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ARTICLE INFO Abstract

Keywords: In many instances, imposing a constraint on the shape of a density is a reasonable and flexible
active set method assumption. It offers an alternative to parametric models, which can be too rigid, and to other
log-concave density nonparametric methods, which require the choice of tuning parameters. The nonparametric es-
log-convex density timation of log-concave or log-convex density ratios is treated by means of active set algorithms
tail inflation in a unified framework. In the setting of log-concave densities, the new algorithm is similar to,

but substantially faster than, previously considered active set methods. Log-convexity, on the
other hand, is a less common shape-constraint, described by some authors as “tail inflation”.
The active set method proposed here is novel in this context. As a by-product, new goodness-
of-fit tests of single hypotheses are formulated and are shown to be more powerful than higher
criticism tests in a simulation study.

1. Introduction

Suppose we observe independent random variables X, X5, ..., X, with unknown distributions P;, P,, ..., P, on
the real line. This paper discusses the estimation of the marginal (average) distribution P := n~! Z:’zl P; under certain
shape-constraints. Of course, this framework includes the case of i.i.d. observations from a single distribution P.

Within the broad field of nonparametric statistics, inference about P under shape-constraints is a well-established
alternative to the assumption of quantitative smoothness properties, e.g. certain bounds on the maximum modulus of
some higher order derivative of the density of P (w.r.t. Lebesgue measure). While estimation under smoothness as-
sumptions typically involves tuning parameters, such as bandwidths of kernel density estimators, maximum likelihood
estimation under shape-constraints is often possible without any further specifications. For a thorough discussion on
the benefits of shape-constraints, we refer to Groeneboom and Jongbloed (2014).

One particular example of a shape-constraint is log-concavity of the density of P. A broad overview of statistical
methods with such densities, including the multivariate case, is given by Samworth (2018). A second example of a
shape-constraint is convexity of the density of P on the positive half-line (see Groeneboom et al. (2001)). In the present
paper, we reconsider the estimation of log-concave densities, and also examine a less familiar setting which is related
to the estimation of convex densities:

Setting 1: Log-concave densities. We assume that P has alog-concave density f with respect to Lebesgue measure.
That is, log f : R - [—o0, 00) is concave.

Setting 2: Tail inflation. For a given continuous reference distribution P, on R, we assume that P has a log-convex
density f with respect to P,. Thatis, log f : R — R is convex.

The notion of tail inflation has been introduced by McCullagh and Polson (2012, 2017) to investigate statistical
sparsity. They consider the case where the observations X; > 0, the reference distribution P, is the chi-squared
distribution with one degree of freedom, and log f is convex and isotonic (non-decreasing). However, Setting 2 is also
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related other secenarios. For example, in multiple hypothesis testing the X, X, ..., X, could represent test statistics
for given null hypotheses H{, H,, ..., H,, where X; has distribution P, whenever H; is true. In image analysis, the
random variables X; could be measured intensities at different pixels of a digital image, with P, describing pure
background noise or measurement errors.

The primary goals in these settings are to estimate P, or to test the null hypothesis that all P; are equal to P,.
The assumption of log-convexity of f = d P/d P, may seem a bit arbitrary at first sight, but note, for instance, that
the testing problems considered by Donoho and Jin (2004) may be viewed as a special case of Setting 2, with P, the
standard Gaussian distribution WN'(0, 1). Indeed, the latter authors considered i.i.d. observations with distribution P a
mixture (1 — €)AN'(0, 1) + e N'(u, 1) with unknown parameters ¢ € [0, 1] and u > 0. As shown later, if each P, is a
mixture of Gaussian distributions with standard deviation at least 1, then each P;, as well as the marginal distribution
P, has a log-convex density with respect to P,. Consequently, if we estimate the log-density § := log f of P, this
gives rise to a new likelihood ratio test statistic for the null hypothesis that all P; are equal to P,.

Outline of the paper. Our main goals are to establish existence and uniqueness of the nonparametric maximum like-
lihood estimator @ of @ : = log f in Setting 2 and to devise explicit algorithms for its computation. Since Settings 1 and
2 are closely related, it is worthwhile to treat both of them simultaneously, highlighting similarities and differences. In
Section 2, the specific estimation problems are described in more detail, and it is shown that under certain assumptions,
the maximizer  exists and is unique.

In Section 3, we describe a general active set method for the computation of §. The starting point is the active set
method described by Diimbgen et al. (2007/2011) and Diimbgen and Rufibach (2011), which is similar to the support
reduction algorithm of Groeneboom et al. (2008). The new version is more efficient in that all single Newton steps take
shape-constraints on € into account. We also adopt the proposal of Liu and Wang (2018) to occasionally deactivate
more than one constraint in one step, but in contrast to the latter authors, we do not resort to quadratic programming
routines within the algorithm. In Setting 2, we explore the full infinite-dimensional parameter space rather than using
ad hoc finite-dimensional approximations.

Numerical examples illustrating the estimation method are given in Section 4. For Setting 1, we demonstrate
the benefits of the new method in a small simulation study. We also show that our estimator for Setting 2 leads to
a promising goodness-of-fit test, and simulations indicate that the power of this test can exceed the power of higher
criticism methods proposed by Donoho and Jin (2004) and Gontscharuk et al. (2016).

Section 5 provides proofs for the existence, uniqueness and special properties of §, while Appendix A provides
technical details for specific applications, as well as a proof of convergence that generalises and simplifies a previous
proof of Sommer-Simpson (2019). The algorithms have been implemented in the statistical langage R (R Core Team,
2016) and are publicly available.

2. General considerations, existence and uniqueness

In what follows, we consider an arbitrary discrete distribution

P = iwiéx[
i=1

with n > 2 probability weights wy, ..., w, > 0 and real support points x; < -+ < x,,. In Settings 1 and 2, these points
X{,...,X, are the order statistics of the observations X, ..., X,, while w; = n~!. The general form of P also covers
the situation of N > n raw observations from P that are recorded with rounding errors: In this case, x|, ..., x,, are the
different recorded values, and w); is the relative frequency of x; in the sample.

2.1. Parameter spaces and target functional
In general, we assume that P estimates an unknown distribution P that has a density f with respect to a given
continuous measure M on R. Precisely,

) = fo(x) 1= "™
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with an unknown function parameter § : R — [—o0, c0) in a given family © reflecting the particular shape-constraints
to be specified later. Then @ is estimated by a function § € ® maximizing the normalized log-likelihood

£(0) = /edﬁ = Y w0(x)
i=1

under the constraint that [ e dM = 1.
In the specific settings we have in mind, all functions 8 € O satisfy 0 < f e’ dM < oo and 6 + ¢ € O for arbitrary

real constants ¢. Thus we may apply the Lagrange trick of Silverman (1982) and rewrite 8 as

6 = argmax L(0)
=)

with
L) := /Hdﬁ—/eng+l € [~o0, ).

Indeed, for 6 € ® with L(f) > —co and ¢ € R, the derivative dL(0 + ¢)/dc equals 1 — e° / e? d M. Hence, a function

6 € © with L(f) > —oco maximizes L(6) over all € O if and only if it maximises £(8) under the constraint that
[ e dM = 1. Note also that L() = £(9) if and only if /e’ d M = 1.

Setting I. M is Lebesgue measure on R, and the parameter space © consists of all concave, upper semicontinuous
functions # : R — [—o0, o) such that f e dM > 0.

For Setting 2 in the introduction, we distinguish between two versions, where the second covers the framework of
McCullagh and Polson (2012).

Setting 2A. M stands for the reference distribution P,. We assume that P, is continuous with P,(B) > 0 for any
non-degenerate interval B C R, and

{/1 ER: /e“ P,(dx) < oo} = (Az(P), A,(P,))
for certain numbers —co < A,(P)) < 0 < A4.(P,) £ oo. The extended parameter space ® consists of all convex
functions 6 : R — R.

Example 2.1 (Gaussian mixtures). Let P, = N(0,1). Suppose that P is a mixture of Gaussian distributions with
standard deviation at least 1, i.e. P = f N (u,62) Q(d u, do) for some probability distribution Q on R X [1, c0). Then
0 :=logdP/dP,is given by

0(x) = log / 1) O(dy, do)

with

d./\f(ﬂ,az)(x) — o logo + (6% — Dx2 4+ 2ux — u?
AN, 1) T % 262 '

0(x,u,0) = log

Obviously, 6(-, u, o) is a convex function for arbitrary y € R and ¢ > 1, so the log-mixture density 6 is convex too.
This can be deduced from Holder’s inequality or Artin’s theorem (see Section D.4 of Marshall and Olkin (1979)).

Example 2.2 (Student distributions). Let P, = N'(0,62) and P = t, with 6, k > 0. Tedious but elementary calcula-
tions show that @ = log(d P/d P,) is convex if and only if 6> < k/(k + 1).

Example 2.3 (Logistic distributions). Let P, = N(0, 1), and let P be the logistic distribution with scale parameter
o > 0, i.e. with Lebesgue density p(x) = o~ 1(e*/7 + e=*/7 +2)~1. Here one can show that § = log(d P/d P,) is convex
if and only if & > 271/2.
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Setting 2B. M stands for the reference distribution P,. We assume that P, is continuous with P,((—o0,0]) = 0,
P,(B) > 0 for any non-degenerate interval B C (0, o), and

{/1 ER: /eﬂx P,(dx) < oo} = (00, 4,(P)))

for some number A4,.(P,) € (0, o]. Now the extended parameter space ® consists of all convex functions 8 : R - R
such that 6 = 0(0) on (—o0, 0]. In particular, all 8 € ® are isotonic.

Example 2.4 (Scale mixtures of Gamma distributions). Let P, = Gamma(a, f), the gamma distribution with given
shape parameter « > 0 and rate parameter § > 0. Suppose that P is a scale mixture of gamma distributions with
the same shape parameter, i.e. P = f Gamma(a, #/s) Q(ds) for some probability measure Q on (0, ). Then 6 :=
logd P /d P, is given by

6(x) = log / e’ 0(ds)

with 0(x, s) := (1 — 1/s)x — alog s. The latter expression is linear in x, whence 6 is convex. If Q([1, o)) = 1, then
0 is also isotonic.

A special instance of this setting are raw observations X; = S;G;, 1 < i < n, with independent random variables
S,...,8, > land Gy, ...,G, ~ N(0,1). With P, := )(12 = Gamma(l/2, 1/2), the marginal distribution P of the
observations X; := Xlz has the log-density 8 = log [ ¢’ O(d's) with respect to P,, where Q :=n""! Z?:l L(S)).

