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Abstract

We prove that in arbitrary Carnot groups G of step 2, with a splitting G = W - L with LL one-
dimensional, the intrinsic graph of a continuous function ¢: U € W — L is Cll{-regular
precisely when ¢ satisfies, in the distributional sense, a Burgers’ type system D¥¢p = w,
with a continuous w. We stress that this equivalence does not hold already in the easiest
step-3 Carnot group, namely the Engel group. We notice that our results generalize previ-
ous works by Ambrosio-Serra Cassano-Vittone and Bigolin-Serra Cassano in the setting of
Heisenberg groups. As a tool for the proof we show that a continuous distributional solution
@ to a Burgers’ type system DY¢ = w, with w continuous, is actually a broad solution to
D?¢ = w. As a by-product of independent interest we obtain that all the continuous distri-
butional solutions to D¥¢ = w, with w continuous, enjoy 1/2-little Holder regularity along
vertical directions.
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1 Introduction

Due to the multitude of applications, sub-Riemannian geometry has attracted a lot of atten-
tion in the mathematical community in the recent years. A sub-Riemannian manifold is a
generalization of Riemannian manifold for which the metric is induced by a smooth scalar
product only defined on a sub-bundle of the tangent bundle. The infinitesimal model of
a sub-Riemannian manifold, namely the class of its Gromov-Hausdorff tangents, is repre-
sented by the class of (quotients of) Carnot groups [29, 39]. Carnot groups are connected
and simply connected Lie groups G whose Lie algebra g admits a stratification, namely a
decomposition into nontrivial complementary linear subspaces Vi, ..., Vs such that

g=Vi®e---®Vs, [Vi,Vi]l=Vj41, forj=1,....s—1, [V, Vi]={0},

where [V}, V|] denotes the subspace of g generated by the commutators [X, Y] with X € V;
and ¥ € Vj. Carnot groups have been studied from very different point of views such
as Differential Geometry [10], subelliptic Differential Equations [7, 21, 22, 38], Complex
Analysis [40] and Neuroimaging [12].

Concerning Geometric Measure Theory in the setting of Carnot groups, one of the most
studied problems in the past twenty years is represented by the rectifiability problem for
finite perimeter sets: is it possible to cover the boundary of a finite perimeter set with a
countable union of C!-regular surfaces? The answer to this question is affirmative in the
Euclidean case and it was studied in [17, 18] via a blow-up analysis. The proof of De
Giorgi has then been adapted in the framework of step-2 Carnot groups in [24, 25] and
then generalized to the so-called Carnot groups of type * in [35], see also the recent [30].
When dealing with Carnot groups of step 3 or higher, only partial results concerning this
question are available in the literature. One of the main difficulty is represented by the
fact that it is not known in general if C! rectifiability is equivalent to a Lipschitz-type
rectifiability. Concerning Heisenberg groups, see [41] for a Rademacher-type theorem for
intrinsic Lipschitz graphs of any codimension. Different notions of rectifiability have also
been recently investigated, see [4, 19].

The rectifiability problem represents an example that underlines the importance of a fine
understanding of intrinsic surfaces inside Carnot groups. The study of different notions of
surfaces in Carnot groups has been quite extensive in the recent years and we mention [26]
for a definition of C! regular submanifold in the Heisenberg groups, [20, 23] for intrinsic
Lipschitz graphs and their connection to C'-hypersurfaces, [34] for a notion of transversal
submanifold and [27, 33] for a notion of C!-surface with Carnot group target, but the list is
far from being complete.

We focus our attention on codimension-one intrinsic graphs. A codimension-one intrinsic
graph I inside a Carnot group G comes with a couple of homogeneous and complementary
subgroups W and L. with L one-dimensional, see Section 2, and amap ¢: U C W — L
suchthat ' = {x € G : x = w - ¢(w), w € U}. It turns out that the regularity of the
graph T’ is strictly related to the regularity of ¢ and its intrinsic gradient V¥ ¢, see Section 2.
As a geometric pointwise approach, we just say that ¢ is intrinsically differentiable if its
graph has a homogeneous subgroup as blow-up. However, one can define some different
notions of regularity that rely on some ¢-dependent operators D‘(fV whenever W e Lie(W),
see Definition 2.6. If an adapted basis of the Lie algebra (X1, ..., X,) is fixed and is such
that I := exp(span{X}) and W := exp(span{X», ..., X,}), then D¥ is a vector valued
operator (D;’}z, o, D;’}m) = (DY,...,D%). The regularity of I" is related to the validity
of the equation D¥¢ = w in an open subset U € W, for some w: U — R™=1 which can
be understood in different ways. We briefly present some of them here.
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Distributional sense. Since L is one-dimensional, D¥¢p is a well-defined distribu-
tion, see the last part of Definition 2.13. Thus we could interpret DY¢ = w in the
distributional sense.

