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1. Introduction

In the present paper we are interested in the study of the Lipschitz regularity of minimizers of a class of
functionals starting from the regularity of the boundary datum without assuming neither ellipticity nor the growth
conditions on the Lagrangian: the literature on this subject is extremely rich, we address the interested reader to [1-9]
and references therein for an overview. Our analysis moves from a recent paper by Pinamonti et al. [10] where the
area functional for the t-graph of a function u € W!({2) in the sub-Riemannian Heisenberg group H" = R” XRYXR,
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is investigated (see also further references in [10] on the Heisenberg’s literature). Precisely, if £2 ¢ R** is open with
Lipschitz boundary and X*(x,y) := 2(—y, x) € R?" they consider the functional 27 : Wh!(£2) — R defined by

o (u) = f [Vu + X*| dL".
2

It was shown in [11] that because of the linear growth in the gradient variable, the natural variational setting for
the functional <7 is BV({2), the space of functions of bounded variation in {2. More precisely, it has been proved
that the L'-relaxation of .27 is

o (u) = f [Vu + X*| dL? + |D°ul(2), ueBV(2)
2

where |D*u| denotes the total variation of the singular part of the distributional derivative of u. In [10], the authors
investigate a suitable Dirichlet problem for .<7. Precisely, they show that the problem

min {o/(u) : u € BV(2), upn = ¢}

has a unique solution which is also Lipschitz continuous if ¢ € L'(942) satisfies the so-called bounded slope
condition (see Section 4 for the definition).
In the present paper we are interested in the more general case of functionals of type

G(u) = f g(Vu +X*) dL> (1.1)
2

where g:R?" — R is convex but not necessarily strictly convex. In particular, we want to study the Dirichlet problem
associated with ¢, i.e.
min {9 () : u e W(2), upq = ¢} (1.2)

where ¢ € WH1(92). It is worth to remark that, while in the superlinear case the existence of a solution of (1.2)
is guaranteed by the Direct Method of the Calculus of Variations, when we consider g with linear growth it may
happen that the minimum is not achieved and we follow a widely used approach considering the relaxed functional
in BV(£2).

In the first part of Section 3, we start by proving a representation formula for the relaxed functional of ¢ in the
L'-topology and then we use the fact that the functional

dD?
Goo(u) = f g(Vu +X*) dL + f g°°( ‘u)d|DSu|+ f (¢ — wpo)va) dH*! (1.3)
Q Q d|Dsul a0

admits a minimum in BV(£2). Here g*:R>" — [0, +co0) denotes the recession function of g (see (3.2)) and v, is
the unit outer normal to 952.

The most part of Section 3 is devoted to proving the Lipschitz regularity of a special minimizer of (1.3) using
the assumption that the boundary datum ¢ satisfies the Bounded Slope Condition. Our approach is inspired by
some classical and well known results in the Calculus of Variations (see [12,13] and also [14—17]). In all the cited
results the focus is on the existence of minimizers where the space of competitor functions coincides with the set
of Lipschitz functions and the main idea (see [18, Chapter 1]) is that the Bounded Slope Condition assumed on
the boundary data allows the use of a compactness argument even with no growth assumptions on the Lagrangian.
In recent years the use of the bounded slope condition has been renewed and applied to obtain various regularity
results of minimizers that a priori exist in Sobolev spaces [1,3,4,7-9,19,20]. We point out that crucial points in
this approach are: the validity of comparison principles between minimizers; the invariance of minimizers under
translations of the domain; the fact that, if the boundary datum ¢ is affine, ¢ itself is a minimizer. In the recent
results cited above comparison principles are extended to Sobolev functions and to problems where minimizers are
not unique. Moreover, barriers that are different from affine functions are used. In [2,5,21], [22,23] Lagrangians
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of the form f(Vu) + g(x,u) have been considered and the fact that the invariance of minimizers with respect to
translations of the domain is peculiar of functionals depending only on the gradient has been overcome in various
ways, thanks to additional special structure assumed on the function f and/or g.

In the present paper, as in [10], a different kind of functional is considered. One of the main difficulties of
Section 3 is due to the fact that we deal with BV-functions. For some aspects, this obstacle has been overcome
in [10] but here we treat also more general situations. In Section 3.2 we state a Comparison Principle for BV
minimizers, Theorem 3.13, that relies on the validity of a general inequality proved in Theorem 3.8. We underline
that Theorem 3.8 as here stated can have its own independent interests since it applies to more general functionals
and its proof only relies on fine properties of BV functions. In Proposition 3.18 we also overcome the non-
smoothness of the Lagrangian by proving the uniqueness of the affine function as solution of a Dirichlet problem
with the affine map itself as boundary datum. In this section we also introduce two assumptions on g that we denote
by (A) and (B). Roughly speaking, a function g satisfying these properties is not too far from being strictly convex.
However, the epigraphs of g and g* may only have n — 1-dimensional flat faces with radial directions. Radial
functions g defined by g(z) = f(|z|) with a convex f with linear growth satisfy both (A) and (B), see Example 3.1
and notice that this class of functions includes the Lagrangian of the #-graphs of minimal area; a non radial function
satisfying both (A) and (B) is given by g(x,y) = /x%/a? + y?/b?, see Example 3.2.

Section 4 is completely devoted to the proof of uniqueness and Lipschitz regularity of minimizers in the BV
class. Our main result is the following (see Theorem 4.4).

Theorem. If ¢ € L'(012) satisfies the bounded slope condition with constant Q > 0 and g satisfies properties (A)
and (B), then G, o has a unique minimizer u € BV({2) with upn = ¢ and it satisfies Lip(u) < @ where @ is a
constant depending on Q and ().

We notice that in our setting uniqueness is far from being obvious since our assumptions include non strictly
convex Lagrangians whose epigraph may have unbounded exposed faces and, at least in the linear case, we deal
with BV-functions. The problem of uniqueness has been previously addressed in [6,24] for the Euclidean setting,
in [10] for the Heisenberg case, and in [25] for relaxed functionals.

In Section 5 we describe how to modify the previous proofs in order to deal with the case for which g has
superlinear growth. In particular, the main result is as follows, see Theorem 5.1.

Theorem. Assume g has superlinear growth at infinity and satisfies condition (A), and assume ¢ € L'(£2) satisfies
the bounded slope condition at 3f2. Then 4 (u) has a unique minimizer in ¢ + W(;’I(Q) which is Lipschitz.

We conclude this introduction underlying some significant aspects of the results that we present in this paper.
First of all we recall that regularity results are usually obtained under ellipticity and growth conditions on the
Lagrangian. In the present paper, the bounded slope condition allows us to drop these assumptions and to prove
Lipschitz regularity up to the boundary. As we mentioned above, the use of the bounded slope condition is strictly
related to the invariance of the minimizers w.r.t. translation. This property is quite strong and it is satisfied for
example by functionals depending only on the gradient or, as mentioned above, by functionals of sum type under
very special assumptions on the structure of the Lagrangian. In particular, due to the x-dependence of the Lagrangian,
the functional considered here does not satisfy it. Anyhow it is interesting that, as it will be pointed out in the proof
Theorem 4.4, it turns out that a slight modification of the translated minimizer is still a minimizer and this property
is crucial to complete the proof.

It is worth recalling that, in the framework of classical problems of the Calculus of Variations, the Lipschitz
regularity of minimizers is the first ingredient to prove higher regularity. The assumptions of our main Theorem are
wide enough to take into account Lagrangians that are not smooth so we cannot expect more regularity in such a
general case.
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As last remark we notice that our regularity result in particular implies the non occurrence of the Lavrentiev
phenomenon. This result is classically obtained under suitable assumptions that control both from below and from
above the growth of the functional and it has been proved also for some special classes of problems. To be more
precise it has been proved that autonomous multidimensional scalar functionals do not exhibit the Lavrentiev
phenomenon (see [26] for some special cases and [27,28] for more general results). A recent result on a class
of functional that includes those considered in this paper is contained in [29].

2. Preliminaries
2.1. Functions of bounded variation and traces

The aim of this section is to recall some basic properties of the space of functions of bounded variation; we
refer to the monographs [30,31] for a more extensive account on the subject as well as for proofs of the results we
are going to recall.

