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1. Introduction

In Ref. [1] we have presented our full calculation of the short and intermediate time-distance
hadronic vacuum polarization (HVP) contributions to the muon magnetic moment using twisted-
mass fermions on ETMC ensembles. In this work, we present an extract that focuses on disconnected
contributions, summarizing the results of the manuscript and providing some additional details.

In our calculation, we have adopted the time momentum representation [2] and evaluate the
HVP contribution to the muon anomalous magnetic moment 𝑎HVP

` as

𝑎HVP
` = 2𝛼2

𝑒𝑚

∫ ∞

0
𝑑𝑡 𝑡2 𝐾 (𝑚`𝑡)𝑉 (𝑡) , (1)

where 𝑡 is the Euclidean time and the kernel function 𝐾 (𝑚`𝑡) is defined as1

𝐾 (𝑧) = 2
∫ 1

0
𝑑𝑦(1 − 𝑦)

[
1 − 𝑗20

(
𝑧

2
𝑦√︁

1 − 𝑦

)]
, 𝑗0(𝑦) =

sin (𝑦)
𝑦

. (2)

The Euclidean vector correlator 𝑉 (𝑡) is defined as

𝑉 (𝑡) ≡ −1
3

∑︁
𝑖=1,2,3

∫
𝑑3𝑥 ⟨𝐽𝑖 (®𝑥 𝑓 , 𝑡 𝑓 )𝐽𝑖 (®𝑥𝑖 , 𝑡𝑖)⟩ (3)

with 𝐽` (𝑥) being the electromagnetic current operator

𝐽` (𝑥) ≡
∑︁

𝑓 =𝑢,𝑑,𝑠,𝑐,...

𝑞 𝑓 𝜓 𝑓 (𝑥)𝛾`𝜓 𝑓 (𝑥) (4)

and 𝑞 𝑓 the electric charge for the quark flavour 𝑓 (in units of the absolute value of the electron charge).
Clearly, the vector correlator 𝑉 (𝑡) give rise to both connected and disconnected contributions, as
depicted in Fig. 1. The latter are the focus of this proceeding.

ΓΓ ��

Figure 1: Connected (left) and disconnected (right) contributions to the vector correlator 𝑉 (𝑡).

1.1 The RBC/UKQCD windows in the time-momentum representation

Following the analysis of the RBC/UKQCD Collaboration [3], we separate the whole HVP
contribution in three terms,

𝑎HVP
` ≡ 𝑎SD

` + 𝑎W
` + 𝑎LD

` , (5)

that can be obtained from Eq. (1) with integration kernel 𝐾 (𝑚`𝑡) multiplied by suitably smoothed
Heaviside step-functions, namely

𝑎𝑤` = 2𝛼2
𝑒𝑚

∫ ∞

0
𝑑𝑡 𝑡2 𝐾 (𝑚`𝑡) Θ𝑤 (𝑡)𝑉 (𝑡) 𝑤 = {SD,W,LD} , (6)

1The leptonic kernel 𝐾 (𝑧) is proportional to 𝑧2 at small values of 𝑧 and it goes to 1 for 𝑧 → ∞.
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where the time-modulating function Θ𝑤 (𝑡) is given by

ΘSD(𝑡) ≡ 1 − 1
1 + 𝑒−2(𝑡−𝑡0 )/Δ

, (7)

ΘW(𝑡) ≡ 1
1 + 𝑒−2(𝑡−𝑡0 )/Δ

− 1
1 + 𝑒−2(𝑡−𝑡1 )/Δ

, (8)

ΘLD(𝑡) ≡ 1
1 + 𝑒−2(𝑡−𝑡1 )/Δ

(9)

with the parameters 𝑡0, 𝑡1,Δ chosen [3] to be equal to

𝑡0 = 0.4 fm , t1 = 1 fm , Δ = 0.15 fm . (10)

2. Lattice setup

In this work we compute disconnected contributions on three ensembles with 𝑁 𝑓 = 2 + 1 + 1
flavours of Wilson twisted-mass clover-improved quarks with masses approximately tuned to their
physical value. The parameters of the ensembles are give in Table 1. For the full calculation in
Ref. [1], a fourth ensemble, cB211.072.96, at 𝛽 = 1.778 and lattice volume 𝑉/𝑎4 = 963 · 192 was
used for estimating finite size effects (FSEs). However, due to the high cost of the calculation, we
did not compute disconnected contributions using the larger volume cB211.072.96 ensemble, since
FSEs are expected to be within statistical errors.

