t=1 zePy (1) Qe O, - O, Hk:l Iz j, k=1 Hlesk 9z;,

m—2

+ Y Fi(ve,0,®,), (5.13)

t=2
where Fy(ve, ¢, @) is defined by

Z oMo, 9t t pIsklgplx)
Q. Oriy - 0wy, []; _, Oy, i LLies, 97

F Uﬁ(p) €.

mEP;(t)

We consider separately the three summands in the right hand side of (5.13).
Let us remark for future use that

oo™ {5k itk #£ N, gol {0, if k # N,

Or; | oni— e ifk=N, Oz ---Oxi, 9'he if k= N.

Dz’ 0wy 0wy’

for all 2 < 1 < m. Consider now the first term in the right hand side of (5.13).
We unfold it by taking into account (5.4) in order to obtain

5””1}6 e L 9ed  gelm)
o . 7
-+ 0z, Oxj, -+ - 0xy,, (®e(y)) 0x;, 0x;,, dydz

72m+1

8m90 R a‘bgh) aq)e]m B
o
/ / . By, 0y, W) Gy gy — dydE

SCG_m+1€m'_1/2/ / €
w.JY

€7m+1/2 amﬁé
yi, -+ 0y,

o™y .
m(q’e(y»

(De(y))| dydz

—m+1/2 9™ e oM
ayil e aylm ale T 8xjm

0" (4,(y))

S 061/2

‘ Owj, - - O0xj,
"My
a'rjl e axjm,

L2(W.xY) L2(W.xY)

< Ce/? <C

L2(W.xY)

L2(®c(Qc))

which vanishes as € — 0. In the first inequality we have used the fact that

()
a<1> | < Ce, for sufficiently small € > 0. Let now 1 < ¢ < m —1 be fixed and
COIlbldeI‘
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amve 8’@ t 8|Sk\q>£]k:)
(@(2) || 77 —d=
ey (t) Y Qe Oziy - - Oiy, HZ:I dzjy, 1};[1 Hlesk 9z,
Z / 81@ (q) (x)) am—t+1q>£jl) 8¢’£J2) o 8¢£Jt>dx
rePr(t) 8x17n. Hk 1 0, Hzgsl Oy Oxig, Ois,
(5.14)
where to shorten the notation we have identified Ss,...,S; with the only

element they contain. Note that if j; # N then the integral in (5.14) is
zero. Thus, without loss of generality we set j; = N. Note that we have

oM dh. Oh, 1/2
oxiy, 5Nif« + Oz, and |8mq,t —

as € — 0. In order to simplify the

expressions we will not write down the higher order terms in e. Hence, by
setting j; = N in (5.14) we deduce that the lower order terms in (5.14) are
given by

Z v ¢ (®o) o e Sig o Oig jnda
rePy (t) ) Qe am” -+ Oiy, axNaijz o .amjst Hl€5'1 amil 2 s
> oty O™ gttty
(Pe) . < dx
L la. 0xNOxig, -~ O, [Lies, 0%i,0xig, -+ Omig, [jeq, O
( m ) 'y 9" gttty
— ) € € d.’L‘7
t—1))q. 0xn0OTig, -+ Oxig, [Lics, 03, 0zig, - Oxig, [lics, 0%
(5.15)

where in the last equality in (5.15) we have used the fact that each of the
summands

9. gtttV
Hzesl a%ame "‘8$ist Hles1 Ox;,

Oty

d
Q. axNalCiS2 &ms *

(@)

equals

Oty
Q. 8IN(91’,'52 cee 8a:ist

t—1
0",

iy, - Oy,

(®.) D™t ( ) DMLY g,

and in particular they do not depend on the choice of 7 (note that the cardi-
nality of P;(t) equals (tTl)) By unfolding the right-hand side of (5.15) and
using the fact that m — ¢ + 1 > 2 we have that

m N oM 8’";:1)97) _
( 1>€/~ /~ N By, W) T T Ba;, WO
t— We JY OTNOTig, -+ OTig, [Lies, Oz, Tig, "' OTig, [Lies, 0z,

RONET
t+17e™ Jw. Jv [lies, 0% 0¥is, - Oyis,
N 6rnf2t-i—\lh6 B
(De(y)) dydz. (5.16)