Let £2 be an open set in R"”. We say that u € L'(2) has bounded variation in 2 if

sup {f udive dx | ¢ € CH2,R"), |lglle < 1} < +00; .1
2

equivalently, u# has bounded variation if there exist a R”-valued Radon measure Du = (Duy, ..., Du,) in {2 which
represents the distributional derivatives of u, i.e.,

P
fuidz'lz—f¢ dDu Vg e Cl(Q), Yi=1,...,n.
o Ox; %)

The space of functions with bounded variation in {2 is denoted by BV(£2). By definition, W"!(£2) ¢ BV({2) and
Du = Vu L" for any u € Wh(02).

We denote by |Du| the total variation of the measure Du; |Du| defines a finite measure on {2 and the supremum
in (2.1) coincides with [Dul|(12).

It is well-known that BV({2) is a Banach space when endowed with the norm

lullsvie) = llullp ) + [Dul(£2). 2.2

We say that u € L}DC(Q) has an approximate limit 7z € R at x € {2 if

lim lu—z/dL" =0. 2.3)
p=0% JB(x,p)
The set S, of points where u has no approximate limit is called approximate discontinuity set of u; for any x € 2\S,,
we denote by #i(x) the unique z for which (2.3) holds. By the Lebesgue Theorem we have L"(S,) = 0.
Moreover, we say that u has an approximate jump point at x € {2 if there exist v € S"! and a,b € R, a # b such
that

lim lu—aldL" =0, lim lu—b|dL =0
p=0% JBx oyt p=0" JB(x o)~

where
B(x,p;v)" i={y € B(x,p) | (y — x,v) > 0}
B(x,p;v)” ={y € B(x,p) | {y —x,v) <O}

We observe that the triple (a, b, v) is uniquely determined up to a permutation of (a,b) and a change of sign of v;
we denote it by (u"(x), u”(x), v,(x)). The set of approximate jump points of u is denoted by J,; clearly, J, C S,,.

Remark 2.1. Depending on the context, we will sometimes use the symbols u*, u~ also to denote the positive part
ut := max{0, u} and the negative part u~ := max{0, —u} of a real function u. This will not generate confusion.

4
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When u has bounded variation in {2, the set of approximate jump points J, enjoys much finer regularity properties.
First, there holds
Dul(S \ Ju) = H'™'(Su\ Ju) =0, 24

where H"~! denotes the (n — 1)-dimensional Hausdorff measure on R" (see e.g. [30] or [31]). Moreover, by the
Federer—Vol’pert Thoerem, see [30, Theorem 3.78], J, (and, consequently, S,) is (n— 1)-rectifiable, i.e., H(T) <
oo and there exist N C R" and a countable family of hypersurfaces {S; : j € N} of class C ! such that

JuCNUUSj and H"'(N)=0.
j=0

It turns out that v, corresponds (H"™ '-a.e. and up to a sign) to a unit normal to J,,, i.e., for H™'-ae. x € J,, there

holds -

Vu(x) = £vg.(x) if x€S;\ U S; VieN.
=0
By the Radon-Nikodym Theorem, if u € BV({2) one can write Du = D*u + D*u, where D“u is the absolutely
continuous part of Du with respect to £" and D*u is the singular part of Du with respect to L". We denote by
Vu € L'(£2) the density of D“u with respect to £", so that Du = Vu £". We are now in a position to state the
following result:

Theorem 2.2. Let u € BV({2); then u is approximately differentiable at a.e. x € {2 with approximate differential
Vu(x), i.e.,
lim lu(y) — @i(x) — (Vu(x),y — x)| 4L
p=0" JB(xp) P

=0 for L"-a.e. x € 0.
Moreover, the decomposition Du = D/u + Du holds, where

Dlu=Dul_J, =" —u ), H" 'LJ, Du = Dul (2\S,)
are called respectively the jump part and the Cantor part of the derivative Du.

Notice that D“u, D°u, D/u are mutually singular; in particular
Dl = \VulL",  |D'ul = |u" —u |H"'LJ,

and
|Du| = |D%u| + |Du| + |D’u|

because the total variation of a sum of mutually singular measures is the sum of their total variations.

In what follows we recall a few basic facts about boundary trace properties of BV functions; we refer again
to [30,31] for more details.

Let {2 c R” be a fixed open set with bounded Lipschitz regular boundary; the spaces L”(042), p € [1, +00], will
be always understood with respect to the (finite) measure H"!'L_042. It is well-known that for any u € BV({2)
there exists a (unique) function uyg, € L'(842) such that, for H" '-ae. x € 612,

lim p—n f |u - M|{)_Q(x)| d,[:n = lim |u - I/t|(')g(x)| d_[:" =0.
2NB(x,p)

p—0* P—0" J 2nB(xp)

The function upg, is called frace of u on 0f2. The trace operator u +— upg, is linear and continuous between
BV(2),|-lzv) and L'(4£2); actually, it is continuous also when BV({2) is endowed with the (weaker) topology
induced by the so-called strict convergence, see [30, Definition 3.14].

5
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Remark 2.3. It is well-known that, if u;, u, € BV({?2), then u := max{u,u,} and u := minf{u;, up} belong to BV(2);
moreover, one can show that

up = max{uge, 90} Uy = minfuype, Uz}

The proof of this fact follows in a standard way from the very definition of traces.

Since Du < |Du| we can write Du = o,|Du| for a |Du|-measurable function

oy 2 - S

With this notation one also has
f udivedf" = - f (o, ) d|Dul + f woo (@, va)ydH" !, Vo € CHR™RY) (2.5)
Q Q a0

where v, is the unit outer normal to 9f2.
Finally, we recall the following fact, whose proof essentially follows from (2.5).

Proposition 2.4 (/31, Remark 2.13]). Assume that {2 and (X are open subsets of R" with bounded Lipschitz
boundary and such that 2 € Q. If u € BV(2) and v € BV({2y \ ), then the function

_foux ifxe 0
) "{ vx) ifxe B\
belongs to BV({2) and
DA@2) = 1DV f(02) = fa lups = vl GH,

where we have used the notation vy to mean (V|a(90\§))|—‘9“0'

For any z = (x,y) € R?, we define z* := (-y, x). Let X*:R?*" — R?" be given by X*(z) := 2z". We conclude this
section with the next lemma which can be extracted from the proof of [10, Thm. 5.5].

Lemma 2.5. Let R > 0 and u € BV(Bg(0)) with u = 0 on dBg(0). Assume that there exists a |Dul-measurable

function A: Bg(0) — R such that
dDu

d|Dul

=AX" |Dul-a.e. on Bg(0).

Then u = 0.

3. The linear growth case

Throughout this section we assume that g: R>* — R is a positive convex function with linear growth, namely
1
EIZI < g(2) < € + 2, (3.1

for a constant C > 1 and for any z € R?'. Moreover, defining the recession function of g as the function

g% :R? = [0, +00) given by
g7 (p) = lim @

t—+00 t
Note that, since g(0) < oo, our definition of g coincides with the one given in [30, Definition 2.32]. As proved
in [30], the recession function is positively homogeneous of degree 1, convex and lower semicontinuous. In
particular, g™ satisfies the following inequalities

(3.2)

g(P) <g¥(@P+8°(p—-q.,  Vp,geR™, (3.3)
6
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1 oo n
arlse™py<cipl. vper™. (34)
Since by [32, Proposition 2.32], g is Lipschitz continuous then denoting by L, its Lipschitz constant we get
lg(tp) — g(tp + 2)| < Lglzl

which implies that for any z, p € R?" we have

g”(p) = lim (3.5)
—+00 t
We consider the following conditions:
(A) If &, & € R? are such that
g(fl erfz) _ g(fl);g(&), 3.6)
then there exists A € R such that & = 1&;.
(B) If £1,& € R¥ and p € dg(&>) are such that
g7 (&) =(p, &) (3.7

then there exists 4 € R such that & = A&,. Here dg(q) denotes the subdifferential of g at the point g.

