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Abstract We show a sharp relationship between the existence of space filling mappings
with an upper gradient in a Lorentz space and the Poincaré inequality in a general metric
setting. As key examples, we consider these phenomena in Cantor diamond spaces and the
Heisenberg groups.
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1 Introduction

The classical Hahn—Mazurkiewicz Theorem states that a topological space Y is the contin-
uous image of the unit cube [0, 11", n > 1, if and only if it is compact, connected, locally
connected, and metrizable. The theory of analysis on metric spaces has allowed for a differen-
tiable version of this result. Sobolev mappings with metric space targets are now ubiquitous
and well understood, and they provide the language for the following modern version of the
Hahn-Mazurkiewicz theorem [8].

Theorem 1.1 (Hajtasz-Tyson) Let Y be a length-compact metric space. If n > 2, then there
is a continuous surjection f: [0, 11" — Y in the Sobolev class whno, 117, Y).
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104 K. Wildrick, T. Ziircher

A metric space Y is said to be length-compact if it is a compact metric space when equipped
with the associated path distance. This additional condition, though not fully necessary, can
be considered as a differentiable version of the connectedness conditions imposed in the
classical Hahn—-Mazurkiewicz.

In [28], we gave the following version of Theorem 1.1, which uses the Lorentz scale for
measuring the magnitude of the gradient. This provides a sharper picture of space-filling
phenomena by giving a complementary rigidity result for dimension.

Theorem 1.2 Let Y be a length-compact metric space. Ifn > 2 and 1 < q < n, then there is
a continuous surjection f: [0, 11" — Y in the Sobolev-Lorentz class whnda (o, 11"; Y). On
the other hand, if there is a continuous surjection f: [0, 11" — Y inthe class whmlqo, 11;
Y), then the Hausdorff dimension of Y is at most n.

This paper examines similar issues when the domain is a general metric space rather
than the cube [0, 1]"*; a key example being the Heisenberg group. In this general setting, we
consider a class of Sobolev-Lorentz mappings based on the concept of an upper gradient,
which serves as a generalization of the modulus of the gradient of a Sobolev mapping on a
Euclidean space. An analogue of the first part of the Theorem 1.2 holds in great generality.
The assumption that a space X be upper Q-regular at a point heuristically means that the
space is at least Q-dimensional near that point; precise definitions are given in Sect. 2.

Theorem 1.3 Let (X, d, i) be a locally compact metric measure space, let Y be any length-
compact metric space, and let 1 < g < Q. Suppose that there is a non-empty set P C X
that has no isolated points and compact closure, and that X is upper Q-regular at each point
of P. Then there is a continuous surjection f: X — Y that has an upper gradient in the
Lorentz space L29(X).

The mapping f: X — Y produced in Theorem 1.3 has several nice features in addition to
the regularity of an upper gradient. The mapping f itself is integrable in a strong sense, which
we describe in Sect. 3.3 below. Moreover, the local Lipschitz constant of f is finite off a
set of Hausdorff dimension 0. This condition is related to differentiability via Stepanov-type
theorems in a quite general setting [1,4,14].

The condition that a mapping f: X — Y have an upper gradient with some specified
regularity is vacuous if X contains no rectifiable curves. Thus some condition on the plenti-
tude of curves in X is needed to prove a result analogous to the second part of Theorem 1.2.
We employ an appropriate Poincaré inequality.

Theorem 1.4 Let Q > 1, and suppose that (X, d, 1) is a complete and doubling metric
measure space that is Q-regular on small scales and supports a Q-Poincaré inequality. Let
Y be any metric space. If f: X — Y is a continuous surjection with an upper gradient in
the Lorentz space L2V (X), then the Hausdorff dimension of Y is at most Q.

We note that the class of length-compact metric spaces includes even infinite-dimensional
spaces such as the Hilbert Cube. Thus, the following statement shows that the Poincaré
inequality condition in Theorem 1.4 cannot be relaxed.

Theorem 1.5 Forany e > 0, there is a compact Ahlfors 2-regular metric space X which sup-
ports a (24 €)-Poincaré inequality with the following property: forany 1 < p < 2+¢€, and
any length-compact metric space Y, there is a continuous surjection f: X — Y that is con-
stant off a set of finite measure and has an upper gradient in the space L (X). In particular,
there is a continuous and integrable surjection f: X — Y with an upper gradient in the
space L21(X).
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Space filling with metric measure spaces 105

The proof of Theorem 1.3 is modelled on the proof of Theorem 1.1 and has two main
components. First, we show that if a metric space X contains a set with no isolated points, and
each point of that set is a zero set for a certain capacity, then there is a continuous surjection
from X to any length-compact space with an upper gradient in a space corresponding to the
capacity. This step is based on a construction in [8], originally due to Kaufman [12], and
we employ an abstract approach. The second part of the proof shows that if a space is upper
Q-regular at some given point, then that point is a zero set for the continuous (Q, ¢)-Lorentz
capacity. Theorem 1.5 is proven by constructing a space that is 2-regular and supports an
appropriate Poincaré inequality, but contains a set with no isolated points, each point of which
is a zero set for the continuous (2, 1)-Lorentz capacity.

The proof of Theorem 1.4 relies on the following principle, noted by Stein [25] and more
recently explored by Kauhanen, Koskela, and Maly [13]: A mapping f: R"” — R” with a
weak gradient whose norm is in the Lorentz space L™ !(R") enjoys many of the properties
of mappings in the Sobolev space W!!(R), while the weaker condition that the norm of
the weak gradient be in L"(R") does not guarantee this. This principle has been recently
extended to the abstract metric setting [21,22]. The crucial property for this paper is Lusin’s
condition N.

Our results can be extended to provide continuous surjections onto non-compact spaces in
certain circumstances. A modification of Theorem 1.3 yields the following result regarding
the Heisenberg groups H". Compare with [8, Corollary 1.5].

Corollary 1.6 For each n > 1, and each 1 < q < 4, there is a continuous surjection
f:H' — H" that is constant off a set of finite measure, has finite local Lipschitz constant
off a set of Hausdorff dimension 0, and has an upper gradient in the space L*? (H"). On the
other hand, if f: H' — H" is a continuous mapping with an upper gradient in the space
L1 (MY, then the image of f has Hausdorff dimension at most 4.

Section 2 introduces the metric setting. In Sect. 3, we discuss mappings with an upper gra-
dient satisfying an abstract integrability condition. The properties of such a mapping depend
on the structure of the underlying space. To quantify this, in Sect. 4, we introduce an abstract
notion of the capacity of a point and study it in a variety of concrete cases. Section 5 links
the capacity of a point to space filling phenomena. Finally, Sect. 6 explores the properties of
a mapping from a Q-dimensional space X that has an upper gradient in the space L2-1(X),
and proves Theorem 1.4.

This paper is part of the second author’s doctoral thesis, which was partly directed by Pekka
Koskela. We wish to thank him for suggesting this topic and for many useful conversations.
We also thank Tapio Rajala for conversations regarding Theorem 6.3.

2 Notation and basic definitions
Given a metric space (X, d), we denote the open ball centered at a point x € X of radius
r >0 by
Bx(x,r)={yeX:dx,y) <r},
and the corresponding closed ball by
Bx(x,r)={yeX:dx,y) <r}.

When there is no danger of confusion, we often write B(x, r) in place of By (x, r). A similar
convention will be used for all objects that depend implicitly on the ambient space. Given a
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subset A of X and a number € > 0, we notate the e-neighborhood of A by
N(A,e) ={x € X : dist(A, x) < €}.

Given an open ball B = B(x, r) and a parameter A > 0, we set AB = B(x, Ar).

A metric measure space is a triple (X, d, u) where (X, d) is a metric space and u is
a measure on X. For our purposes, a measure is a nonnegative countably subadditive set
function defined on all subsets of a measure space that gives the value 0 to the empty set. We
further assume that measures are Borel inner and outer regular.

The metric measure space (X, d, i) is doubling if balls have finite and positive measure,
and there is a constant C > 1 such u(2B) < Cu(B) for any open ball B in X. It follows
from the definitions that if (X, d, i) is a doubling metric measure space, then the metric
space (X, d) enjoys the following property, also called doubling: there is a number n € N
such that any ball in X of radius r > 0 can be covered by at most n balls of radius »/2. It is
easy to see that a doubling metric space is complete if and only if it is proper, i.e., closed and
bounded sets are compact.