2.2. Existence and uniqueness of the estimator

In Settings 1 and 2A-B, the target functional L is strictly concave on the convex set {6 € © : L(0) > —oo}. This
follows easily from strict convexity of the exponential function. Precisely, there exists a unique maximizer § € © of L
which is piecewise linear and satisfies further properties summarized in the following three lemmas. The first lemma
has been proved by Walther (2002), see also Diimbgen et al. (2007/2011) or Cule et al. (2010):

Lemma 2.5. In Setting 1, there exists a unique maximizer 0 of L over ©. Precisely, there exist m > 2 points T <
e L Ty 00 {X], Xy, ..., X, } With T; = Xy, T, = X,,, with the following properties:

P is linear on [Tj,Tj+1], 1<j<m,
equals — oo on R\ [x,x,],
and the slope 9’(1j +) = (9(Tj+1) - é(Tj))/(Tj_H — 1) is stricily decreasing in j € {1,...,m — 1}.

Lemma 2.6. In Setting 2A, there exists a unique maximizer 0 of L over ©. Precisely, either 0 is linear, or there exist
me{1,...,n—1} points t| < -+ < 1, in [x1,x,]\ {x1,...,x,} with the following properties:

XO = (_00711]7
0 is linearon \X; 1= [1;,7,4], 1 <j<m,
&, =Ilz,,, ),

and the sequence of slopes of 0 on these m + 1 intervals is strictly increasing. Furthermore, each interval (%5 Xi41),
1 <i < n, contains at most one point T;.

Lemma 2.7. In Setting 2B, there exists a unique maximizer 0 of L over ©. Precisely, either 6 = 0, or there exist
me{l,...,n—1} points t; < -+ <1, in {0} U [x],x,]\ {x{, ..., x,} with the following properties:

constant on (—co, 711,
0 is {linearon X; :=[7;,7;,4], 1 <j <m—1,
linear on X,, : = [z,,, ),

and the slope 9’(rj +) is strictly positive and strictly increasing in j € {1, ..., m}. Furthermore, each interval (x;, x;,1),
1 <i < n, contains at most one point T;.

Note that the number m in Lemma 2.7 could be 1, meaning that 6 is constant on [0, 7;] and linear on [z, o0) with
slope 8'(7; +) € (0, 4,(P,)).
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3. A general active set strategy
3.1. The space of relevant functions
In view of Lemmas 2.5, 2.6 and 2.7, it suffices to consider continuous, piecewise linear functions 6 on

-

[x;,x,] inSetting 1
X =4R in Setting 2A
[0,00) in Setting 2B

with changes of slope only in

-

{x; : 1 <i<n} inSettingl1,
D = §(x1,x,) in Setting 2A,
{0} U(xq,x,) in Setting 2B.

In Setting 2B, a change of slope at 0 means that 8’(0 +) # 0. The linear space of all such functions  is denoted by V.
One particular basis is given by the functions

x P~ 1,

x — x (in Settings 1 and 2A)
and

x = Vi(x) = &x—-1)t, r€D,

where

. —1 in Setting 1,
] +1 in Settings 2A-B.

This means that dim(V) equals # in Setting 1 and oo in Settings 2A-B. Any 8 € V may be written as
o
+ a;x  (in Settings 1 and 2A)
DI AAE)

T€D

0(x) = ey

with real coefficients «y, ay, f, such that g, # 0 for at most finitely many ¢ € D. Note that £, is equal to the change
of slope, 6'(z +) — 8'(r —), whence

0€0® ifandonlyif p, >0 forallz €D.

3.2. Properties of L
On the set V, the functional L is continuous with respect to the norm

”0” . maxxe[xl,xn] Ia(x)l in Setting 1, (2)
T maxery, o1 100+ 10/(xp)] + 16'(x,)|  in Settings 2A-B.
For Setting 1, || - || quantifies uniform convergence on X. For Settings 2A-B, convergence with respect to || - || is

equivalent to uniform convergence on arbitrary bounded subsets of X'. Moreover, in Setting 1, L is real-valued, whereas
in Settings 2A-B it follows from our assumptions on P, that

{0 €V :0(x))> A(P)and 0'(x,) < A,(P,)} in Setting 2A,

{96\/:L(9)>—oo}={ ) )
{0 eV :0(x,<i(P)} in Setting 2B.
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Finally, onthe set {6 € V : L(0) > —o0}, the functional L is strictly concave. Precisely, for 8, v € V with L(6) > —oo,

DLO,v) := i| L@ +1tv) = /Udﬁ—/ueedM,
dl t=0 X
d2
H@,v) = ——| L@O+1v) = /vzeBdM.
di? l1=0 X

These derivatives DL(0,v) and H (0, v) are well-defined, because f v ePC+elxl M (dx) < oo for sufficiently small
€ > 0. Note that H(#, v) > 0 unless ||v|| = 0.

3.3. Characterizing 0
The properties of L imply that a function § € V n ® with L(#) > —oo equals 8 if and only if

DL(#,v) < 0 forany v €V such that § + tv € © for some ¢t > 0. 3)

Representing 6 as in (1) and v analogously, one can easily verify that (3) is equivalent to the following four conditions:

/ dM =1, )
X
/ xe?™® M(dx) = g (in Settings 1 and 2A), 3)
X
/Vree dM = /VT dP whenever p. >0, (6)
X
/ V.eldM > / V,dP whenever f, =0, 0
X

where /i denotes the empirical mean i := [ x P(dx) = D wix;.

Local optimality. Requirements (4—6) can be interpreted as follows: For 8 € V let D(0) C D be the finite set of its
“deactivated (equality) constraints”. That means,

D) = {reD:0(x-)#0t+)}.
For an arbitrary finite set D C D we define
Vp = {#€V:D®)cD}

This is a linear subspace of V with dimension 2 4+ #D (in Settings 1 and 2A) or 1 +#D (in Setting 2B). Requirements
(4-6) are then equivalent to saying that f ¥ ve dM = f vdP forallv e Vp(g)- That is,

DL(Q, U) =0 forallve \/D(e) (8)
In other words, 6 is “locally optimal” in the sense that

0 = argmax L(#n).
NEVp(p)

Checking global optimality. Requirement (7) is equivalent to
hy(z) := DL(O,V,) < 0 forallz € D\ D). )

Thus, a function § € V N ® with L(#) > —oo is equal to 8 if and only if it is locally optimal in the sense of (8), and
it satisfies (9). As explained in Section A.l, for computational efficiency and numerical accuracy, it is advisable to
replace the simple kink functions V. with localised versions V, g =V, — 1, g, Where 1. g € Vg, though the general
description of our methods is easier in terms of the V.
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3.4. Basic procedures
Our active set method involves a candidate § € ® NV for the function 6 such that f, defines a probability density
w.r.t. M and a finite set D C D such that D(6) C D.

Basic step 1: Obtaining a proposal 0, via Newton’s method
Recall that the functional L is continuous and concave on the finite-dimensional space V. Moreover, on { €
Vp : L(n) > —oo} it is twice continuously differentiable with negative definite Hessian operator. Thus we may

perform a standard Newton step to obtain a function 6,,, € Vp such that

6:=DL(0,0,,—6) >0
with equality if and only if

0=20 = argmax L(n).

neVp

new

Even in the case where 6 > 0, it may happen that L(0,.,) < L(6). To guarantee a real improvement, we apply
a standard Armijo—Goldstein step size correction and replace 0, with  + 27"(8,,, — 0), where n is the smallest
nonnegative integer such that

LO+27"Ope —0) — L(O) = 27"DL(O,0,., —0)/3.

(A theoretical justification of this step size correction can be found, for instance, in Diimbgen (2017).) In algorithmic
language, as long as L(0,.,,) < L(6)+ 6/3, we replace (0, 6) with the pair ( (O +0pe)/2,6/ 2). After finitely many
steps, the new pair (0,,,, 6) will satisfy L(6,.,,) > L(0) + /3 and 6 = DL(,6,., — 0) > 0. In the pseudocode
provided later, this Newton—Armijo—Goldstein step is abbreviated as “(6,,, ) < Newton(8, D)”.

Basic step 2: Modification of 6 or reduction of D
Having computed a new proposal 6,,.,, as in basic step 1, where 6 = DL(0, 6
it belongs to O or at least satisfies

— 60) > 0, we first check whether

new new

(I-00+10,, € © forsometr> 0.

If we represent 6 and 0, as in (1) with coefficients ay, a;, B, for & and @) ey @] news Brnew 10T Opeyy» then the latter
requirement is satisfied if

Brnew >0 whenever z € D\ D(6). (10)

If (10) is violated, we leave 6 unchanged, but we replace D with D \ {z,}, where 7, is an index in D \ D(0) such that
B, new 18 minimal. If (10) is satisfied, we perform a second step size correction and replace 6 with (1 —1,)0 + 7,6y,
where 7, € (0, 1] is the largest number such that the latter convex combination belongs to ®. An explicit expression
for ¢, is given by

P

ﬂr — Pr.new

t, 1= max{t € (0,11 : (1 =)0 + 16,0, €O} = min<{1}u{ L 7€ D(O), fr pow <0}>.

In addition, we then replace 6 with 6 — ¢ for some constant ¢ such that f, defines a probability density. Finally, we
replace D with D(6) for the modified candidate . Note that L(0) increases strictly, and in case of 7, < 1, the new set
D is a proper subset of the previous set D.

All in all, we obtain a new pair (6, D) such that L(0) has increased strictly or D is a proper subset of the for-
mer set D. Moreover, the new 6 differs from the previous one if and only if the new value L(0) is strictly larger
than the previous one. In the pseudocode provided later, this whole modification of (6, D) is written as “(6, D) «
StepForward(0, D, 0,,..,)”-
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Local search
If we start from a pair (6, D) with 8 € © NV, L(0) > —oo and D D D(0), a local search means to iterate basic
steps 1 and 2 with a certain threshold dygyon = O as follows:

(Bpew- 6) < Newton(d, D)
while 6 > Snewton dO
(6, D) « StepForward(6, D, 0,,,)
(Bpew»> 6) < Newton(0, D, 0,.,,)
end while

Imagine for the moment that Syeyo, = 0. After finitely many iterations, the set D would remain unchanged and be
equal to D(6), while the first assignment within the while-loop would amount to 6 < 6,.,,. That means, eventually, a
local search leads to a standard Newton procedure and a locally optimal function 6.

Note also that after finitely many steps, L(0) is strictly larger than the original value unless the starting point 6
was already locally optimal while the set D 2 D(0) has been chosen poorly in the sense that basic step 2 leaves 6
unchanged and results in a stepwise reduction of D until D = D(0) again.

In practice, of course, we run a local seach with a small threshold Sneyion > 0. The resulting 6 is called almost
locally optimal.

Basic step 3: Deactivating constraints
Suppose that § € @ NV is (almost) locally optimal, but (9) is violated. More precisely, suppose that max,p hy(7)
is strictly larger than a given threshold 6., = 0. Then we choose a nonempty finite set D, C D \ D(0) such that

hy(z,) > ognoe forallz, € D,. 11

Thereafter we start a new local search with D = D(6) U D,,.

The obvious question is whether such a choice of D is reasonable. It may happen that during the first iterations of
the local search, 6 remains unchanged while elements of the set D, are removed again. But eventually, at least one of
its elements will be retained and 6 will be modified. To prove this claim, we write 0., = 6 + v + ZTOE D, Bz newVz,
with some function v € V). Then it follows from (8) that

0 < DL(Q, anew_e) = DL(@, v) + Z ﬁro,newDL(97 Vro) = Z ﬁro,newhe(fo)’

TOGDD TDEDG

and because of (11), at least one coefficient Bz, new> To € D,, has to be strictly positive. Consequently, starting a local
search with this choice of D yields a strict improvement of L(#) after at most #D,, iterations.