Example 3.1. Let f:[0,4+c0) — R be a convex and strictly increasing function such that there exists C > 1
satisfying

1

ES <f()<C(s+1)

for any s € [0, +c0). Consider the function g: R?" — R defined by g(z) := f(|z|). We claim that g satisfies conditions
(A) and (B). Indeed, for any &,& € R?" satisfying (3.6) we get

f(@ N %) < S (D + el = f("f' +§2') = f(@ * @) oY

2 2 2 2

from which we infer |£; + &| = |€1] + |&2| and the thesis follows. To prove condition (B), we start observing that
by [33, Example 16.73] we have

2& | aeof(el), ifE#0
) — {IEI 3.
8(©) { B0.p). e (3.9)
where p € [0, +00) is such that df(0) = [—p, p]. Moreover a direct computation gives

87(&) = 17D = Bl (3.10)

where, denoting by f’(#) an arbitrary selection of df(f), 8 = lim;,1c @ = lim,,; f'(#). Hence the convexity of
f implies also that 8 > « for every @ € |J;ejo,+o0) 0 (#). Let us now consider £1,&; € R?* and p € dg(&>) such that
g7 (&) = (p,&1). If & = 0 there is nothing to prove. If & # 0 then p = a2 for some @ € 0f(|&]) and @ > 0. By

(5]
(3.10) and the fact that f* is 1-homogeneous we get

£ (E) = <a|%,§1> < o] < Bl = §™(E)

and this implies that all the inequalities are in fact equalities and in particular the vectors &; and & have to be
parallel, concluding the proof. We notice that the Lagrangian describing the minimal area of 7-graphs is included
in this class.
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Example 3.2. Let a,b € (0,+00). We claim that the function g: R? — [0, +c0) defined by

_ 4.3
8(z1,22) = Z + 2 (3.11)
satisfies (3.1), conditions (A) and (B). Indeed, for any z € R?
. [1 1 11
min< —, — ¢ |z < g(z) < max{—, — ¢zl (3.12)
ab ab

and g is convex and it satisfies (A) by a direct computation. In order to prove condition (B) we start observing that,

being g 1-homogeneous and in C*(R? \ {(0,0)}), we have g(z) = g(z) for any z € R? and dg(z) = {(azzl(zy b;gz(z))}

for any z € R?\ {(0,0)}. Let & = (£1,&) € R%, (71,m2) € R?\ {(0,0)} and (p1, p2) = (uzzzl(n)’ bz';"’(n)) be such that
874 = (p, &), namely

&g & _ mé& mér
N2 " 5 = @g) b G139

which immediately implies that &7, = 17;&; and the thesis follows. On the other hand, let & = (£1,&;) and = (771, 772)
be such that

n€dg((0,0) and  g&) = (n.£). (3.14)

Since the function f(z) = g(z) — (p,z) is convex, 1-homogeneous, nonnegative and f(¢) = f((0,0)) = 0, then one
has € = (0,0).

Let 2 c R be bounded, open and with Lipschitz boundary. We consider the functional ¥, : Wh1(2) — [0, +o0]
defined by

Go(u) = f g(Vu +X*) dL> (3.15)
2

where we recall that X*(z) = 2(—y, x), with z = (x,y), x,y € R". In the following proposition, we underline some
basic properties of the operator z*, see [10, Lemma 3.1] for a proof.

Proposition 3.3. The following properties hold:

(i) if 21,22 € R*" are linearly dependent, then z; -z = 0;
(i) z1 - 20 = 2} - 2} for each z1,z, € R*;
(iii) if 2 € R¥ is open and f € C*(12), then div(Vf)* =0 on 2.

The following result, which generalizes [10, Proposition 5.1], states that if ¢ has a minimizer with some
additional integrability, then it is unique.

Proposition 3.4. Let p € [1,2], let p' = %, let ¢ € W' () and assume g satisfies condition (A). Let
u € W' () and v e WP(2) be two minimizers of

min {gg(u) TUE QP+ Wé’p(Q)} ,

then u =v a.e.in 2.

Proof. First of all we use a standard argument in order to prove that Vu + X* and Vv + X* are linearly dependent
a.e.on (2. Using the convexity of g, we have

a.e. on f2.

Vu + X* N Vv + X* < g(Vu+X*) + g(Vv + X¥)
2 2 - 2
8
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Hence, from the minimality of # and v we get

g(u)sfg(vu-'-x +VV+X )dLZ"Slf [e(Vu + X*) + g(Vv + X)] dL* = D(u).
o 2 2 2 Jo

Then

a.e. on f2.

(Vu +X* N Vv + X*) _ 8(Vu+X") + g(Vv + X)

2 2 2 ’
Using (A) we deduce that Vu + X* and Vv + X* are linearly dependent a.e.on (2. The conclusion now follows
proceeding exactly as in the second part of [10, Proposition 5.1]). O

Remark 3.5. Notice that inequality (3.1) can be replaced by

élzl -C <g(r) <C +z]), (3.16)

in which the map g is not necessarily positive. This comes by the fact that, since we are studying minimizers, the
function g can be replaced by g + M, for any M € R.

In order to prove the existence of a minimizer for %, we first compute its L' relaxed functional, namely
Gow) = Do) = inf {nmhinf%(uh) Sy € WD), up — uin Ll(fz)}. (3.17)

The following proposition provides an integral representation of G,.

Proposition 3.6. Let g be a convex function satisfying (3.1) and let 2 C R¥ be open with Lipschitz boundary.
Then the following facts hold.

(i) for any u € BV(2) one has

Gou) = f g(Vu +X%) d.[,2”+fg°° dbD'u d|D*ul. (3.18)
Q o \dDul
(ii) For any ¢ € L'(02) the functional
. dD*u _
Goo(u) = f g(Vu+ X" dL” + f g‘”( - )d|DSu|+ f & (¢ — wan)ve) dH™! (3.19)
Q Q d|D*ul a0

admits a minimizer in BV({2).

Proof. (i) By [34, Remark 2.17], it is enough to check (H1)-(H5) of the reference and observing that thanks to
(3.5), g™ does not depend on x. Consider f: £2 X R*" — R defined by f(x,z) = g(z + X*(x)). For the sake of clarity,
we here list the precise properties used in [34] for our specific case.

(H1) f is continuous;
(H2) f(x,-) is quasiconvex;
(H3) there exists a bounded and continuous /4: {2 — [0, +o0) and a constant M > 0 such that

1
27Ol = f(x. 2) < MA(x)(L + iz,

for all x € {2, and z € R*";
(H4) for every compact set K C (2, there exists a continuous function w:R — R with w(0) = 0 and

If(x,2) = f(x', 2| < w(lx = XN +|z]),

for all x,x € 2 and z € R?". In addition, for every xg € {2 and £ > 0, there exists ¢ such that

Jf(x,2) = f(x0,2) = —gh(x)(1 + [z]),

for every x € £2,z € R¥ with |x — xo| < &;
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(H5) There exist C’, L > 0 and 0 < m < 1 such that

|Z|1—m

m ’

o, z) - < C'h(x)

f(x, 1)
t

whenever x € £2, and z € R¥ and ¢ > 0 are such that #|z| > L.

It is clear by construction that f is continuous and f(x,-) is convex. This yields (H1) and (H2).
We set h = 1. Then property (H3) comes directly from (3.1). To prove (H4), we first recall that g is Lipschitz
with Lipschitz constant equal to L, and therefore

1f(x,2) = f(X', 2| < Lglx — x| < Lglx — X'|(1 + [z]).
In particular, if xo € {2 and 6 > 0, then, whenever |x — xp| < L%, we get
S(x,2) = f(x0,2) = —Lglx — xol(1 + |2]) = —6(1 + |2]),
which completes the proof of (H4). Finally, (H5) comes from the fact that (3.1) implies
1f°(x2) = f(x, 2l < C(lzl + D).

(i) Let £2) ¢ R?" be an open Lipschitz domain with 2 € (2. Let ¢ € L'(0£2) and & € Wh!(§2) \ 2) such that
& =¢ondf? and ¢ =0 on 9. We set

BVa(2) :={ueBV(2):u=®on )\ 02}

By [35, Theorem 1.3] (see also [36, Theorem 1.1]) we know that G, has a minimum on BV ¢({2). Now observe
that for any u € BV ¢({2) we have
dD%u
= Vu+X)dL" + | g% dp*
Gy (W) ng( u+X") dL ng (dlel) D"

+ f(m 87 (@ — wpo)ve) dH™ ' + Gona(9)

(3.20)

where v, is the outer unit normal to {2 and upy, is the trace of u on d{2. Since the last term on the right-hand side
of (3.20) is constant we can write for any u € BV ¢({2),

Ga,() = Gy (o) + constant. (3.21)

Conversely, for any u € BV({2) the extended function

u on 2,
Uy = J—
® on )\ 2

belongs to BV 4({2) and
G, (o) = Gy, (u) + constant.

