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Abstract The electromagnetic form factors of charged and
neutral kaons are strongly constrained by their low-energy
singularities, in the isovector part from two-pion interme-
diate states and in the isoscalar contribution in terms of
ω and φ residues. The former can be predicted using the
respective ππ → K̄ K partial-wave amplitude and the
pion electromagnetic form factor, while the latter param-
eters need to be determined from electromagnetic reac-
tions involving kaons. We present a global analysis of time-
and spacelike data that implements all of these constraints.
The results enable manifold applications: kaon charge radii,
elastic contributions to the kaon electromagnetic self ener-
gies and corrections to Dashen’s theorem, kaon boxes in
hadronic light-by-light (HLbL) scattering, and the φ region
in hadronic vacuum polarization (HVP). Our main results
are: 〈r2〉c = 0.359(3) fm2, 〈r2〉n = −0.060(4) fm2 for the
charged and neutral radii, ε = 0.63(40) for the elastic con-
tribution to the violation of Dashen’s theorem, aK -box

μ =
−0.48(1)×10−11 for the charged kaon box in HLbL scatter-
ing, and aHVP

μ [K+K−,≤ 1.05 GeV] = 184.5(2.0)×10−11,
aHVP
μ [KSKL ,≤ 1.05 GeV] = 118.3(1.5) × 10−11 for the

HVP integrals around the φ resonance. The global fit to K̄ K
gives M̄φ = 1019.479(5) MeV, Γ̄φ = 4.207(8) MeV for
the φ resonance parameters including vacuum-polarization
effects.

1 Introduction

The simplest, most stringently constrained matrix element
that describes the interaction of hadrons with the electro-
magnetic current jμ is the pion vector form factor (VFF)
〈
π+(p1)π

−(p2)
∣∣ jμ(0)

∣∣0
〉 = (p1 − p2)μF

V
π (s), (1)

a e-mail: stamen@hiskp.uni-bonn.de (corresponding author)

where s = (p1+ p2)
2. By far the dominant contribution to its

unitarity relation arises from ππ intermediate states above
the threshold sth = 4M2

π ,

Im FV
π (s) = FV

π (s) sin δ(s)e−iδ(s)θ(s − sth), (2)

which strongly constrains the functional form of FV
π (s) in

terms of the P-wave phase shift δ(s) for ππ scattering. Up
to isospin-breaking and inelastic corrections, the unitarity
relation can be solved in terms of the Omnès function [1]

Ω(s) = exp

(
s

π

∫ ∞

sth

ds′ δ(s′)
s′(s′ − s)

)
, (3)

up to a real polynomial P(s),

FV
π (s) = P(s)Ω(s). (4)

Such dispersive constraints are ubiquitous in the literature as
basis for increasingly precise representations of FV

π (s) [2–
12], often motivated by the two-pion contribution to HVP.

In this work, we apply the same strategy to the electromag-
netic form factors of the kaon, with several key differences
to the case of the pion. First, while the electromagnetic form
factor of the π0 vanishes due to C parity, both charged and
neutral kaons can couple to jμ, so that isoscalar and isovec-
tor components need to be considered. The isovector part
possesses a unitarity relation similar to Eq. (2) [13], in that
ππ intermediate states yield by far the biggest contribution,
but the reaction is no longer elastic and FV

π (s) as well as the
respective partial-wave amplitude for ππ → K̄ K need to be
provided as input. The unitarity relation for the isoscalar part
receives dominant contributions from 3π and K̄ K intermedi-
ate states, but in practice the corresponding spectral function
is well approximated by the narrow ω and φ resonances,
i.e., their pole parameters and residues. These key ideas are
spelled out in more detail in Sect. 2, to establish the formal-
ism upon which the remainder of this work will be based.

While the isovector part can thus be predicted (and vali-
dated by data for τ− → K−KSντ [14]), the representation
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for the isoscalar part involves free parameters, most notably
the residues of the ω and φ contributions. To determine these,
we perform fits to cross-section data for the charged and
neutral timelike reactions e+e− → K+K− [15–18] and
e+e− → KSKL [15,19,20], respectively, as well as space-
like data for charged-kaon–electron scattering [21,22]. The
results of these fits are presented in Sect. 3, including the
comparison to the φ resonance parameters from Refs. [23–
26].

The resulting form factors can then be used to study a
number of applications:

1. The derivative at s = 0 determines the charge radii,
see Sect. 4.1. For the charged kaon, the averages from
Ref. [26] are based on the spacelike data [21,22] only,
such that the comparison illustrates the impact of the
timelike data sets, as well as the dispersion-theoretical
constraints on the isovector part. For the neutral kaon,
constraints on the charge radius can be extracted from
KL → π+π−e+e− [27,28] and electron scattering
experiments [29–31], allowing for another cross check.

2. The kaon form factors determine the elastic contribution
to Compton scattering off the kaon, which, in turn, gives
the bulk of the electromagnetic self energy via the Cot-
tingham formula [32]. Together with the analog formula
for the pion, we can thus provide an estimate of the correc-
tions to Dashen’s theorem [33] – which maintains that the
electromagnetic mass difference for the kaon coincides
with the one for the pion in the chiral limit – at least for
the (dominant) part that arises from elastic intermediate
states. This estimate and the comparison to results from
lattice QCD as well as extractions from η → 3π are
presented in Sect. 4.2.

3. The spacelike form factors determine the kaon-box con-
tributions to HLbL scattering in the anomalous magnetic
moment of the muonaμ = (g−2)μ/2, corroborating pre-
vious estimates using vector meson dominance (VMD)
[34] and Dyson–Schwinger (DS) equations [35,36], see
Sect. 4.3.

4. The timelike form factors reflect HVP in the vicinity
of the φ resonance, in fact, we used precisely the same
data sets that enter in the direct integration of e+e− →
hadrons cross sections [12,37–39]. Since our represen-
tation does not include excited states above the φ, we
cannot provide a complete account of the contribution
up to a typical matching point to inclusive descriptions
around 1.8 GeV, but we can study the consistency of the
various K̄ K data sets around the φ region among them-
selves as well as with other hadronic reactions in which
the φ parameters are measured. These aspects are studied
in Sect. 4.4.

Finally, we summarize our findings and conclusions in
Sect. 5.

2 Formalism

While the electromagnetic form factors of charged and neu-
tral kaons, FK±,0(s), are defined in strict analogy to Eq. (1),
it is more convenient for a dispersion-theoretical analysis to
decompose them into isovector (v) and isoscalar (s) compo-
nents according to

FK±(s) = Fs
K (s) + Fv

K (s),

FK 0(s) = Fs
K (s) − Fv

K (s). (5)

We will discuss both of these in turn in the following.