OxN(‘):L‘Z-SZ . ~8xist Hlesl Oz,

It is easy to see that the final expression appearing in the right-hand side of
(5.16) can be written as
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_ m / / 67m+1/2 am{}e
t+ 1 We Y Hlesl ayilayisg e 8yist

t 777,/7-\
- Lmi_l amayi“‘,’, Gy, (@) [m+/H} dydz.
(5.17)
Now
/2 0™ e o™

- )
HZGSl ayilayisb U 8yisg HleSl ayilayiSQ e 8yiSt
weakly in L2(W, x Y x (~1,0)) as € — 0, by Lemma 3, and
Y ’ y DYy y
m—t+1-3/2 gm—t+ip, . am—t+1<b@)(1 +yN>7rz+1)
HZES1 axil Hl651 ayil ’

in L"O(W6 xY x (—=1,0)) as € — 0, by Lemma 4. Moreover, by Lemma 6 in
“Appendix” it follows that

1 9 yn T oy
em—t—1 ax (q) (y)) ( — 1)| 8957\}”71

€

(z,0),

and
1 Aty
em—t—1 aLL'Na{)SiSQ s al‘ist

(®e(y)) — 0,

strongly in L2(W x Y x (—1,0)) as e — 0, if at least one of the indexes
iSy,---,15y is not equal to N. Hence (5.17) tends to

< >/ / m t—1 Dm 1 at—lﬁ :
t+1 yx(=1,0) ( —t—l) oy!

m—1

Dy ()1 )™ )y S (2, 0

N
By setting m — ¢ = [ we recover the limiting expression in the statement.
Then, in order to conclude the proof it is sufficient to prove that the integrals
in Fy(ve, p, ®¢) vanish as € — 0. We will show this by comparing each integral
appearing in the definition of Fy (v, ¢, ®.) with the corresponding integral of
the form (5.14), which is convergent as € — 0, hence it is uniformly bounded
in e. Note that by Lemma 4

am7t+1q3£j1) a(i)gjz) a(I)(Jr)
HleSl ayiz ayisz B aylsf

for all 7 € Py(t), whereas if we consider #’ = (5],...,S5;) € Pa(t) with

|Si] =m —t <m —t+ 1 there must exists S, k¥ > 1 with |S},,| = 2. Let us

assume that £ = 2. Then we have
amft(i)gjl) 82@?2) a(i)gjs) a(i)gjt)
Hzes; Ay, Hzesg i, 32/1‘35 3yisg

0(63/2+t71) _ 0(61/2+t),

_ 0(63/2+t63/272) _ O(Elth)7
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and since ! = o(e'/#*!) as e — 0 and the integral (5.14) is bounded, we
deduce that the integral in F}(ve, ¢, ®¢) involving
™o B omtelU 290 9ol gl
0wy, - 0wy, HZ:I 0xj, Hlesg 9yi, HleSé i, ayisé 3,%'5; '
for all ©’ € Ps(t) defined above, vanishes as € — 0. By arguing in a similar

way for all the terms in Fy(v., p, ®.) we deduce the validity of the statement.
O

We summarise the previous discussion in the following

Theorem 8. Let f. € L*(.), f € L*(Q) be such that f. — f in L?>(Q). Let
g(y) = b(@)(1 + yn)™H for all y € Y x (—1,0). Moreover, let us assume
that ve € W™2(Q.) N Wgnfl’Q(Qe) is the solution to Hq_gve = fe for all
€ > 0. Then there exist v e W™2(Q) N W Q) and a function © in the
space L (W, w?ﬁy (Y x(—00,0))) such that, possibly passing to a subsequence,
ve = v in W™2(Q), v — v in L*(RY), and statements (a) and (b) in
Lemma 3 hold. Moreover, the followz'ng integral equality holds

= (”1)/ /w 10) [ (=1 DlH(amaylml - y)>

o™
: D! d
gy )] Yy o

SD(w 0) dx—i—/ D™v:D™Mp+upde = / fodz.
(5.18)

for all o € W™2(Q) N W Q).

Notation. We will use the following notation:

= m yNt 6m—l—1f<az- 9\ . i

=1

for all f € L2(W, wge’iy (Y x (=00,0))), g € CP... (Y x (—1,0)). We refer to

ant 1
- [ av(0.9)5 =5 (w00 (5.19)
w 8.%‘N

as the strange term appearing in the homogenization.

5.2. Critical Case: Microscopic Problem

The aim of this section is to characterize the strange term (5.19) as the
energy of a suitable polyharmonic function and in particular to conclude
that it is different from zero. We will use periodically oscillating test functions
matching the intrinsic e-scaling of the problem.