Since G, admits a minimizer in BV ¢({%), we have then proved that, for any ¢ € L'(812), the functional Ge.02
admits a minimizers in BV({2). 0O

The following result will be crucial later on, it relies on the approach developed in [31] for the area functional
(see also [36]).

Proposition 3.7. For any ¢ € L'(312),

i Gyo(w) = inf (Gow) + uewy' () +q}. (3.22)

10
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Proof. First we observe that Go(u) = G, (u) for any u € WS’I(Q) + ¢, therefore

inf{Go@) : ue W' +of 2 min Goow). (3.23)

Let u € BV({2) and define uy € BV g(f%) as above. Then by [36, Lemma 2.1] there exists a sequence (i) in

C(£2y) such that u, = @ on 2\ 12, u, — ug in L'(12) and fQ V1 + [Vuy fQ V1 + [Vugl* as h — oo. Then,
by Reshetnyak’s continuity theorem (see e.g. [37, Theorem 1. 1]) we get

G, (ug) = 11}1111 G, (up)
in particular

Go.o((uo)e) = li’rln Go.o((up)e) = 111?1 Go((up)2)
2 inf{Go@) : ue Wy'(2)+ ¢

and the conclusion follows. 0O

3.1. A fundamental inequality

This subsection is devoted to proving the fundamental inequality (3.24), which will be useful when dealing with
comparison principles for minimizers of the functional G,. This inequality is a generalization of the well known
inequality for the perimeters that can be found, for the Euclidean case, in [30, Proposition 3.38 (d)] and has been
extended for perimeters in the Heisenberg case in [10]. We underline also that, when dealing with Sobolev function
with given boundary datum, this inequality turns out to be an equality whose proof is quite straightforward (see [23,
Lemma 5.1]).

We state the inequality in a quite general setting that includes the case of functionals that are not necessarily
obtained by means of a relaxing argument but also fits to the relaxed functional considered in this paper. To this
aim, we consider an open bounded subset of A ¢ R” with Lipschitz boundary, and two functions f;, i = 1,2 such
that

(1) fi:AXRXR" — R is a Carathéodory function,
(i) fo:R* — [0, +00) is convex, positively homogeneous of degree 1, and f>(£) = 0 if and only if £ = 0.

Then we define the functional ¥4 :BV(A) —» R U {+c0} by

Falu) = ffl(x u, Vu) d.L" + ffz(dlD’ |) diD’ul.

Theorem 3.8. Let A CR" be an open and bounded set with Lipschitz boundary and let fi:AXRXR" — R and
fr:A > [0,+00) be two functions satisfying respectively assumptions i), ii) above. Then, for any ui,u; € BV(A),

we have
Falur V uz) + Falur Auz) < Falur) + Faluz). (3.24)

Proof. Let us define

X = ffl (X, u1 Vup, V(g V up)) dL" + ffl (x, 1 A up, V(g Aup)) dL",
A

dD*u Vup) \ | e ADuy Aw) \
ffz (d|D v u2)|) dID(uy V up)| + fAfz (—d|DS(u1 " u2)|) dID (uy A uo),

D (ul v I/tz) i dDS(I/tl A I/tz) .
f : (dID (v M2)|) bt i)+ fAfz (duw(ul A u2)|) Abn A )l
11
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Observe that (3.24) will follow if we show that
X+Y+Z < Fa(uy) + Falun). (3.25)
Without loss of generality, we may assume that u; = ii; on A\ S,, and u = ii; on A\ §,,. Setting
Ap = (ANSuy USwp) N{ur 2 up}, Ao = (AN (Sy USw)) N{un < un}

we have (see e.g. [30, Example 3.100])

V(uy Vup) = Vuy ya, + Vupya. L'-ae.in A
V(uy Aup) = Vug)(/h + VM])(A7 L"ae. in A s

where yg denotes the characteristic function of a set E, and similarly

D(u; V up) = D°ui LA, + Dur L_A_;
Dc(ul Aup) = Dup A, + Duy L_A_.

Therefore

Si G ug, Vuy) dL" + f fi (un, Vup) dL"

As

+ f f1 (x, U, Vuz) dL + f f1 (x, ui, Vl/tl) daL"
A A_

- f i Gour, Vuy) dL" + f Fi (5 2, Vity) AL
A\(Su| Usuz) A\(Su1 USuz)

szl (x,ul,Vul) dL" + ffl (x, Mz,vuz) dL".
A A

dDlet] dDLuz
d|D¢ d|D¢
ffz(dwc |) | u1|+f fz(d|DC |) [D us|
dDu, X dDu,
d|D u,| + d|D¢
f fz(d|Df |) |Duy| f fz(d|DC |) |Duy|
stul dDSuz
= f (— )dIDCu |+f f (—) d|Dus|
f\(S”IUS”Z) ’ d|D‘SLi| 1 AN(Suy USuy) ? dngI,t2| g

dDSul dDSMZ
d|Du d|Du,|,
ffz(d|D3 ) | l|+ff2(d|D3 ) |D us|

where to obtain the last equality in (3.26) and in (3.27), we used the fact that L"(S,, US,,) = 0 (see [30, Proposition
3.64]) and the fact that, since u, u; € BV(A), then |Du|(S ,,) = [Duz|(S,,) = 0.
Recall that, by [30, Eq. (3.90)], one has

(3.26)

and

(3.27)

Diuy = (uy — ul_)vl?{”_l LJy,
Diuy = (U — uy))yaH"™! L Ju,,

where vy, v, are the unit normals to the (n — 1)-rectifiable sets J,,, J,,,. Without loss of generality, we may assume
that u1 uy and v = vy, H"'-a.e. on Ju, N Jy,; in this way, the (n — 1)-rectifiable set T := J,, U J,, is associated
with the unit normal v; defined by

vy =vyonlJ,, vri=vaonT\J,.

! This last fact follows from Proposition 3.92 item c) and Remark 2.50 in [30]

12
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We extend u;:J,, — R and u;:J,, — R to the whole T by setting
ut = ”T on Jul ut = “; on JMz
1= 2 =
0 onT\J,, 0 onT\J,.

In this way one has
D/(uy + up) = (u} — uy +ul —u3)vr HLT.

By [30, Theorem 3.99], |u; — u;| € BV(A) and
D/(luy — wp) = (luf — uf] = |uy — wyl)vr H''LT. (3.28)
We can then write
Di(uy V up) = D (M52 4 M2y = 1D (uy + 1p) + 1 D7 (luy — 1))
DIy Auy) = DY (M52 = 220 = DIy +15) = 1D (juy — wa).

By using this decomposition and (3.28), we have

dDJ(ul V up) . dDj(ul A Uz) )
ffZ(dlD/(ul v u2)|) dID’(u1 V up)| + foz (m) dID/(uy A )|

) foz (i —uy +u3 — w3+ —13] = uy — 3] vr) dH"! (3.29)
1 _ _ - -
+ 5 foz((uir —uy +uy —u;y — |uf w3+ g - g l)vr) dHT

Let for shortness ,5: T — R be the functions defined by

@=uy —uy +uy —uy +uf —ug| -y s,

Bi=ul —uj +ui —u; —ul —us|+ |u] —u3l.
To estimate Z, we are going to split 7' into several regions. Set

T ={xeT:uj(x)>uy(x)}, and T" :={xeT:uy(x)<u,(x)}.

Then, taking into account that uy < u on T, one can easily check that both @ and § are positive on 7”. Being f>
positively homogeneous, then one has

1 1
plavp)dH™ + = | HBvr)dH = = f (@ +P) fp(vr) dH"!
TI 2 T/ 2 TI
=f(uf—ul‘)fz(vT)d(H”‘1+f(ug—ug)fz(vr)d?{”‘l (3.30)
T’ T’
= f P! = uy)vr)dH + f Hs = u3)vr) dH" .
T/ T/

We now subdivide 7" into the union of the following disjoint subsets:
T/ ={xeT” :uf(x) >uy(x),u;(x) 2 uy; ()}, T7_={xeT” :uj(x)<uz(x),u;(x)<u,(x)}
T7 ={xeT":uf(x) >uy(x),u;(x) <uy(x)}, T, ={xeT” :uj(x)<uj(x),u;(x)>u(x)}.