Doubling metric spaces are precisely those of finite Assouad dimension [9, Chap. 10].
However, this notion of dimension is not uniform; a doubling metric space may have some
parts or scales where the space appears to be of lower dimension than is actually the case.
We will have occasion to be more precise. The metric measure space (X, d, u) is called
Q-regular at a point a € X if there exists a constant C > 1 and a radius ro > 0 such that if
0 <r < rg, then

0
= S mBan) = cr9. 2.1)

If only the first inequality is assumed to hold, then X is called lower Q-regular at a, and if
only the second is assumed to hold, then X is called upper Q-regular at a. If X is Q-regular
at every point a € X, and the constant C and radius ro may be chosen uniformly, then X
is said to be Q-regular on small scales. We define the terms upper and lower Q-regular
on small scales in a similar way. Finally, we say that X is Ahlfors Q-regular if there is a
constant C > 1 such that (2.1) holds for all points and all radii less than 2 diam X. We will
occasionally only need (2.1) to hold only on some sequence of radii tending to zero rather
than all sufficiently small radii; such generalizations are left to the reader.

For Q > 0, we denote the Q-dimensional Hausdorff measure by H2, and the correspond-
ing premeasures by H2-€, where € > 0.

Let f: X — Y be a mapping between metric spaces. An upper gradient of f is a Borel
function g: X — [0, oo] such that for each rectifiable path y : [0, 1] — X,

dy (F(r O, Fr (1)) < / g ds.

14

If X contains no rectifiable curves, then the constant function with value 0 is an upper gradient
of any mapping. If f is locally Lipschitz, then the local Lipschitz constant of f, defined by

dy (f(x), fF ()

r

Lip(f)(x) =limsup sup
r—0 yeB(x,r)
is an upper gradient of f [4, Proposition 1.11].
A key idea in theory of analysis on metric spaces is to measure the plentitude of curves
in a given space. Fundamental work has resulted in an analytic condition which guarantees
the presence of “many” rectifiable curves in a metric space [10]. Let p > 1, and let f and
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Space filling with metric measure spaces 107

g be measurable functions on a metric measure space (X, d, i). The pair (f, g) satisfies a
p -Poincaré inequality with constant C > 0 and dilation factor o > 0 if for each ball B in X,

1

][|f—fB|d/LSC(diamB) ][g”du . (2.2)
B oB

The space (X, d, ) supports a p-Poincaré inequality if there is a constant C > 0 and a dila-
tion factor o > 0 such that for each measurable function f on X and each upper gradient g
of f, the pair (f, g) satisfies a p-Poincaré inequality with constant C and dilation factor o.

A deep theorem of Keith and Zhong states that the Poincaré inequality is an open ended
condition [15, Theorem 1.0.1].

Theorem 2.1 (Keith-Zhong) Let p > 1 and let (X, d, jv) be a complete and doubling metric
measure space that supports a p-Poincaré inequality with constant C and dilation factor o.
Then there exists 1 < g < p such that (X, d, n) supports a q-Poincaré inequality, with
constant and dilation factor depending only on C, o, and the doubling constant.

3 Generalized Sobolev classes of mappings between metric spaces

Classical Sobolev functions on Euclidean spaces are defined by two conditions: a Lebesgue
integrability condition on the weak gradient of the mapping, and a Lebesgue integrability
condition on the mapping itself. If the domain of the mapping is a metric space containing
sufficiently many rectifiable curves, then the concept of an upper gradient has proven to be
a suitable generalization of the modulus of the weak gradient [10]. The Newtonian spaces
of Shanmugalingam are Sobolev spaces based on the integrability of upper gradients [24].
This approach has been expanded to include Banach space valued (and hence metric space
valued) mappings [11]. Variants such as Sobolev-Orlicz spaces have also been studied [27].
As we will employ yet another generalization, we will proceed in a rather abstract fashion,
using the language of Banach function spaces.

3.1 Banach function spaces

Let (X, 1) be a totally o-finite and complete measure space. We denote by M (X) the set of
measurable functions on X, and by M ™ (X) the set of measurable functions f: X — [0, co].

Definition 3.1 A Banach function norm on X is a function G: M™(X) — [0, co] such that
for f, g, f1, f2,... € MT, all ¢ > 0, and all measurable subsets E C X, the following
properties hold:

(AD) 6(f) =0 < f=0ae,G(cf) =cG(f),and G(f +¢) < G(f) +G(g),

(A2) if g =< f ae., then G(g) = G(f),

(A3) if f, /' fae,thenG(fn) 7 G(f),

(A4) if u(E) < oo, then G(xg) < oo,

(AS) if u(E) < oo, then fE fdu < CegG(f), where 0 < Cg < oo depends only on E
and noton f.

Definition 3.2 A Banach function space is the collection
LYX) = {f € MX) : G(If]) < o0},

where G is a Banach function norm.
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108 K. Wildrick, T. Ziircher

A Banach function space LY (X) is indeed a Banach space when equipped with the norm
[l fllg := G(|f]), after the usual identifications [2, Chapter 1.1]. Banach function spaces have
properties often associated with the familiar Lebesgue spaces L?(X), 1 < p < oo, which
are prototypical examples. Other examples include the Orlicz spaces, and most important to
this paper, the Lorentz spaces.

3.2 Lorentz spaces

We now define and discuss the Lorentz norms, a family of Banach function norms. For a
measurable function f € M (X), we define the distribution function o 7: [0, 00) — [0, o0]

of f by
wf(@) =pn{x € X: f(x) > a}).
The non-increasing rearrangement f*: [0, 00) — [0, oo] is given by
fr0) =infla > 0: ws(a) <t}
Definition 3.3 Let 1 < ¢ < Q. The Lorentz function norm Gg 4 : MT — [0, o0] is
defined by

oo 1/q

Go.g(f) = /r‘l (tl/Qf*(t))q dr| . 3.1)

0

By [2, Theorem 4.4.3], Gp 4 is a Banach function norm. We denote the corresponding
Banach function space by L2:9(X), equipped with the norm

I fllLeq = Gg.q(fD-

The following statement gives the basic relationships between the Lorentz spaces
[2, Propositions 2.1.8 and 4.4.2].

Proposition 3.4 Forall1 <r < g < Q, there is a constant c, depending only on r, q,
and Q, such that for all measurable functions f: X — R,

fllLea < cllfllpor-

In particular, there is a bounded embedding L2 (X) — L29(X). Moreover, L2:2(X) =
L9(X) and

I fllLee =1fllg-

Finally, if p > Q and X has finite total measure, then for every 1 <q < Q, there is a bounded
embedding L?(X) — L24(X).

Corollary 3.5 If 1 < g < Q, then there is a bounded embedding L29(X) — L2(X).

We now discuss a characterization of Lorentz spaces given in [13]. We say that a gauge
is a non-negative non-increasing function ¢: (0, 00) — [0,00). Given 1 < g < Q and a
gauge ¢, we define functions T¢Q’q, F¢Q’q : [0, 0c0) — [0, c0) by

s1p=D/25) s >0,

s1719p1/Q(s) s >0,
0 0 s =0.

0.q _
T¢ (s) = s =0,

and F2(s) = [
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A gauge is (Q,q)-admissible if
e.¢]

/T¢Q’q(s) ds < o0.
0

We denote the set of (Q, ¢)-admissible gauges by A2+,
The following theorem states that the Lorentz spaces are determined by a family of Orlicz
conditions [13, Corollary 2.4].

Theorem 3.6 (Kauhanen-Koskela-Maly) A measurable function f: X — Risin L24(X)
ifand only ifthere is ¢ € A2 such that (| f (x)|) > O for almost every x € X with | f (x)| > 0,
and

/Ff*quf(xm dpu(x) < oo,

X

In addition, there is a constant C depending only on ¢, Q, and q such that

1A%, <C / F2U(f @D du(x). (3.2)

X

3.3 Integrability conditions for metric space valued mappings

Standing Assumption 3.7 For the remainder of the paper, we denote by X a locally compact
metric measure space and by Y any metric space.

As mentioned above, classical Sobolev functions are themselves required to satisfy inte-
grability conditions. The main purpose of this is to guarantee that a sensible norm may be
defined for such functions, and that the resulting Sobolev space is a Banach space. Typically,
the integrability of metric space valued mappings is defined via isometric embeddings of the
target into a Banach space. Recall that any metric space ¥ may be isometrically embedded
in the Banach space £>°(Y) [9, Page 99]. Moreover, if Y is separable, it may even be iso-
metrically embedded in the cannonical space £°°(N). The Bochner integral then provides a
framework for Banach function spaces of Banach space valued mappings. See [11] for an
example of how this works using the Lebesgue scale. However, the fact that there are many
possible isometric embeddings of a given metric space in a Banach space means that the
“function norm” resulting from this process is not canonical. For our purposes, it suffices to
consider an intrinsic notion of local integrability for metric space valued mappings.