ensemble 𝛽 𝑉/𝑎4 𝑎 (fm) 𝑎`ℓ 𝑀𝜋 (MeV) 𝐿 (fm) 𝑀𝜋𝐿

cB211.072.64 1.778 643 · 128 0.07961 (13) 0.00072 140.2 (0.2) 5.09 3.62
cC211.060.80 1.836 803 · 160 0.06821 (12) 0.00060 136.7 (0.2) 5.46 3.78
cD211.054.96 1.900 963 · 192 0.05692 (10) 0.00054 140.8 (0.2) 5.46 3.90

Table 1: Parameters of the ETMC ensembles used in this work. We give the light-quark bare mass,
𝑎`ℓ = 𝑎`𝑢 = 𝑎`𝑑 , the pion mass 𝑀𝜋 , of the lattice size 𝐿 and the product 𝑀𝜋𝐿.

3. Noise reduction techniques and statistics

The disconnected contributions are computed for the light-, strange- and charm-quark masses.
Various noise-reduction techniques are employed to improve the signal-to-noise ratio of discon-
nected loops. These are the one-end-trick [4], exact deflation of low-modes [5] and hierarchical
probing [6]. The one-end-trick is used for all loops; hierarchical probing with distance 8 is used
for all loops, except the charm-quark loops for the cB211.072.64 ensemble, where distance 4 is
used; and deflation of the low-modes is used for the light quark loops for the cB211.072.64 and
cC211.060.80 ensembles. The latter is not employed for the cD211.054.96 ensemble because of the
prohibitively large memory requirements. Indeed, the number of low-modes to be deflated should
be increased with the volume, making the costs of this technique to scale with volume-squared.
For this reason deflation is not used on the larger volume and, instead, multiple stochastic sources

3
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cB211.072.64 cC211.060.80 cD211.054.96
Flavour 𝑁defl 𝑁r 𝑁Had 𝑁vect 𝑁defl 𝑁r 𝑁Had 𝑁vect 𝑁defl 𝑁r 𝑁Had 𝑁vect

Light 200 1 512 6144 450 1 512 6144 0 8 512 49152
Strange 0 2 512 12288 0 4 512 24576 0 4 512 24576
Charm 0 12 32 4608 0 1 512 6144 0 1 512 6144
𝑁confs ×750 configurations ×400 configurations ×500 configurations

Table 2: Noise reduction techniques and statistics used for the disconnected quark loops. For each ensemble,
the columns are in order: i) the number of deflated eigenvectors 𝑁defl, ii) the number of stochastic sources 𝑁r,
iii) the number of Hadamard vectors 𝑁Had, and iv) the total number of computed vectors 𝑁vect = 12×𝑁r×𝑁Had.

Figure 2: Statistical errors of the integrand in the short (SD), intermediate (W) and long (LD) distance
windows for the light (left panel) and strange (right panel) contributions to the disconnected loops on the
cB211.072.64 ensemble. In orange are the values used in the final calculation, i.e. those reported in Table 2,
while in blue are the same quantities computed with an alternative setup. Namely, we used 2 stochastic
sources (instead of 1) but no deflation for the light loops and used 12 stochastic sources (instead of 2) and 32
Hadamard vectors (instead of 512) for the strange loops. In the text we report about the gain in cost-to-error.

are utilized. In Table 2 we summarize the statistics used for the three ensembles and three quark
flavours.

For certain flavour of quark loops we have also available a calculation made with a different
setup. E.g. on the cB211.072.64, for the light disconnected contributions, we have also computed
loops without deflation and two stochastic sources, or, for the strange disconnected contributions,
we have employed 12 stochastic sources and 32 Hadamard vectors. These different combinations
allow us to estimate the improvements due to the noise reduction techniques adopted. We analyse
this in Fig. 2 where we compare the error on disconnected contributions for the various windows
using the aforementioned statistics for the light- and strange-quark loops. Looking at the light-quark
loops, the cost for one stochastic source with deflation is about 35% cheaper than computing two
stochastic sources without deflation, and its error is also 35% smaller. Summing these up, deflation
reduces the cost-to-error ratio by a factor of 3.7× for this specific quantity and ensemble. Looking

4
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at the strange-quark loops, 2 sources with 512 Hadamard vectors require 2.7× more computational
resources than 12 sources with 32 Hadamard vector and reduce the errors squared by a factor of
3×, resulting in a 11% reduction of the cost-to-error ratio.