Notice that, for every x € T, , one has a(x) = 2(uf(x) —uj(x)) and B(x) = 2(uj (x) — u;(x)), conversely, for every
x€T”_, one has a(x) = 2(u] (x) — u, (x)) and B(x) = 2(u] (x) — u7(x)). Using this information, we easily obtain

| L -
! f folavrydH 4 L f HByr) dH
2 Jrp ot 2 Jrpor

= f Hwi —u))vr) dH + f H(Wd = uy)vr) dH" .
v T/ T

13
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We now consider T/_. The estimate on 7, can be done in a completely analogous way. We first write 7/ =
F] UF2UF3UF4, where

N={xeT] tuj(x)>u;(x),u5(x) 2 u; (X)), [n={xeT{ :uf(x)>u,(x),u;(x) < uj(x)}
Iy={xeT] :uf(x) <u;(x),u5(x) 2 u;(x)}, Ly={xeT{ :uf(x)<uy(x),u;x)<ujx))

Notice that, for every x € T, one has that a(x) = 2(u] (x) —u; (x)) and B(x) = 2(u; (x) —u; (x)) and, by construction,
a is positive on [} U I and strictly negative on I3 U Iy, while 8 is positive on [} U I3 and strictly negative on
I U I'y. Using the positive homogeneity of f,, we get

L pavnare 2 [ p@vp aret

2
= f u} —u)) for) dH"" + f W} — up) far) dH"!
I T (3.32)
= | @i —u)ADAH + [ W) - ) folvr) dH"!
Fl Fl
- [ i et [ ps - wn e
Iy I
Taking into account that @ and g are strictly negative on [y, we also have
L pevparet 2 [ pevparent
2Jr, 2Jr,
= f (u; —uy) foa(=vr) dH™ ! + f (uy —u3) fo(=vr) dH™!
T4 T4 (3.33)

= | wy —uD)fp(=vp)dH" + | (4 —u3)fo(—vr) dH™!

Iy Iy

= f fl} =) dH™ + f A — 5w dH
Iy Iy

Recall that, by (3.1), the map f, is positive, and therefore, for any 0 < A; < A, and any x € R2" one has
f(41x) £ fo(A2x). We can make the estimate on [, taking into account that « is positive and g is strictly negative:

! Hlavr)dH"™" + ! HBvr)dH™!
2 I 2 I

= f uf — ) Hpvr)dH™" + f (uy — ub) fo(=vr) dH"!
2 f (3.34)

= f (uf —uj +uy — ) fo(vr) dH"" + f U] — 5 +uy —u3) fo(=vp)dH"!
I Iy

< | A —u)vp) dH T + |l - uy)vr) dH,
I I
where in the last inequality we used the fact that (u] — u; )\T;’_ <0 and (u; - u; )ir» > 0. Analogously, for I3, we
have

! f fz(avT)d(H”‘1+1 f HBvr)dH™!
2 ry 2 i

= | ;- uDf(—vp)dH"" + | @} —up) folvr) dH"
I3 T3 (3.35)
= | - +ul —u))fo(~vp)dH" + | —uf +uf - uy) fo(vr) dH"!
I’ I3

< f2((u; - ME)VT) d7‘[n_1 + fz((u;f _ MI_)VT) dq_{n—l,
Iy r

14
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where in the last inequality we have used the fact that (u; — u3)7~» > 0 and (u; — u7)r7 < 0. Combining (3.32),
(3.34), (3.35) and (3.33) one obtains

! f fz(ch)d(H"_1+l f HBvr)dH™!
2 T;_’_ 2 T;_’_

(3.36)
: f Sl = ) AH™ + f ot} = uipyvr) dH" .
T e
In a completely analogous fashion, we can also write
1 | .
2 f , Pl dH 4 5 f | by dH"!
- - (3.37)
: f S =z yr) AH" + f ot} = upyvr) dH".
Ti’+ 7‘1/+
As a direct consequence of (3.31), (3.36) and (3.37), we then have
1
2 flavy)dH"™" + Ef HBvr)dH™!
r " (3.38)
< | A5 —w)vr) dH + f At = up)ve) dH
T,/ T//

The thesis is then obtained by combining (3.26), (3.27), (3.29), (3.30) and (3.38). O

Remark 3.9. The functional G, considered in the present paper is a special case of the functional ¥, where the
set 2 c R¥ plays the role of A, fi(x,u,&) = g(£ + X*(x)) and fo(¢) = g>(&). Proposition 3.6 shows that G, is the
relaxation of a functional defined in W'!(£2). We notice that in this particular case the proof of Theorem 3.8 could
be simplified by a relaxation argument.

Corollary 3.10. Let £2 C R*" be an open and bounded set with Lipschitz boundary and let g: {2 — [0, +0) be a
convex function satisfying (3.1). Then, for every ¢, ¢, € LY(00) and every uy,up € BV({2) one has

gQ,Lp]V(pz(ul \ M2) + gQ,(pl/\tpz(ul A Mz) < gQ,(p] (Ml) + gﬂ,(pz(”Z)' (339)

Proof. Let uj,u, € BV(£2) and ¢y, ¢» € L1(802).
First of all Theorem 3.8 and Proposition 3.6 imply

Gaolu Vur) +Go(ur Aup) < Go(u) + Go(ua). (3.40)

Fix any bounded open and Lipschitz set {2,  £2. By [31, Theorem 2.16], we can find wy, w, € WH(12) \ 2) with
wige = ¢1 and wapo = @2, Set now

wi  on 2\ 2 wy on )\ R
Vi = and v, =
u; on {2 u, on f2.

By [30, Theorem 3.84], vi, v, € BV({)y) and, moreover, if v, denotes the exterior normal to {2, one has
Dv; = Du; L2 + Dw; (20 \ 2) + w; —u))voH" LR, for i=1,2,

from which we can compute, up to |D*v|-negligible sets, the polar vector:

dDSui on
dD’v: dleull _
—_— = on )\ 2
IR
L Yy, ondf.

lw; — u;l
15
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Then, using the previous expression, the fact that g™ is homogeneous and the definition of w;, we get

dD’v;
Gy () = f (Vv + X)L + f °°( ')dum
% 2 o \diDw

=Gal) +G g g + j{;ﬂ g™ ((wi — up)ve) dH>"!

=Gal) +G g g + j{;ﬂ g (@i — up)v) dH>!

=GopaWid +Gayw), fori=1,2.
Similarly, using Remark 2.3 we also have

Gay(Vi V) =G gWi VW) + Gogve, (U1 V)  and

Gay(i Av2) = G gWi Aw2) + G g g, (U1 A ).

Taking into account that (3.39) is an equality when the maps are Sobolev (see [23, Lemma 5.1]), we can then

conclude combining the previous identities with Theorem 3.8 to get

gQ,gal\/gaz(ul N I/tz) + g(),tpl/\tpz(ul A I/tz)
=Gay (1 V) +Gay,(vi Ava) =G gWi Vwa) =G g g(wi A w)

S Gy +Gay(2) = G o) = GonaW2) = Gag ) + Gog,(u2). O
3.2. The set of minimizers and comparison principles

Given a bounded open set 2 c R*" with Lipschitz regular boundary and a function ¢ € L'(012) we define

My = argmin G, o (u).

u

We have already proved that .#, Cc BV({2) is nonempty.
Using Theorem 3.8 and Corollary 3.10, the proof of Proposition 3.11 below is completely analogous to

[10, Proposition 4.3] and we omit it.

Proposition 3.11. Let ¢, ¢, € L'(012) be such that ¢ < ¢, H*_g.e. on 812 and assume that u; € My, and
Uy € My,. Then (uy V uy) € My, and (uy A uy) € My,.

In [9] (see also [10]), it has been proved that the set of minimizers of a superlinear convex functional has a
maximum u (resp. a minimum u) defined as the pointwise supremum (infimum) of the minimizers. These special

minimizers are then used to prove one-sided Comparison Principles.