Our explicit construction of D, depends on the current set D(#) and essentially follows the proposal of Liu and
Wang (2018). Suppose first that D(0) = @. Then we choose D, = {r,} with a point ¢ € D such that hy(z,) =
max_cp hy(7). Otherwise, let 7y < --- < 7, be the m > 1 different elements of D(#). With 7, := —co and 7, | := oo,

wesetD; :=Dn(z;, 7). Foreach0 < j < mwith D; # @, we determine a point 7, € arg maX;ep, hy(z). If hy(z,)

is greater than both 8y, and 1073 max_cp, hy(7), then 7, is added to D,. The latter condition on h,(z,) prevents us
from deactivating too many constraints early on, which would increase the dimensionality unnecessarily.

All in all, basic step 3 amounts to a procedure “(h,, D,) < NewKnots(8)”. It returns A, := max, cp hy(7) and, in
case of h, > Sk o> a nonempty finite set D, C D such that DL,V ) > max(1073h,, 8 po) for all 7, € D,

Explicit maximisation of h,
In Setting 1, maximizing A, over subsets of D is straightforward, because D is finite. In Settings 2A-B, suppose
that € ® NV is (almost) locally optimal, and that Py(dx) := ™ P, (dx) defines a probability measure on X. Here,

ho(t) = / V,d(P—-P)) = / (x — )" (P — Pp)(dx).
Note that for any probability measure Q on R with f [x| Q(dx) < o0 and 7 € R,

Hy(r) := /(x—f)+Q(dX)
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defines a convex and non-increasing function Hy, : R — [0, o) with derivatives

O((=, 7)) — 1,
O((=oo0,7]) = L.

H)(t-) = —0([7, )
H)\(z+) = —0((z,00))

Hence hy = Hp — Hp, is a Lipschitz-continuous function on R with derivatives
hy(z£) = F(z£) = Fy(o),

where F and F, denote the cumulative distribution functions of P and P,, respectively. Note that F is constant on
the intervals (—o0, x;), [x{,X5), ..., [x,_1, X,,), [X,, 00) whereas F, is continuous on R and strictly increasing on X.
Consequently,

(i) hy is strictly concave on each interval [x;,x; ;1,1 <i <,
(i1) hy is concave and non-increasing on (—oo, x1],
(iii) hy is concave and non-decreasing on [x,,, co) with lim,_,  hg(7) = 0 > hy(x,,).

The limit in (iii) follows from dominated convergence together with the fact that (x — x,)* > (x — 7)* — 0 as
x, < T — oo. The strict inequality for hy(x,) follows from P((x,,0)) = 0 < P,((x,,)). Hence any = with
hg(7) > 0 has to satisfy 7 < x,,.

In Setting 2A one may even conclude from local optimality of 6 that

(ii’) hy is concave and non-increasing on (—oo, x] with limit lim,_,_ hg(7) = 0 > hy(x,),

because / (x—1) (13 — Py)(dx) = 0, so the equality (x — )t = x — 7 + (z — x)* leads to the alternative representation
hy(7) = f (r=x)t (P - P,)(dx). Consequently, it suffices to search for local maximizers of 2, on (x(, x,,).

In Setting 2B, (ii) implies that the maximizer of A4 on [0, x;] is 0. Hence it suffices to search for local maximizers
of hy on {0} U (x{, x,,).

If we want to maximize h = hy on an interval [a, b] = [x;, x;, ] for some 1 < i < n, we could first check whether
h'(a+) < 0or A'(b—) > 0. In these cases, h(a) = max g, p A(7) or A(b) = max g, ) h(7), respectively. In case
of W'(a+) > 0 > h'(b-), we determine the unique point 7 € (a, b) satisfying hj(z) = 0. In general, this leads to a
numerical approximation of z, but in our specific examples for Settings 2A-B, 7 may be computed explicitly by means
of the standard Gaussian or gamma quantile functions (see Sections A.3 and A.4).

Finding a starting point 0

One possibility to determine a starting point 6 is to activate all constraints initially and find an optimal function
in V; C ©. In Setting 2A, we are then looking for a function 8(x) = £x — ¢(k) with ¢(x) := log fX e** P (dx), and
& € R is the unique real number such that ¢/() = 4. Specifically, if P, = N'(0, 1), then c(x) = k2 /2, whence & = fi.

In Setting 2B, activating all constraints would lead to the trivial space Vi = {0}. Alternatively, one could determine
an optimal function in V;5, N®. With & as before, i.e. /(&) = fi, the optimal function 8 is given by 8(x) = £ x—c(k™).
Specifically, if P, = Gamma(a, f), then c(x) = —alog((1 —x/f)*), sothat & = f — a/f.

All in all, for Settings 2A-B we obtain a starting point @ € O that is locally optimal and depends only on /i, indicated
as “f « Start(f)”.

In Setting 1, finding an optimal function in Vj; would amount to solving a nonlinear equation numerically. Alter-
natively, we start with the MLE 6 of a Gaussian log-density up to an additive constant, i.e.

Oo(x) = —(x — @)?/(26%)

with = 37| w;x; and 6% 1= Y wi(x;— f1)?. Next, we fix a nonempty set D, C D and replace 6, with the unique
linear spline § € Vp, such that & = 6, on Dy U {x,, x,}, before normalizing it via 6 < 6 — log(/x’:" ™) dx). All of
these operations are hidden behind “6 <« Start(j, 6, Dy)” in the subsequent pseudocode. Note that this starting point
0 is not locally optimal in general.
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3.5. Complete algorithms
In Settings 2A-B, where a locally optimal starting point is easily found, our complete algorithm works as follows:

6 « Start(j1)
(h,, D,) < NewKnots(6)
while h, > 6y, do
D < D@)u D,
# Local search:
(Bpew- 6) < Newton(8, D)
while 6 > dnewion dO
(8, D) « StepForward(8, D, 0
(Bpew» 0) < Newton(8, D)
end while
# Check global optimality:
(h,, D,) < NewKnots(6)
end while

new)

In Setting 1, our algorithm has a slightly different beginning, because the starting point 6 is not locally optimal:

0 « Start(f1, 6, Dy)
(Dy, hy) < (8, )
while A, > 6g o dO

end while

Note that in Setting 1, an affine transformation x +— a + bx of our data with b > 0 would result in new direc-
tional derivatives DL(, V) that differ from the original values by this factor b. By way of contrast, the output &
of Newton(0, D) is invariant under such transformations. Hence it is advisable to distinguish the stopping thresholds
ONewton aNd Ogpots» Where dgpo; > 0 is chosen to be a small constant times 6. In Settings 2A-B the parameter 6
should reflect the spread of the reference distribution P,.

3.6. Convergence

After circulating a first version of the present paper, Sommer-Simpson (2019) provided a proof of convergence of
our algorithm in Setting 2B. Lemma 3.1 below implies that in all three settings, the output of our algorithm is arbitrarily
close to 0 if &, and Sngyeo, are sufficiently small. Our proof of this generalizes and simplifies the arguments of
Sommer-Simpson (2019).

To formulate the result, let 8 € ® NV with L(#) > —o0. To check local optimality of 6, we perform a Newton
step for L on the parameter space Vp ). This yields a function 6,,.,, € Vp ) maximizing a second order Taylor
approximation of L on V), and the directional derivative

ONewton(@) = DL(0,0,., —0).

In our algorithm, 6 is viewed as approximately locally optimal if Syeyon (@) is sSmaller than a given number Syeyon- If
that is the case, we check whether

Sknoi(0) 1= max DL, V., )
€D ’

is smaller than a given number 6. Note also that during our algorithm, the value L(#) never decreases.

Lemma 3.1. I all Settings and for any constant L, € (—co, L(0)), there exist constants Cyeyion and Ci oy Sch that
forall@ e ®NV with L(6) > L,

L(é) - L(G) < CNewton V 5Newton(0) + CKnotéKnot(o)'

Remark 3.2. For 6 € ©nV, it follows from L(6) — L(f) that ||§ — &]| — 0, where || - || is the norm in (2).
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Sample size 100 200 500 103 10* 10°
Rel. efficiency 2.003 1.988 2.467 2749  3.615 6.067
Running time (s) 4.425-1073 6.310-10 8.450-1073 0.0115 0.1029 1.4805

Table 1
Mean relative efficiencies and running times of the new algorithm for Setting 1 with Gaussian samples.

4. Numerical examples, simulations and an application

4.1. Comparisons in Setting 1
An obvious question is how much better the new algorithm for Setting 1 is in comparison to the active set method
of Diimbgen and Rufibach (2011). To enable a fair comparison, we implemented the latter method as follows:

0 « Start(f, 6, Dy)
h, < oo
D < D,
while h, > 6y, do
(Bpew> 6) < Newton(8, D)
while 6 > dnewion dO
0,ew < Newton(6, D)
0w < Normalize(
end while
if .., € O then
0 - 0HCW
(h,, t,) < NewKnot(9)
D < D) U {r,}
else
(0, D) « StepForward(é, D, 0,,,)
end if
end while

HCW)

Here 6 < Normalize(6) stands for replacing 6 with @ — ¢ such that f, defines a probability density. And “(h,,7,) <
NewKnot(6)” returns only one point 7, € D with maximal directional derivative h, = DL(, 7,). This is the first main
difference between the old and the new algorithm. The second main difference is that a full Newton procedure is run
on Vp, without checking and enforcing the shape-constraint that § € ®. An advantage of omitting the shape-constraint
is that the Newton search runs a bit faster. A disadvantage is that we sometimes iterate and optimize in a region far
from ®, whereas in the subsequent StepForward(0, D, 0,,.,,), only a rather small step is performed.

Concerning D, extensive numerical experiments showed that the choice Dy = {x;(1), X;(2), X;(3)} With approxi-
mately equispaced indices 1 < j(1) < j(2) < j(3) < nis a good choice for a broad range of sample sizes n. With
this choice, we simulated a random sample of size n from the standard Gaussian distribution 200 times and fitted a
log-concave density with the old and the new method. Figure 1 shows boxplots of the running time with the old method
divided by the running time with the new method. One sees clearly that the improvement is substantial, particularly
for large sample sizes. It is similar in magnitude to the improvements reported by Wang (2018) for the algorithm of
Liu and Wang (2018). Table 1 reports the means of these relative efficiencies as well as the mean absolute running
times. The methods have been implemented in pure R code, and the simulations have been performed on a MacBook
Pro (2.6 GHz 6-Core Intel Core i7), the stopping thresholds being Syewion = 107 /n and g o = 10776 /n.

