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Abstract. In recent years, significant progress in the calculation of the HLbL
contribution to the anomalous magnetic moment of the muon has been achieved
both with data-driven methods and in lattice QCD. In these proceedings I will
discuss current developments aimed at controlling HLbL scattering at the level
of 10%, as required for the final precision of the Fermilab E989 experiment.

1 Introduction

The 4.20 tension between the experimental world average [1-5]

aS® = 116592061(41) x 107! (1)

=
and the Standard-Model prediction for the anomalous magnetic moment of the muon [6-33]
aM =116591810(43) x 107" )

continues to motivate further improvements in controlling the hadronic contributions, both
hadronic vacuum polarization (HVP) and hadronic light-by-light scattering (HLbL). While
for the HVP contribution a key challenge concerns reconciling the data-driven determination
as reviewed in Ref. [6] and the lattice-QCD calculation by BMWc [34], see Refs. [35-39], for
HLDbL scattering the phenomenological determination, based on Refs. [19-31, 40-45], agrees
well with the lattice calculation by RBC/UKQCD [32] already included in Ref. [6] and the
more recent calculation by the Mainz group [46]. Here we discuss mainly the prospects
and challenges involved in improving the data-driven determination further towards 10%
precision, as required for the final goal of the Fermilab E989 experiment [47] and beyond [48,
49].

2 White paper status

The current status of the phenomenological determination as described in the White Paper
(WP) [6] is given in Table 1 in comparison with previous compilations [42, 50-52]. The
final recommended value was obtained by combining errors for the well-controlled low-
energy contributions—pseudoscalar poles [23, 26-28] and leading two-pion intermediate
states [24, 25]—in quadrature, to the effect that the subleading contributions—scalar, tensor,
and axial-vector states as well as short-distance contributions [19, 29-31, 40-45]—dominate
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Contribution PdRV(09) N/IN(09) J(17) WP20
7%, n, 1 -poles 114(13) 99(16) 95.45(12.40) 93.8(4.0)
m, K-loops/boxes —19(19) —19(13) =20(5) -16.4(2)
S -wave 7 rescattering =7(7) -7(2)  =5.98(1.20) -8(1)
subtotal 88(24) 73(21) 69.5(13.4) 69.4(4.1)
scalars - - -
tensors - - 1.1(1) } -13)
axial vectors 15(10) 22(5) 7.55(2.71) 6(6)
u, d, s-loops/short-distance - 21(3) 20(4) 15(10)
c-loop 2.3 - 2.3(2) 3(1)
total 105(26) 116(39) 100.4(28.2) 92(19)

Table 1. Estimates for the various contributions to HLbL scattering from WP20 [6], PARV(09) [50],
N/IN(09) [51, 521, J(17) [42]; from Ref. [6].

the error budget. In particular, the uncertainties for these contributions were added linearly,
to account for the fact that, contrary to the low-energy part, the bookkeeping is not yet based
on a dispersive reasoning [20-22, 53], which introduces ambiguities and thus sizable cor-
relations among the errors. The total number g™ (phenomenology) = 92(19) x 107!
agrees well with lattice QCD (for ¢ = u, d, s)—a}fLbL (RBC/UKQCD) = 79(35) x 107! [32]
and ;""" (Mainz) = 106.8(14.7) x 107'! [46]. The combination of phenomenology and
RBC/UKQCD (accounting for the role of the c-loop) then leads to the final recommendation
aI‘fU’L (WP) =90(17) x 107! [6].

3 Pseudoscalar poles

For the n° pole evaluations from dispersion relations [26, 27], Canterbury approximants [23],
and lattice QCD [28] are available

7"-pole _ +2.7 11 70-pole _ T
P e = 63073 X 1071 g2 63.62.7)x 107!,
n-pole — —11 n%-pole _ 11
Ay |lattice+PrimEx =62.3(2.3) x 1077, o |lattice =59.7(3.6) x 107, 3)

which agree at a level well below the required precision goal. The agreement is further
improved if the experimental normalization for 7° — yy from the PrimEx experiment [54] is
imposed in the lattice calculation. In addition, the singly-virtual limit of the pion transition
form factor (TFF) agrees with the measurement from the BESIII experiment [55].

