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Magnetic Moment of the Muon

Martin Hoferichter 1 and Thomas Teubner 2

1Albert Einstein Center for Fundamental Physics, Institute for Theoretical Physics, University of Bern,
Sidlerstrasse 5, 3012 Bern, Switzerland

2Department of Mathematical Sciences, University of Liverpool, Liverpool L69 3BX, United Kingdom

(Received 20 December 2021; accepted 16 February 2022; published 14 March 2022)

Higher-order hadronic corrections to the anomalous magnetic moment of the muon have been
evaluated including next-to-next-to-leading-order insertions of hadronic vacuum polarization and next-
to-leading-order corrections to hadronic light-by-light scattering. This leaves a set of mixed leptonic and
hadronic corrections in the form of double-bubble topologies as the only remaining hadronic effect at
Oðα4Þ. Here, we estimate these contributions by analyzing the respective cuts of the diagrams, suggesting
that the impact is limited to≲1 × 10−11 and thus negligible at the level of the final precision of the Fermilab
g − 2 experiment.
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Introduction.—The main uncertainty in the standard-
model prediction for the anomalous magnetic moment of
the muon [1–28]

aSMμ ¼ 116 591 810ð43Þ × 10−11 ð1Þ

comes from the leading hadronic corrections: hadronic
vacuum polarization (HVP) at Oðα2Þ in the expansion in
the fine-structure constant α and hadronic light-by-light
scattering (HLBL) at Oðα3Þ. In addition, to achieve the
required precision, higher-order corrections that include the
insertion of the leading-order (LO) hadronic matrix ele-
ments have to be considered at next-to-leading order (NLO)
[29] and even next-to-next-to-leading order (NNLO) [13].
Reference [1] includes the following contributions:

aHVP;LOμ ¼ 6931ð40Þ × 10−11 Oðα2Þ ½6–12�;
aHVP;NLOμ ¼ −98.3ð7Þ × 10−11 Oðα3Þ ½11�;

aHVP;NNLOμ ¼ 12.4ð1Þ × 10−11 Oðα4Þ ½13�;
aHLBLμ ¼ 90ð17Þ × 10−11 Oðα3Þ ½14–27; 30–35�;

aHLBL;NLOμ ¼ 2ð1Þ × 10−11 Oðα4Þ ½28�; ð2Þ

where we indicated the order in α at which each term
arises. (We do not address possible tensions between lattice
and data-driven determinations of the HVP contribution,

see, e.g., Refs. [36–41]. Note that for HLBL scattering
there is good agreement between phenomenology and
lattice QCD, see Refs. [42–49] for some recent develop-
ments.) These numbers should be compared to the current
experimental world average [50–54]

aexpμ ¼ 116 592 061ð41Þ × 10−11; ð3Þ

as well as the final precision Δaexpμ ½E989� ¼ 16 × 10−11

projected for the Fermilab experiment [55]. Further experi-
ments are planned at J-PARC [56] and, potentially, at the
proposed high-intensity-muon-beam facility at PSI [57],
but in either case it appears challenging to move beyond a
precision of 1 × 10−10.
The comparison to Eq. (2) shows that while the uncer-

tainties are well under control, evenOðα4Þ contributions do
need to be included, given that the HVP contributions at
NNLO are at the same level asΔaexpμ ½E989�. This surprising
finding in Ref. [13] can be understood from enhancements
that trace back to both large logarithms logðmμ=meÞ from
electron loops and large numerical prefactors, as, e.g.,
expected from leptonic light-by-light topologies. The
former also arises for NLO corrections to HLBL scattering,
but in this case the corresponding enhancement does not
counteract the suppression in α to the same extent [28].
In this Letter, we address the remaining class of Oðα4Þ

hadronic corrections, so-called double-bubble topologies
shown in Fig. 1. These contributions are subtle, in that care
is required to avoid double counting with contributions that
already enter LO HVP, given that purely hadronic cuts
(and, possibly, to some extent mixed hadronic and leptonic
cuts) are included in the measured eþe− → hadrons cross
section. (We concentrate on the HVP determination from
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eþe− data here. In lattice QCD, such topologies would
require higher-order QED contributions.) Numerically,
potentially relevant effects are again expected from
electron loops, and the subtleties in the definition of the
LO HVP contribution further motivate a careful study of
the different cuts to ensure that no sizable effects are
overlooked. To this end, we first analyze the virtual (two-
particle cut) and real (four-particle cut) contributions in
QED, following the methods developed in the context of
higher-order corrections to heavy-quark production [58–
66], and then generalize the results to scalar QED to
estimate the corrections originating from the leading
hadronic channel eþe− → πþπ−. This strategy allows us
to calculate complicated four-loop contributions in an
efficient and transparent manner, since the spectral func-
tions that emerge at intermediate steps directly correspond
to physical cross sections.
QED.—The vacuum polarization (VP) diagrams in Fig. 1