2.1 Isovector part

The unitarity relation for the isovector kaon form factor reads
[13]

Im Fv
K (s) = s

4
√

2
σ 3

π (s)
(
g1

1(s)
)∗
FV

π (s). (6)

Here, g1
1(s) refers to the ππ → K̄ K P-wave, which is

defined from the ππ → K̄ K scattering amplitude according
to [40–42]

GI (s, t, u) = 16π
√

2
∑

�

(2� + 1)(qπqK )�P�(z)g
�
I (s),

qP (s) =
√
s − 4M2

P

2
=

√
s

2
σP (s), (7)

where P�(z) are the Legendre polynomials and z refers to
the cosine of the scattering angle. We specifically employ the
phase of the ππ → K̄ K amplitude in the Omnès representa-
tion for the pion VFF to render the imaginary part of Eq. (6)
real by construction; this phase agrees with the pion–pion
P-wave phase shift in the elastic region, hence this choice
only affects the continuation of δ(s) above. The polynomial
is fixed by a fit to the BaBar data [43], parameterizing the
ρ–ω mixing via a Breit–Wigner function [44],

P(s) = 1 + αs + κ
s

M2
ω − s − iMωΓω

, (8)

where the κ-term is dropped for the kaon form factor analy-
sis, since the latter is performed in the isospin limit. Further-
more the polynomial is set to a constant above

√
s = 2 GeV

to ensure convergence. Reference [40] offers two alter-
native parameterizations of g1

1(s), an unconstrained fit to
data (UFD) of that partial wave only, as well as a variant
that implements various dispersion-theoretical constraints
(CFD). The fit parameters in the pion form factor are αUFD =
0.15(9) GeV−1, αCFD = 0.18(8) GeV−1, where the uncer-
tainty is dominated by the input for g1

1. In the following, the
error analysis will be performed by propagating the uncer-
tainties in the parameterization of g1

1 and by linearly adding

123



Eur. Phys. J. C           (2022) 82:432 Page 3 of 18   432 

Fig. 1 The kaon isovector form factor with input from the UFD (blue) and CFD (red) parameterizations from Ref. [40], compared to the BaBar
data [14] for the τ− → K−KSντ decay (left) and in the full kinematic range including the ρ resonance (right)

up the resulting variations, since these parameters are, in
general, expected to be strongly correlated [45]. Since the
correlations between the parameters in g1

1 are not provided
in Ref. [40], this procedure should produce a conservative
but realistic estimate of the isovector uncertainties. The full
isovector kaon form factor can be calculated using an unsub-
tracted dispersion integral

Fv
K (s) = 1

π

∫ ∞

sth

ds′ Im Fv
K (s′)

s′ − s
. (9)

Effects of higher ρ′ = ρ(1450) and ρ′′ = ρ(1700) states are
visible in g1

1, but only affect the form factor minimally, so that
the integral is dominated by the ρ resonance. This, however,
only captures the effect of, e.g., the ρ′ partially, which is
known to couple strongly to 4π [26] (see also the discussion
in Ref. [46]). To account for intermediate states beyond ππ in
a minimal way, we therefore add an explicit ρ′ resonance via
a Breit–Wigner parameterization, with the coupling adjusted
to fix the form factor normalization to Fv

K (0) = 1/2. It is
introduced in the form

Fρ′
K (s) = λρ′

M2
ρ′

M2
ρ′ − s − i

√
sΓρ′(s)

, (10)

with the energy-dependent width chosen in accordance with
the parameterization employed for g1

1 [40–42]1

Γρ′(s) = Γρ′
√
s
(
2σ̂ 3

π (s) + σ̂ 3
K (s)

)

2Mρ′σ 3
π (M2

ρ′)
, (11)

where σ̂P (s) = σP (s)θ(s−4M2
P ). The resulting ρ′ couplings

are λρ′,UFD = 0.01(6) and λρ′,CFD = −0.04(7), respec-
tively, which demonstrates that the ππ intermediate states
alone saturate the sum rule for the isovector charge to at least
15% accuracy, in line with similar sum rules in Refs. [48,49].
The use of an unsubtracted dispersion relation, Eq. (9), with
the addition of effective poles to satisfy the normalization

1 We stress that 2π and K̄ K are not the dominant decay channels for
ρ′, ρ′′, see Ref. [47] for more realistic spectral functions.

constraint, guarantees a reasonable high-energy behavior of
the form factor representation, Fv

K (s) 
 s−1 for s → ∞
[3,50–56].

Information on the isovector kaon form factor below mτ

can be obtained from τ− → K−KSντ decays. There the
spectral function v1(s) is related to the isovector form factor
by

v1(s) = σ 3
K (s)

12π
|Fv

K (s)|2, (12)

up to isospin-breaking corrections, which, contrary to a deter-
mination of the 2π HVP contribution from τ decays, are not
relevant at the present level of accuracy. A joined analysis of
the τ− → K−KSντ and τ− → π−π0ντ decays was per-
formed in Ref. [57] using resonance chiral theory in combina-
tion with dispersion relations to extract information on the ρ′
and ρ′′ parameters. While the details of these higher ρ exci-
tations are not incorporated into our dispersive formalism,
we expect the resulting representation to be reliable at least
near threshold. In Fig. 1 we plot the recent data from BaBar
[14] against the two form factors obtained with the different
inputs for g1

1. We observe that the result using the UFD input
shows better agreement with the data than the CFD result.
These shifts reflect the degree of consistency among the data
base used in Ref. [40], indicating a preference for the UFD
variant. Given that the UFD and CFD inputs agree within
uncertainties, we thus opt for the more data-driven approach
and adopt the UFD result in the following, to ensure better
agreement with the τ− → K−KSντ data.