Recall that a mapping f: X — Y is said to be Bochner measurable if it is measurable
in the usual sense and essentially separably valued, meaning that there is a set N € X of
measure 0 such that f(X\N) is a separable subset of Y.

Definition 3.8 A mapping f: X — Y isin the class LIIOC(X; Y), i.e., it is said to be locally
integrable, if it is Bochner measurable and there exists a point z € Y such that the function
x — dy(f(x), z) is in the space LIIOC(X).

The following proposition, the elementary proof of which we leave to the reader, shows
that this agrees with the corresponding notion for Banach space valued mappings. Namely,
if V is a Banach space, then f: X — V is said to be locally Bochner integrable if f is
Bochner measurable and || f||y € LIIOC(X).
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110 K. Wildrick, T. Ziircher

Proposition 3.9 Let f: X — Y be a Bochner measurable mapping. Then f € LIIOC(X 3 Y)
if and only if for every Banach space V and every isometric embedding 1: Y — V, the

mapping L o f is locally Bochner integrable.

Most of the mappings we construct have much stronger integrability properties than just
local integrability. Often, they satisfy the hypotheses of the following statement.

Proposition 3.10 Let f: X — Y be a measurable, essentially bounded, and essentially
separably valued mapping. If f takes the value z € Y except on a set of finite measure, then
for any Banach function norm G, the mapping x v+ dy (f(x), z) is in the space LY (X). More-
over, ift: Y < V isanisometric embedding into a Banach space V, then G(||to f||y) < oo.

Proof Defined, f: X — [0, 00) by d; f(x) = dy(f(x), z). We have assumed that there is a
set A C X of finite measure such that f(x) = z for all x € X\ A. By properties (A1), (A2),
and (A4) of the definition of a Banach function norm, we have

G- f)=Gd.f - xa) = G(xa) (ess sup d f) < o0,

as desired. The second statement is shown similarly. O

3.4 Mappings with an upper gradient in a Banach function space

Due to the difficulty in defining Banach function spaces of mappings with metric space tar-
gets, in this paper we choose not to consider Newtonian “spaces” of metric space valued
mappings, though such objects are sensible. Let G be a Banach function norm. Our simpli-
fied philosophy is to consider a mapping f: X — Y of metric spaces to be a G-Newtonian
mapping if it is locally integrable and has an upper gradient in the space LY (X), though often
the mappings we construct will have stronger integrability properties, as in Proposition 3.10.

The following statement provides the completeness properties that, in the Banach space
valued setting, would come from the completeness of Newtonian spaces. The proof, which
is essentially Fuglede’s lemma, is standard.

Proposition 3.11 Let G be a Banach function norm. Suppose that the sequence of mappings
{fn: X = Y},en converges pointwise to a mapping f: X — Y, and that the sequence of
functions {g,: X — [0, 0c0l}pen converges in LY (X) to a function g: X — [0, ool. If for
each n € N, the function g, is an upper gradient of f,, then there is an upper gradient of f
in every LY (X)-neighborhood of g.

Proof There is a subsequence {g,, }xen such that for each k € N,

llgn, — gllg < 2%,

Let px = |gn, — gl, and set

'=1y:[0,1] > X : lim /pkds;éO
k—o00
Y
If y: [0, 1] — X is arectifiable path not in the family I", then

dy (f(y (@), f(y (1)) = lUm dy (fu, (¥ (©)). fu, (¥ (1)) = klifﬂo/g”k ds = /g ds,
v %

and so g satisfies the upper gradient inequality for f on the path y.
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On the other hand, if y € T', then for all j € N there is some integer k > j such that

/,ok ds > 27k,

Y

Thus, for all j € N, the function
o
pj = Z2kpk
k=j
satisfies

oo

[Fds =1 ad yl = 32t =270,
pay

14

We claim that for any i € N, the function
o0
ZGi=g+ .7
j=i

is an upper gradient of f. Since g; > g, it suffices to show that g; satisfies the upper gradient
inequality on any path y € I'. For such a path, we see that

oo
/gidsf/gds-i-Z/ﬁjds:oo,
j:iy

14 14

and so the upper gradient inequality is trivially satisfied. Moreover, by the basic properties
of Banach function spaces [2, Chapter 1.1],

i i 1
g —gllg =1 lim > pjllg = lim pillg < lim pillg <2772
18 = gllg =11 Jim >_Bjllg = Jim 11> pjllg < lim > 115;llg <

J=t J=t

j=i
As i may be chosen to be arbitrarily large, this shows that g; may be chosen to lie in an
arbitrary Lg—neighborhood of g. O

We will also need the following simple pasting lemma for upper gradients. Much more
sophisticated versions are available, as discussed in [27].

Lemma 3.12 Let Uy, ..., U, be disjoint Borel sets in X, let Uy = X\ (U; U;), and let fy, . . .,
fn: X — Y be mappings with upper gradients go, ..., gn: X — [0, 00] respectively. Sup-
pose, fori =1, ..., n, therestriction f;|x\u, is constantwithvalue y; € Y, and the restriction
folu; is constant with value y;. Then the mapping f: X — Y defined by

_[fo) x ¢ Uy U,
ro={ i vEo

has an upper gradient defined by g = > " gi.

Proof Lett: Y — £°°(Y) be an isometric embedding. Our assumptions imply that for each
x € X,

Lo f(x) =10 fo(x) + D (Lo fi(x) = ().

i=1
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Fori = 1,...,n, the mapping y — t¢(y) — ¢(y;) is an isometry, and so g; is also an upper
gradient of the mapping x — t o f;(x) — t(y;). Thus g is an upper gradient of ¢ o f, and
hence of f. O

4 The capacity of a point

The strength of the condition that a given mapping f: X — Y has an upper gradient in the
space LY (X) depends on the underlying structure of the metric space X. To help understand
this phenomena, we introduce a variational-type capacity condition. A much more involved
capacity theory can be developed, as in [27] and [24].

Definition 4.1 A point a € X has zero continuous G-capacity if for all € > 0, there is a con-
tinuous function n: X — [0, co) such that

(1) the support supp n is a compact subset of B(a, €),
(i) there exists § > 0 such that n(x) > 1 for all x € B(a, §),
(iii) there is an upper gradient g of n such that ||g||g < €.

If in addition, the function n may be chosen to be Lipschitz, we say that a € X has zero
Lipschitz G-capacity.

Remark 4.2 In Definition 4.1 it is equivalent to require that foralle >0and 0 < 7 < 1,
there is a function n: X — [0, t] satisfying conditions (i), (iii), and the following modified
version of condition (ii):

(>ii)> there exists § > 0 such that n(x) = t for all x € B(a, J).

To see this, choose a function 5 satisfying the requirements of Definition 4.1, and consider
the continuous function 17: X — [0, 7] defined by

7(x) = T min{n(x), 1}.
Then forall x, y € X,
[7(x) = (V)] < TIn(x) —n(M| < In(x) —n(I,

and so g is also an upper gradient of 7.

The continuous L”-capacity of a point has been studied in a general setting. The following
result can be deduced from the proof of [16, Theorem 3.4].

Theorem 4.3 (Korte) Let (X, d, t) be a doubling metric measure space and let Q > 1. If
X is upper Q-regular at a pointa € X and 1 < p < Q, then the point a has zero continuous
LP-capacity. On the other hand, if X is lower Q-regular at the point a, and X supports a
Q-Poincaré inequality, then for every p > Q, the point a does not have zero continuous
L?-capacity.

4.1 The Lorentz capacity

The Lorentz capacity has been studied in detail in the Euclidean setting [5]. In this section
we establish a version of Theorem 4.3 that employs the Lorentz scale in the borderline case.
Let 1 < g < Q. We say that a point a € X has zero Lipschitz (Q, g)-Lorentz capacity if it
has zero Lipschitz G ,-capacity where Gg 4 is defined by (3.1).
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Space filling with metric measure spaces 113

Theorem 4.4 Suppose that X is upper Q-regular at a pointa € X. Then forall 1 < g < Q,
the point a has zero Lipschitz (Q, q)-Lorentz capacity.