The situation differs for n, ’, for which the WP number currently derives from Canter-
bury approximants alone [23], calling for further corroboration from dispersion relations and
lattice QCD, both of which are in progress. On the lattice side, calculations for the 7, 7’
are noisier than for the 7°, but are being addressed by (at least) two collaborations [56, 57].
On the dispersive side, the main challenge concerns so-called factorization breaking con-
tributions, which can arise from a left-hand-cut structure involving the a, resonance. Such
contributions cannot be addressed in the Canterbury approach, and thus it becomes critical
to clarify their impact. A first step in this direction, relying on data for e*e™ — nmr, was
recently performed in Ref. [58], with the main result that more differential data are required
to resolve these contributions conclusively.



EPJ Web of Conferences 258, 06004 (2022) https://doi.org/10.1051/epjconf/202225806004
A Virtual Tribute to Quark Confinement and the Hadron Spectrum (vConf21)

N
'S

(s) [10711GeV 7]

HLbL
a,

03 0.4 05 06 0.7 07 08 0.9 1 11 1.2
/5 [GeV] /5 [GeV]

Figure 1. Spectral shape in the f,(500) (left) and the f;,(980) (right) regions, as a function of center-of-

mass energy +/s; from Ref. [59]. The integration over s gives the contribution to aj-*".

4 Scalar contributions and nrr rescattering

In general, the contribution from single-particle poles to HLbL scattering depends on the
choice of the basis for the HLbL tensor [25], with only the entire HLbL tensor basis indepen-
dent by virtue of sum rules that may receive contributions from several (narrow) resonances
of different quantum numbers at a time. Only pseudoscalar poles constitute an exception,
making scalar resonances the first non-trivial test case. In Refs. [24, 25] it was shown that
the dominant such contribution—S -wave sz rescattering, which for isospin I = 0 imple-
ments the f,(500) resonance in a model-independent way—is largely basis independent by
itself, since the two helicity components cancel in the corresponding sum rule to a large
extent. Recently, this approach was generalized to the partial-wave helicity amplitudes for
v*y* — nn/KK [60-65], which allows one to also describe the f5(980) and compare to a
narrow-width approximation (NWA) [59]:

afI £3980) | = -02)x107", @[ £(980)

rescattering

llawa = —0-37(6)x 107", (4)
where the TFFs from the quark model of Ref. [66] have been used, in line with the expected
asymptotic behavior [67]. This shows that the result from the NWA comes out reasonably
close to the full dispersive implementation, suggesting that at least for sufficiently narrow
states a similar approach should be viable as well for axial-vector and tensor resonances.
In addition, it was found that the combined contribution from §-waves, including also the
ap(980), amounts to a};H‘bL[scalars] = —9(1) x 101 [59], with the effect of yet heavier states
small and very uncertain due to the lack of reliable TFF input. Given that heavy scalar con-
tributions are not expected to play a special role in the implementation of short-distance con-
straints (SDCs), contrary to axial-vector resonances, and first enter > 1.5 GeV, such effects
are best considered part of the asymptotic matching [29, 68, 69].

5 Axial-vector contributions and short-distance constraints

SDCs are available in two kinematic regimes, (i) one in which all three non-vanishing vir-
tualities are large, and (ii) another in which one is much smaller than the other two. The
result for the former case has only recently been put onto solid footing by demonstrating
that the perturbative QCD quark loop does arise as the first term in a well-defined operator
product expansion (OPE) [29]. While non-perturbative corrections prove negligible [68], the
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Figure 2. Comparison of the longitudinal short-distance contributions as a function of a common lower
cutoff O, on the virtualities in the HLbL loop integral. The red dashed line refers to the perturbative
QCD quark loop, the others to Ref. [19] (MV), Ref. [71] (CCDGI), Ref. [70] (HW2), Refs. [30, 31]
(excited PS), and Ref. [74] (LP); from Ref. [75].

perturbative «, corrections provide valuable insights into the onset of the asymptotic regime,
typically scaling approximately as 1 — a,/m [69].