2.2 Isoscalar part

For the isoscalar part of the kaon form factors, we employ a
VMD ansatz based on the lowest-lying isoscalar vector res-
onances ω(782) and φ(1020), as an efficient way to capture
the main singularities due to K̄ K and 3π intermediate states.
While such a description is only strictly model-independent
on the poles, the small widths of both resonances ensure
that corrections beyond these dominant contributions will be

123
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Fig. 2 Results of the individual and the combined neutral and charged
data sets for cφ (left) and cω (right), with the neutral/charged-channel-
residues in the upper/lower panel. The green line denotes the SU(3)-
prediction. “combinedn” and “combinedc” refer to the scenarios in
which the φ resonance parameters and all couplings are fit simulta-
neously, “neutral” and “charged” to the ones in which only the timelike

neutral and charged data are considered, respectively, and “charged
shift” to the variant in which a shift in the BaBarc energy calibration is
allowed, see main text for details. The inner errors for cω refer to the fit
uncertainties, the total ones are obtained by adding the systematic error
from the variation of the UFD input in quadrature (a negligible effect
for cφ , Mφ , and Γφ)

appreciably suppressed. In analogy to the isovector case, we
supplement this with one effective heavier pole, here chosen
as the ω′ = ω(1420), to guarantee the correct form factor
normalization as well as a reasonable large-s behavior. This
results in

Fs
K (s) = cφ

3

M2
φ

M2
φ − s − i

√
sΓφ(s)

+ cω

6

M2
ω

M2
ω − s − iMωΓω

+
(

1

2
− cφ

3
− cω

6

)
M2

ω′

M2
ω′ − s − iMω′Γω′

, (13)

in such a way that the SU(3)-symmetric limit with lowest-
meson dominance corresponds to cω = cφ = 1. The energy-
dependent width for the φ resonance is parameterized as [58]

Γφ(s) =
∑

K=K+,K 0

γφ→K̄ K (s)

γφ→K̄ K (M2
φ)

Γ ′
φ→K̄ K

θ
(
s − 4M2

K

)

+ fφ→πρ+3π (s)

fφ→πρ+3π (M2
φ)

Γ ′
φ→πρ+3πθ

(
s − (Mρ + Mπ )2),

(14)

where the Γ ′ refer to the partial widths rescaled to compen-
sate for all other decay channels not included explicitly, and

γφ→K̄ K (s) =
(
s − 4M2

K

)3/2

s
,

fφ→πρ+3π (s) =
(

λ
(
s, M2

ρ, M2
π

)

s

)3/2

, (15)

withλ(a, b, c) = a2+b2+c2−2(ab+ac+bc). The widths of
ω and ω′ are kept constant in the timelike region for simplic-
ity, since they only serve as smooth background terms around
the φ peak and therefore cannot be further resolved in any
of the data sets considered in the fit. The parameterization
of the spectral functions could be further improved along the
lines described in Ref. [58], e.g., by a proper description of
the energy dependence from the 3π channel beyond ρ dom-
inance (15) or a dispersively improved variant of Eq. (13),
but in the energy regions included in the fit, i.e., the space-
like region and the timelike region around the φ peak, none
of these variants would lead to any visible changes.

3 Fits to data

After establishing the formalism we now fit the resulting
representations of the kaon form factors to the available data
in the time- and spacelike regions. The timelike data are fit
with the total Born cross section [59]

σ (0)(s) = πα2

3s
σ 3
K (s)|FK (s)|2, (16)

multiplied by a correction factor 1 + α
π
η(s) [60–63] to

account for final-state radiation (FSR). Sometimes the
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Table 1 Parameters for the fit
variants 2 and 3 discussed in the
main text. In the combined fit,
the upper/lower values for cφ ,
cω refer to the charged/neutral
channel, respectively. The
second bracket for cω indicates
the uncertainty induced by the
UFD input, it is fully correlated
with the corresponding variation
in the isovector form factor and
thus affects the neutral and
charged residues in the opposite
directions

Neutral Charged Charged shift Combined

χ2

dof
168
150 = 1.12 139

111 = 1.25 130
110 = 1.18 293

238 = 1.23

p-value 15% 3.7% 9.4% 0.9%

Mφ [ MeV] 1019.213(5) 1019.227(6) 1019.223(6) 1019.219(4)

Γφ [ MeV] 4.199(12) 4.215(11) 4.211(10) 4.207(8)

cφ 1.001(6) 0.977(6) 0.976(5) 0.976(5)

1.002(7)

cω 1.07(7)(42) 1.42(8)(35) 1.41(7)(34) 1.47(7)(34)

1.03(7)(35)

ξ × 103 −1.3(5)

Fig. 3 Results of the individual and the combined neutral and charged
data sets for Mφ (left) and Γφ (right) in red. “combined” refers to
the scenario in which the φ resonance parameters and all couplings
are fit simultaneously, corresponding to “combinedn” and “combinedc”
in Fig. 2, otherwise, the notation is as in that figure. The green band

corresponds to the PDG mass average [26] shifted by the prescription
from Ref. [25] to remove the VP effect. In orange the results for the
e+e− → 3π and e+e− → π0γ channels are given, as is the result for
the neutral channel from BaBar [23]

Sommerfeld–Gamow–Sakharov factor [64–66]

Z(s) = πα

σK (s)

1 + α2/
(
4σ 2

K (s)
)

1 − exp
( − πα/σK (s)

) (17)

is used instead to resum higher orders in α, but we checked
that those effects are irrelevant for the application to the
K+K− channel, and smaller than the non-Coulomb correc-
tions contained in η(s). The spacelike region is fit with the
same form factor function (with all widths set to zero). We
use two sets of data obtained by eK scattering for charged
kaons in the spacelike region [21,22]. Data for neutral kaons
in the spacelike region only exist indirectly via the scattering
off atomic electrons [29–31], leading to constraints on the
neutral-kaon charge radius, and are not included in our fit.
In the timelike region, data for charged kaons are taken from
CMD-2 [16],2 CMD-3 [18], SND [15], and BaBar [17]. Data

2 We show results for CMD-2 [16] for completeness, but emphasize that
these data are affected by an overestimation of the trigger efficiency for

for neutral kaons are from CMD-2 [19], CMD-3 [20], and
SND [15].3 SND has two data sets depending on the mode of
detection for the KS , distinguishing charged (KS → π+π−,
referred to as SNDnc) and neutral mode (KS → π0π0,
SNDnn). All the timelike data sets except for BaBarc and
CMD-2n have vacuum-polarization (VP) effects included in
the cross section. Therefore, we remove these using the rou-
tine from Ref. [38], which outputs the running fine structure
constant Δα(s). It relates the bare cross section σ (0)(s) to
the dressed one σ(s) via

σ (0)(s) = σ(s)
∣∣1 − Δα(s)

∣∣2
. (18)

slow kaons, which leads to a systematic bias that requires a reanalysis
[67]. Therefore, the corresponding results will be indicated by dashed
lines and not included in global fits.
3 Note that BaBar [23] do not provide cross-section data for the neutral
channel in the φ region, only for the resulting φ parameters, so that their
analysis cannot be included in our fit. However, the φ parameters are
shown for comparison in Fig. 3.