Let then ¢ € C°°(W x Y x]— 00, 0]) be such that supp ) C C'xY x [d, 0]
for some compact set C' C W and for some d € (—o0,0). Moreover, assume
that ¥(Z,7,0) = D')(z,7,0) = 0 for all (z,5) € W x Y, forall1 <1 <m—2
. Let also ¥ be Y-periodic in the variable . We set

Yela) = e Hyp(n, 2, ),

€
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for all e > 0, x € Wx] —00,0]. Then T ). € V() for all sufficiently small e,
hence we can use it as a test function in the weak formulation of the problem
in Q, getting

/ D™y : D" Tp. dx —|—/ vl do = / feTepe dx.
Q. Q. Q.
It is not difficult to prove that
/ vlepe do — 0, / fTepedr — 0 (5.20)
Q. Qe
as € — 0. By arguing as in [8, §8.4], it is also possible to prove that

D" : D" T dx — 0, (5.21)
Q\Q
as € — 0. Moreover, a suitable modification of [8, Lemma 8.47] yields
/ D"ve : D" Tep do — Dy o(z,y) : Dy'(z,y) dzdy.
Q

W XY x(—00,0) (5 22)

Theorem 9. Let & € L*(W, wgéf,y (Y x (00,0))) be the function from Theo-
rem 8. Then

/ DIo(z,y) - DIl ) dzdy = 0, (5.23)
W XY x(—00,0)

for allp € L2(W,wh2 (Y x (00,0))) such that (%, 3,0) = DL (z,7,0) =0
for all (Z,5) € W x Y, for all 1 <1 < m — 2. Moreover, for any j =

1,...,N —1, we have
am—lA ob am—l
@ 0.0) = () (7.0), oW XY, (5.24)
Y0y} Qy; 77 ox'y
and
0" G a0)=0.  onWxY (5.25)
ayh T ayivnfl e ’ ’ '

foralliy,...,ijm_1=1,...,N —1.

Proof. The first part of the statement follows from (5.20), (5.21) and (5.22) by
arguing as in [8, Theorem 8.53]. In order to prove formulas (5.24) and (5.25)
we note that, since D™ 20 (Z, g.(z)) = 0 for all # € W, we have
LQUE(:E (£)) =0, foralli i =1 N,z e W
amil"‘axim,2 y Je — Y 1yeerytm—2 — 1,51V, :
Differentiating with respect to z;, j € {1,..., N — 1} yields

-1 -1
oM, oM,

8%1'1 cee 896%_23%- e 3"Eim_28£ﬂN

@.au(a) L o,

(@ 90() + g

for all z € W. Hence, by setting
8m—1 . m—1 .
Y 0,...,0, A )
8@8@1 e &mm_z

ij(o,...,o,— ,
€ a’JlNafL'il cee 8xim_2
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for all 41,...,%m—2 =1,...,N, 5 = 1,...,N — 1, where the only non-zero
entries are the j-th and the N-th, we obtain that V7 - n, = 0, on I, where
n. is the outer normal to T'. = {(Z, g.(Z)) : T € W}. By using Lemma 3

am af—l\v6 _ _
Oziy 0T, o0 fY Oziy 0T, ,0T; (aj,y,O)dy =0 8"‘*111

Ve Wiy - 0Yi,,_,0y;

in L2(W x Y x]d, 0[) for any d < 0. This combined with [20, Lemma 4.3] (see
also [8, Lemma 8.56]) yields

amflﬁ ab amflv
z,5,0) = ——(y z,0),
o Ty, 10 = 5@ (,0)

for all (z,9) € W XY, 41,...,0m—2 = 1,...,N, 7 = 1,...,N — 1. Since
v e W™2(Q) N W (Q), D™ 2u(z,0) = 0 for all z € W. This implies

a'm 1,
le

different from N are zero. ThlS concludes the proof. O

axNaacil tee al‘im72

that all the derivatives 75— (x 0), where one of the indexes iy is

Now we have the following

m,2

Lemma 5. There exists V € wp),. (Y x (—00,0)) satisfying the equation

/ D™V : D™y dy =0, (5.26)
Y %X (—00,0)

for all p € w2 (Y x (—00,0)) such that D' (5,0) =0 on Y, for all

Pery
0<1<m—2, and the boundary conditions

gy‘f( ,00=0, foralll=0,...,m—3, onY,
N
67712

22K (5.0) = b(3), on.