4.2. Numerical examples for Settings 2A-B

Setting 2A. Inspired by the testing problem described in Section 4.3, we simulated n = 400 independent observations
X; with distribution P, = N(0,1) for i > 20 and P = N(1.5,1) for i < 20. With the reference distribution
P, = N'(0, 1), the corresponding log-density ratio equals

dP (x) = 1og(0.95 + 0.05 ¢!-3%~1125),
dP,

0(x) = log
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Figure 1: Relative efficiencies of the new algorithm for Setting 1 with Gaussian samples.

The resulting estimator § had m = 5 knots, and Figure 2 depicts the function
t = h(t) = DL(@. V),

where the knots of § are indicated by vertical lines. As predicted by theory, A(f) < 0 for all 7, with equality when
t € D(0). Figure 3 depicts the true and estimated tail inflation functions 6 and . Figure 4 shows the corresponding
densities p, = ¢, p = e? p,and p = e"po. Note that the estimator p captures the heavier right tail of p in comparison to
D,- Applying the goodness-of-fit test described in Section 4.3 to this particular data set yielded a Monte-Carlo p-value
smaller than 1073 (with 10° — 1 simulations) for the null hypothesis that all 400 observations are standard Gaussian.

Setting 2B. We simulated n = 1000 independent observations X; such that X; ~ )(12 fori > 200, X;/1.4 ~ ;(12 for

100 < i £ 200 and X;/2 ~ )(12 for i < 100. With the reference distribution P, = ;(12, the corresponding log-density
ratio equals

0(x) = log(8 + 1.471/2¥/7 4 271/2¢x/4) — log 10.

The estimator @ in this case had m = 6 knots, and Figures 5 and 6 are analogous to the displays for Setting 2A, showing
the directional derivatives A(z) = DL(f, V) and the log-density ratios 6, §, respectively. Applying the goodness-of-fit
test described in Section 4.3 to this particular data set yielded a Monte-Carlo p-value of 10~ (with 10° — 1 simulations)
for the null hypothesis that all 400 observations have distribution ;(12.

4.3. Data-driven goodness-of-fit tests
With the estimator € at hand, one may use the likelihood ratio statistic

Tir(Xy, ... X,) 1= ) O(X)
i=1

to test the null hypothesis that all distributions P; are equal to P, versus the alternative hypothesis that the marginal
P has a convex log-density 8 # 0 with respect to P,. Large values of T} y indicate a violation of the null hypothesis.
The distribution of this test statistic under the null hypothesis is unknown but can be easily estimated via Monte Carlo
simulations.
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Figure 2: Directional derivatives h(t) = DL(@,V,) for data example in Setting 2A.
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Figure 3: True (green, dashed) and estimated (black) tail inflation functions 6 and @ for data example in Setting 2A.

Specifically, consider Setting 2A with P, = N(0,1). As mentioned before, if each distribution P,;, and thus the
marginal P, is a mixture of Gaussian distributions with standard deviation at least 1, then 8 = log(d P/d P,) is convex.
This renders T; p an interesting alternative to higher criticism statistics as introduced by Donoho and Jin (2004) and
Gontscharuk et al. (2016). In the subsequent power simulations, we focus on a particular union-intersection test similar
to those considered by the latter authors: With the order statistics X(;) < --- < X, of the X, note that under H,,, the
random variables ®(X,)), ..., P(X,) are distributed like the order statistics of a sample from the uniform distribution
on [0, 1]. In particular, ®(X @) follows the beta distribution with parameters i and n+ 1 —i. Denoting the corresponding
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Figure 4: Lebesgue densities p, (magenta), p = ¢’p, (green, dashed) and p = eépo (black) for data example in Setting 2A.
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Figure 5: Directional derivatives h(f) = DL(8, V,) for data example in Setting 2B.

distribution function with B, ,,,_;, a union-intersection test statistic of H,, is given by

Ty (Xy,.... X)) min( min B, ., _(®(X)), min (l—B,-’,,H_i((I)(X(,-)))))

i<(n+1)/2 i>(n+1)/2

= min<i<<rrgi{1)/2 B g 1-i(P(X ;) i>(Ir{1+i{1)/2 Bn+1—i,i(q)(_X(i)))) )

with small values indicating a violation of H,. The rationale behind this test statistic is as follows: If H is violated
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Figure 6: True (green, dashed) and estimated (black) tail inflation functions # and § for data example in Setting 2B.

and 0 is convex, then the left tail of P is heavier than that of P, leading to smaller order statistics X 1y> X(2)s > OF the
right tail of P is heavier than that of P,, leading to larger order statistics X, X(,_), .... For numerical reasons, we
also use the identity 1 — B, ,,,;_;(®(x)) = B, ;_; ;(®(—x)).

In a large simulation study involving different sample sizes n, we estimated the (1 — &)-quantile of the null distribu-
tion of T; g(X1, ..., X,,) and the a-quantile of T}, ; (X, ..., X,,) in 103 — 1 Monte Carlo simulations, where & = 1%, 5%.
With these critical values, we estimated the power of the two tests at level a under the following distribution of the
sample: For a fixed distribution P, on the real line and a subset J C {1,2,...,n} with k > 0 elements, the distributions
P, of the random variables X; are given by

b {P* ifi e J,

P, otherwise.

Specifically, we used P, = N'(1.5,1) and P, = N'(0,3). This setting is similar to that of Donoho and Jin (2004)
with P, = (1 — k/n)P, + (k/n)P, for all i. The latter setting corresponds to a random set J with #J having binomial
distribution Bin(n, k/n).

For these two choices of P,, Figures 7, 8 and 9 show the power IP(reject H , at level a) of both tests as a function of
k = #J. Clearly, the test based on T} p has higher power than that based on Ty;;. The difference when P, = N'(0, 3)
is stronger than in the case of the simple shift altervative P, = N'(1.5, 1).

Section A.6 contains further information about the null distribution of T} p for different sample sizes and P, =
N(0,1) or P, = )(12 Note that the test described here, when implemented as a Monte-Carlo test, has exact test level
a for any sample size n. Its (asymptotic) power properties are beyond the scope of this paper and a potential topic for
future research.

5. Proofs

An essential ingredient for the proof of Lemmas 2.5, 2.6 and 2.7 is the following coercivity result.
Lemma 5.1. Let M be a measure on R, and let L(0) .= f 0dP - /ee dM + 1 for measurable functions 0 : R — R.
(a) Suppose that M(B) = Leb(B N [x;, x,,]). Then for concave functions 0 : R - R,

L) - —oc0 as max |0(x)|] —» oo.
x€[x1,x,]
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Figure 7: Power of goodness-of-fit tests based on T, (blue, solid) and T}, (red, dashed) as a function of k for two
distributions P, and sample size n = 100. The test levels a are 5% and 1%.
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Figure 8: Power comparison for sample size n = 400.

(b) Suppose that the three numbers M ((—oo0,x1)), M([x{, x,]) and M ((x,, o)) are strictly positive. Then for convex
functions 6,
L) > —c0 as  max [0(x)] +max{—0'(x; —),0'(x,+)} — oo.
x€[x,x,]

Part (a) is known from Diimbgen et al. (2007/2011), but for the reader’s convenience and later reference, a simplified
argument is also given here.

Proof of Lemma 5.1. Leti(0) := minxe[x]’xn] 0(x), s(0) := MaXye(y, x,] O(x) and r(0) := s(0) — i(0).
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Figure 9: Power comparison for sample size n = 1000.

As to part (a), note first that
L©) < s0)—eOx,—x)+1 = i(0) =P (x, —x;) +r0) + 1.

The right-hand side converges to —oo if either s() — —oo or i(f) — oo while r(0) stays bounded. Thus it suffices
to show that L(f) — —oo as r(f) — oo. By concavity of 6, the difference 6 — i(6) is bounded from below on
[x,x,] by a piecewise linear function with values in [0, 7(#)], and the value O is attained at x; or at x,.. Hence, with
Wiy -= min(w;, w,), we may conclude that

Xy )
LO) < i(0) + (1 — wy)r(@) — '@ / =10 gx 41

X1

IA

1
i(0) + (1 — w;)r(0) — e V(x, — x|) / g 41
0

i(0) + (1 — w;)r(0) — e D(x, — x)(® = 1)/r(0) + 1.

IA

For fixed r(0), the maximum of the latter bound with respect to i(@) equals
—log(x, — x;) — log(1 — e™"®) + log () — w1 (0),

and this converges to —oo as r(8) — 0.
As to part (b), convexity of # implies that either

s(0) = 0(x)) > 0(x,), —0'(x;—-) > xr(Q)x and 0(x) > s(@)+0' (x; —)(x—x;) forx <x;, (12)
n—
or
s(0) = 0(x,) > 0(x;), 9’(xn +) > ﬂ and 6O(x) > s(9)+9/(xn +)(x — x,,) forx > x,. (13)
n~ M

Hence with X, := (—o0,x;) and X, := (x,, ),

L©®) < s(0)— @ min{M(X,), MX,)} +1 - —oco as |s(0) > oo,
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because M (X,), M(X,) > 0. Moreover,

L©) < s(0) — &©® / SO GM 41 < sup(s—es / e9—3<9>dM> +1 = —log / 5O g,

seR

and the right-hand side is not larger than

—log/ I gAM — 1 in case of (12)
Xy

—log/ e Cn DE=X) g A — 1 in case of (13)
x,

< _min{log / O3/ g A | Tog / S OG—x,)/Ce,x1) M} 1L
X X

4 r

Hence these inequalities show that
L) — —co asr(6) +max{~0'(x; =), 0'(x, +)} — oo. .

Proof of Lemmas 2.6 and 2.7. We first consider Setting 2A. For an arbitrary function 8 € © let

6(x1)+(x—x1)9’(x1 +) ifoxl,
O(x) := 0(x) if x € [x,x,],
0(x,) + (x —x,)0(x,—) ifx>x,.

Then 8 < 9,6 =6 on [x,x,], and L(é) > L(0) with equality if, and only if 0 = 0. Thus we may restrict our attention
to convex functions 6 such that ' = 6’(x; +) on (—oc0, x;] and 8’ = 0'(x,, —) on [x,,, ).
Let (0, ), be a sequence of such functions such that lim,_, ., L(6)) = supgeg L(0). By Lemma 5.1,

sup< sup |6, ()| + max{—0) (x,), Hl'c(xn)}> < oco.
k “x€[xy,x,]
Consequently, the sequence (6,), is uniformly bounded on [x, x, ] and uniformly Lipschitz continuous on R. Hence
we may apply the theorem of Arzela—Ascoli and replace (6, ), with a subsequence, if necessary, such that 9, — 6 € ©
pointwise and uniformly on any compact set as k — oco. By Fatou’s lemma, L(6) > lim,_, ., L(8}), so € is a maximizer
of L over ©.

One can easily deduce from strict convexity of exp(-) that L is strictly concave on ®. Hence there exists a unique
maximizer 6 of L over ©.