123



  432 Page 6 of 18 Eur. Phys. J. C           (2022) 82:432 

Removal of VP effects leads to a downward shift in the mass
of the φ resonance by 0.260(3) MeV [24,25]. Crucially, this
unfolding is only consistent as long as the φ masses are,
which therefore needs to be monitored in the analysis below.
In order to account for the binning in the BaBar experiment
[17], which, in contrast to energy-scan experiments, mea-
sures the integrated signal over the bin, we take the bare
cross section including FSR integrated over the bin as our fit
function

f (xi ) = 1

smax
i − smin

i

∫ smax
i

smin
i

ds
(

1 + α

π
η(s)

)
σ (0)(s). (19)

We include the systematic uncertainties in our fits after
accounting for the d’Agostini bias [68]. In the case of strongly
correlated data (most prominently for those of normalization-
type origin), this bias leads to lower fit values in a chi-square
minimization defined as

χ2 =
∑

i, j

(
f (xi ) − yi

)
V (i, j)−1( f (x j ) − y j

)
, (20)

where f (x) is the fit function, y are the data points, and V is
the covariance matrix. The systematic uncertainties are taken
to be 100% correlated for each experiment,4 and in addition
fully correlated between the two detection modes SNDnc and
SNDnn [69].

We follow the iterative method developed in Ref. [70] to
remove the bias. The modified covariance matrix is defined
as

Vn+1(i, j) = V stat(i, j) + V syst(i, j)

yi y j
fn(xi ) fn(x j ), (21)

where the fit function and the full covariance matrix are
updated in each iteration step n. The iteration procedure very
quickly converges to the final result. Finally, the uncertainties
of the fit parameters are inflated by the scale factor

S =
√

χ2/dof, (22)

in case that χ2/dof > 1, following the PDG prescription
[26], to account, in a minimal way, for unknown systematic
errors as indicated by the χ2.

Fits in the timelike region were constrained to energies
close to the φ resonance (as shown in Fig. 5), since we do
not include higher vector resonances in the energy region
above the φ with couplings adjustable to cross-section data
[71]. We considered several variants of the timelike input:

1. individual fits to a single experiment (charged or neu-
tral channel), referred to by the name of the respective
experiment;

4 BaBarc [17] quote 9 different sources for the systematic uncertainty,
to be taken as 100% correlated individually.

2. combined fits to charged or neutral data sets, referred to
as “charged” and “neutral”;

3. a full combination of charged and neutral data, referred
to as “combined” (or “combinedc” and “combinedn” for
the residues).

In each scenario, the φ parameters Mφ , Γφ , and cφ , as well
as the residue of the ω pole cω are allowed to float, while
masses and widths of ω and ω′ are kept fixed (as the fits are
entirely insensitive to them). The spacelike data are included
in all three variants, since, even though they are relatively
crude in precision compared to the timelike cross-section
measurements, they do help stabilize the extracted values of
cω to some extent. We have checked that the extracted φ

parameters only change within uncertainties when the SU(3)
constraint cω = cφ is imposed. They are insensitive to the
complete omission of the spacelike data from the fits and
largely unaffected by the uncertainties from the isovector
part. However, the fit value of cω does become sensitive to
the UFD input, which we take into account by an additional
systematic uncertainty, see Fig. 2 and Table 1.

In the full combination 3 we allow cω and cφ to dif-
fer in the charged and neutral channels, leading to 6 free
parameters overall, since we do observe indications for
isospin breaking in these parameters, see Fig. 2. Isospin
violation has been studied in the past in the context of the
ratio Γ (φ → K+K−)/Γ (φ → KSKL) [72–74], finding
rather small effects, with dynamical explanations tending to
increase the charged-kaon coupling rather than decrease it
[72]. In principle, isospin breaking would also need to be
considered when using the charged spacelike data as con-
straint in the fits to the neutral channel only, but in this case
the data are clearly not precise enough to resolve such effects.

The results for the φ resonance parameters are shown in
Fig. 3. In general, there is reasonable agreement among all
data sets and fit variants, the exception being the BaBarc

data [17], which favor both a larger mass and width than the
remainder of the data base, as reflected also by the tension
to the PDG average. This observation motivates the consid-
eration of a variant of the fit scenario 2 in which the energy
calibration in this data set is allowed to vary, referred to as
“charged shift.” Following Ref. [10], we implement such an
energy shift via

√
s → √

s + ξ
(√

s − 2MK
)

(23)

to leave the threshold invariant. On the level of the form factor
this translates to a small correction [10]

|FK (s)|2 → |FK (s)|2
(

1 + ξ A(s) + O(ξ2)
)

,

A(s) = 2(s − 10M2
K )

s + 2
√
sMK

, (24)

123
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Fig. 4 Correlations among cφ and cω (top), Mφ (middle), and Γφ (bot-
tom), for the “charged” (left) and “neutral” (right) scenarios in compar-
ison to the respective individual fits. The ellipses correspond to the

Δχ2 = 1 contours (39% confidence level) inflated by the scale fac-
tor, in such a way that the projections reproduce the 1σ errors of the
parameters. For cω only the fit uncertainties are shown

to leave the cross section (16) invariant, but in practice we use
directly Eq. (19) in the fit. Since Ref. [17] already provides
the bare cross section, the only case in which a potential
mismatch of the φ parameters when removing VP using the
routine from Ref. [38] could have played a role thus remains
uncritical.

The fit parameters illustrated in Figs. 2 and 3 (and for
the combined fits listed in Table 1) display some interesting
features. First, we see that there is good consistency among
the neutral data sets, whose residue comes out in very good
agreement with the SU(3) prediction cφ = 1. In contrast,
for the charged channel there is considerable spread in the
fit parameters, not only in the φ mass and width, leading to
the increased χ2/dof as given in Table 1. Moreover, the com-
bined value of cφ almost coincides with the BaBarc value, not
the naive average with CMD-3c, hinting towards an impor-
tant role of correlations in the combination. The origin of this

effect is illustrated in Fig. 4. First, the figure reiterates the fact
that consistency among the neutral data sets is much better
than in the charged case, but also explains why the charged-fit
value of cφ is pulled downward compared to its naive aver-
age: cφ is correlated with Γφ (and, to a lesser extent, Mφ), and
the corresponding correlations can indeed be used to repro-
duce the behavior of the charged fit. In this way, the tension
visible in the φ resonance parameters also propagates to the
extracted value of the residue. As expected, the consistency
of the fit does improve slightly in the “charged shift” variant,
with the new χ2/dof given in Table 1.5 We observe that the
residues are not affected by this shift and the mass Mφ is
only shifted slightly towards the PDG value (cf. Figs. 2, 3).