Proof By Proposition 3.4, it suffices to consider the case that 1 < ¢ < Q.
For 0 < s < 00, define 7;: [0, c0) — [0, 00) by

1 0<r< e_em,
~ s+1 §
1s(r) = loglog (1) —s e™¢" <r<e™,
0 e <r < oo.
s+1 5 . ~ .
Foralle™ < r < e ¢, the function 7y is smooth at r, and we have

—1
5)'(r) = —~
rl

-
g (7)
Leta € X, and for 0 < r < R < oo denote closed annuli centered at a € X by
Asr,R) ={x e X :r <d(a,x) <R}.

Moreover, for 0 < s < 0o, define 15 ,: X — [0, 00) by

Ns,a(x) = ﬁs(d(a, X)).

It is not hard to see that 775 and 7 , are Lipschitz functions, and that for any x € X, the local
Lipschitz constant of 7y , at x satisfies

L~ xeA e e,
Lip(ny.a)(x) < { d@x)1og(7)
0 otherwise.

Fix € > 0. Recalling that X is assumed to be locally compact, it is clear that for suffi-
ciently large s > 0, the function 7; , satisfies conditions (i) and (ii) of Definition 4.1. We now
show that the third condition holds for sufficiently large s > 0. Recall that the local Lipschitz
constant of a Lipschitz function is an upper gradient of that function.

By assumption, we may find C > 1 and ry > O such that if 0 < r < rg, then

w(Ba,r) < Cre.
Since 1 < g < Q, there is a number « such that

0—q

<a< Q-1

Define a gauge

U(s) = s7C10g?@/ @D (e +5) s> 1,
| 10g*Q/@4=D (e 4 1) s<1.

An easy calculation shows that the assumption & > (Q — ¢)/q implies that ¢ € A2-9.
For ease of notation let = s + 1. It follows from the definitions that

o 1
log ("’ + d(u,x)log(d(a,x)*l))

(d(a, x) log(d(a, x)~1))®

/ F&% o Lip(ne.a) ) dpu(x) < / dp(x). (4.1)

X Aq(e™ e=)
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Let k be the unique positive integer satisfying k < ¢’ —e* < k+1,andfor j € {0, ..., k},
set

ot Lt
Aji= Aq(e@H eme T,

Since the function r — rlog(1/r) is increasing for r < e~!, the integrand on the right hand
side of (4.1) is a decreasing function of d(a, x). If s is so large that et < ro, then a trivial
estimate and the volume growth assumption show that

log® (e + —f;:j/) w(B(a, e=¢'+i+1))

!/Ff”oUMmﬂxmduu>s

(e = ))e (e )0
Aj
el —j
< CeQ(e' — j)"2log” (e—l— ¢ )
el —j
el—j
< Ce22% — ¥ < Cce?2¢ / u*=C du.
el—j—1

As no three of the sets {Ag(e ¢/, e=¢'+J +1)}];:0 intersect, we see that

el —j

k
/Ff"f o Lip(ns,a) (x) dpu(x) < Ce@2%H " u®*=C du
X J=0, 54
es+]
< CeQ20t! / u*= 2 du.
eS—1

Since @ < Q — 1, the final term above tends to zero as s tends to infinity. That condition (iii)
holds for sufficiently large s now follows from the characterization of L2-9(X) provided by
Theorem 3.6. O

For the negative result, we assume more about the growth of the space than is assumed in
Theorem 4.3. More precise versions of this result can likely be deduced from [21].

Theorem 4.5 Suppose that (X,d, ) is complete, doubling, supports a Q-Poincaré
inequality, and is Q-regular at small scales. Then no point of X has zero continuous
(Q, 1)-Lorentz capacity.

We defer the proof of this theorem to Sect. 6, in which the properties of mappings with
an upper gradient in the space L' (X) are studied.

4.2 The Cantor diamond sets

Though there are Ahlfors Q-regular metric spaces that contain points of zero continuous
(Q, 1)-Lorentz capacity, Theorem 4.5 shows that such spaces cannot support a Q-Poincaré
inequality. This subsection is devoted to a class of examples that will show that this relation-
ship is sharp.

We first need some notation regarding Cantor sets. For 0 < A < 1, let E; be the middle
interval Cantor set with the following properties. At stage i, there are 2/~ removed open
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intervals {U; j} ey, of length (/2)'~1 (1 —2), and 2/ remaining closed intervals {U}}¢ek, of
length (A/2)". Then the Hausdorff dimension of Ej is log, , 2. In this notation, the “standard
middle-third Cantor set” is given by E»/3.

For convenience, we denote the center point of U; ; by u; ;, and we set

(/21 =)
W= —,
2
so that U; ; = (u;,; — w;, u;,j + w;). Similarly, we write Ui" = [uf.‘ — v, uf‘ + v;], where
2v; = (A/2)'. We may assume that for each positive integer i, the intervals {Ul.k}ke K; are

ordered so that the right endpoint of U l.k is less than the left endpoint of U l.kH, and similarly
for the intervals {U; ;};ey,. Note that the notation established above depends implicitly on
the parameter A.

We now define the spaces that will be used in our example. For eachi € Nand j € J;,
we define the “diamond” D; ; by

Diji=1{(x,y) € Rt |x —u; j| < w;i — |yl}.

The A-Cantor diamond set is defined by

X)L = U Di,j U (E)L X {0})
ieN,jel;

To the best of our knowledge, these spaces were introduced in [17]. See Fig. 1.

Recall that an s-similarity, s > 0, is a mapping ¢: X — Y that satisfies, forall x, y € X,

dy (9 (x), ¢(y)) = sdx(x, y).

The Cantor set E,_ is self-similar in the following sense. For each positive integer i and each
k € K;, there is a (A/2)!-similarity (/)lk: R — R which maps E bijectively onto E; N Uik.
The space X inherits self-similarities from the Cantor set E) . Namely, for each i € N and
k € K;, the map ¢*: R — R extends to a (1/2)'-similarity ®*: R?> — R? that maps X;,
bijectively onto X; N (Uik x [0, 1]). Recall that if A C R? is a Borel set and @ : R? — R2
is an s-similarity, then

H2(D(A)) = s2H2(A).

We endow X, with the metric inherited from the plane R? and the two-dimensional
Hausdorff measure 2. The next two statements give the basic properties of the space X.
We leave the proof of the first to the reader, and the second can be found at [17, Theorem 3.1].

Fig.1 The Cantor diamond set with A = 2/3
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Proposition 4.6 The metric measure space X, is Ahlfors 2-regular with a constant depend-
ing only on A.

Theorem 4.7 (Koskela-MacManus) The metric measure space X, satisfies a p-Poincaré
inequality for all p > p;,, where
log2
log A

> 2.

ph=2-—

We denote the set of non-endpoints of X, by

X5 = Xo\ U D;; | =|E\ U {uij —wi,u; j +w;i} | x {0}
ieN,jel; ieN,jel;

Note that the set )A(; has no isolated points.
Proposition 4.8 Each point of X, has zero Lipschitz LP-capacity for any 1 < p < p;.

Before we begin the proof, we define piecewise linear approximations to a version of the
Cantor function that is supported on a fixed interval Ui, ko Leti e N, and define clo U i’;‘) —
[0, 1] to be the piecewise linear continuous function glven by

X

k k
l:l(x) / lo‘)l (t) dt,
where pﬁ)"; ;0 Ui/;o — [0, c0) is given by

Pioii 0 otherwise.

o0 (1) = [f r < Urer, ¢4 UF),

The indices igp and ko give the location of the support of the function ck , while the index i
determines how closely the function approximates the Cantor functlon See Fig. 2.
A simple computation shows that

ki ki k
Z(;’Z(uo_v,o)—O and clé’l(u +v,) = 1.

Moreover, the absolute continuity of the integral implies that for all t € U 1.1;0,

Lip(c® ) (1) = pf°.(0).

io;i 101

Proof of Proposition 4.8 Let (a,0) € 5(;, and let € > 0. Since a is a “non-endpoint” of E,,
we may find iy € N and k;, k, € K, such that

ki k ki k,
U +vip <a< ui(: —v;, and (Ul-o U Uio’) C(a—e€,a+te).

Then § := dist(a, U i’(‘)’ u Ui];r) > 0. The condition that p < p; implies that A>~7 <2, and
hence we may find i € N so that

2 (p—2)ip AQ—pi
2H2 (X)) (= P,
() () -
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1 1

0T Ui U? 0T g s

Fig. 2 Graphs of the functions C%-z and c%_3, when L =2/3

Define n: X; — [0, 1] by

k k
lk x € [u],-(é + Vigs Uy, — Vi ],
1 1
c.l(x) xeU”,
n(x,y) =1 o i i
1-— cio;i(x) X € Uio ,
otherwise.