4. The strange- and charm-quark loops

The strange- and charm-quark loops are computed at a quark mass obtained by tuning the Ω

and Λ𝑐 baryons, respectively, to their physical value. The values of the bare masses for the strange,
𝑎`𝑠, and for the charm, 𝑎`𝑐, quarks are listed in Table 3. In Fig. 3, we show the continuum limit of
the renormalized strange and charm quark masses in the 𝑀𝑆(2 GeV) and 𝑀𝑆(3 GeV) scheme [7],
respectively. We compare them against the results computed in the continuum limit in Ref. [7]. We
note that the values of 𝑎`𝑠 do not show sizable cut-off effects, while 𝑎`𝑐 does.

Ensemble 𝑎`𝑠 𝑎`𝑐

cB211.072.64 0.01860 0.249
cC211.060.80 0.01615 0.206
cD211.054.96 0.01360 0.166

Table 3: Values of the bare quark masses 𝑎`𝑠 and 𝑎`𝑐 used for the calculation of strange and charm
disconnected contributions.
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Figure 3: Renormalized strange (left) and charm (right) quark mass, given respectively in the 𝑀𝑆(2 GeV)
and 𝑀𝑆(3 GeV) scheme [7, 8], tuning the Ω and Λ𝑐 baryon masses, versus the squared lattice spacing. The
red stars are the results of the continuum limit extrapolation carried out in Ref. [7].

5. Disconnected contributions

The quark disconnected contributions to the vector correlator 𝑉 (𝑡) (see Eq. (3)) is the sum of
the six relevant quark disconnected correlators weighted by the appropriate charge factors, namely

𝑉disc. (𝑥) =
∑︁

𝑖=1,2,3

(
+ 1

9
〈
𝐽ℓℓ𝑖 (𝑥) [𝐽ℓℓ𝑖 ]†(0)

〉
+ 1

9
〈
𝐽𝑠𝑠𝑖 (𝑥) [𝐽𝑠𝑠𝑖 ]†(0)

〉
+ 4

9
〈
𝐽𝑐𝑐𝑖 (𝑥) [𝐽𝑐𝑐𝑖 ]†(0)

〉
(11)

− 1
9

〈
𝐽ℓℓ𝑖 (𝑥) [𝐽𝑠𝑠𝑖 ]†(0) + hc

〉
+ 2

9
〈
𝐽ℓℓ𝑖 (𝑥) [𝐽𝑐𝑐𝑖 ]†(0) + hc

〉
− 2

9
〈
𝐽𝑠𝑠𝑖 (𝑥) [𝐽𝑐𝑐𝑖 ]†(0) + hc

〉 )
,

5
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where the renormalized vector currents 𝐽 𝑓 𝑓

𝑖
, which are written in terms of Osterwalder-Seiler

valence lattice quarks [9, 10], read as

𝐽ℓℓ` (𝑥) = 𝑍𝑉 ℓ̄(𝑥)𝛾`ℓ(𝑥) , 𝐽𝑠𝑠` (𝑥) = 𝑍𝑉 𝑠(𝑥)𝛾`𝑠(𝑥) , 𝐽𝑐𝑐` (𝑥) = 𝑍𝑉𝑐(𝑥)𝛾`𝑐(𝑥) . (12)

For details on the calculation of the renormalization constant 𝑍𝑉 we refer to Ref. [1]. From the
vector correlator 𝑉𝑑𝑖𝑠𝑐. (𝑡) the values of 𝑎SD

` (𝑑𝑖𝑠𝑐.) and 𝑎W
` (𝑑𝑖𝑠𝑐.) are straightforwardly evaluated

according to Eq. (6). The results for the diagonal and off-diagonal disconnected contributions are
summarized in Table 4 for 𝑎SD

` and in Table 5 for 𝑎W
` .