5 We note that the inclusion of the lower-precision spacelike data partly
conceals the extent of the tension: without spacelike data, the p-value
drops to 0.9% in the “charged” fit and to 3.1% in the “charged shift”
fit, while the fit parameters remain essentially unchanged.
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Fig. 5 Cross-section data as well as our combined fit to all data sets
using the “combinedc” and “combinedn” residues for e+e− → K+K−
(left) and e+e− → KSKL (right), respectively. Both are shown in the

complete fit energy ranges (top) and focused on the φ peak region (bot-
tom). The fits of charged and neutral channels are indistinguishable
from the “fit” curves shown here

Finally, we also show the outcome of the fits in the spacelike
region, see Fig. 6. In particular, there is no visible differ-
ence in the neutral and charged fit, which indicates the weak
dependence on the fit parameters on this region and justifies,
a posteriori, neglecting isospin breaking in the neutral fit.

An improved determination of cω could, in combina-
tion with the ω–photon coupling constant well known from
ω → e+e− [75,76], be used to extract the coupling of the ω

to kaons. As pointed out in Ref. [77], the latter constitutes one
of the dominant uncertainties in an analysis of the reaction
γ K → Kπ , where a value deduced from a VMD analysis of
kaon form factors in a wider (timelike) energy range [71] was
employed, corresponding to cω = 1.29(15). From our analy-
sis, we conclude that the inclusion of spacelike data does not
reduce the uncertainty in this coupling constant appreciably,
cf. Table 1; to the contrary, the uncertainties propagated from
the isovector part of the form factor imply a larger uncertainty
than quoted in Ref. [71].

Adding back VP effects, our combined fit 3 gives

M̄φ

∣∣
our fit = 1019.479(5) MeV,

Γ̄φ

∣∣
our fit = 4.207(8) MeV, (25)

to be compared with the PDG averages

M̄φ

∣∣
[26] = 1019.461(16) MeV,

Γ̄φ

∣∣
[26] = 4.249(13) MeV, (26)

see also Fig. 3. The φ mass comes out consistent within
errors, but our global fit suggests a sizable reduction in uncer-
tainty, as a result of fitting all available cross sections in a
combined analysis, instead of averaging only the resonance
parameters as quoted by each experiment. For the width, the
resulting uncertainty comes out similarly as in Ref. [26], but
with a central value that is lower by 2.8σ . In both cases, our
results from K̄ K are consistent with previous extractions
from the 3π and π0γ channels [24,25].
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Fig. 6 Spacelike charged-kaon form factor (squared) data compared
to the fits for all neutral or charged data sets combined

4 Applications

4.1 Charge radii of the kaon

As first application of the results from Sect. 3 we consider
the kaon charge radii, which are defined by the derivative at
s = 0

〈r2〉 = 6
dF(s)

ds

∣∣∣∣
s=0

. (27)

The PDG averages of the neutral and charged kaon charge
radii are [26]

〈r2〉n
∣∣[26] = −0.077(10) fm2 [27, 28, 31],

〈r2〉c
∣∣[26] = 0.314(35) fm2 [21, 22], (28)

which are shown as green bands in Fig. 7 and compared to
our computed results, including the values from the combined
fit 3

〈r2〉n
∣∣
our fit = −0.060(3)(2) fm2 = −0.060(4) fm2,

〈r2〉c
∣∣
our fit = 0.359(3)(2) fm2 = 0.359(3) fm2. (29)

Here and below, we quote the results from the combined fit
as our main result, given that this implements the maximum
amount of independent constraints, in particular, universal-
ity of the φ pole parameters. The first error refers to the fit
uncertainties, the second one to the uncertainties due to the
UFD input (fully propagated, including the indirect effect
via cω). Both sources of error can therefore be considered
uncorrelated and added in quadrature.

In the charged channel, the results are compatible within
1.3σ , which is expected given that the result quoted in Ref.
[26] is calculated from the same spacelike experiments that
are used in our analysis. However, the inclusion of the time-
like data as well as the dispersive constraints on the isovector

component allow us to improve the precision by an order of
magnitude.

For the neutral kaon we also observe a sizable reduc-
tion in uncertainty, here our result lies 1.6σ higher than Ref.
[26], whose average is dominated by the extraction [28] from
KL → π+π−e+e−. The latter requires some assumptions
on the other decay mechanisms not involving the kaon form
factor, and it is noteworthy that the best determination from
K 0–electron scattering [31] finds a central value even higher
than ours, albeit with a large uncertainty. Given the slight
tension with Ref. [28], we also studied variants of our fit in
which the neutral radius from Ref. [26] is imposed as another
constraint, with minimal changes to the fit outcome.

Finally, we can also compare to the strict VMD predictions

〈r2〉n
∣∣
VMD = 2

M2
φ

+ 1

M2
ω

− 3

M2
ρ

� −0.06 fm2,

〈r2〉c
∣∣
VMD = 2

M2
φ

+ 1

M2
ω

+ 3

M2
ρ

� 0.33 fm2, (30)

which shows, a posteriori, that at least in the charge radii the
deviations from VMD are small. In the same way, the related
low-energy constants in chiral perturbation theory will come
out close to the expectation from resonance saturation [78,
79].

4.2 Corrections to Dashen’s theorem

A precise determination of the electromagnetic mass differ-
ence for kaons

(ΔM2
K )EM = (

M2
K± − M2

K 0

)
EM (31)

is important for extractions of the quark mass difference δ =
md − mu from meson masses. The combination

Q2 = M2
K

M2
π

M2
K − M2

π

(M2
K 0 − M2

K±)str

{
1 + O(

m2
q , δ, e

2)
}
, (32)

which determines the major semi-axis in Leutwyler’s ellipse
[80]
(
mu

md

)2

+ 1

Q2

(
ms

md

)2

= 1, (33)

is particularly stable with respect to strong higher-order cor-
rections [81], but to make use of this relation the masses
need to be corrected for their electromagnetic contributions.
Dashen’s theorem predicts [33]

(ΔM2
K )EM = (ΔM2

π )EM + O(
e2mq

)
, (34)

but corrections are large, as shown in Refs. [82–85]. To quan-
tify these corrections, one commonly defines the parameter

ε = (ΔM2
K )EM

(ΔM2
π )EM

− 1. (35)
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Fig. 7 Results of the individual and the combined charged (left) and
neutral (right) data sets of the squared mean charge radius for the
charged (left) and neutral (right) kaon, for all fit variants in the same

convention as in Fig. 2. The uncertainty is obtained by adding the fit
uncertainty and the systematic error from the UFD input in quadrature.
The green band denotes the value quoted in Ref. [26]

The most recent lattice-QCD averages are [86]:

N f = 2 + 1 + 1 : ε = 0.79(6) [87–89],

N f = 2 + 1 : ε = 0.73(17) [90]. (36)

Phenomenologically, the electromagnetic contributions can
be estimated via the Cottingham formula [32,91], which
establishes a connection between the electromagnetic self
energies and the forward Compton tensor. This approach
has been used extensively to separate the proton–neutron
mass difference into strong and electromagnetic pieces [92–
99], but applies to any self-energy-type matrix element that
arises from the contraction of two external currents, including
meson masses [83,84,100–102] or even contact-term contri-
butions in neutrinoless double β decay [103,104]. In particu-
lar, the dominant contributions are typically generated by the
elastic intermediate states, e.g., for the pion, in which case
strong contributions to the mass difference are suppressed
by δ2, one can check that the pion pole gives more than 90%
of the total, with small axial-vector corrections expected to
make up the remainder. Since these elastic contributions are
fully determined by the respective electromagnetic form fac-
tor, we can thus apply our result to obtain an estimate of the
electromagnetic self energies of the kaons, and, in combi-
nation with the analog result for the pion, derive the corre-
sponding value of ε.