Let

O(x) = _max (0Cx) +0'(x))(x — x))

=1,..

with 8’ (x; =) < @'(x;) < @'(x; +) for 2 < i < n. This defines another function § € © such that (é(xi))l’_'=l = (9(xi))lf’=]
and @ < . Thus we may conclude that § = 6, a function with at most n — 1 changes of slope, all of which are within

(xq1, x,)-
Suppose that 6 changes slope at two points 7; < 7, but (71, 7,) contains no observation x;. Then we could redefine

0(x) 1= max(0(z)) +0'(z; =)(x — 7)), 8(zy) + ' (1, H)(x — 1))

for x € (7y,7,). This modification would not change (9(x,~)):?=1 but decrease strictly the integral f PC) P (dx), a

contradiction to optimality of §. Hence any interval [x;,x;,1], 1 < i < n, contains at most one point 7 such that
0'(t=) <0 (z+).
Finally, as argued in Section 3.3, 0 satisfies the (in)equalities

< 0 forallz € (x,x,),

h(z) = /(x—r)+(f’—Pé)(dx) {z 0 ifd(r—) <&+
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But h(-) itself is continuous with one-sided derivatives
W) = F(rs) - Fy),

where F and Fj are the distribution functions of P and Py, respectively. If 6 changes slope at some point 7, then it
follows from A < 0 = A(r) that /(v =) > 0 > h'(t +), so

0> nWa+) -hWir-) = P({r)).

Hence 7 cannot be an observation x;.

These arguments prove Lemma 2.6. The same arguments apply to Setting 2B without essential changes, because
the functions 8,8 and 0 = lim, _, , 8, above are automatically isotonic. The only difference, merely notational, is that
in case of 6’(0+) > 0 we interpret O as a first knot 7;. Hence Lemma 2.7 is also true. O]

Proof of Lemma 3.1. We prove the lemma for Setting 2A. The arguments for Setting 2B and Setting 1 are very similar,
see Section A.5. Let ®, be the set of all functions § € ® NV such that L(6) > L,. Obviously, the target function 6
belongs to ©,. It follows from Lemma 5.1 that

C, := sup sup [|6(x)] < oo,

0€0, x€[x,x,]
and

C, 1= inf 0/(x;=) > 4,(P), C. := sup 0/(x,+) < A.(P).
06@0 06@0

For arbitrary 6 € 0,, let 0,.,, € Vp g, be the subsequent Newton proposal. Precisely, ., — 6 maximizes the

second order Taylor approximation

new

L(6) + DL(0,v) - 27" H(0, v)
of L(0 + v) over all v € Vg, and elementary considerations show that

DL(0, v)*

DL®.0.. —0) = 240,07
0-Orew =0 = X H@, )

Now let V be the set of basis functions vy(x) := 1, v;(x) := x—x; and V,(x) = (x—7)*, 7 € D. Then forany v € V,
H@®,v) = / v’e?dP, < Cy := / Upax (X)2€Pmax®) P (dx) < oo,
where v, (x) := max(l, |x—x|)is an upper bound for |v(x)|, v € V, and 0,,,,(x) := C,—C,(x—x)"+C,(x—x,)* is

an upper bound for (x), 6 € ©,. That Cy is finite follows from the fact that / efmax () +e x| P,(dx) < oo for sufficiently
small € > 0. Consequently,

DL(Q, U) < V CNéNewton(e) foralve YV n \/D(e)
After these preparations, let us compare 6 with §. By concavity of L(-),
L) - L®) < DL®©,0 - 0).

Now we write § — 6 = ayuv, + v, + Y cep BV, with parameters satisfying

oyl = [Bx) = 0Gxp)| < 26,

lay | = |9’(x1)—9’(x1)‘ < C.—-C, and
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P VNN - L CE O R CE0]
B, =0@H-0@-)—(0'c+ -0(-)) > —(0/(z+) - 0'(z-)).

In particular,

DB 00 (x) S C=Cpy D7 S O(x) -0 (x) S C—C
€D €D

If p7 > 0, then 7 € D(6). Andif 7 € D(0), then V, € Vp ) and [DL(O, V)| < \/Cndnewton(@)- For z € D\ D(6),
we know that . = fF and

DL@,V;) = DL(0,V,9)+ DL(0.7n,9) < Ognot(®) + (1 + x, — x1)V/ CnONewton(D)-

Here V. g = V, — 1,4 is the localised kink function with 1., € Vp,) as described in Section A.1. The explicit
construction of 7, » shows that it is a linear combination of at most two basis functions in ¥V N Vp,,) with coefficients

whose absolute values sum to less than 1 + x,, — x;. This explains the upper bound (1 + x,, — x1)1/CnOnewton (@) for
DL(9,1, ). Consequently,

DL(0.0 - 0) <ayDL(9,v9) + &, DL(O,v)) + Y. fTDL®. V)" + Y f7DL®.V,)~
7€D €D

< 2Co CNéNewton(e) + (Cr - Cf) V CNéNewton(e)
+ (Cr - Cz,’)(él(not(a) + (1 + Xp — xl) V CNaNewton(G)) + (Cr - Cz,’) V CN5Newt0n(0)’

so the assertion is true with Cyeyion = (2C, + (C, — C2)(3 + x,, — x))4/Cy and Cy o = C, — Cy. O
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Supplementary material for
Active Set Algorithms for Estimating Shape-Constrained Density Ratios
Lutz Diimbgen, Alexandre Mosching, Christof Strihl

A. Technical details

A.1. Localised kink functions

As mentioned at the end of Section 3.3, working with the kink functions V,(x) = &(x —7)* may be computationally
inefficient and numerically problematic. For instance, by means of local search we obtain functions 6 satisfying (8)
approximately, but not perfectly. As a result it may happen that DL(8,V,) > 0 for some = € D(0) although this
contradicts (8). Furthermore, the support of ¥, may contain several points ¢ € D(0), so the evaluation of DL(8, V)
would involve several integrals of an affine function times a log-affine function with respect to P,. Hence we propose
to replace the simple kink functions V in (9) with localised kink functions V, g =V, —n, o for some 1. o € V4 such
that
(i) O1is affineon {x € X : V_ 5(x) # 0},
(i) = = V, 4(x) is Lipschitz-continuous with constant 1 for any x € X,
(iii) V4 =0if 7 € D).
Then we redefine the auxiliary function A, and replace (9) with

ho(r) := DL(0,V,,) < 0 forallz € D\ D). (14)

Note that in case of (8), the two requirements (9) and (14) are equivalent, because then DL(9,V, y) = DL(9,V,). We
do assume that P, is a probability measure, even if (8) is not satisfied perfectly.

To simplify subsequent explicit formulae, let us introduce the following auxiliary functions: For real numbers
a<blet

, . b—x . . xX—a
Jlo(x;a,b) = 1[0<X§b]m and jo](x;a,b) = 1[0<X§b] m,

80 j1o(x; a, b) + jo1(x; @, b) = 1[,cx<p)- In addition we set jy,(x;a,a) 1= jjo(x;a,a) :=0.
In Setting 1 let D(@) U {x,x,} = {r,...,7,} withm > 2 points 7; < --- < 7, in {xy,...,x,}. Then for
7;<t<7ywithl <j<m,

-

0 for x ¢ (7). Tj41]
(x—7)Tip] —7T)
Tiy1 — 7T T—7T; JINTj+
V‘r H(X) = VT(x) - J+— V‘r~(x) - J VT- (x) =9 T —T; forx & [Tj’T]
’ Ty — 7T Tipl — T J+1 J+l1 J

(t = 7))(7j41 — %)

for x € (7,741l
T+ T

(T —7))(7j1 — 1)

T (Jo1(x:7j, ) + j1o(x; 7, 7141))
1T

Figure 10 illustrates these localised kink functions V 4.

Now we consider Settings 2A-B. If D(6) = @, we set V, o :=V, = (- — 7)" and note that 9V, (x)/d7 = —1{, for
x # 7. Otherwise, let D() = {4, ...,7,} withm > 1 points 7; < --- < 7, < x,,, where 7; > x; in Setting 2A and
7; € {0} U (x}, x,,) in Setting 2B. For 7 < 7; we define

t—1 forx<rt
Vie¥) :=V.(0)— (7 —1) -V, (x) = {x—1; forx € [r,7(]
0 for x > 7;
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04

0.0

Figure 10: Localised kink functions in Setting 1: For D(6) U {x,,x,} = {0,1,3,6} one sees V,, for three different values of
7.

=(T—Tl)(][xsr]+j10(x;T,T1)) (15)
and note that
oV, 9(x)/0T = li forx#rt. (16)

Forr; <7z <7, withl <j <mweset

0 for x & [Tj,Tj+1]
x=7)Tip —7)
Tiy1—7T —T; JON+
Vo) 1=V(x) = 29—V, (x) - Ly, )= 7. -7  forxelmrl
s i+l _Tj J Tj+l —‘[j Jj+1 j+l1 J
(r — 7])(7j+1 - Xx)
- forx € [7,7;,]
L1 7T
= (0 = 7)) (g <xer) = J1006 T2 Tp) = Jor (%375, 7). (17
and note that
()VT’G(X)/OT = 1[Tj<XST] —jlo(x; Tj’Tj+1) for x # T, (18)

because I[Tj<XSTJ and (7 — 7;)jo1(x; 7;,7) = 1[Tj<xsﬂ(x — 7;) are locally constant in 7 # x. Finally, for z > 7,, we
define

0 for x < 7,
Veo¥) 1=V () =V, (x) = {7, —x forx € [, 7]
T,—7 forx>7
=(r— Tm)( - 1[X>‘L’] - jOl(X; Tm*T)) (19)
and note that
aV:,e(x) = _1[x>'r] for x ?5 T. (20)
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0.0

-1.0

-1.5

Figure 11: Localised kink functions in Settings 2A-B: For D(f) = {1,4} one sees V,, for three different values of 7.

Figure 11 illustrates these localised kink functions V 4.

When searching for local maxima of hy(z) := DL(8,V, ) in case of D(0) = {ry,...,7,} as above, one should
treat the m + 1 intervals (—oo, 7], [rj, 7; 41 with 1 £ j < m and [7,,, o0) separately, because i, equals O but could
be non-differentiable at points in D(8). Hence one should look for maximizers of s, on the /i — 1 intervals [t;,7;,4],
1 <i< i, where t| < -+ < t; are the different elements of {x,...,x,} U {7(,...,7,]}.

Now we provide explicit formulae for s, and its one-sided derivatives. One can easily derive from (15) and (16)
that for 7 < 7y,

hy(z+) = (F - Fy)(r) and

ho(t) = (1 — 71)<h"9(7: 4 +/j10(x;r, ) (P - P,,)(dx)).

For1l <j <mand T, ST < Tjy, equations (17) and (18) lead to

hy(t+) = (P = Py)((z;.7)) —/ J10(: 75,7541 (P — Py)(dx) and
hy(z) = (r— Tj)<h’9(r - /j()l(x; 7,0 (P - Pg)(dx)>.
Finally, for 7 > 7,,, it follows from (19) and (20) that
hy(z+) = (F = Fy)(r) = —=(P - Py)((r,)) and

he(t) = (7 — Tm)<h’0(r - /jm(x;rm,r) = Pe)(dx)).