produce a contribution to aμ via

aμ ¼
α

π

Z
1

0

dxð1 − xÞΠ̄ðsxÞ; sx ¼ −
x2m2

μ

1 − x
; ð4Þ

where Π̄ðsÞ is the renormalized scalar VP function in the
sign convention that the fine-structure constant runs as
αðsÞ ¼ αð0Þ=½1 − Π̄ðsÞ�. We will evaluate Eq. (4) via the
dispersion relation

Π̄ðsÞ ¼ s
π

Z
∞

sthr

ds0
ImΠðs0Þ
s0ðs0 − sÞ ; ð5Þ

since ImΠðsÞ can be directly related to the cuts of the
diagrams. To be explicit, one has the relation

ImΠðsÞ ¼ −
α

3
RðsÞ; ð6Þ

where the R ratio is defined as

RðsÞ ¼ σðeþe− → hadronsÞ
σ0

; σ0 ¼
4πα2

3s
: ð7Þ

Of course, the same formula also works for leptonic
final states, so that the left diagram in Fig. 1 can be
reconstructed from the lþ

1 l
−
1 cut, starting at sthr ¼ 4m2

l1
,

and the lþ
1 l

−
1l

þ
2 l

−
2 cut, starting at sthr ¼ ð2ml1 þ 2ml2

Þ2.
As a first step, we work out the results for the cases
fl1l2g ¼ fee; μe; eμg, since the separation into the two
cuts, referred to as virtual and real contributions, respec-
tively, will allow us to draw first conclusions on the
hadronic case.
To this end, we introduce the notation

Rð2Þ
l1l2

ðsÞ ¼
�
α

π

�
2

½ρVl1l2ðsÞ þ ρRl1l2ðsÞ� ð8Þ

for the two-loop contribution to RðsÞ and separate the
scaling in α=π to obtain the spectral functions ρV;Rl1l2

for the
virtual and real parts.
The virtual spectral function can be calculated by yet

another dispersion relation,

ρVl1l2ðsÞ ¼ ð3 − β21Þβ1ReFl1l2

1 ðsÞ þ 3β1ReF
l1l2
2 ðsÞ;

Fl1l2
i ðsÞ ¼ 1

3

Z
∞

4m2
2

dλ2

λ2
Fl1λ
i ðs; λ2ÞRl2ðλ2Þ; ð9Þ

where

RlðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
l

s

r �
1þ 2m2

l

s

�
ð10Þ

is the spectral function for the inner lepton l2 and we wrote
mi ¼ mli as well as βi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

i =s
p

. The Fl1λ
i ðs; λ2Þ are

the one-loop QED Dirac and Pauli form factors, but
calculated for a finite photon mass λ [62,66], see [67]
for the explicit expressions. The resulting integral repre-
sentation (9) works well for l1 ¼ μ, leading to the result
shown in Table I. For l1 ¼ l2 ¼ e one can use the analytic
result [58,59], reproduced in [67], while for l1 ¼ e, l2 ¼ μ
in most of the integration range in Eq. (5) the

FIG. 1. Left: double-bubble topology in QED, for outer lepton
l1 and inner lepton l2. Right: example for a hadronic manifes-
tation of the same topology with quarks in the outer loop and
lepton l in the inner loop. The opposite case (lepton outer loop,
hadrons inner loop) is irrelevant numerically, see main text.
Similar diagrams with innerbubble insertions on the same side of
the outer loop are not shown, nor are additional diagrams in
scalar QED.

TABLE I. Contributions to aμ in units of ðα=πÞ4 ≃ 2.9 × 10−11.
The upper panel refers to the QED diagrams (left in Fig. 1), the
last line to an estimate of the πþπ− contribution in scalar QED
(right in Fig. 1). The virtual and real parts correspond to the two-
and four-particle cuts, respectively.