It follows from the definitions that n has compact support contained in B((a,0), €), is
identically one on B((a, 0), §), and satisfies

20 ki crrk ke crrk
Llpn(x,y) — W X € UkEK[(¢i(;(Ui)U¢i() (Ul ))7
0 otherwise.

Note that

HA({(x,y) € Xo s x € | @ WhHUel =212 ((x. y) € Xo  x € ¢ (U,
kEK,'

By the self-similarity of X, there is some k' € K;,4; such that

k ’
{(x,y) € X1 x € g/ (U} = P 4 (X).
This implies that

. 2(ig+i)
H({(x,y) € X5 : x € ¢/ (UN)) = (5) H*(X2).

As a result, we see that

20 \P 2o
lILipnll}, = (MH) 2+ (5) HA(X5)

720 (2 R S N
= — —_— < €er.
AV 2

Recalling that Lip n is an upper gradient of 7, this completes the proof. O
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Combining this result with Proposition 3.4 yields the following statement.
Corollary 4.9 Each point of )?; has zero Lipschitz (2, 1)-Lorentz capacity in X.

We may deduce from this and the work of Keith and Zhong that the number p, given in
Theorem 4.7 is sharp.

Corollary 4.10 The space X, does not support a p; -Poincaré inequality.

Proof Suppose that X, does support a p;-Poincaré inequality. Theorem 2.1 implies that
X, -satisfies a p-Poincaré inequality for some 2 < p < p;,. Proposition 4.8 produces a point
with zero Lipschitz L?-capacity, yielding a contradiction by Proposition 4.6 and Theorem 4.3.

]

5 Space filling with generalized Newtonian maps

This section is based on [8, Sect. 3], where the same construction is done in the setting of
Reshetnyak-Sobolev spaces on the unit cube [0, 1]". The spirit of the construction is due to
Kaufman [12]. We connect the capacity condition of the previous section to the construction
of space filling mappings with controlled upper gradients. This allows us to prove Theo-
rem 1.3 and Corollary 1.6.

5.1 The compact case

Theorem 5.1 Let G be a Banach function norm, and suppose that there is a non-empty
set P C X that has no isolated points and compact closure, and such that each point of
P has zero continuous G-capacity. Then for any length-compact metric space (Y, dy), any
point z € Y, and any € > 0, there is a continuous surjection f: X — Y that takes the value
z outside the e-neighborhood of P, and has an upper gradient g: X — [0, oo] satisfying

llgllg <e.

Proof To produce the desired mapping, we construct a uniform Cauchy sequence of contin-
uous mappings from X to Y, such that the mappings cover finer and finer nets in Y. The limit
mapping is seen to be a continuous surjection, and we use Proposition 3.11 to show that it
has an upper gradient in the desired space.

The assumption that Y is length-compact implies that for each non-negative integer n, we
may find a finite set ¥, = { yl.”}f": | with the property that each y € Y can be connected to
a point in Y, by a path of length no greater than 27". Then |J,, ¥, is dense in Y. We may
assume the diameter of Y with respect to the path metric is 1, and hence we may assume that
=z

For each integer n > 1, we may partition Y,, into k,,_ sets C(y;’fl) so that if y;? € C(yffl),
then there is a 1-Lipschitz path y;’ . [0,2="=D] - ¥ satisfying yj” ) = yi'“1 and y}’(l) =
e

! Let fo: X — Y be the constant mapping fo(x) = z for all x € X. Clearly, the constant
function go(x) = 0 is an upper gradient of fj.

As P is non-empty and has no isolated points, it is infinite, and so we may find a collection
C(x?) of k1 distinct points {xi]}f‘:1 C P.Choose 0 < €] < e/(2]k1) so small that the balls
{B(x], € )}f.q=1 are pairwise disjoint.

By the capacity assumption and Remark 4.2, we may find a number §; > 0 and continuous
functions ni] : X — [0, 1]fori =1, ..., k; satisfying
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(i) supp T},-l is a compact subset of B(xl.l, €1),
(i) n!(x)=1forallx € B(x/, ),
(iii) there is an upper gradient g; of n; such that ||g;|lg < €.

Asthe collection { B (xil , € 1)}?‘:1 is pairwise disjoint, we may define the mapping fi: X — Y by
Fito) = [ foo)r  x ¢ UL, Bx(x] e,

ylonl(x) x e Bx(x}]. €.
We note that condition (ii) above implies that

fiBx(ed,80) = (), (5.1)
and so the image of f] contains Y;. To see that f] is continuous, recall that yil 0 = y?, and
soif x ¢ B(x}, €)), then

vitoni(x) =y = folx).

Moreover, Lemma 3.12 shows that g1 := go + Zf‘: 1 gi1 is an upper gradient of fi, and

llg1 — gollg = llgillg < kier <e27.

Since length(yil) < 1foreachi =1,..., k1, weseethat forall x € X,

dy (f1(x), fox)) < 1.

We now consider the net Y, = { yf}fzz] . Since P is non-empty and has no isolated points,

we may find distinct points {)cjz-}lf= | € P with the following properties. First, there is a

partition of these points into k; collections, labelled C(xil), so that
xFeClx)) < y;ech. (5.2)

Second, we may find 0 < €; < €/ (2%ks) so small that the balls { By (sz., 62)}];2: | are disjoint,
and that if sz. eC (xl.l), then

Bx(x7,€) € Bx(x}. )\{x}}. (53)
By the capacity assumption and Remark 4.2, we may find 6, > 0 and continuous functions
n?: X — 0,271 for j =1,..., kp satisfying
(i) supp 1;3 is a compact subset of B(x]z, €),
(ii) n?(x) =2"1forallx € B(xf, 8),
(iii) there is an upper gradient gjz. of n? such that ||g12| lg < €.

Define f: X — Y by

ky 2
1(x) x — Bx(x7, ),
Sfalx) = f2 2 £ U]_lz J
yjonj(x) x € Bx(xj,€).
As in the first stage, the mapping f> is continuous. Moreover, forany j =1, ..., k2,

H(Bx(x7,82) = {y7),
while (5.3) implies that forany i =1, ..., ki,
hah = fAGh =y
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We may apply Lemma 3.12 again to show that g, := g| + lez‘:l

f2, and

g}. is an upper gradient of

llg2 — g1llg < kaez < €272

Finally, as ]ength(yf) <2 'foreach j =1, ..., ky, we see that

dy (fo(x), fitx)) <271

Continuing in this fashion, for eachn € N we may find a continuous mapping f,: X — Y,
an upper gradient g, of f,;, and a set {)cl.”}f-‘"=l C P such that

dy (fur1(x), fu(x)) <27"forall x € X,

for all integersm > n > landi = 1, ..., ky, it holds that f,,(x!") = y?,
[lgn+1 — &nllg < €2~

falx) = zforall x ¢ UL, B(x), €)).

The first point above shows that { f;,: X — Y} is a Cauchy sequence of mappings in the su-
premum norm. Since Y is length-compact, it is compact, and hence { f;,} converges uniformly
to a continuous function f: X — Y. The second point shows that U, Y,, € f(P). Since P
has compact closure in X and the set U, Y, is dense in the compact space Y, it follows that
f(X)=vY.

The third point above implies that {g, } is a Cauchy sequence in the Banach function space
LY9(X), and that it converges to a function g: X — [0, oo] satisfying ||g||g < €. Thus
Proposition 3.11 implies that f has an upper gradient g that also satisfies ||g||g < €. The
fourth point above, along with the details of the construction, shows that f takes the value z
outside the e-neighborhood of P. O

With slightly stronger hypotheses, we can produce a continuous surjection with Lipschitz
properties.

Theorem 5.2 [f it is additionally assumed in the hypotheses of Theorem 5.1 that each point
of P has zero Lipschitz G-capacity, then the mapping f: X — Y produced by Theorem 5.1
may be chosen so that it also satisfies Lip(f)(x) < ooforall x € X\E, where E is a compact
subset of X with Hausdorff dimension 0.

Proof Using the notation established in the proof of Theorem 5.1, for n € N, set

kn
B, =BGy €.

i=1
The construction shows that for each n € N, the closure of B, is a subset of B,,. It follows
that E = (o Bn is closed. Since the sequence {¢,,} tends to 0, the set P N E is dense in E.
Thus E is a subset of the closure of P, and hence compact. By choosing the sequence {e,}
to tend to O sufficiently fast, we may assume that £ has Hausdorff dimension O.