To this end, we need a variant of the Cottingham for-
mula that includes strong higher-order corrections, while the
expressions in the literature are typically given in the chiral
limit. Starting point is the relation

(M2
P )EM = ie2

2

∫
d4k

(2π)4

Tμ
μ

k2 + iε
, (37)

Fig. 8 Forward scattering amplitude (left) and self-energy contraction
(right). The thick black dots denote kaon electromagnetic form factor
insertions, the dashed line indicates the kaon pole. Crossed diagrams
are omitted

where Tμ
μ is the contracted Compton tensor in forward direc-

tion, see Fig. 8. The elastic contribution reads

Tμ
μ

∣∣
el = 2k2(3k2 − 4M2

P ) − 16(k · p)2

(k2)2 − 4(k · p)2

[
FP (k2)

]2
, (38)

where FP (k2) refers to the electromagnetic form factor of
the meson P and p is its on-shell momentum. Wick-rotating
k0 onto the imaginary axis, the integral yields

(M2
P )EM = α

8π

∫ ∞

0
ds

[
FP (−s)

]2

×
(

4W + s

M2
P

(W − 1)
)
, (39)

with W =
√

1 + 4M2
P/s, and the limit MP → 0 reproduces

the corresponding expressions in the literature.6 Strictly
speaking, to identify the elastic contributions (38) one needs
to analyze a dispersion relation and evaluate the single-
particle poles, but in contrast to the nucleon case this does not

6 For M2
P � s one has 4W + (W − 1)s/M2

P → 6. However, at finite
MP this kernel behaves as 8MP/

√
s for s → 0, which explains why

the kaon self-energy integral receives a larger contribution from low
energies than the one for the pion.
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Fig. 9 The charged (blue) and neutral (red) kaon form factors in the
spacelike region as determined in Sect. 3

lead to any subtleties and results in the scalar-QED expres-
sion multiplied with the electromagnetic form factor, see
Ref. [105]. As the elastic contribution to (M2

π0)EM vanishes,

(ΔM2
π )EM = (M2

π±)EM at this order, while the electromag-
netic kaon mass difference may be rewritten according to

(ΔM2
K )EM = α

2π

∫ ∞

0
ds Fv

K (−s)Fs
K (−s)

×
(

4W + s

M2
K

(W − 1)
)
, (40)

illustrating the role of the isovector kaon form factor that
is theoretically particularly well constrained by the present
analysis. Since we allow for residual isospin-breaking effects
in our fits, which affect the isoscalar form factor, we still rely
on Eq. (39) for the numerical evaluation.

Using our result for the kaon form factors in the spacelike
region, see Fig. 9, as well as the pion form factor from Ref.
[10], we find

(M2
K±)EM = 2.12(2)(17) × 10−3 GeV2

= 2.12(18) × 10−3 GeV2,

(M2
K 0)EM = 7(2)(17) × 10−6 GeV2

= 7(17) × 10−6 GeV2,

(ΔM2
K )EM = 2.12(2)(17) × 10−3 GeV2

= 2.12(18) × 10−3 GeV2,

(ΔM2
π )EM = 1.3(3) × 10−3 GeV2,

ε = 0.63(40). (41)

The errors cover only the uncertainty in the elastic contri-
butions, not the additional uncertainty from inelastic correc-
tions. The second uncertainty for the kaons contains the vari-
ation of the UFD parameters as well as an uncertainty from

the asymptotic continuation, all added linearly to account
for possible correlations between the UFD and asymptotic
uncertainties. The latter gives the dominant effect in this
application, and has been estimated by varying the input for
the pion VFF above s = (2 GeV)2, changing the match-
ing point to an asymptotic form of the isovector kaon form
factor Fv

K (−s) 
 a/(b + s) × (s/(b + s))n for virtuali-
ties between 1 GeV2 and 10 GeV2, and varying the exponent
n = 0, 1 to assess the impact of terms beyond the asymp-
totic FK (−s) 
 1/s behavior. Moreover, the final uncer-
tainty from the asymptotic continuation has been inflated
by a factor 2 to account for a similar effect that could arise
in the isoscalar contribution. For the pion the uncertainty is
obtained from the error bands provided in Ref. [10] and also
covers the uncertainty due to the asymptotic continuation.

In the end, the uncertainty in ε is dominated by the pion
contribution. In part, this is due to the fact that the integration
kernel gives a larger contribution from low virtualities for the
kaon, resulting in a smaller relative uncertainty, but the more
precise timelike data for the pion VFF also allow for a more
detailed study of inelastic effects in the unitarity relation and
thus a more robust error estimate for the continuation into
the spacelike region.

Equation (41) corresponds to the linear pion mass differ-
ence

(
Mπ± − Mπ0

)
EM = 4.8(1.1) MeV, which numerically

saturates the experimental value Mπ± − Mπ0 = 4.59 MeV
(the strong mass difference is estimated to give only a small
contribution

(
Mπ± − Mπ0

)
str = 0.17(3) MeV [81]).

Comparison to Eq. (36) shows that this elastic estimate
fully agrees with the lattice results, demonstrating that inelas-
tic effects have to be smaller than the precision with which
the elastic contributions can currently be evaluated.