Virtual Real Total Refs. [2,68]

l1 ¼ l2 ¼ e −3.56 5.00 1.44 1.4407623(330)
l1 ¼ μ;l2 ¼ e −0.11 0.27 0.16 0.1619701(214)
l1 ¼ e; l2 ¼ μ 0.02 0.002 0.02 0.0215813(40)

l ¼ e −0.13 0.25 0.12
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approximation m1 ¼ 0 is sufficient. The exception is the
region very close to threshold, where a double expansion in
β1 and m2

1=λ
2 should be used instead [67]. Finally, the

known real spectral function from the four-particle cut is
also given in [67].
The sum of the real and virtual contributions reproduces

the total results from Refs. [2,68], see Table I. (Related
work on the mass-dependentOðα4Þ QED contributions can
be found in Refs. [69–74].) We see that by far the dominant
contribution arises from l1 ¼ l2 ¼ e, as expected given
the additional light loop compared to the other two cases.
Moreover, we observe that (i) the configuration with an
outer electron and inner muon comes out much smaller than
the opposite case and (ii) the cancellation of the leading
logarithms is most visible for l1 ¼ l2 ¼ e, with a milder
effect already for l1 ¼ μ, l2 ¼ e.
Since the muon mass is similar to the hadronic scales,

e.g., close to the mass of the pion, these observations
provide some first insights for the corresponding diagrams
with hadronic degrees of freedom. First, we can ignore the
case of on outer electron and inner hadronic loop, since the
muon example shows that this configuration contributes
only ≲10−12 to aμ. Second, virtual corrections will be
included in the eþe− → hadrons data in LO HVP, unless
removed by hand through the application of higher-order
radiative corrections or in Monte Carlo simulations. This
implies that the only potentially missing effect concerns the
real radiation of an eþe− pair together with hadronic states.
In the muon case, this effect amounts toΔaμ ≃ 0.8 × 10−11,
which would be negligible for the time being. To corrobo-
rate this estimate, we consider a πþπ− loop in scalar QED,

as a realistic example of the hadronic realization of a quark
loop, see right diagram in Fig. 1.
Scalar QED.—To estimate the potentially missing had-

ronic contributions more quantitatively, we consider the
eþe− → πþπ− cross section parametrized via the pion
vector form factor FV

π ðsÞ,

σðeþe− → πþπ−Þ ¼ πα2

3s
β3πjFV

π ðsÞj2; ð11Þ

with βπ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4M2

π=s
p

, and evaluate the virtual and real
corrections in scalar QED. This strategy is analogous to the
calculation of ππγ radiative corrections [75–78] and cap-
tures the infrared enhanced effects, for which the pion can
be approximated as a pointlike particle.
The calculation of the virtual contribution proceeds in

analogy to Eq. (9),

ρVπlðsÞ ¼
1

2
β3πjFV

π ðsÞj2ReFπlðsÞ;

FπlðsÞ ¼ 1

3

Z
∞

4m2
l

dλ2

λ2
Fπλðs; λ2ÞRlðλ2Þ; ð12Þ

where the form factor Fπλðs; λ2Þ fulfills the dispersion
relation

Fπλðs; λ2Þ ¼ s
π

Z
∞

4M2
π

ds0
ImFπλðs0; λ2Þ
s0ðs0 − sÞ : ð13Þ

From the explicit scalar QED calculation we obtain the
compact analytic expression

Fπλðs; λ2Þ ¼ −
1

4β

�
1þ β2 þ 2þ β2 − 3β4

4β2
lþ ð1 − β2Þ2

8β2
l2
�
ψðp; lÞ −

�
1

2β2
þ 1þ β2

8β2
l −

1

4

�
ϕðlÞ

−
1

16β2

�
1þ β2 þ ð1 − β2Þ2

2β
logp

�
l2 log l −

1

16β2

�
4 − 6β2 þ 2þ β2 − 3β4

β
logp

�
l log l −

ð1 − β2Þ2log2p
64β3

l2

þ 1

4

�
1 −

1 − β2

8β3
logp½4β2 þ ð2þ 3β2Þ logp�

�
l −

1

2

�
1þ 1þ β2

2β
logp

�
log l −

logp
8β

ð1þ β2Þð4þ logpÞ − 1

þ iπ

�
−

1

2β

�
1þ β2 þ 1 − β2

4
l

�
þ 1

4β

�
1þ β2 þ 2þ β2 − 3β4

4β2
lþ ð1 − β2Þ2

8β2
l2
�
log

�
1þ ð1 − pÞ2

lp

��
; ð14Þ

where β ¼ βπ , p ¼ ½ð1 − βÞ=ð1þ βÞ�, l ¼ λ2=M2
π , and

ϕðlÞ ¼
(

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 − 4l

p
log l−

ffiffiffiffiffiffiffiffi
l2−4l

p

lþ
ffiffiffiffiffiffiffiffi
l2−4l

p for l > 4;ffiffiffiffiffiffiffiffiffiffiffiffiffi
4l − l2

p
arctan

ffiffiffiffiffiffiffiffi
4l−l2

p
l for 0 < l < 4;