Let x € X\ E. The nesting of the sets { B, },en and the fact that E is closed implies that

there is open neighborhood U of x and some n € N such that

U < (X\By)

It follows from the construction that f|y = f,—1|y. With the additional assumption that
each point of P has zero Lipschitz G-capacity, the proof of Theorem 5.1 shows that there is
a constant L, > 1 such that the mapping f,,—1 is L,-Lipschitz. From this, we may conclude
that Lip f(x) < L,.
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We now have all the tools needed to prove Theorems 1.3 and 1.5.

Proof of Theorem 1.3 We assume that there is a non-empty set P € X that has no isolated
points and compact completion, and that X is upper Q-regular at each point of P. By The-
orem 4.4, each point of P has zero Lipschitz (Q, ¢)-Lorentz capacity. Theorem 5.1 now
completes the proof. m}

Proof of Theorem 1.5 Let € > 0. By Proposition 4.7, we may find 0 < A < 1 so small that
the Cantor diamond space X, satisfies a (2 4 €)-Poincaré inequality. By Proposition 4.6, the
space X is Ahlfors 2-regular, and it is clearly compact. By Theorem 4.8, each point of the
set }A(; which has compact closure and no isolated points, has zero Lipschitz L”-capacity
forany 1 < p < 2+ €. Theorem 5.1 now completes the proof. O

5.2 The non-compact case

Theorem 5.3 Suppose that X contains a collection { P;};cN of non-empty subsets such that
foreachi e N,

(i) the set P; has no isolated points and has compact closure,
(i1) each point of P; has zero continuous G-capacity,
(iii) there is a number r; > 0 so that the resulting collection {N (P;, r;)}ien is pairwise
disjoint.
Moreover, suppose that Y is a metric space that may be written as a countable union of

length-compact subsets with non-empty intersection. Then there is a continuous surjection
F: X — Y with an upper gradient G: X — [0, oo] in LY (X).

Proof Write Y = | ien Yi, where for each i € N the subset Y; is length-compact, and let
z € (\jen Yi- By applying Theorem 5.1 with € < min{r;, 271}, we may find a continuous
surjection f;: X — Y; that takes the value z off of the set N'(P;, r;), and has an upper
gradient g; : X — [0, oc] satisfying ||gi||g < 27".

For each k € N, define F;.: X — Y by

fikx) x e N(P;,r;) forsome 1 <i <k,
z otherwise.

Fr(x) = [

Then Fj converges pointwise to the continuous surjection F: X — Y defined by

Flx) = [fi(x) xe N(E, ri), for somei € N,
Z otherwise.

By Lemma 3.12, the function G¢: X — [0, co] defined by
k
Grx) = > &i(x),
i=1

is an upper gradient of Fi. As ||gillg < 271 for each i € N, the sequence {Gy}ren forms
a Cauchy sequence in the Banach space LY (X). Thus, by Proposition 3.11, F has an upper
gradient G in LY(X). m]

Remark 5.4 1f
> WN(Pi i) < oo,

ieN
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then the mapping F constructed above takes the value z off of a set of finite measure. In any
case, it is clear that F' is locally integrable in the sense of Definition 3.8.

Remark 5.5 Suppose that in the statement of Theorem 5.3, each point of U; P; has zero
Lipschitz G-capacity, and that the set UP; is closed. By Theorem 5.2, for each mapping
fi: X — Y in the above construction, we may find a compact set E; € P; of Hausdorff
dimension 0 such that Lip(f;)(x) < oo for each x € X\ E;. Then the set E = UE; is closed
and has Hausdorff dimension 0. Then the mapping F constructed in the proof of Theorem 5.3
can be chosen so that it has finite local Lipschitz constant except on E, as follows.

The proof of Theorem 5.1 shows that f; takes the value z off the (finitely many) balls
employed at the first stage of the construction of f;, which have radius ¢; < r;. Adding the
centers of these balls to the set E; if necessary, it follows that the set AV'(E;, 2r;) contains
these balls. If x € X\ E, there is an open neighborhood U of x such that dist(U, E) > 0.
We may assume without loss of generality that the sequence {r;} tends to zero. Hence there
is a finite number N € N such that N'(E;, 2r;) N U = @ for all i > N. Thus, by the above
discussion and the definition of F, we see that

Lip(F)(x) < max Lip(fi)(x) < oc.

We conclude this section with the proof of Corollary 1.6. For basic information regarding
the Heisenberg groups, see, for example, [3].

Proof of Corollary 1.6 We consider the Heisenberg space H", n > 1, to be equipped with
the standard Carnot-Carathéodory metric di» and (2n + 2)-dimensional Hausdorff mea-
sure. Recall that H”" is an Ahlfors (2n 4 2)-regular, complete, and geodesic metric space
that supports a 1-Poincaré inequality. We will verify the hypotheses of Theorem 5.3 and
Remarks 5.4 and 5.5.

We note that the x-axis A, in H! is isometric to R!. For an integer i > 1, let

P Cli+(1/4), i+ (3/4] € Ax

be a standard Cantor set of diameter 2. Then P; is compact and has no isolated points. Since
the standard Euclidean metric on R? is majorized by the Heisenberg distance dyy1, the col-
lection { N1 (P;, 1/2)} is pairwise disjoint, and hence UP; is closed. By Theorem 4.4, each
point of H'! has zero Lipschitz (4, g)-capacity for any ¢ > 1. Moreover, there is a universal
constant ¢ > 1 such that

> H W (P 27)) < ¢ D (diamg P +27)* < o0,

i=1 i=1

The metric dy» is proper and geodesic. Thus the collection {Bu (0, i)} is an exhaustion of
H" by length-compact sets each containing the origin. We may now apply Theorem 5.3 and
Remarks 5.4 and 5.5 to produce a continuous surjection F : H' — H" that is constant off a set
of finite measure, has finite local Lipschitz constant off a set of Hausdorff dimension 0, and
has an upper gradient in L*4 (H'), as desired. The final statement of Corollary 1.6 follows
directly from Theorem 1.4, which is proven independently in Sect. 6 O

6 Mappings with an upper gradient in L2-1(X)

In this section, we describe the properties of a mapping f : X — Y that has an upper gradient
in the Lorentz space L21(X). The results here are mostly based on [20] and [13]. For the
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purposes of this paper, the most important property is Lusin’s condition N. The source of this
property, and several others, is the Rado-Reichelderfer condition.

6.1 The Rado-Reichelderfer condition and its consequences

Definition 6.1 Let® € LllOC (X) be anon-negative functionand o > 1. A mapping f: X —
Y satisfies the Q-Rado-Reichelderfer condition on small scales with weight ® and scaling
factor o > 1 if there is a radius ro > 0 such that for any ball B of radius less than r¢ with
compact closure in X,

(diam f(B))? < / Odpu.

oB

Definition 6.2 Let Q > 0. A mapping f: X — Y satisfies Lusin’s condition Ng if every
set E C X satisfying u(E) = 0 also satisfies HE(f(E)) = 0.

Theorem 6.3 Let Q > 0, and assume that (X, d, u) is doubling. Then each continuous
mapping f: X — Y that satisfies the Q-Rado-Reichelderfer condition on small scales also
satisfies Lusin’s condition Ng.

Proof Tterating the doubling condition, we may find 0 < < oo and C > 1 such that if
B(y,r) € B(x, R) are nested balls in X, then

6.1)

w(BGy,r) ~ \r

wBOR) _ (R)/’ .

Let E C X be aset satisfying i (E) = 0. As X is doubling, it is separable, and our standing
assumptions states that X is locally compact. As a result, the set E has a countable open cover
by sets with compact closure. By the countable sub-additivity of H<, we may assume that
E itself is contained in an open set U with compact closure.

We assume that X satisfies the O-Rado-Reichelderfer condition with weight ® € LIIOC(X )
and scaling factor o > 1 on balls of radius smaller than o > 0. We will show that H Q( f(E)) =
0 by splitting E in two pieces based on the behavior of the weight ®. Let & > 8, and let G
denote the set of points x € E such that there is a sequence of positive numbers {r;} tending
to O satisfying

Odu < (50)* / Odu. (6.2)
B(x,o71) B(x,ri/5)

We first show that H 2 (f(G)) =0.Fix e > 0. As w is assumed to be Borel outer regular,
we may find an open set U € U containing E that satisfies u(Ue) < €. As U has compact
closure, the mapping f is uniformly continuous on U,. Hence there is a number 0 < § < €
such that if B C Uk is a ball of radius less than é, then diam f(B) < €.