The function V zs unique up to the sum of a monomial in yyx of degree m —1
of the type ayy " with a € R. Moreover V € W?fe”ri (Y x(d,0)) for anyd <0
and it satisfies the equation

(“A)"V =0, Y x (d,0),

subject to the boundary conditions

g’nl(,o)zo, onY, for all0 <1 <m -3,
m 2

%,,ﬁ(y, 0) = b(g)7 on Y7

%yv( ,0) =0, on'Y.

Proof. Similar to the proof of [8, Lemma 8.60]. We just note that in order to
deduce the classical formulation of problem (5.26) it is sufficient to choose test
functions % as in the statement with bounded support in the yy direction.
By using the Polyharmonic Green Formula (4.3) we then deduce that

m m—1
/ D™V : D™ dy = (—1)’"/ Avgay+ [ TV
Y X (—00,0) Y x(—00,0) y OyR Oyy

By the arbitrariness of v it is then easy to conclude the proof. 0
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Theorem 10. Let V be as in Lemma 5 and g(y) = b(y)(1 + yn)™ ", for all
y €Y x (=1,0). Then

av(V.g) = / D™V dy. (5.27)
¥ x(~00,0)

Furthermore

/ D"V 2 dy
Y X (—00,0)

- w m — w o1
= /Y ( a1 +( DAN_l(@x’N”_l))b(y) dy. (5.28)

Proof. Let ¢ be the real-valued function defined on Y x| — 00,0] by ¢(y) =
m—2

re9(y) if —1<yy <0and ¢(y) =0 if yv < —1. Then ¢ € W™2(Y x

(—00,0)), 2 al 2 (,0) =0 for all 0 <1 < m —3, and

Now note that the function ¢» = V — ¢ is a suitable test-function in equa-

tion (5.26); by plugging it in (5.26) we deduce that fYX(foo 0) |D"V|2dy =

fo(fl,O) D™V : D™¢dy. By the Leibnitz rule we have that

/ D™V : D™¢dy
Y x(—1,0)

/ omv > L OBy 918y
= - y'
Y x(—1,0) 8'rjl U 6xjm SeP(m) (m - 2) H]ES 8'1:% Hj&S 81‘21
(5.30)

Using the obvious fact that

om—k o, if k=01
8371'1 e a$im7k N yﬁf_zéil]\, s 5im—kN7 fOI‘ k‘ Z 2.

we can rewrite the right-hand side of (5.30) as follows

g:z <7Z) /Yx(l,o) (87;;‘/’& )) : ((;3?1;!17’“9(110 dy
B ,é <7;§) /YXU,O) (131172)!19]6 <8Zy;V£y)> : D*g(y) dy,

which coincides with the left-hand side of (5.27) up to the change of sum-
mation index defined by k = [ + 1. Finally, (5.28) follows by applying the
polyharmonic Green formula (4.3) on fY><(—1.0) D™V : D"™¢dy. Indeed, we

note that the boundary integrals on Y x (—1,0) are zero, due to the period-
icity of V' and b. Moreover the boundary integral on 9Y x {—1} is zero since
¢ vanishes there together with all its derivatives. Then, the only non-trivial
boundary integral is supported on Y x {0}. More precisely, we have
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/ D™V . D¢ dy
Y x(—1,0)

m—1 _
0tp(y,0) . _
s [ avew Y [ Boneo sk,
Y x(—1,0) i—0 Y Un
(5.31)
and by recalling that A™V = 0 in ¥ x (=1,0), 2-¥ = 0 on Y x {0},

b a/y?]}
aa;f’ =0onY x {0}, for all 0 <1 < m — 3 and by (5.29), we deduce that
IN
fo(fl,o) D™V : D™¢dy = [y Bm—2(V)(7,0)b(7) dg and by formula (4.3)
_ m— —m m—1 m—l— .
Bp—2(V)(7,0) = *leml_g (ml_Q)Aﬁv_f'z(aay;L,l(A =1v)), from which

we deduce (5.28). O

Theorem 11. Let m € N, m > 2. Let V be as in Lemma 5. Let v, ¥ be the
functions defined in Theorem 8. Let also g(y) = b(y)(1 + yx)™H for all
y €Y x(=1,0). Then

om—1ly
dx!

for some a(x) € L2*(W). Moreover, the strange term (5.19) is given by

o(z,y) = =V(y) (,0) + a(a)y™

m—1

N _ _
—/ QY(”»Q)an(I70)d$
Jw TN

m—1 m—1
- / D"V 2dy / 0" 02,0022z 00z
Y X (—00,0) w

8a77N"_1 8:10’1(}_1
om=1(AV) (a’HV) -
= — _ —DAN_1| —— b(g)d
/| ( Gt = Dax (G ) Juma
m—1 m—1
g 202" 22,00z
w 0z oxyy

Proof. The proof follows by Lemma 5 and Theorems 9, 10 and by observing
that —V(y)%(f, 0) satisfies problem (5.23) with the boundary conditions
TN

(5.24). O
We are now ready to conclude the proof of (iii) of Theorem 7.