Ensemble ℓℓ 𝑠𝑠 𝑐𝑐 ℓ𝑠 ℓ𝑐 𝑠𝑐

cB211.072.64 −3.37 (13) −2.090 (59) −1.18 (14) +5.29 (15) −1.52 (24) +1.67 (13)
cC211.060.80 −3.36 (16) −2.090 (73) −0.78 (11) +5.53 (17) −1.48 (20) +1.37 (15)
cD211.054.96 −3.54 (16) −2.084 (75) −0.71 (14) +5.60 (18) −1.51 (21) +1.27 (18)

Table 4: Summary of the various flavour contributions to 𝑎SD
` (disc.) in units of 10−12 for the cB211.072.64,

cC211.060.80 and cD211.054.96 ensembles. The symbols ℓℓ, 𝑠𝑠 and 𝑐𝑐 denote respectively the flavour-
diagonal light, strange and charm contributions, while ℓ𝑠, ℓ𝑐 and 𝑠𝑐 denote the off-diagonal light-strange,
light-charm and strange-charm contributions, respectively.

Ensemble ℓℓ 𝑠𝑠 𝑐𝑐 ℓ𝑠 ℓ𝑐 𝑠𝑐

cB211.072.64 −1.087 (49) −0.149 (22) −0.030 (53) +0.635 (58) +0.00 (8) −0.02 (6)
cC211.060.80 −1.300 (69) −0.159 (27) −0.033 (49) +0.726 (81) −0.03 (7) +0.04 (7)
cD211.054.96 −1.201 (73) −0.149 (29) +0.018 (54) +0.627 (81) +0.02 (8) −0.02 (7)

Table 5: The same as in Table 4, but for the various flavour contributions to 𝑎W
` (disc.) in units of 10−10.

Ensemble 𝑎SD
` (disc.) 𝑎W

` (disc.)
cB211.072.64 −1.20 (23) · 10−12 −0.651 (93) · 10−10

cC211.060.80 −0.80 (18) · 10−12 −0.762 (75) · 10−10

cD211.054.96 −0.96 (20) · 10−12 −0.701 (80) · 10−10

Continuum −0.6 (5) · 10−12 −0.78 (21) · 10−10

Table 6: Final results for the disconnected contributions to the short and intermediate distance windows

In Table 6 we give the sum of all contributions and the result of the continuum limit that
we take as final value. In Fig. 4, we show the continuum limit extrapolation for the disconnected
contributions to 𝑎SD

` and 𝑎W
` . Qualitatively, for 𝑎W

` the light-light contribute +150% of the total
disconnected contribution, the strange-light -80% and the strange-strange +30%. All other combina-
tions are consistent with zero within the errors. We do not observe sizable cutoff effects at this level
of precision. The disconnected contribution to 𝑎SD

` is very small, being approximately forty times
smaller as compared to our error on the light-connected contribution to 𝑎SD

` . Given the available
data, we perform only two continuum extrapolation, using either a constant fit Ansatz or a linear
one in 𝑎2. The latter fit Ansatz is adopted in view of the expected automatic O(a) improvement [10]
of the relevant two-point correlation functions of the renormalized vector currents in Eq. (12). The
extrapolated values using these two fitting procedures are in agreement with each other. The one
obtained from the linear fit in 𝑎2 has a larger statistical uncertainty and conservatively we take it as
our final estimate.
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Figure 4: Top panel: The quark-loop disconnected contribution to the short time-distance window, 𝑎SD
` ,

versus the squared lattice spacing 𝑎2 in physical units. Bottom panel: the same as in the top panel, but for
the intermediate window 𝑎W

` . The blue band corresponds to the extrapolation performed using a linear fit
Ansatz in 𝑎2.

Ref. 𝑎W
` (𝑑𝑖𝑠𝑐.)

this work − 0.78 (0.21) · 10−10

BMW [11] − 0.85 (0.06) · 10−10

CLS/Mainz [12] − 0.81 (0.09) · 10−10

average − 0.83 (0.05) · 10−10

Table 7: Disconnected contribution to the intermediate time-distance window 𝑎W
` obtained in this work and

in Refs. [11, 12]. The last row lists the average of all lattice results made following the PDG approach.
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6. Conclusions

In Table 7 we compare our results with those obtained by BMW [11] and CLS/Mainz [12] on
the disconnected contribution to the intermediate window. The largest systematic effect on our error
comes from the continuum extrapolation. We observe a remarkable agreement among all available
lattice results. In the future we plan to extended this calculation with a further lattice spacing in
order to improve our continuum extrapolation.
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