The SDCs in regime (ii) were derived in Ref. [19], with subsequent discussions how the
respective constraints should be implemented. The simple model proposed in Ref. [19] re-
mains valid in the chiral limit, but its simplicity comes at the price of neglecting 27 and 37
singularities that strongly affect the low-energy region of the HLbL integral. This was pointed
out in Refs. [30, 31], in which a Regge model based on excited pseudoscalar mesons was pro-
posed, exploiting the fact that these are well controlled theoretically and can provide a viable
implementation at physical quark masses. Alternatively, a model for a tower of resonances in
holographic QCD has been proposed [70, 71], which allows one to identify the model from
Ref. [19] in a particular limit, while demonstrating at the same time that an additional con-
tribution is necessary to fulfill the Landau—Yang theorem [72, 73], thus avoiding a sizable
effect in the low-energy region. Third, an approach based on interpolants has been proposed
in Ref. [74]. There is broad agreement among all three approaches as concerns the impact
of the longitudinal SDCs, leading to contributions significantly smaller than the model from
Ref. [19] would predict. A critical comparison of the different approaches can be found in
Ref. [75], leading to the situation illustrated in Fig. 2.

In contrast, the role of the transverse SDCs, closely related to axial-vector degrees of
freedom, is less well understood. There are a number of papers that analyze axial-vector
contributions in a Lagrangian model [40, 42, 45, 76], but the combination with contributions
evaluated in a dispersive framework remains to be understood. In particular, while it is possi-
ble to find a HLbL basis in which the axial-vector contributions coincide with the Lagrangian
model [75], due to sum rules this choice of basis affects other contributions as well, and these
consequences need to be carefully investigated.

In addition, information on the axial-vector TFFs is scarce, with the main source of in-
formation from the L3 measurements [77, 78] of eTe™ — eTe™ A, A = fi, fl’ , with additional
input from f; — py [79, 80], fi — ¢y [80, 81], and, most recently, fi — e*e™ [82]. In
particular, an improved measurement of the latter process would be extremely valuable to
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Figure 3. Constraints on the antisymmetric TFFs of the f;(1285) in terms of couplings C,,, C,,, for
two variants of vector-meson-dominance parameterizations; from Ref. [83].

disentangle different TFFs, given that e*e™ — e*e™A is primarily sensitive to the symmetric
TFF only. A global analysis for the f1(1285), for which the experimental situation is best,
was recently presented in Ref. [83], see Fig. 3. Estimates for the f;(1420) and the a;(1260)
can then be obtained from U(3) symmetry, with the mixing angle determined by the L3 mea-
surements of the equivalent two-photon decay widths.

6 Conclusions

In these proceedings I reviewed the current status of HLbL scattering and discussed recent
developments that aim at improving the precision towards the 10% level. While controlling
subleading contributions in a data-driven way becomes increasingly challenging, recent work
shows that it should be possible to achieve this goal with a combination of rigorous short-
distance constraints and experimental input on the subleading intermediate states. Anticipat-
ing similar progress in lattice QCD, there should be two independent methods available to
determine the HLbL contribution at the required level, with detailed comparisons potentially
allowing for further improvements in precision.

I am grateful to Gilberto Colangelo, Bastian Kubis, and Peter Stoffer for longstanding collaboration
on the subjects reviewed here and for carefully reading this manuscript. Support by the Swiss National
Science Foundation, under Project No. PCEFP2_181117, is gratefully acknowledged.
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