Proof of Theorem 7(iii). Define g(y) = b(y)(1 + yn)™ T for all y = (y,yn)
in Y x (=1,0). The function v in Theorem 8 satisfies

8m71,u B 8777.7180 B B d m m
[ vt @0l @ ode+ [ Do Do+ upds = [ feda.
w oxly ox'y Q Q
(5.32)

for all o € W™2(Q2) N W "~ "*(22). By Theorem 11 we can rewrite the first
integral on the left-hand side of (5.32) as

am—l am—l
/ |D™V|2dy U (2,0)5——2(z,0) dz
Y X (—00,0) w oz o'y
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and by the Green Formula (4.10) for all ¢ € W™2(Q) N Wy~ ?(Q)

m m—1
/ D™y : DMpdx = (—1)m/ A —|—/ ) _90 ds. (5.33)
Q Q I9)

On™ Onm—1

Hence, in the weak formulation of the limiting problem we find the following
boundary integral

m m—1 m—1
[ (Gm@o+( [ v Ry | 2 00| 22 7 0) e,
w \ 0z} Y x (—00,0) ox'ly o'y

(5.34)
for all ¢ € W™2(Q)NW," (). By (5.32), (5.33), (5.34) and the arbitrari-
ness of ¢ we deduce the statement of Theorem 7, part (iii). U
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6. Appendix

In this section we prove the following technical result used in the proof of
Proposition 2.

Lemma 6. Let I m eN, m>2 1<I<m-—1,41,...,0,-1-1 €{1,...,N}.
Then for all o € W™2(Q2) N W "*(Q) we have

laml
Ellaml

. yl 1 am—lgo

(z,0),

in L2(WxY x(—1,0) as € — 0 and if at least one of the indexes i, ..., 0m_1_1
does not coincide with N we also have

1 8m—l<p
Glfl &rN@xil e 3xim4,1

(®e(y) — 0

in L>(W x Y x (—1,0) as € — 0.



55 Page 36 of 42 F. Ferraresso, P. D. Lamberti IEOT

Proof. Note that for [ = 1 the claim follows by Lemma 3. Then assume [ > 1.
Fix o € W™2(Q) N W *(Q) N C>=(Q). Then

/VT/EXYX(—l ) 611_1 g%lf(ée(y)) - (lyﬁji)! g:;ff (z,0) Qda‘cdy
L2 Lt s a2 )
(lyﬁ_v ;) g:;l T(2,0) 2Glyolﬂcdyzv
/_1 o /ck /ck 611 T gmml ; <z,eyN — he (2, eyN))
_ (lyﬁ_v‘i)! g:yvzl_‘f (z,0) 2da;6ff‘zldyN. (6.1)

Now, let Z € C* be fixed. By expanding ¢ in Taylor’s series with remainder
in Lagrange form we deduce that

amflso 8m71g0 _ (GyN - he(gv eyN))l71
Bx},”_l( ceyn — he(Z, eyn)) = 9z ! (2,6) (I—1)! ’

for some ¢ € (0, eyn — he(Z, eyn)). We then deduce that the term appearing
in the right-hand side of (6.1) can be rewritten as

/0 Z / /
—1kely, /CFJCE

-1

L o™y, (eyn — he(z, eyn))
T g1 %) (-1

2
-1 m—1 _
Y 0 @, _dz
N (7,0) d:péNi_ldyN. (6.2)

We then estimate (6.2) from above. Note that

L2 L

yé\]l aml

(—1) gzt (‘T’O)

L2 L1

+Z( 1) 5 Gy (5 (@) 7 ez )’

— Z, EYN -t
(— é—) (eyN he( ; €Y ))

(-1

et 835” !

am l 877171()0 B yﬁ\;l
(axm il 5)_ax;31(x’0)> (-1

2

and the right-hand side of (6.3) is estimated from above by
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8m l 677171(10 z
2,0)| dz—2_g
/1k61 / /ck P HEOE Bzl (2,0)) d = dyn
m— 1 m—1 =
/ [ et @0 - 0 o) do
1w Jor Jor | Oxy oz’ -1
am 1 2
oS [0 2 [ ] s
Z “Lrery, /oe/oE
e o] o (6.4)
a1 (eyn (Z, eyn T N dyn- .