Proposition 3.12. Let 2 € R?" be a bounded open set with Lipschitz regular boundary and let ¢ € L'(012). Then,

there exists u,u € #, such that the inequalities
u<u<iu, L7 -ae in (3.41)

hold for any u € .
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Proof. We start by proving that .#, is bounded in BV({2). Define J := min,epv(2) Gy, () < +o0. By (3.4) and
denoting by C = sup,, [X*| we get

|Dul(2) = f [Vul ALY + |D°ul(2)
0

<C f g(Vu+X")dL" + 10| + f d|D*ul
o 0 (3.42)

~ dD* .
scf g(Vu+X"dL" + C|0| + cf g% (—”) d|D%u| + cf ¢ (¢ — wag)va) dH>!
Q Q d|D*ul 00
=CJ + (|1, Yu € M,,
where |2 := £?"(£2). Moreover, by [31, Theorem 1.28 and Remark 2.14] there exists ¢ = c(n) > 0 such that
Nl 12y < 121"l 2wn-v )

Sc|Q|1/2"(|Du|(Q)+f |u|d7{2"_1)

a2

SCIQIW”(IDMI(QH f o~ waol dH + f |¢|dw2"-1)
a2 a1

:C|Q|]/2n(|Du|(Q)+f |(‘P_u|6!2)VQ|d7'[2n_]+f |§0|d7'{2n_1)
a2 90

dD*u
d|\Dsu|

< |1 (cf g(Vu+X"dL” + C|02| + cf gm( )ID"uI(Q)
2 (9]

+C [ e -upamararer v | |¢|dw2"-1)
AN AN
=c|9|”2"(c1+c“|9|+f |¢|d7{2"-1), Yu e 4,
a2

where in the second last inequality we argued as in (3.42). This, together with (3.42), implies that ./, is bounded
in BV({2).

Therefore, by [30, Theorem 3.23], .#, is pre-compact in LY(), i.e., for every sequence () in ., there exist
u € BV({2) and a subsequence (uy,) such that u;,, — u in L'(£2). By (3.21), G,.0 is lower semicontinuous with
respect to the L!-convergence, hence we have also

Go.ou) < lillgglf Go.0(uy) = J,
so that u € .#,. We have proved that .#, is compact in L'(£2). Now, the functional
BV(2) 5 u+— I(u) = f u dL>
o)

is continuous in L'({2), hence it admits maximum % and minimum « in My let us prove that u, u satisfy (3.41) for
any u € M.

Assume by contradiction there exists u € .#, such that {2’ := {z € {2 : u(z) > u(z)} has strictly positive measure.
Then, by Proposition 3.11, u V u is in .#,. Moreover

f(uvﬁ)dﬁ":f ud£2”+f ﬁd£2”>fﬁd.£2”
0 ’ 2\ 0

yielding a contradiction. The fact that u > u follows in a similar way. O

The following result is a Comparison Principle inspired by the results obtained in [9] for superlinear functionals
in Sobolev spaces and it can be proved exactly as in [10, Theorem 4.5].

17
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Theorem 3.13. Let 2 € R* be a bounded open set with Lipschitz regular boundary; let ¢, € L'(82) be such
that ¢ < H*'-a.e. on 812. Consider the functions u, u € .#, and w, w € M such that’

usu<u LM-ae inf, Yue My (3.43)
w<wsw LP-qe. in 2, VYwe My . :
Then
u<w and u<w LM -ae. in 2 (3.44)

and, in particular,

u<w L¥-ae in 2, Yue My
w

L qe in 2, VYw e My

Upon observing that Gyr00(u + @) = Gy o) Y u € BV(S2), the following result can be proved exactly as
in [10, Corollary 4.6].
Corollary 3.14. Let 2 ¢ R¥ be a bounded open set with Lipschitz regular boundary and ¢, € L®(812); let
u,u € My, and w,w € M, be as in (3.43). Then, for every a € R, one has

U+a,u+ € Mpra

_ ) (3.45)
u+ra<usu+a L"ae in 2, Vue My
and
It = Wllzeo(2y < llp — Yllze@02
@ 2 (3.46)
lle = wllzo2y < Ml = Yllze@0)-
In particular, the implications
oo =@, Woo =¥ = |lu—wlr) = lle — ¥llre@0),
(3.47)

Upo =0 Woo =¥ = lu—wl=w) = lle - ¥lli~oo)-
hold.
We recall below some notations introduced in [10], that will be useful also in the proof of the main theorem of

the present paper. Given a subset {2 ¢ R*", a function u: 2 — R, a vector 7 € R*" and £ € R we set

2, ={zeR” . z+1€ )

u(2) =uz+71), z€X

U@ = (@) + 24T ) + &, z€ Dr
It is easily seen that, given {2 open and u € BV({2), then both u. and u;, belong to BV({2). Moreover, if {2 is
bounded with Lipschitz regular boundary one has also

(Uzocon) = () +2(7", ) + & = (up)r, - (3.48)

Remark 3.15. The family of functions u] ¢ has a precise meaning from the viewpoint of Heisenberg groups
geometry. Indeed, it is a matter of computations to observe that the r-subgraph E!. of u; ¢ coincides with the
€ >

left translation (-7, &) - E!, (according to the group law) of the 7-subgraph E!, of u by the element (-, &) e H". We
address the interested reader to [10,11] for further informations.

2 The existence of #, u, w, w is guaranteed by Proposition 3.12.
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Lelnrna 3.16. Lel .Q C Rzn be a b()llnded (7[73” set Wll}l Lipschilz ’egula’ boundary, ‘,0 e [](69), T e Rzn
f S R ﬂlen Slni
g ‘PT*’#—,QT( T*,f) gg&,Q(“), Vu € BV(!?)

Proof. Using e.g. [30, Remark 3.18], we get Du, = {x(Du), where ¢ is the translation z + z — 7 and {4 denotes
the push-forward of measures via ;. In particular
dD’u, dD*u

Vur = (Vu), = Vuo £;', D'u, = {4(D'u) and a0l = dD ol

hence
Duj, = (Vuo ;' +27°) L% + Ly(D'u).

Therefore

gtp;‘f,ﬂr (”j—,,f)

dD*
= f g(Vuo £ + 20" + X*)dL™ + f g% (d|DSZ| o 5;') dit(Du)|
2 2:

+ f goo((Sa;g - (”i,g)lﬁQT)VQT) dH>
a2 ’
We now use (3.48) and the equality
20 + X' (2) =20t +2) = (X o £ ))(z), VzeR™
to get, with a change of variable,
gz,a;f,ﬂr (”;,f)
¥ o p=1 g p2n w(dDu s 0 2n-1
= | Vu+Xolf'dL”+ | g o &) dits(D'wl+ | g™ (¢~ wan)ve,) dH
2 @ d|Dsul| 00 T

dD*
:f |Vu+X*|d.£2”+fg°°( ‘”) d|Dfu|+f (¢ — ugo)va) dH>!
Q Q d|Dsu| a0
=Goou). O

Corollary 3.17. If the same assumptions of Lemma 3.16 hold and if u and u are as in Proposition 3.12, then
(ﬁ);f, (Z)i,,f € //{tp;& and
: —\k * 2 :
W <u< (Z)mf L -a.e. in 2,Yu € ///“’i,f'

The next proposition states that, whenever we fix an affine boundary datum L, the functional G, » admits as
unique minimizer the function L itself.

Proposition 3.18. Let L:R> — R be given by L(z) := (a,z) + b with a € R* and b € R and assume g satisfies
assumptions (A) and (B). Then L is the unique solution of the problem

min{G.o(u) : u € BV(Q2)). (3.49)

Proof. We divide the proof in several steps.