From Eq. (41), we can extract the strong kaon mass dif-
ference
(
M2

K 0 − M2
K±

)
str = 6.02(18) × 10−3 GeV2, (42)

which is perfectly compatible with the result extracted from
a dispersive analysis of η → 3π decays,

(
M2

K 0 −M2
K±

)
str =

6.24(38) × 10−3 GeV2 [106]. Similarly, if we convert our
result for the strong kaon mass difference into a value for the
quark mass ratio Q according to Eq. (32),7 we find

Q = 22.4(3), (43)

again compatible with the value deduced from η → 3π , Q =
22.1(7) [106], as well as from several other analyses of the
same decay [107–111]. We wish to emphasize again that our
errors here merely reflect the ones in the kaon and pion form
factors, but not the omission of inelastic intermediate states

7 For the isospin symmetric masses M2
K and M2

π in Eq. (32), we use the
average of charged and neutral squared kaon masses, subtracting the
electromagnetic contribution as calculated here, and the neutral pion
mass corrected for the strong mass shift [81].
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Fig. 10 Diagrammatic representation of the kaon contributions to HVP
(left) and HLbL (right). The thick black dots denote kaon electromag-
netic form factor insertions. Dashed lines indicate the K̄ K cuts and, for
HLbL scattering, the kaon pole in the γ ∗γ (∗) → K̄ K subamplitudes

in the Cottingham formula. In view of the large uncertainties,
however, we expect that the assigned uncertainties also cover
the omitted inelastic contributions, as is indeed the case for
the pion mass difference.

4.3 Kaon-box contribution to HLbL scattering

The last two applications concern the anomalous magnetic
moment of the muon, whose experimental world average
[112–116]

aexp
μ = 116 592 061(41) × 10−11 (44)

currently displays a 4.2σ discrepancy to the Standard-Model
(SM) prediction [10,12,24,25,34,37–39,105,117–136]

aSM
μ = 116 591 810(43) × 10−11. (45)

Improvements are most pressing for the HVP contribution,
for which the evaluation from e+e− → hadrons cross-
section data that enters Eq. (45) stands in 2.1σ tension
with the recent lattice-QCD calculation [137], especially
since the uncertainty in the leading-order HVP contribution
[10,12,24,25,34,37–39]

aHVP, LO
μ = 6 931(40) × 10−11 (46)

emerges as the limiting factor in the total SM prediction.
A large part of the uncertainty arises from systematic ten-
sions among the 2π data sets, most notably between the
BaBar [138] and KLOE [139] data. It is therefore the 2π

channel that receives most attention [140], including when
scrutinizing the consequences of the tension with Ref. [137],
see Refs. [141–144]. However, compared to the final preci-
sion anticipated at the Fermilab experiment, Δaexp

μ [E989] =
16 × 10−11 [145], also the subleading channels are sizable,
among them e+e− → K+K− and e+e− → KSKL ; cf.
Fig. 10 (left). We will study their contributions in the vicin-
ity of the φ region in Sect. 4.4.

First, we turn to the HLbL contribution [34,35,105,122–
134,146–150]

aHLbL
μ = 90(17) × 10−11, (47)

Table 2 Results for the charged and neutral kaon-box contributions to
HLbL scattering

aK
±-box

μ × 1011 aK
0-box

μ × 1015

VMD [34] − 0.50 − 1.2

DS [35] − 0.48(2)(4)

DS [36] − 0.48(4)

This work − 0.484(5)(10) − 0.5(2)(4)

in which case the uncertainty is dominated by sublead-
ing contributions beyond pseudoscalar poles and two-meson
cuts, see Refs. [47,151–159] for recent work in this direc-
tion. Meanwhile, K̄ K states prove to be appreciably sup-
pressed compared to their ππ analog, which is true for both
the leading box contributions (estimated in VMD [34] or DS
equations [35,36]) and rescattering corrections [157], in the
latter case despite the strong coupling between the ππ and
K̄ K channels via the f0(980). While the overall effect is
thus known to be small, we can confirm these conclusions by
means of our data-driven evaluation of the kaon form factors.

The pion-box contribution, defined dispersively in a
double-spectral representation of HLbL scattering, was
shown in Ref. [105] to coincide with the scalar-QED one-
loop expression, multiplied by pion electromagnetic form
factors for the three virtual photons. The same applies to
kaon intermediate states, see Fig. 10 (right): in the master
formula for the contribution to aμ [127], the HLbL scalar
functions are of the form

Π̄K -box
i (Q2

1, Q
2
2, Q

2
3) = FK (Q2

1)FK (Q2
2)FK (Q2

3)

× 1

16π2

∫ 1

0
dx

∫ 1−x

0
dy I Ki (x, y),

(48)

where Q2
i denote the spacelike photon virtualities and the

scalar-QED Feynman integrals are analogous to the pion
case [127]. Thus, the charged- and neutral-kaon boxes can
be obtained from the expressions for the pion box by simply
replacing the meson mass and electromagnetic form factors.
Diagrammatically, the box contributions correspond to two-
meson cuts in which the γ ∗γ (∗) → ππ/K̄ K subamplitudes
[160–165] are further reduced to the respective poles. As in
the case of the Cottingham formula, these contributions are
fully determined by the electromagnetic form factors.

The numerical results for the kaon boxes with our data-
driven form-factor input, shown in the spacelike region in
Fig. 9, are in good agreement with previous estimates, see
Table 2. The uncertainties have been obtained in the same
way as in Sect. 4.2. While in the case of the pion box about
95% of the contribution is generated for photon virtualities
below 1 GeV, due to the heavier kaon mass the charged kaon
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Table 3 Results for the charged- and neutral-kaon contributions to HVP
up to

√
s ≤ 1.05 GeV, in units of 10−11

K+K− KSKL

Refs. [38,39] 181.2(1.7) 119.7(1.8)

Charged/neutral 184.5(2.0) 118.3(1.5)

Charged shift 184.3(2.0)

Combined 184.5(2.0) 118.3(1.5)

BaBar [17] 182.5(2.2)

CMD-2 [19] 117.2(2.4)

CMD-3 [18,20] 192.6(3.9) 119.5(2.2)

SND [15] 166.7(11.9) 119.0(5.1)

121.1(5.0)

box is saturated to only 74% by this energy region. For the
neutral kaon box, this low-energy region is responsible for
only about 25% of the contribution due to the vanishing of the
form factors at Q2

i = 0. The sensitivity to larger virtualities
explains the large relative uncertainty. While the neutral-kaon
box is numerically irrelevant for (g− 2)μ, even the charged-
kaon box,

aK -box
μ = −0.48(1) × 10−11, (49)

is of little importance in view of the overall uncertainty of
the HLbL contribution (47).

4.4 HVP around the φ resonance

The HVP contribution to aμ derives from the master formula
[166,167]

aHVP, LO
μ =

(
αmμ

3π

)2 ∫ ∞

M2
π0

ds
K̂ (s)

s2 Rhad(s),

Rhad(s) = 3s

4πα2 σ(e+e− → hadrons), (50)

where K̂ (s) is a known kernel function and the hadronic cross
section is understood to be photon inclusive, see Fig. 10 (left)
for the contribution from the K̄ K cut. For the neutral channel,
the cross section thus follows directly from the form factor
via Eq. (16), while for the charged kaons the FSR correction
needs to be added back. The numerical results are shown in
Table 3, in comparison to the direct integration from Refs.
[38,39].