The representation of h,(7) in terms of h’e(r +) is particularly convenient, because hy is evaluated only at its local
maximizers, i.e. zeros of h,o'

A.2. Details for Setting 1
Auxiliary functions. For real numbers x; < x, and a linear function 6 on [x, x,],

/ 00 gy = (xy = x)J (0(x)), 0(x5))
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with
s _ r
J(rs) = /le“—")fmdu - {es—i ifr#s. Q1)
0 et ifr=s.
In general, for integers a, b > 0,
J(r,s) 1= 9 J(r,s) = /1(1 — v)pbell=0r+us gy,
abi aragst ~ 0

Letm :=(r+s)/2and§ :=(s—r)/2,s0r=m—35,s=m+and s — r = 25. In case of § # 0 we may write
J(r,s) = €"sinh(6)/4.

Moreover, with A := s — r = 24, partial integration leads to the formulae

1 A
Jio(rs) = ef/o (1 =) dp = e’(—% + ¢ A;1> = ¢"(sinh(8) — 6¢7%) /(267),
r ! v r 1 2 2(eA B 1) m(.: —
I(r.s) = e /0 (1- 0% do = e <_Z_F+T) = ¢"(sinh(8)/6 — (1 + 6)e™) /(26%),
r : v r et +1 z(eA ) m .
Jn(rs) = e /0 (1= o)werdv = ¢ ( - ) = "(cosh(d) - sinh(6)/5) /267)

If |6] is close to 0, the formulae above get problematic. Here is a reasonable approximation for small values of
|6]: For integers a,b > O let B, := fol u’(1 —u) du = a'b!/(a + b+ 1)!, and let U, be a random variable with
distribution Beta(a + 1,5 + 1), so

a+1
a+b+2’
(a+D(b+1)
(@a+b+22a+b+3)
2@+ Db+ 1)(b—-a)
(@+b+23@+b+3)a+b+4)

Hap =EU, =

02, = Var(U,,) =

Yab = E((Uy — #ab)3)
Then
Ju(rys) = By, ]Eexp(Uabr +(1 - Uab)s) = B, exp(,uabr +( - yab)s) ]Eexp((Uab — Ugp)(r — s)),

and
62 (r — s)? — )3
Yap(r — 8)
l0g Eexp((Ugp — uap)(r —5)) = -2 T ab - +0(r —s|%
as |r — s| — 0. Hence
Jors) = alb! _ ((a+l)r+(b+1)s
B T @+ b a+ b+ 1) a+b+2

(a+ Db+ 1)(r—s)? N (a+ Db+ 1)(b—a)r—s)>
2a+b+22(a+b+3) 3(a+b+2)3a+b+3)a+b+4)
as |r — s| — 0. Specifically,
J(r,s) ~ exp((r+5)/2+ (r — 5)>/24),
Jio(r,s) ~ 27 exp((2r +5)/3 + (r — 5)2/36 — (r — 5)° /810),
Joo(r,s) ~ 37 exp((3r +5)/4 + 3(r — 5)2/160 — (r — 5)° /960),
Jii(r,s) ~ 67 exp((r+9)/2+ (r — 5)*/40).

) (1+0ar = s1%)

Q

Numerical experiments show that the relative error of these approximations is less than 10719 for | — 5| < 0.01.
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Local parametrizations. Let us fix arbitrary points 7; < -+ < 7, in {x;,...,x,} with 7; = x; and 7,, = x,,. Any
function 8 : R — [—o0, 00) which is linear on each interval [Tj, Tj+1], 1 < j < m, and satisfies § = —oo of R\ [z}, 7,,,]
is uniquely determined by the vector 6 = (91-);?’:1 = ((9(4:1-));.’;1 € R™. Then L(0) = L(z,0) with L(t,:) : R" > R
given by

n m—1 m m—
L(r,0) := Zwie(x,.)— Z(TM —1)J(0;,0, )+ 1 = Zuvjej - Z(rj+1 —1)J (0.0, . )+1  (22)
i=1 j=1 j=1 j=1

with the auxiliary function J (-, -) defined in (21) and the weights

n

5 e 1 | G —7)” : (1 = x)"

w; = lzgw; + Z U>lxse) o o P ll<mxpr) T )Wk
i=1 J j-1 J+l1 J

The function L(z,-) on R™ is twice continuously differentiable with negative definite Hessian matrix, see the next
paragraph.

Gradient vector and Hessian matrix of L(t,0) in (22). For fixed t and as a function of 6 € R™, L(r, 0) has
gradient vector VL(r,0) =: g(t, ) with components

8;(7.0) = W; = 1 m(Tjp1 = 710005 0;10) = 151 (7; = 72110005, 6,1
and negative Hessian matrix —D?*L(z,0) =: H(r,0) with components

Hjj(7,0) = 1jjm(Tj1 = 7920005 0;00) + 151 (7; = 7;21)20(0;. 0,1,
Hj 1 (,0) = Hjyy ;(7,0) = (7541 = 7))J116;,0,,1),
H(7,0) = 0 if [k—j|>2.

Note also that
21,06 = / 5(x)(P(dx) —e®@ dx) and 6"H(z,0)6 = / 5(x)%e%™ dx,
[x1,x,] [x1,x,]

the last equality showing positive definiteness of H(z, ).

Evaluating the directional derivative DL(0,V_ ). 1f 6 € V with {x;, x,} U D(6) having elements 7; < --- < 7,,,
then for 1 < j <mandr <7< T4,

T )NTip —7T) [T+

DL(8.V,y) = Z Lo(xXDw; — rj f;‘ / (jm(x;rj,r)+j10(x;r,rj+1))eg(x)dx
Jj+1 J 7
T )T —7)

Z o (X)W, — Tfl—i:((r—rj)Jm(e*, 0)+ (111 — DJ10(0,.0,41)
Jj+ J
with
6. = () = (Tj+l —T)9j+(T—Tj)9j+1
' T+ 7

Activating one constraint. Suppose that m > 3 in (22). If we activate the constraint at z; , where 1 < j, < m, this

amounts to replacing (i0; _y, w; , w; 1) with

0, @; 4 +

Tja+1 - Tja ~ T'o Tjo_l ~
_— _— wj,;
Tjo+l - Tjo_l /o+1 o_l

and then removing the j,-th components of = and (0, );"zl.
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A.3. Details for Setting 2A
We provide explicit formulae for the special case of P, = N'(0, 1) with Lebesgue density ¢ and distribution function
.

Auxiliary functions. The subsequent formulae follow from tedious but elementary algebra, the essential ingredients
being

xp(x) = e Pp(x—0) forx,0 € R

and

/ d(2)dz = C +d(z),

/ 22P(z)dz

On the one hand, for a fixed number a € R let

C—¢(2),

N
<=
~

N
~

Q

N

I

C — z¢(z) + D(2).

K(09,61) = K(8p,0y30) = / D h(x) dx. (23)
a
Then
dK (6,0
K(0y,0)) = ™02 (9, —a) = —;; 2
0

and explicit expressions for

0” K (6,,6,)

K.(0,,0,) :=
Z\YV0: V1 aef

— / (x — a)f890+91(x—a)¢(x) dx
a

are given by

K, (6, 0)) = ™10/ (9, — a)0(0, — a) + $(60, — a)),
K5(0y,0,) = e90—91“+912/2<(1 +(0, — a)*) @0, — a)+ (0, — a)p(0, — a)).
Moreover,

a
/ It =D gxydx = K(0y,—0,;—a).

o0

On the other hand, for fixed real numbers a < b let

b
J(09,0,) = J (00, 0y;a,b) = / exp(b_—x¢90+x_ac91>¢>(x)dx. 24)
4 b—a b—a
With
i by —af, - 0, -0 ) _ i
0p = ——L 4, := " and b:=b-0,, a:=a-0
b—a b—a

we may write

J(0y,0,) = 02 (0(F) - d(a)).
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Furthermore, explicit expressions for

af+mJ(90, D /(b x)! (x — a)" exp(b—x x—a

J. (0y,0,) 1= 0y +
fm( 0 1) agfaem (b_a)f+m b—a 0 b —

0, )¢(x) dx

forZ,me {0,1,2} with 1 <7 + m <2 are given by

T10(00,0,) = Ho*01/2 b(@(b) - “D(Z)z : B(b) - 4)(&)’
Jo1(6p.01) = J10(0,.0p; —b, —a),

o000y = o2 (1 + B (®(B) — (@) + (@ — 2b)p(a) + bp(B)
20\Y0- Y1) —

k)

(b — a)?
5 w2y —(1+ab)(®(b) — ©(@)) + bp(a) — a¢(b)
J11(8,6) = "0/ ( (b- a))2
5 g2 (14 @) (@) — D(@)) + (2a — b)p(b) — ap(a)
J02(60,0,) = 0 : (b—a)? .

In case of @ > 0, the right hand side of the equation
O(b) — (@) = D(—a) — D(—b)

is numerically more accurate than its left-hand side. In connection with J(6,, 8,) we also use the the lower bound

-2 d ~2
log(®(h) — ®(a)) = _’"7 + log / exp(mz)p(z)dz > —m?+1og(q>(¢i)—q>(—ci))
—d

with i := (@+ b)/2 and d := (b — @)/2. The bound follows from exp(/iiz) > 1 + #iz.

Local parametrizations. Let us fix any vector T with m > 1 components 7; < --- < 7, in (x}, x,,). Any function 6
which is linear on the intervals &, X, ..., X,, specified in Lemma 2.6 is uniquely determined by the vector

0= )" = (0(x,-).0(z)). .. .0(z,).0'(z,, ) € R™2.

Then L(#) is given by

n m
L(r,0) := ) w,0(x;) - / BARACRHEDY / "™ P (dx)+ 1
i=1 X0 =14
m+1
= D W0, — KO —0p:=7) = D J0;,0,41:7,7111) = K0, 0,415 7,) + 1. (25)
Jj=0 1<j<m

with the auxiliary functions K(-, ;) and J (-, ; -, -) introduced in (23) and (24) and the ‘weights’

n
P +
Wy = —2(1’1 - x;) w,

N 7 —x)t
w, = Emm( P )w,-,
n +
(xi_fj_l) ( x)
W, = 2(1 R SR | —)w for1 <j<m
J [x;<7;] _ [x,->'r ] _ i >
Py J Tj TJ 1 Tj+l Tj

~ . i Tin— 1)
w, = min w;,
T — Tm

-1
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n
= - +
Wy = Z(x,—rm) w;.
i=1

In case of m = 1, the weight 10 is just given by | = 1.
The function L(r,-) : R™2 5 R is twice continuously differentiable with negative definite Hessian matrix, see
the next paragraph.

m+1

Gradient vector and Hessian matrix for L(t, -) in (25). In case of m > 2, the gradient g(z, 0) = (g;(z, 9)),:0

of L(t, ) equals

-K(0,,—6y; —71) if j =0,
K(0,,—0y;—71) + J19(01,0,; 71, 72) if j=1,
gj(r, 0) = LDj -3 J01(0j_1,0j;1j_1,1j) + Jlo(ﬂj,QjH;Tj,er) if2<j<m,
J1O_1,0, T_1>T,) + K(0,,,0,,1157,,) if j =m,
K105 015 Tr) ifj=m+1,

L

while its negative Hessian matrix H(t,0) = (H;(z, 9));":;0 is given by

Hyy(t,0) = Ky(0),—00; —71),
Hy(7,0) = Hy(7,0) = —K(0,,—0p; —71),
H,(7,0) = K(0;,—0y; —71) + J5(0,05; 71, 73),
H; i (t,0)=H; (7,0) = J,1(8;,0,,,;7;,7;3) for 1 < j <m,
H;j(t,0) = Jyp(0,_1,0;57,_1, 7)) + J0(0,,0,41:7;,7;4) for 1 <j <m,
H,,(t,0) J02O—15 03 Tt To) + K (0,5 0,015 To)
Hm,m+](T, 0) = Hm+],m(Ta9) Kl(em’9m+l;7’-m)’
Hy ) m1(7,0) = Ky(0,, 0,115 7),
Hj(r,0) = 0if |j — k[ > 2.