Step 1. We claim there exists p: R* — R?" such that p(z) € dg(z) for any z € R?" and with the property that

f (p(X*), 0, dIDul = f upo{p(X), vy dH™ !, (3.50)
2 a2
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for any u € BV(R2). If g € C*(R?") formula (3.50) with p = Vg follows using the Gauss—Green formula and the
fact that, since divX* = 0, also divVg(X*) = 0. We claim that (3.50) holds true again with p = Vg if g € C'(R™).
Consider the convolutions g, = p, * g where p; is a convolution kernel, i.e. p, € CZ(B(0,1/h)), p» = 0 and
5 Pn = 1. Then g, € C*(R*") and Vg;, — Vg uniformly on compact sets. It is now sufficient to pass to the limit
in
fg (Veu(X"), o) dIDu = f Upo(Vu(X), vy A

082
using the Dominated Convergence Theorem. Finally we prove that (3.50) holds true for any convex function

g:R¥ — R and for a suitable choice of p. We are going to use the Yosida approximation; see [38, Sec.IV.1]
(see also [39, Theorem 2.1]) for details. Precisely, for any A > 0 and for any z € R?" let

VR B S
h(z)—}glﬁg{mlly 2l +g(y)},
and {

212 = 8@ + 57lle = LI

Then g, € C!'(R?") and for any z € R?" there holds Vfi(z) = A;(z) where A, is the Yosida approximation of the
maximal monotone operator A = dg, A(z) := A-'(z — J,(z)). Moreover, as A decreases to zero, g, increases to g,
and for any z € R?, ||A(z)ll — [10°g(2)|l and A (z) — 0°g(z), where 0°g(z) denotes the element of minimal norm
of the closed convex set dg(z). Finally, since g has linear growth we have ||0°¢(z)|| < ¢ for some ¢ > 0 and for
every z € R¥". The thesis now follows by taking p:R*" — R?" defined by p(z) := d¢°(z) and using the Dominated
Convergence Theorem to pass to the limit in

f (LX), ) diDul = f Upo(ALX), v A
0] Y0,
as A4 — 0, obtaining (3.50).
Step 2. We claim that for any w, z € R*" we have
g7 w) = (p(X*(2)), w). (3.51)

Indeed, by convexity, for any ¢ > 0

glw +X*(z)) _ 8(X*(2)) .
; 2 — — +{pX@)w),

and the conclusion follows letting t — oo and using Eq. (3.5).

Step 3. We claim that u = 0 is a solution of the problem
min{Go o) : u € BV(2)}.

Let u € BV({2). Combining the convexity of g with (3.50) and (3.51) we obtain
dD%u
> d|Dsul

Go.o(u) = fQ gX"HdL” + f( Z(p(X*),Vu>d£2”+ L (p(X") ) diD*ul

+f = (~upoveo) dH™!
00

_ X*dzn f X*,ud f o d2n—1
fg XL+ | (X0 dDul+ | g™ (-usave) dH (3.52)

> f g(X")dL™ + f upo{p(X), vy dH" ! - f upo{p(X*), vy dH>"!
(9] 082 082

= f (X" dL”
(]
= Go,0(0)

which ends the proof of the minimality of u = 0.
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Step 4. We claim now that if 2 = Bg(0) then u = 0 is the unique solution of the problem
min{Go () : u € BV({2)}.

Let u € BV({2) be another minimizer, i.e. Go 2(#) = Go.2(0) = m. By convexity we have
u

m<Gool3)

1 1 dD’u 1
— il v/ X* d 2n - o st - oo dq_{Zn—l
ng(z u+ ) r +2ng (dmsu') | ”'+2f,mg (—upave)

1 1 1 dD*u
<= Vu+X)dL" + X*d2"+—f ® dip*
3 [ pexrase s [Laooarres [ (G50) oo
1

+ —f = (~upove) dH™!
a0

2
—2m 2m—m.

As a consequence we get

L-ae. on 0.

Vutr X X\ g(Vu+X)+g(X')
§\7 2|~ 2 ’

Using assumption (A), we conclude that
Vu = °X*,  [£¥-ae. on 2

for some measurable function A: {2 — R. Rewriting (3.52) and using (3.51) we then obtain

dDs
m= f g(Vu+X*) dL™ + f g”( ”) diDul + f & (~uanve) dH!
Q Q d|Dsul EY?)

dD?
> f g(Vu+X*)dL™ + f <p(X*),—V> diD*ul + f 8% (~ugovo) dH>!
Q Q d|D*ul a0

> f( 2 gX")dL™ + f? Q(MwQ(P(X*),Vm+g°°(—u|a(zm)) dp!

> f g(X*)dL™
2
=m.
This means that D D
u u
o0 ={pX* Dful-a.e. 0 .
g (dlDful) <p( ), dlDSu|>’ |D*ul-a.e. on (3.53)
and
wo(p(X*),vo) + §°(~upovo) =0, H* '-ae. on 0. (3.54)

Combining assumption (B) with (3.53), we immediately deduce that

dD'u = /VX |D*ul-a.e. on {2

d|D*u| X’

for some measurable function A°: 2 — R. From (3.54) we get upp» = 0. Indeed, at any point of 02 where uy > 0,
condition (3.54) implies

87 (=va) = (p(X"), -va)
which means, thanks to assumption (B), that v, is parallel to X*, and this is impossible since {2 = Bg(0), namely
X* L vg everywhere on d2. By means of the same argument we can also exclude uy, < 0. Therefore, we can say
that
o, = AX*, |Dul-a.e. on {2
for some measurable function A: 2 — R. Lemma 2.5 gives the conclusion.
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Step 5. Now we prove that u = 0 is the unique solution of the problem
min{Go o) : u € BV({2)}

for a general (2. Indeed, let u € BV(2) be such that Gy o (u) = Go 2(0). Let R > 0 be such that {2 cc Bg(0). Let
up: Bg(0) — R be given by
) u(z) ifze
up(z) =

0 otherwise.
Then,
i o [ dD’u 5 o0 2n-1
Goao(u) = | g(Vu+ X)L+ [ ¢\ ) dDul+ | g™ (-unave) dH
o o d|Dsu| a0
; f e(X)dL
Br0O)\£2

= Go,nu) + QO,BR(Q)\E(O)
= Go.8g©)(0),

Where in the last equality we used Go (1) = Go.2(0). Hence, by step 3 we get up = 0 from which the conclusion.
Step 6. We conclude the proof proving that # = L is the unique solution of the problem
min{¥;, o(u) : u € BV(§2))}.

Let £2,:= 2 —a*/2, u € BV(f2) and u,: {2 - R be given by u,(z) := u(z + a*/2) — L(z). Then u, € BV({2,). Hence
we get, using step 2,

* 2n ) dDSM s ) 2n—1
Grow) = | gVu+X)dL"+ | g dID’ul + g (L —won)ve) dH
Q Q d|Dsu| a0

dD’u, - N
= f 8(Vu, + X dL" + f g"“(—f‘) dID*u,| + f 8% (~(ua)oave) dH"!
2 o d|D4uy| 0024

= G0,0,(Ua) 2 Go,0,(0)

= f g(X*)dLY = f gla+X*)dL™
8 Q

=9 .0()

which says that u = L is a minimizer. Uniqueness easily follows by the fact that the equality G; (1) = Gr.o(0)
implies, using the previous estimate, Go o, (4s) = Go,,(0) which in turn yields u, = 0 from step 4. In order to
conclude the proof it is sufficient to observe that u, =0 means u = L. O

Corollary 3.19. Let 2 C R*" be a bounded open set with Lipschitz boundary, ¢ € L'(012) and L:R** — R be an
affine function, i.e., L(z) = {a,z) + b for some a € R?" b eR.

(1) Assume that ¢ < L H**'-a.e. on 812. Then, for any u € M, we have u < L L*"-a.e. in 2.
(2) Assume that ¢ > L H**'-a.e. on 812. Then, for any u € M, we have u > L L*"-a.e. in 2.

Proof. Both claims follow immediately from Theorem 3.13 when we observe that the set .} consists of just one
element that is L itself, so that, following the notations of Proposition 3.12, L=L=L. O

4. The bounded slope condition

We recall the well-known definition of a boundary datum satisfying the Bounded Slope Condition (see [16]).
We also refer to [18] for some classical results.
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Definition 4.1.  We say that a function ¢:df2 — R satisfies the bounded slope condition with constant Q > 0
(Q-B.S.C. for short or simply B.S.C. when the constant Q does not play any role) if for every zy € 942, there exist
two affine functions w;’() and w; such that

w,(2) S ¢(x) <wl(z) Vzedn, 4.1
wy (20) = ¢(20) = W} (20) 4.2)
Lip(w,) < Q and Lip(wzo) <0, 4.3)

where Lip(w) denotes the Lipschitz constant of w.

Moreover, we denote by fi and f; the functions defined, respectively, by fi(2) := sup, ¢y w5 (2) and fo(z) =
inf o0 w;’O(z). We underline that fj is convex, f; is concave and they are both Lipschitz continuous with Lipschitz
constant not greater than Q.