For each point x € G, we may find a ball B, € U, of diameter less than min{§, r¢} such
that (6.2) holds. The separability of X and the standard covering lemma [9, Theorem 1.2] now
imply that there is a countable cover {B,} of G consisting of such balls with the additional
property that the collection {(1/5)B,} is disjoint. Then { f(B,)} is a cover of f(G) by sets
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of diameter less than €. Hence, applying the Rado-Reichelderfer condition and (6.2),

HEE(F(G)) < D (diam f(B,)? < > / © du

neN nENG B,

<oy [ ean

neN(1/5)B,

< (50)* / Odu.
Ue

As @ isin LY(U), letting € tend to zero shows that HE(f(G)) =0.
Consider a point x € E\G. This implies that there is a scale r, > O such thatif 0 < r <
ory, then

/ Odu < (5o)™@ / Odu. (6.3)
B(x.r) B(x.507)
We may also assume that B(x,ory) C U.Let0 < r < ry, and find i € N such that
(50) or <ory < (50) T or. (6.4)

Repeatedly applying (6.3) and using (6.4), we see that

(diam f(B(x, )2 < / Odu < (50)*‘“/@@ < (5(”) /@du. (6.5)
U

I'x
B(x,or) U
By the countable sub-additivity of 12, it suffices to show that the sets
E,={xe E\G:ry>1/n}

satisfy HQ(f(E,,)) = 0 for each n € N. To this end, let » € N and € > 0. Define § > 0 as
before. Since E is contained in a compact set, we may find a ball B of radius R > 0 such that
N(E,,1/n) € B. Letr < min{8, o/n}. The doubling condition implies that we may find
a finite maximal r-separated set {x1, ..., xy} € E,. Then {B(x;, r)}?/:l covers E,, while

{B(x;, r/2)}§.\' | is disjoint. By (6.1), foreach j =1,..., N,

< (21%)"‘3 w(B(j,r/2)
r w(B)
Hence, by disjointness,
BN . B
N<C (23) S HBC ) (23) _
r)oioa kB r

Using this, (6.5), and the assumption that r, > 1/n, we estimate that

N
HEE(f(E) < D (diam f(B(xj,)? < N (Sonr)® / ©du

j=1 U

< C@2R)? (50n)* r“—ﬂ/@) du.
U
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Letting r tend to zero shows that HO€ (f(En)) = 0. Letting € tend to zero now implies the
desired result. O

In appropriate circumstances, the Rado-Reichelderfer condition also implies that the
mapping in question has finite Lipschitz constant almost everywhere.

Proposition 6.4 Assumethat (X, d, ) is doubling and Q-regular at small scales. If f : X —
Y satisfies the Q-Rado-Reichelderfer condition on small scales, then Lip f(x) < oo for
almost every x € X.

Proof Let rg > 0 be a scale below which both the Q-regularity and Q-Rado-Reichelderfer
conditions hold. Let ® LIIOC(X ) and o > 1 be the weight and scaling factor from the
Q-Rado-Reichelderfer condition, and suppose that x is a Lebesgue point of f.If0 < r < ro,
then

1/Q 1/0

G fGD) (e [ om| <c| { o

B(x,or) B(x,or)

where C is a number depending only on o and the constant from the Q-regularity condi-
tion. The Lebesgue differentiation theorem now implies that Lip f(x) < oo for almost every
x e X. O

6.2 The space L21(X) and the Rado-Reichelderfer condition

We now establish the Rado-Reichelderfer condition for mappings with an upper gradient in
an appropriate Lorentz space. In the Euclidean setting, this was done in [13]. In the metric
setting, closely related results have been given in [22] and [21]. Our proof follows the outline
of [13], and hence we occasionally skip a few details. The interested reader can find a full
presentation in [29]. We first consider real-valued mappings.

The following lemma, proven in the Euclidean setting in [18], shows that if a pair (f, g)
satisfies a 1-Poincaré inequality, then the Riesz potential of g provides a pointwise estimate
on the oscillation of f.

Lemma 6.5 Let Q > 1, and assume that (X, d, p) is doubling and Ahlfors Q-regular on
small scales. Suppose that f and g are in the space LIIOC(X ), and that the pair ( f, g) satisfies
a 1-Poincaré inequality. Then there exists a quantity C > 1, a radius ro > 0, and a scaling
factor o >0, each depending only the constants associated to the assumptions on X and

(f, ), such that

d(z,y)
— C _— d . 6.6
£ — fal < /M(B(Z’d(z’y)))gm u() 6.6)

oB

Sfor almost every point z € X and any ball B of radius less than ro that contains z.

Proof We assume that there is a radius r¢ > 0, quantities C, K > 1, and a scaling factoro > 1
such that if any ball B = B(x, r) in X,

][ \f — fal dp < C(diam B)f ¢ du, )
B oB
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and if 0 < r < rg, then

0
% < u(B) < Kr@. 6.8)

In this proof only, we let ¢ > 1 denote a quantity, possibly varying at each instance, that
depends only on Q, C, K, and o.

By Lebesgue’s differentiation theorem [9, Theorem 1.8], almost every point of X is a
Lebesgue point. Let z € X be such a point, and let B = B(x, r) be a ball containing z such
that r < ro/(40). For integers k > —1, define By = B(z, 27%r). Since Biy1 € By for
k> —1,and B € B_1, the inequalities (6.7) and (6.8) imply that

1) — fB] < (Z | f5, — f3k+l|)+ | f5_, — fB]

<
k=—1
o0
<c Z 27Ky ][ gdu
k=—1 o By
o0
<c > [etn'%an
k:_loBk
oo oo
<c Z Z / (27kr)17Qg du.
k=—1m=0

(TBk+m\U-Bk+m+l
For integers k > —1 and m > 0, a point y € o By, satisfies

(d(z’ y))lQ > @ k-,

og2—m

Hence, changing the order of summation and again using (6.8),

cX >t [ deyn' Ceaun)

k=—1m=0

|f(z) — [l

IA

0 B m \0 Bitm+1

o0
¢y almom / d(z, y)'Cg du(y)
m=0

oBp—1

o0
> 2070 [ de 'L du
m=0

oB_;

d(z,y)
- s d
= / (B vy M

oB_

IA

IA

d(z,y)
_d s
¢ LB diyy MY
B(x,20+1r)

IA

as desired. O

Theorem 6.6 Let Q > 1, and assume that X is complete, doubling, Q-regular on small
scales, and supports a Q-Poincaré inequality. Let f: X — R be alocally integrable function
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with an upper gradient g in the Lorentz space L2V (X). Then there is a continuous represen-
tative of f that satisfies the Rado-Reichelderfer condition on small scales with weight and
scaling factor depending only on g and the constants associated to the assumptions on X.

Proof Throughout this proof, we refer to the quantities associated with the Poincaré inequal-
ity and the doubling and Q-regularity conditions as the data. We also denote by C a quantity,
possibly varying at each instance, that depends only on the data. We first consider the case
that Q > 1.

By Theorem 2.1, there is € > 0, depending only on the data, such that X supports a
(Q — €)-Poincaré inequality. Define a perturbed maximal function of g by

1/(Q—e¢)
g(x) = | sup ][ g% du : (6.9)

r>0
B(x,r)

By [7, Theorem 3.2], there is a constant ¢ > 1 depending only on the data such that the
preturbed maximal function

1/(Q—e€)

g(x)=c|sup ][ g9 ¢ du
r>0
B(x,r)

is a Hajtasz upper gradient of f, meaning that for almost every x, y € X,

If) = fOI =dx, y)(Ex) + 8.

The standard Hardy-Littlewood maximal function theorem [9, Theorem 2.2] and the
Marcinkiewicz Interpolation Theorem [2, Theorem IV.4.13] imply that

l1gllLo1 < Cllgllpor < oo.

It is shown in [6, Sect. 9] that the pair ( f, g) satisfies a 1-Poincaré inequality with constant
and scaling factor that depend only on the data. Let N be a set of measure zero such that
each point of X\ NV is a point of validity of the conclusions of Lemma 6.5. Hence, there is a
radius ro > 0 and a scaling factor o > 0, each depending only on the data, such that if B is
a fixed ball of radius less than rg, then we may find a point z € B\ N such that

d(z, x)

mg(x) dp(x). (6.10)

diam f(B\N) < 3|f(z) — fBl < C/
oB

A straight-forward generalization of [13, Theorem 3.1] to our setting shows, after possibly
shrinking rq by a factor depending only on the data, that for any gauge ¢,

0-1

[¢] 00
d(z, x) ~ 1 0.1 ,~
/—g(x) dux)|] =C /¢Q(t)dt /F¢’ (g(x))dx, (6.11)
B(z,d(z,
n(B(z,d(z, x))) /

oB oB

whenever the right-hand side is finite (see Subsect. 3.2 for the relevant definitions).