In case of m = 1 we get the simplified formulae

2
L(z,0) = Y @;0, — K(6),-0p;—7) = K(8,05; 7)) + 1,
Jj=0
8i(t.0) = w; —{K(O,—0p;—7) + K(0,,0,;7)) ifj=1,
K1(91,02;11) lfj =2,

and

Hy(t,0) = Ky(0;,—0; —71),
Hy(7,0) = H((7,0) = —K (6, —0p; —71),

H(t,0) = K(0;,—0y;—11) + K(04,0,; 75)
H,(7,0) = Hy(1,0) = K (0,,0,;71)),

Hy(7,0) = Ky(0,,6y:7)).

Evaluating hy(r) := DL(0,V, ,) and h;(r +). Suppose first that 8(x) = fix — fi*/2, so Py = N'(4, 1) and
D(0) = @. Then one can show that

hye+) = F(2) = O(x — ),
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hy(r) = rh'e(r +) — / x P(dx) + p®(t — p) — ¢p(t — ).
(—o0,7]

Now suppose that 6 is given by a vector 7 of m > 1 points 7; < -+ < 7, and a vector 8 = (Hj);.”:ol as in (25). Then
forz < 7y,

hy(t+) = F(r)— K(0,,—0; 1),

ho(z) = (x —1)(h(z+) — J1o(0,.0,;7,7))) — / cxr, (71 = x)P(dx),

where 0, :=0(t) =0, + (t — 77)0y. For 1 <j <mandz € [7},7;,,),

hy(t+) = P((zj,7]) = J(0,,0,;7,.7) — / J1006 T, T4 PAX) + T10(0,,0,415 75,740,

hy(7)

(t — 1) (hy(t+) + Jp;(0,.0,:7,,7)) — / L <cxgr) (X = 7)) P(dx),
where 0, 1= 0(7) = (1,41 — 7)) ((tj31 — D)6, + (t —7,)0,41) =0, + (7 — 7;)0. Finally, for 7 > 1,,,
hy(t+) = K(0,.0,,1;7) — P((r,)),

(t =7, (Wt +) + Jo1 (0. 0,57, 7)) — / Lz, <xse)(X = T, P(dX),

hy(7)

where 0, :=0,, + (t — 7,,)0,,,1-

If 7 is restricted to some interval / not containing any observations x; or knots z;, the latter expressions for h;(r +)
are constant in 7 except for one term K(6,,—6y; —7), J(Hj, 0,; 7, t) or K(0,,0,,.,;7). Hence finding 7 such that
h"g(r +) = 0 leads to equations of the following type: For given real numbers 6, ;, 7 and c, find 7 € R such that

K(0y+0,(t —70), +0,;%7) = c, (26)

J (05,00 + 0,(r — 79); 79, T) = ¢, 27
and check whether 7 € I. Since K (90 +01(t — 7p), £04; ir) equals =0 w+67/ 2(I>($(r — 6})), the unique solution
of (26) is given by

r=0,F q)-l(e—90+9110—0|2/2c)’
provided that ¢ > 0 and ce 00t0i70=07/2
equals e00_91T0+912/2((D(1 - 0)) — ®(ry — 0))), the unique solution of (27) is given by

< 1; otherwise no solution exists. Likewise, since J (00, 0y + 0, (7t —19); 7, r)

T = 0+ @ (D(ry — ) + OO0/,

—00+6,79—63 /2

provided that 0 < ®(zy — 0) + ce < 1; otherwise no solution exists.

Activating one constraint. Suppose thatm > 2in (25). If even m > 3, and if we activate the constraint at 7; , where
1 < j, < m, the update of = and (&0 j);fjol is essentially the same as in Setting 1. If we activate the constraint at 7, this
amounts to replacing (7, 7,) and (i, Wy, W; ) with

(r)) and (g — (ry — Ty, W) + D),
respectively. Similary, activating the constraint at 7,, amounts to replacing (z,,_1, 7,,,) With
(Tpe1)  and  (Dy_y + Wy Wypy1 + (T = Ty )Wy,

respectively.
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A 4. Details for Setting 2B
We provide explicit formulae for the special case of P, being a gamma distribution with shape parameter a > 0
and rate parameter f = 1, i.e. P, has density

p(x) = D) 'x% e, x> 0.

Note that the case of a gamma distribution with rate parameter f # 1 may be reduced to the case § = 1 by multiplying
all observations with g, then estimating the function 8 by 9temp and finally setting 8(x) := 9temp(x /D).

Auxiliary functions. For s > 0, the c.d.f. of a gamma distribution with shape s and rate 1 is the function G, :
[0, o0] — [0, 1] defined by

X

G,(x) = I'(s)”! / 2 le™%dz,

0
and, for 0 < a < b < 0, we define the partial integral
b

G,(a,b) := T(s)~! / 2 le™2dz = G,(b) - G,(a).

a
On the one hand, for a fixed number ¢ € R let

[s+]
K(6y,0)) = K(6,0;¢) := / Pt =Ap (x)dx.

c

This is equal to oo in case of §; > 1. Otherwise, when §; < 1,1let¢ := (1 — 6;)c. Then

e90—010 - 0K(90,91)
K(00,01) = mGa(C,OO) = 0—90,

and explicit expressions for

0°K(0,,0 o
K, (0p.0,) := I KG.6) _ / (x = )/ 0= (x) dx
00" c
are given by
e90—916 » ~ »
K,(8y,6,) = m((xGaH(c,oo)—cGa(c,oo)),
- Y
e90—910 B N _ 5 _
K2(90, 91) = m(a(a + 1)Ga+2(C, 00) - 2aaGa+1(C, 00) +c Ga(c, 00))
— Y1

On the other hand, for fixed numbers 0 < a < b < o let

b _ _ 7 b
J(60,8,) = J (8. 6,:a,b) / exp(b X9, + = a91>p0(x)dx _ i/ Or=Dx a1 g
a a a

b— b—a I'(a)
where
o b0y — ab - 0, -6
0y i= ——L and 6, := —2
b—a b—a

With @ := (1 —6,)aand b := (1 — 8,)b we may write

G (@b .
—Te 2 f

A 0<1,
J(HO,Hl) = é ;a 1) a
o(p* — ~
La) ifd =1
I'la+1)
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Note that in our specific applications the slope parameter &, corresponds to the difference ratio (H(b) - 0(a)) /(b—a)
of a function € V. Thus it will be strictly smaller than 1 as soon as § € © and L(f) > —oo. During a Newton step
the latter conditions may be violated temporarily, so in case of §; > 1 we use the simple bound
e50+(§1—1)b(ba — a%)

I'a+1)

J(6y,0)) <

In case of 51 < 1, explicit expressions for

af+mJ(90, 0,) / (b—x)’(x—ay" eXp(b—x Xx—a

Tym(00,0)) = 0y +
om0, 61) a6loom (b— a)/+m ¢

b —a = 91>p0(x)dx

are given by

b bG(a,b) — aG,,(d,b)

110000 = T e -

J01(6p,01) = e?O —G,(@,b) + aG,y,1 (@, 5)’
(1—8))e+ b—a

Tro(60,0)) = efo b*G,(a,b) — 2abG,,(d@,b) + a(a + 1)G,,,(d, B),
(1 —6,)+2 (b—a)?

J11(60,0)) = ei?o —abG (@, b) + a(d@+ b)G,, (@, b) — a(a + 1)Gyyr (@, i))’
(1—8))+2 b — a2

Joy(6,0,) = e?o §2Ga(5, ) — 2adG,, (4, b) + a(a + DG,40(a, b)
(1—8,)+2 (b—a)

Local parametrizations. Let us fix an arbitrary vector T with m > 1 components 0 < 7; < -+ < 7, < x,,. Any
function 6 : [0, c0) — R which is constant on [0, 7;] and linear on the intervals &, ..., &, specified in Lemma 2.7 is

uniquely determined by the vector 8 = (Hj);,":ll 1= (0(1)), ..., 0(z,,), 0' (,, +))T € R™*! Then L(0) is given by

n m
L(z,0) := ) w,0(x;) - " Fy(r)) = Y / LTI P (dx) + 1
i=1 j=17%;
m+1
= Z 0,0, = "Gy (1) = Y, T0;,0,4137,,7551) = K0, 0115 7,) + 1 (28)
1<j<m
with the auxiliary functions G,(-), J(:,; -, ) and K(-, -; -) introduced before and the weights
. —x)*
w, = Zm1n< i )wi,

~ (x; = Tj—l) (Tjr1 = x)* )
w; = Z(l[x.q,] —— e —)wi forl <j<m,

=" .= T L) . - T
i=1 AU T+l 7T

m - me(l (): _;" D’ )wi,

-1

1
I

n

Z(xi )t w

i=1

w

m+1

In case of m = 1, the weight 1@, is just given by ww; = 1.

The function L(z,-) : R™! — [—o0, o) is continuous and concave. On the open set {0 e R : [(7,0) >
—oo} = {9 eR™! 19, < 1} it is twice continuously differentiable with negative definite Hessian matrix, see the
next paragraph.

Diimbgen, Mésching and Strahl: Preprint submitted to Elsevier Page 32 of 36



Active Set Algorithms for Estimating Shape-Constrained Density Ratios

Gradient vector and Hessian matrix for L(z,-) in (28). Let0,,, < 1. In case of m > 2, the gradient g(r, 0) =
m+1
(gj(r, 9))j=1 of L(z,-) equals

G (1)) + J10(0y, 0571, 7)) ifj=1,
0(0.0) = i, — 47010=1: 0571 7) + J1000, 6,137 Tp0y) AT L <<,
! ! 0101503 Tp—1> T) + K(Oy5 0,115 Ty) if j =m,
K05 0,15 7) if j=m+1,
+1

while its negative Hessian matrix H(z, 0) = (H jk(r, 9));nk= 1 is given by

H“(‘r,e) = eel Ga(fl) + J20(91,92;71,T2),
Hj,j+1(7’ 9) = Hj+1,j(1’-’9) = Jll(ﬂj,0j+1;rj,‘rj+1) for 1 < j < m,

H;j(t,0)=Jy(0,_1,0;;7,_1,7;) + J0(0;,0,,1:7;,7;4) forl <j<m,
H,,,(t,0) = Jy0,_1,0,: Tpn_1-Tn) + K(O,,, 0,,11; T1)s
H, ,1(7,0) = H, ) (7,0) = K((0,,,0,,;7,)
Hyp m1(7,0) = K5(0,,, 0,15 Ty)s
Hj(r,0)=0 if |j — k[ > 1.