The following result can be proved exactly as in [10, Lemma 6.2].

Lemma 4.2. Let {2 ¢ R* be an open bounded set with Lipschitz regular boundary; assume that ¢ € L'(012)
satisfies the Q-B.S.C. Then, if u € BV({2) is a minimizer of G, o, the following facts hold.

D) upn = ¢;
Q) fisu<fo L2ae. in 2;
) u is also a minimizer of Gg in BV({2).

The following fact is inspired by [10, Remark 6.4].

Remark 4.3. If (2’ c {2 are open bounded domains with Lipschitz regular boundary and u € BV({2).
Write I' .= 92’ N 2 and 02 = A, U A,, where

Ay =002Nna2 and A, =902\,

Notice that 92’ = I' U A;. We also denote by u;, u,: I" — R the “inner” and “outer” (with respect to (2’) traces of
uonl,ie.,

u = (upo) " and wu, = (“mm\ﬁ))l—p
We use the notation G, o to denote the functional G,, -. Let us prove that, if u is a minimizer of G, o with
© = upgp, then u is also a minimizer of G, . Assume by contradiction that u is not a minimizer of G, «; then,
there exists v € BV({2’) such that

0< gu,!?’ (Lt) - gu,Q’(V)

_ _ , o . , 2n—1
=GoW) -G+ fp g"((up — ui)vr) dH (4.4)

- f 8% (o — vipe)vor) dH ! — f 87 ((¢ — vipe)ve) dH™™!
r Ay
where we used inequality (3.3). We would reach a contradiction if we show that the function w € BV({2) defined
by
w:i=von (), w:=uon 2\
satisfies G, () — G, o(w) > 0.
Let us compute

dD*u
d\Dsu|

Geo) = GoW) = Go(u) + G o (u) + fp 8" ( ) d|D"ul

=G u)+ gg\ﬁ(”) + \[]: gw((uo — u;))vr) d?‘[zn_l
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and
dD’
GeoW) = Gar(v) + G o () + f g""( Sw)dIDst f 87 (¢ — wa)ve) dH>!
r d|Dsw| a0
=G (V) +G o)+ fp %y = v v ) AH ! + fA £7((¢ = vao)vo) dH™ .
1
Therefore

ng(u) - Q¢Q(W)
=Gao W) - Gar(v) + fp (8o = uvir) = 8™ (o = Vg Ivizr)) dH"™!

—f (= vao)ve)dH™ ' >0,
AN
where we used (4.4) and ugr = u;.
We are now in position to prove our main result, whose proof is actually very similar to the one given in [10].

Theorem 4.4. Let 2 C R* be open, bounded and with Lipschitz regular boundary, let ¢: 32 — R satisfy the
0-B.S.C. for some Q > 0 and let g:R* — R be a convex function with linear growth satisfying conditions (A) and
(B). Then, the minimization problem

min{Gg, : u € BV(2), upn = ¢} 4.5)

admits a unique solution it. Moreover, i1 is Lipschitz continuous and Lip(it) < 0 =000, ).

Proof. We divide the proof into several steps.

Step 1. We denote by u the (pointwise a.e.) maximum of the minimizers of G, in BV (see Proposition 3.12).
Lemma 4.2 implies that f; <% < f, £*"-ae.in 2 and 4 = ¢ = f; = f> on 312, where f; and f> are defined as in
Definition 4.1; in particular, # is also a minimizer for (4.5).

Let T € R*" be such that 2 N 2, # 0; following the notations introduced before Lemma 3.16, we consider the
function u;,, which we denote by u; to simplify the notation. Consider the set £2 N {2.. By Remark 4.3, u is a
minimizer of Gz onp, and, by Corollary 3.17 and Remark 4.3, & is a minimizer of Gz ono.- Let 2 € (02 N (L),
then either z € 412 or z € 12..

If z € 312, then z + 7 € 2 and the inequality (36) in [10, Lemma 6.3 | implies that

w(z)— 0t <u(z+71) <uz) + Olr. 4.6)

Otherwise, z € 32, and z = (z+ 1) — 7 € {2, and Lemma 4.2 implies again (4.6).
So we have proved that (4.6) holds for any z € ({2 N {2;), hence

u(z) — Ol + 2(t*,2) < ulz + 1) + 2(t", z) < u(z) + Qlrl + 2(7*, 2).
Setting M := Q + 2 sup_., 2|, one has
u(z) — Mlr| < u.(z) < u(z) + Mlr| for any z € (2 N £2)
and, by Corollary 3.14,

U(z) — Mlt| < w'(z) < u(z) + Mlr| for £¥-ae. z€ 20 £,
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This is equivalent to
u(z) — Mlt| = 2(7*,2) < u(z +7) < uz) + Mlt| - 2(*,z) for L*"-ae. z€ 2N 1,
and, setting K := M + 2sup_., |z,
u(z) — Klt| < u(z + 1) <u(z) + Klr| for L2"-ae. z€ 2N £,.

Step 2. We claim that the inequality |u(z) — u(Z)| < K|z — Z| holds for any Lebesgue points z,Z of u. We define
T =7z -z then 2N {2; # 0 and, arguing as in Step 1, we obtain

i +71)-u() < Klr| for L¥-ae. 7 € 2N 1.

Let p > 0 be such that B(z,p) C 2N §2; and B(Z,p) C 2 N §2;; then

lim ( JC u(zHdz - J{: ﬁ(z')dz')
P=0\JB(zp) Bzp)

<lim [u(z') - u(z +71)|d7 < K|z - 2.
P=0 JB(zp)

lu(z) — u(@)| =

Step 3. We have proved that u, the maximum of the minimizer of G, , has a representative that is Lipschitz
continuous on {2, with Lipschitz constant not greater than K = Q + 4 sup,., |z|. The same argument leads to prove
that u, the minimum of the minimizers of G, », has a representative that is Lipschitz continuous on 2, with Lipschitz
constant not greater than K. The uniqueness criterion in Proposition 3.4 (with p = 1) implies that % = u £*"-a.e. on
2. If u is another minimizer of G, o, we have by Proposition 3.12 that u < u < u £*"-a.e. on (2. This concludes
the proof. O

5. The superlinear growth case
In this section we consider the functional defined in (3.15) by
Go(u) = f gVu+X)dL",  uep+ W) (5.1
Q

where ¢ satisfies, as in the previous sections, the Bounded Slope Condition of order Q and g has superlinear growth.
Our aim is to show that, for the functional ¥, defined in (5.1), we can get both regularity and uniqueness results
using again the Bounded Slope Condition and arguing with the same approach that we used for the BV case.

Theorem 5.1. Let g:R* — R be a convex function satisfying condition (A) and let ¢: 2 — R satisfy the Bounded
Slope Condition of order Q on the boundary of (2. Assume also that g has superlinear growth, i.e., g(&) > (€]

for a suitable [0, +00) — R such that

lim M=

t—+c0

+00

Then the functional
Go(u) = f g(Vu + X" dL™, ueg+wy') (5.2)
2

has a unique Lipschitz minimizer, i.e.: there exists u € ¢ + Wé’“(ﬁ) such that Yow) < Yo(v) for every
vVeEp+ W(i’l(.Q).

Proof. The superlinearity of g and the lower semicontinuity of ¥, imply the existence of ug € ¢ + WS‘I(Q) such
that Y (1) < Yo (u) for every u € ¢ + Wé’l(ﬂ).
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In the same spirit of the previous sections, we denote by .Z, = {v € ¢ + WS’I(Q)  Y900) £ Yow),VYu €
@+ Wé’l(Q)}. Thanks to the superlinearity of g we can argue as in the proof of Proposition 3.12 to state that there
exist two functions u, u € .#, such that for every u € ./,

u(x) < u(x) <u(x) forae. xe f2.

We remark that the results contained in Sections 3 and 4 can be restated replacing the space BV ({2) with ¢+ WS’I(Q).
All the proofs in fact can be repeated and simplified dropping both the terms where D* appears and those that take
into account the jumps at the boundary. Hence we can conclude that u € ¢ + Wé"”(()), where K = Q + 2maxg; 7.
Proposition 3.4 then leads to uniqueness of minimizers. 0O
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