ψðp; lÞ ¼ 1

2
log2

�
1

2
½l − 2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 − 4l

p
�
�
þ Li2

�
1þ p

2
½−2þ lþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 − 4l

p
�
�
þ Li2

�
1þ p

2
½−2þ l −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 − 4l

p
�
�

þ
(
− π2

2
þ iπ log½ð1 − pÞ2 þ pl� for l > 4;

− 3
2
π2 þ 4π arctan

ffiffiffiffiffiffiffiffi
4l−l2

p
l þ 2π arctan 2pþl−2ffiffiffiffiffiffiffiffi

4l−l2
p for 0 < l < 4:

ð15Þ
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Similarly, real radiation from the scalar QED subprocess leads to the spectral function

ρRπlðsÞ ¼
4

3
jFV

π ðsÞj2
Z

yþ

y−

dy
Z

zþ

z−

dz
z

�
1þ 2m2

l

sz

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
l

sz

s 2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4M2
π

sy

s
λ1=2ð1; y; zÞ

�
1

8
þ ð4M2

π
s − 1Þð4M2

π
s − zÞ

32½zþ M2
π

sy λð1; y; zÞ�

�

þ
16M4

π

s2 − 4M2
π

s ð2yþ zþ 1Þ þ 2yðzþ 1Þ þ z

16ðy − z − 1Þ log
1 − yþ z −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4M2

π
sy

q
λ1=2ð1; y; zÞ

1 − yþ zþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4M2

π
sy

q
λ1=2ð1; y; zÞ

3
75; ð16Þ

where λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2ðxyþ xzþ yzÞ and

y− ¼ 4M2
π

s
; yþ ¼

�
1 −

2mlffiffiffi
s

p
�

2

;

z− ¼ 4m2
l

s
; zþ ¼ ð1 − ffiffiffi

y
p Þ2: ð17Þ

Both Fπλðs; λ2Þ and ρRπlðsÞ are new results.
The numerical evaluation gives the result in the last line

of Table I, supporting the conclusions already indicated by
the muon example: again, the contribution from the real
radiation of eþe− pairs together with final-state πþπ−

corresponds to an effect in aμ of less than 1 × 10−11. We
stress that, while the muon loop is expected to produce
results similar to hadronic degrees of freedom given the
scales involved, the extent to which the effects in aμ agree is
largely coincidental. As shown in Fig. 2, the fermionic
spectral functions tend to be larger near threshold (due to
the P-wave suppression of the πþπ− channel) and for large
s (where FV

π ≃ 1=s leads to a suppression), which is then
compensated by the ρð770Þ peak at intermediate energies.

Conclusions.—In this Letter we addressed a missing
class of hadronic corrections to the anomalous magnetic
moment of the muon at Oðα4Þ, represented by the double-
bubble topologies shown in Fig. 1. As a first step we
reproduced the QED configurations involving electron
loops by means of the two- and four-particle cuts of these
diagrams, and showed that indeed the known results are
recovered when adding the virtual and real contributions. In
particular, configurations in which the inner loop does not
correspond to an electron prove negligible.
Since virtual corrections should be included in the

measured eþe− → hadrons cross section, we concluded
that the only potentially missed contribution could origi-
nate from hadronic final states accompanied by eþe− pair
emission. To estimate this effect, we argued that the case
with an outer muon should provide a first indication, and
then calculated the analog in scalar QED for a charged-pion
loop. Both results are remarkably close, albeit to a large
extent by coincidence, see Fig. 2, and translate to an effect
in aμ of ≲1 × 10−11. One would thus need a significant
enhancement due to experimental cuts or misidentification
of eþe− pairs to produce a relevant effect. It might be
interesting to verify in experimental analyses that indeed no
enhanced effects from eþe− radiation can occur, but absent
such a scenario we conclude that this class of mixed
leptonic and hadronic corrections is negligible at the level
required for the final precision of the Fermilab g − 2
experiment.
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discussions at the workshop [79]. Financial support by the
SNSF under Project No. PCEFP2_181117 (M. H.) and the
STFC Consolidated Grant ST/T000988/1 (T. T.) is grate-
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