In case of m = 1 we get the simplified formulae

2
L(z,0) = Y ,0; — "1 G,(1)) — K(0),0,;7) + 1,
j=1

~ NG (7)) + K(0,,0,;7) ifj=1,
K1(91,92;Tl) lf] =2,
and

Hy (1,0) = "G () + K(8,,0,;7)),
Hy(7,0) = Hy(7,0) = K,(0,,0,;7)),
H22(T,0) = K2(01,32;T1).

Evaluating hy(t) := DL(9,V, ) and h’9(1+). Suppose first that = 0, so D(0) = @§. Then one can show that

hy(t+) = (F = G,)(2),

ho®) = e+ [ X PN -+ 0G0

[0,7]

Now suppose that 6 is given by a vector 7 of m > 1 points 7; < -+ < 7, and a vector 8 = (0]);’.1:11 as in (28). Then

hg(0) = —1(F(r) — e"1G (7)) + / lse, 1% Pdx) = e"10G (7)),

while for0 < 7 < 74
hy(t+) = F(r)—e"1G,(x),

hy(7)

hg(0) + Th) (T +) — / lyerx P(dx) + "G, (0).
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Forl <j<mandr € [Tj,Tj+1),

h;(T+) p((fj,f])_J(ajag*;fj97)_/j[O(X;Tj77j+1)ﬁ(dx)+J]O(aja0j+1;fj’fj+l)a

ho(r) = (r — 1)) (hIB(T+) + J010;,0.:7;, 'r)) - / I[Tj<xST](x —-1;) P(dx),

where 0, 1= 0(7) = (1,3 — Tj)_l ((Tj+l —1)0; + (7 - Tj)0j+1) =0, +(r— Tj)B;.. Finally, for r > 7,
hy(z+) = K(8,.0,,,:7) — P((r,0)),
hyo(z) = (r — Tm)(h,g(‘[-i-) +Jy16,,.0.; 7, ’Z')) - / L cx<e)(x = 7) P(dx),

where 0, :=0,, + (t — 7,,)0,,,1.

If 7 is restricted to some interval I not containing any observations x; or knots z;, the expressions for h"g (t+) are
constant in 7 except for one term e?1 G, (1), J(0;,0,;7;,7) or K(6,,0,,,;7). Hence finding 7 such that h’0(1+) =0
leads to equations of the following type: For given real numbers 6y, 8;, 73 and ¢, find = € [0, o0) such that

MG, (1) =, (29
J(6y, 0y + 0,(r —19); 79, T) = ¢, 30)
K(90+91(T_To),01;7) = c, (31)

and check whether = € I. The unique solution of (29) is given by
T = G;l (ce™%)

with the quantile function G;l : [0,1) — [0, o0) of Gamma(e, 1), provided that 0 < ce % < 1; otherwise no solution
exists. It follows from J (6, 8y + 6,(tr — 7(); 79, 7) = (1 — 01)“"e00‘91T0 (Ga((l —-0)7) - G, (1 - 01)10)) that the
unique solution of (30) is given by

= (1-0)7'G. (c(1 -6 0™% + G ((1 - 0))rp)),

provided that 0 < 6; < 1 and 0 < ¢(1 — 6;)%%70~% + G, ((1 — 6,)7y) < 1; otherwise no solution exists. Likewise
it follows from K (0 + 0,(t — 79),01;7) = (1 — 0))"%e%0~17 (1 — G,((1 — 6,)7)) that the unique solution of (31) is
given by

T =(1-0)7'G (1 -c(1 -0 ehi0%),
provided that 0 < 0, < 1 and 0 < ¢(1 — §;)%e%170=% < 1; otherwise no solution exists.

Activating one constraint. The activation of one constraint is identical to Setting 2A, except that here is no weight
@y

Data Simulation. Let P, = Gamma(a, #), and let € @ such thaty = y(9) :=lim,_, 0'(x+) < f and / fodP, =
1 with f, := €. To simulate data from the density f,, := ¢’ with respect to P,, we use the acceptance rejection method
of von Neumann (1951). We simulate independent random variables Y ~ Gamma(a, f —y) and U ~ Unif|[0, 1]. Note
that Y has density h(x) := (1 — y/pf)"*%e"™ with respect to P, and that

(fo/M(x) = (f5/h)(0) exp(6(x) = 6(0) — rx)

is monotone decreasing in x > 0. Hence the conditional distribution of Y, given that U < exp(6(Y) — 6(0) — yY) is
equal to the desired distribution P,. This leads to the following pseudocode for generating an independent sample X
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of size n from f:

i«<0
while i < n do
simulate Y ~ Gamma(a, f — y)
simulate U ~ Unif ([0, 1])
if U < exp(6(Y) — 6(0) — yY) then
i—i+1
X; <Y
end if
end while

A.5. Further proofs

Continuity of L on (V, || - ||) (Section 3.2). In Setting 1, the assertion is obvious, so we prove it for Settings 2A-B.
Recall that a sequence (0, ), in V converges to a function § € V with respect to || - || if and only if it converges
uniformly on any bounded subset of X'. Assuming this from now on, we want to show that L(6,) — L(0) as k — 0.
If L(0) = —o0, then it follows from Fatou’s lemma that

limsup L(6;,) = /Hdﬁ—lilgriglf/eek dP,+1 < L(O)=-

k— o0

If L(f) > —oo, then / exp(@(x) +e(1+ |x|)) P (dx) < oo for sufficiently small € > 0, and for sufficiently large
k, 0,(x) < 0(x) + (1 + |x|) for all x € R. Hence, it follows from dominated convergence that L(6,) — L(0) as
k — . O

Proof of Remark 3.2. Let (6,), be a sequence in ® NV such that L(0,) — L(é) but §, A 0 pointwise as k — co0. As
in the proof of Lemmas 2.6 and 2.7, we may replace this sequence by a subsequence, if necessary, such that it converges
to some function 8, € ©\ {6} with respect to || - ||. Since L is continuous, this implies that L(6,) — L(#@, ) as k — oo,
whence L(6,) = L(6). Now, uniqueness of the maximizer of L on © leads to the contradiction that 0, = =0. O

Proof of Lemma 3.1 for Setting 2B and Setting 1. We only indicate the main changes in the proof for Setting 2A.
In Setting 2B, the constant C, may be replaced with 0, and the set V of basis functions consists of vy = 1 and V
7 € D. This leads to v, (x) = max(1, x), and 0, (x) = C, + C.(x — x,,)*. Moreover,  —0 = ay + ) . op B, V, with

o] = |60 - 0(0)| < 2C,,, and

Y <) <G D<) <G,

€D €D

Here [DL(0,7, 9)| < (1 + x,)4/CNONnewion(0), and this leads to obvious changes in the upper bound for D L(6, 6-0).
In Setting 1, the main changes are as follows. We do not need the constants C,, C,., and integrals / -+ P (dx) have

to be replaced with integrals fx )j" -+ dx. Here v, (x) = max(1,x — x;), and 6,,,,, = C,. The difference § — 6 equals
anUg + a0y + ZTGD ﬂTVT with

ool = [0 - 0Gxp)| < 26,
lay| = —0'(x, +)| < AC,/(xy - x)),

A N D\ _ < 0a@-)-0@+),
be = FE=0an) - (Fe) -0 h) {Z —(0'c-)-0'(z+)).

In particular,

A

€D

2 b

t€D

IA

0" (x;+)—0'(x,-)

< 2C,/min{xy — xy,x, — x,_ }.

IA

0 (x;+)—0'(x,—)
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Setting 2A Setting 2B
n Ruo10  Knoos  Kuoor time (ms) n Roo10  Knoos  Knoo time (ms)
100 2923 3.763 5.653 3.087 100 1.228 1.863 3.378 1.795
400 3298 4.179 6.133 4.282 400 1.481 2.160 3.751 2.736
1000 3.531 4.434 6473 5.880 1000 1.622 2317 3.879 4.228
2000 3.682 4.613 6.678 8.355 2000 1.736  2.418 4.128 6.676
Table 2

Some estimated critical values for goodness-of-fit tests and mean running time per sample from P,.

n 0 1 2 3 4 5 >5
100 0.164 0.324 0.296 0.154 0.050 0.011 0.002
400 0.100 0.258 0.301 0.208 0.095 0.030 0.008
1000 0.075 0217 0.290 0.231 0.123 0.047 0.017

2000 0.059 0.187 0.277 0.245 0.146 0.062 0.025

Table 3
Estimators of P(M = m), 0 <m <5, and P(M > 5) in Setting 2A.

n 0 1 2 3 4 >4
100 0360 0445 0.165 0.028  0.002  0.000
(0.000) (0.069) (0.029) (0.006) (0.000) (0.000)
400 0292 0432 0216 0.053 0.007  0.001

(0.000) (0.050) (0.030) (0.010) (0.001) (0.000)
1000 0252 0419 0244 0072 0012  0.001
(0.000) (0.040) (0.031) (0.010) (0.002) (0.000)
2000 0229 0403 0263  0.086  0.017  0.002
(0.000) (0.034) (0.030) (0.011) (0.002) (0.000)

Table 4
Estimators of P(M =m), 0 < m <4, and P(M > 4) in Setting 2B. In brackets are the estimators of P(J =1, M ...).

Here we utilized the fact that v/(x; +) = V' (x;,; —) = (U(XH_]) - U(xi))/(xi+1 —x;)forv e Vand1 <i < n. Finally,
IDL(0, 1, 9)| < 1/CnOnewton(D), because 7, o is always a convex combination of two basis functions in VN Vp,y. U

A.6. On the distribution of T, ; under the null hypothesis

For the goodness-of-fit tests with a given sample size n, we simulated 10°> — 1 times a sample X, ..., X, from
P, and recorded the test statistic T g = Ty p(X1, ..., X,,) as well as the number M = M (X4, ..., X,) of kinks of the
estimator § = (- | X;, ..., X,,). The reference distribution P, was N'(0, 1) in Setting 2A and ;(12 in Setting 2B. In the
latter setting, we also recorded the indicator J = J(X, ..., X,,) that 6 has a kink at 0, i.e. §'(0+) > 0.

Table 2 contains critical values &, , for different sample sizes n and different test levels «. Tables 3 and 4 contain
the estimated distribution of the random number M in Settings 2A and 2B, respectively. In the latter setting, Monte
Carlo estimators of probabilities P(J = 1, M --) are listed as well.
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