Now we consider separately the three integrals on the right-hand side of

(6.4). The first integral can be estimated in the following way

L2 LTt

om— 1 8’”*190

dZ
— Z 0

2
€ g d
/ // /a z,0)dt| dE——dyn
1kEI Ck Ck 0 8Z‘N €
om
gCeH :f : (6.5)
dxyy L2(W x (—ce,0))

Now consider the second integral in (6.4). We have the following estimate

om— 1 am—l dz
/ / / m— 1 ) - m:‘f (:f7 O) djT:dyN
1 [y ck JCk 8x 81’N €
om— 1 am—l(p B | 7|N B dz
Z / / m— 1 ) m—1 ($>O> = Nd.’l? N—1
el Jor Jor | 0Ty ox'y | | €
am—1ty
m 1 ) - m 5,.m—1 (.T/' O) d7
8 ox z
<C Ndz
m—1 2 m—1 2
< Ce Ham_f(i’,o) < Ce‘ Lm_f(:f,O) , (6.6)
dry By/* (W) dry w22(Q)

where Wle/ 2hanve used the classical Trace Theorem and the standard Besov

space B,y'“(W) of exponents 2,1/2. Finally we consider the third integral in
(6.4), which is easily estimated by using Lemma 1 as follows

55
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2 2

87n 1 1 s B s B z
kEI

N 12/ / om- 1 ’ 1 ()l—l—s|c 3/2|s ’ dz

€ €
1k€1 Ck 81‘m 1 el—1 eN—1
am—lw 2
<cz/ /k P P g) e*dzdyn < Ce |~ (6.7)
1k€1w c TN TN wl2(Q)

By using (6.5), (6.6), (6.7) in (6.2) we deduce that

L2 1L

yivl oty
(=D oa T

1 8m_180(— &) (eyN 7h€(27 EyN))l_l

€1 gyt (1—1)!

(z,0)| dz

H@me,?(n) — 0, (6.8)

as € — 0. This concludes the proof in the case of smooth functions.
Now, if ¢ € W™2(Q)NWJ*~ (), by [15, Theorem 9, p.77] there exists
a sequence (@n)nen C W2(Q) MW %(Q) N C>=(Q) such that

Pn — ¥, in Wm72(Qe)a

as n — oo hence Trpn D"y, = Traq D"y for all |n| < m — 1. Then

1 am— l N yl—l am—l(p -
El 1 8.Tm l((I) ( )) (livl)l 8xm*1 (.’IJ,O)
CUOUN L2(W.XY x(—1,0))
1 6m7l . 1 amflson R
1T(q) W) = 5 =g (2c(v))
ox'y € ox -
N L2(W.xY x(—1,0))
1 0™ by, ~ yt oo,
+ FW@G@))_ (-1 got (2,0)
N ’ L2(W.xY x(—1,0))
-1 m—1 -1 m—1
Yn 0 Pn ,_ YN 0 P
+ —(7,0) — (z,0)
—1)! m—1 ’ —_ 1\ m—1\""
(=1t o2y (=1t oe L2(WexY x(—1,0))

(6.9)

By using Lemma 2, a Trace Theorem, Poincaré inequality and a typical diag-
onal argument, it is not difficult to see that right hand-side of (6.9) tends to
zero as € — 0, concluding the proof of the first part of the statement.

The second part of the second statement can be proved as follows. By
assumption, at least one of the indexes i; it is different from N. This implies

that the function 5 — 87"781;0 is not only in WH2(Q) N W,™%(Q) but

Owiy Oz, ;4

also in Wé%,V(Q) Thus, formula (5.4) and an iterated application of the
Poincaré inequality in the xy direction, [ — 1 times, yield
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1 6m7l<p
=1 dxnOx;, - Oy,

(@ (y))

L2(W XY x(—1,0)

"% (b))

] )
0x'\ 0z, -+ 0x4,,_,_,

L2(W XY x(—1,0)
which allows to conclude since the right-hand side of the previous inequality
tends to zero as € — 0 in virtue of Lemma 3(ii) and of the vanishing of the

877L71w
trace of 5773 3 on W. O
TNOTiy Oy, gy
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