For the neutral channel, the difference between the fit sce-
narios 2 and 3 is minimal, in both cases the integral comes
out lower by less than 1σ in comparison to Refs. [38,39].
This small difference mostly traces back to the use of a lin-
ear interpolation therein, given that the data points in the
neutral channel are more clustered than in the charged one,
see Fig. 5. Accordingly, the same effect does not play a role

in the charged channel [168]. In this case, we observe that the
outcomes of the fit variants 2 and 3 are still well compatible,
but larger by more than 1σ in comparison to Refs. [38,39].8

This difference is ultimately a manifestation of the ten-
sions between the BaBar and CMD-3 data sets (2.3σ for
the HVP integral): in our approach, the cross section is con-
strained to follow the shape of the φ resonance in all fit vari-
ants, in such a way that the combined HVP integral comes
out very close to the naive average of the individual data sets,
despite the underlying tension, and, as shown in Table 1, with
a reasonable χ2/dof even for the combined charged fit (albeit
clearly worse than in the neutral channel, as long as no shift
in energy calibration is allowed). Performing instead local
averages of the data can obfuscate this global shape if incon-
sistencies are present among the data sets, and indeed a fit of
our representation to the data combination of Refs. [38,39]
displays a χ2/dof > 2.9 In particular, the increase in the
χ2/dof occurs because the peak cross section is no longer
compatible with the cross-section values in the tails of the
resonance, to the effect that a linear interpolation gives the
HVP integral as in Refs. [38,39], while enforcing our fit func-
tion does produce a larger value very close to our combined
fit.

Our final results are

aHVP
μ [K+K−,≤ 1.05 GeV] = 184.5(2.0) × 10−11,

aHVP
μ [KSKL ,≤ 1.05 GeV] = 118.3(1.5) × 10−11, (51)

quoted, as for the other applications before, from the com-
bined fit 3. In this way, we implement the maximum amount
of independent constraints available, emphasizing the com-
plementarity of our results to the direct integration of the
cross-section data [12,37–39]. In particular, demanding uni-
versality of the φ pole parameters implies that part of the
tension in the charged data base propagates into the result
for the neutral channel via the scale factor of the fit, but the
numerical impact is minimal, see Table 3. Since, in this fit
scenario, the numbers for the two channels become corre-
lated via the φ pole parameters, we also quote the sum

aHVP
μ [K+K− + KSKL ,≤ 1.05 GeV]
= 302.8(2.5) × 10−11. (52)

8 Assuming uncorrelated errors, the difference would be 1.3σ , but this
is likely an underestimate since, due to the use of the same timelike data
sets, the uncertainties are expected to be strongly correlated.
9 We thank Alex Keshavarzi for making the combined cross-section
data from Refs. [38,39] available to us.
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5 Summary and conclusions

In this paper we presented a comprehensive analysis of the
electromagnetic form factors of the kaon, including all avail-
able constraints from dispersion relations and both time-
and spacelike data. This approach has the advantage that a
host of experimental constraints can be considered simulta-
neously, including (i) input from the P-wave of ππ → K̄ K
and the pion electromagnetic form factor, which together
yield the bulk of the spectral function of the isovector kaon
form factor, with a result that can be validated by data for
τ− → K−KSντ , (ii) timelike data for e+e− → K̄ K , which
determine the residue of the φ resonance in the isoscalar part
of the form factor, and (iii) spacelike data for charged-kaon–
electron scattering, which help constrain the residue of the
ω, as not directly accessible in the timelike region. Further
(indirect) constraints on the charge radius of the neutral kaon
could be imposed, but for the reasons given in Sect. 4.1 we opt
to provide an independent determination instead. Dispersion
relations are most useful for the isovector form factor, lead-
ing to a model-independent implementation of the ρ meson
in terms of 2π intermediate states, while for the isoscalar
spectral function, dominated by 3π and K̄ K contributions, a
parameterization in terms of the narrow ω and φ resonances
proves sufficient. We considered several fit variants for the
timelike data, described in 1–3 in Sect. 3, to account for ten-
sions in the charged-channel data base. In particular, we stud-
ied to which extent the subsequent applications are affected.

The results obtained along these lines for the kaon elec-
tromagnetic form factors enter in a number of applications.
Besides the φ resonance parameters – the global fit leads to
the values given in Eq. (25) – these are:

1. Charge radii for charged and neutral kaon, see Sect. 4.1
and Eq. (29) for the main result: for the charged kaon,
our result lies 1.3σ above the current PDG average, but
is considerably more precise, thanks to the inclusion of
timelike data and dispersive constraints on the isovector
form factor. The same is true for the neutral kaon, in
which case our result lies 1.6σ above the PDG average
(dominated by KL → π+π−e+e−), closer to the central
value from K 0–electron scattering.

2. Corrections to Dashen’s theorem, see Sect. 4.2 and
Eq. (41) for the main result: the spacelike kaon form
factor determines the elastic contribution to the electro-
magnetic mass shift via the Cottingham formula, and thus
the comparison to the analog formula for the pion entails
a prediction for the corrections to Dashen’s theorem.
Our result is in perfect agreement with lattice QCD and
extractions from η → 3π , demonstrating that the inelas-
tic effects in the evaluation of the Cottingham formula
are smaller than the current uncertainties in the elastic
contribution.

3. Kaon-box contributions to HLbL scattering, see Sect. 4.3
and Eq. (49) for the main result: the spacelike form fac-
tor also arises in the evaluation of two-kaon intermediate
states to HLbL scattering, so-called kaon-box contribu-
tions. Our result agrees with previous calculations, but
provides a data-driven estimate of the uncertainty.

4. Two-kaon contributions to HVP, see Sect. 4.4 and
Eq. (51) for the main result: the timelike data around the
φ resonance, used to constrain the φ parameters in the
isoscalar form factor, dominate the contribution to the
HVP integral in the same energy region. Our evaluation
delineates the potential impact of dispersive constraints
and input from other kinematic regions, and also allows
for a more detailed study of the consequences of the ten-
sions in the charged-channel data base. In general, our
results are in good agreement with previous evaluations
using a direct integration of the data, but we find that,
in the charged channel, the HVP integral increases by
more than 1σ if the global shape of the φ resonance is
enforced as it is in our dispersive representation. This dif-
ference ultimately reflects a tension between the BaBar
and CMD-3 data for the e+e− → K+K− channel.
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