Theorem 3.6 states that there is a gauge ¢ € A1 such that ¢ (lg(x)]) > 0 for almost
every x € X with |g(x)| > 0, and such that F¢Q’] og € L'(X). The gauge ¢ depends only
on the data and g.
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Define ®: X — R by
00 0-1
ow=c|( [otmar] £ Gw.
0

Then ® € L'(X), and it depends only on the data and g. Combining (6.10) and (6.11), we
see that

(diam f(B\N))? < C/@ dpu.
oB

Since ® does not depend on B, it follows that f is uniformly continuous on X\ N. Since N
has measure zero, it has empty interior, and hence we may extend f|x\y to a continuous
function f on X. By the continuity of f,

(diam £(B))? = (diam F(B\N))? = (diam f(B\N))? < c/@ du,
oB
as desired.
Now suppose that Q = 1. For any ball B = B(x, r) in X, we may find points y and z in
B such that
diam f(B) < 2[f(x) — f(W)I.

Since X is doubling and supports a 1-Poincaré inequality, it is quasiconvex with constant
depending only on the data. (see e.g., [10] or [16]). Hence there is a path y : [0, 1] — X such
that y (0) = x, y(1) = y, and length y < Cd(x, y). Hence y ([0, 1]) € CB. The definition
of an upper gradient implies that

diam f(B) < Z/gds.

14

/gdst/gdu.

14 CB

We claim that

Since L1(X) = L'(X), it suffices to show the claim. As in [9, Exercise 8.11], we may
assume without loss of generality that 1 is the one-dimensional Hausdorff measure ! . Prop-
osition 15.1 of [23] implies that we may also assume that y is injective and parameterized

so that
/gds:C / gdHl.

Y y((0,1])
The claim follows. O
A similar result for metric space valued mappings now follows easily.

Corollary 6.7 Let Q > 1, and assume that X is complete, doubling, Q-regular on small
scales, and supports a Q-Poincaré inequality. Let Y be a separable metric space, and let
f1 X — Y be a continuous mapping with an upper gradient g in the Lorentz space L2 (X).
Then f satisfies the Rado-Reichelderfer condition on small scales with a weight © depending
only on g and the constants associated to the assumptions on X.
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Proof Recall that as Y is separable, there is an isometric embedding ¢: ¥ <> £*°. For each
k € N, let Ty : £° — R denote the 1-Lipschitz projection defined by

Ti({an}nen) = ax.

Then g is again an upper gradient of the continuous real-valued mapping Ty oto f € LllOC (X).
Hence, by Theorem 6.6, each mapping Ty oto f satisfies the O-Rado-Reichelderfer condition
with the same weight ® and scaling factor o, which depend only on the data and on g. Thus,
if B is a sufficiently small ball, the definition of the metric on £°° implies that

0
(diam f(B))¢ = (diam¢o f(B))? = ( sup sup|Txoto f(x) —Txoto f(y)|)

x,yeB keN

Q
=SUP(SHP ITkOLOf(X)—TkOLOf(y)I)

keN \ x,yeB

5/®w,

oB

yielding the desired result. O

Theorem 1.4 states that certain mappings do not increase dimension. One step in the proof
is to show that the mappings under consideration satisfy Lusin’s condition N, implying that
no set of measure zero can be mapped onto a set of higher dimension. We also need to show
that large sets cannot be mapped onto a set of higher dimension. This is true even for Sobolev
mappings, as the following well-known statement shows. See also [26, Theorem 1].

Lemma 6.8 Assume that X is doubling and supports a Q-Poincaré inequality, Q > 1.
Suppose that f € Llloc (X Y) is continuous and has an upper gradient in L2 (X). Then there
are subsets E1 2 Ep O ... such that u(E;) < 1/i and f|g, is Lipschitz for each i € N. In
particular, the set E = ;o Ei has measure zero, and the Hausdorff dimension of f(X\E)
is no greater than the Hausdorff dimension of X.

Proof Lett: Y — £°°(Y) be an isometric embedding. By Proposition 3.9, the mapping to f
is locally Bochner integrable, and it has an upper gradient g in L (X). By [11, Theorem
4.3], the mapping ¢ o f satisfies a Q-Poincaré inequality. Applying [7, Theorem 3.2] to each
component of ¢ o f now shows that f satisfies a pointwise inequality of the form

dy (f(x), f()) = llto f(x) —to fFDMleery S dx(x, (M (g2)(x)/2

+HM (g9,
where M denotes the Hardy-Littlewood maximal function. Since M maps L!(X) to
weak-L! (X), the result follows. ]

Proof of Theorem 1.4 We assume that X is complete, doubling, Q-regular on small scales,
and supports a Q-Poincaré inequality, and that f € L]IOC(X ; Y) is a continuous surjection
with an upper gradient in the space LZ:!(X). Since X is doubling, it is separable, and hence
the Q-regularity on small scales and the countable sub-additivity of H< imply that X has
Hausdorff dimension Q. By Corollary 3.5, the space L21(X) is contained in L2 (X). Thus,
by Lemma 6.8 there is a set E such that the Hausdorff dimension of f(X\E) is no greater
than Q, and w(E) = 0. On the other hand, Theorem 6.3 and Corollary 6.7 imply that f
satisfies Lusin’s condition Ny, and so HE(f(E)) = 0 as well. Since f is a surjection, we
see that Y has Hausdorff dimension no greater that Q. O
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Remark 6.9 Theorem 1.5 shows that the conclusion of Theorem 1.4 does not hold for the
Cantor diamond space X, introduced in Subsect. 4.2. However, recent work of Marola
and Ziemer allows us to make the following statement [19, Corollary 6.2]. Let m > 3. If
f: X, — R™is acontinuous mapping with an upper gradient in the space L? (X} ) for some
p > pa, then f satisfies Lusin’s condition Nj. Thus, by Lemma 6.8, we may conclude that
f is not a surjection.

Finally, we prove Theorem 4.5, giving conditions under which a point does not have zero
Lorentz (Q, 1)-capacity. We employ a Sobolev-Lorentz embedding theorem that is valid in
great generality [21, Theorem 2.1].

Proof of Theorem 4.5 The case that Q = 1 is handled by an argument similar to the one given
in the same case of Theorem 6.6, and we leave it to the reader. Hence we let Q > 1, and assume
that (X, d, n) is complete, doubling, Q-regular at small scales, and supports a Q-Poincaré
inequality. It follows that X is proper and quasiconvex, and hence bi-Lipschitz equivalent to
a geodesic space [10], [16]. As the conclusion of the theorem is invariant under bi-Lipschitz
mappings, we may assume that X is geodesic. Hence the proof of [21, Proposition 1.4] shows
that the hypotheses of [21, Theorem 2.1] are met under our assumptions. As before, we let C
be a number, possibly varying at each instance, that depends only on the constants associated
to our assumptions.

Towards a contradiction, suppose that a point a € X has zero continuous (Q, 1)-Lorentz
capacity. Let rg be the scale below which the Q-regularity condition holds, and let0 < r < rg
and € > 0. By assumption, we may find a continuous map n: X — [0, 1] that is compactly
supported in B(a, r), takes the value 1 on a neighborhood of a, and has an upper gradient g
satisfying ||g|| 0.1 < €. As in the proof of Theorem 6.6, there is a Hajtasz upper gradient g
of n such that ||g]|; 0.1 < Ce. The Sobolev-Lorentz Embedding Theorem [21, Theorem 2.1]
now shows that for almost every x, y € B(a, r),

In(x) —=n(| = ClIgll e = Ce.

Choosing € < 1/C now yields a contradiction. O

Remark 6.10 Given Theorems 4.5 and 1.4, it is natural to ask what can be said about a map-
ping f: X — Y with an upper gradient in some Banach function space LY (X), given that
each point of X does not have zero continuous G-capacity. Is there a bound on how much
such mappings can increase dimension, in terms of G?

Remark 6.11 1f (X, d) is a separable space, all of the results of this section, including
Theorems 1.4 and 4.5, make conclusions only involving small scales. However, as is standard
in the literature, we often assume the doubling condition and a Poincaré inequality, which
control behavior at large scales as well. This inconsistency can be resolved by assuming
separability and small scale versions of the doubling condition and the Poincaré inequality.
However, one must verify that the tools used in the proofs (such as the Lebesgue differ-
entiation theorem, the existence of a homogeneous measure on a doubling space, and the
self-improvement of the Poincaré inequality) have appropriate small scale analogues. This
is very likely to be true, though detailed proofs are beyond the scope of this paper.
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