Broad* sense. Forevery j =2, ..., m and every pointa € U, there exists a C! integral
curve of D;’}j starting from a for which the Fundamental Theorem of Calculus with
derivative w holds, see Definition 2.13.

Broad sense. For every j = 2, ..., m and every point a € U, all the integral curves of
D)(’} _starting from a are such that the Fundamental Theorem of Calculus with derivative
 holds, see Definition 2.13.

Approximate sense. For every a € U, there exist § > 0 and a family {¢, €
CY(B(a, 8)) : € € (0, 1)} such that 9. — ¢ and nggog — w; uniformly on B(a, d) as
& goes to zero.

When G has step 2 and L is one-dimensional, the following theorem holds, see [3, The-
orem 6.17] for a proof and [3, Theorem 1.7] for an equivalent and coordinate-independent
statement. Notice that the statement of the result below needs a choice of coordinates as
explained in Section 2.2, see also Eq. 5. We also refer the interested reader to the prelim-
inary section of [3] for the notions used in the statement below that are not treated in the
current paper, i.e., the ones in items (a), (b), (c). We stress that we are not going to use these
items in the proof of the theorems of this paper.

Theorem 1.1 ([3, Theorem 6.17]) Let G be a Carnot group of step 2 and rank m, and let
W and 1L be two complementary subgroups of G, with L. horizontal and one-dimensional.
Let U C W be an open set, and let ¢ : U — L be a continuous function. Then the following
conditions are equivalent

(a) graph(p)isa C lll—hypersmface with tangents complemented by 1L;

(b) @ is uniformly intrinsically differentiable on U ;

(¢) o is intrinsically differentiable on U and its intrinsic gradient is continuous;

(d) there exists o € C(U;R"Y) such that, for every a € U, there exist § > 0 and a
Sfamily of functions {¢. € CY(B(a,$)) : e € (0, 1)} such that

lim g, = ¢, and lim D¢, = w; in L*(B(a,s?)),
e—0 e—0 J
forevery j =2,...,m;

(e) there exists w € C(U; R such that D¥¢ = w in the broad sense on U;
(f)  there exists w € C(U,; R™=1Y such that D¥¢ = w in the broad* sense on U.

Moreover if any of the previous holds, w is the intrinsic gradient of ¢.

The main result of the current paper is given by the following implication
D?p = w in the sense of distributions = DY@ = @ in the broad* sense, (@9

in every Carnot group G of step 2 and for every continuous ¢: U € W — L, with U open,
and w € C(U; R"!) with L one-dimensional, see Theorem 4.1. This result allows us to
improve Theorem 1.1 adding a seventh equivalent condition to the list above!:

(g) thereexists w € C(U; R™=1) such that D¥¢p = w holds in the distributional sense on
U.

ITo complete the chain of implication one also needs (a) = (g) and this follows from [3, Proposition 4.10].
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Item (g) allows us to complete the chain of implications of Theorem 1.1 in the setting of
step-2 Carnot groups generalizing the results scattered in [5, 8, 9] where the authors study
the same problem in the Heisenberg groups, and [15, 16] where partial generalizations of
the results in [5, 8, 9] are obtained in the case of step-2 Carnot groups.

The strategy of the proof of Eq. 1 goes as follows. Given a Carnot group G of step 2,
we consider the free Carnot group F with step 2 and the same rank of G, see Section 2.3
for the precise choice of identifications. We show in Proposition 3.3 that if DY¢ = w in
distributional sense inside G with some continuous @ € C(U; R™~1), then also DV =
wo in the distributional sense in IF, where ¢ := (nhL[F)_l ogom,andw: n ' (U) CF —
U C G is the projection of F onto G, where the notation Ly is explained, e.g., in Proposition
3.3. Then, we prove Proposition 3.2 that tells us that DY = @ in the distributional sense
inF with @ € Cx~1(U); R" 1) implies that DYy = @ in the broad* sense, which is
exactly implication in Eq. 1 in the setting of free Carnot groups of step 2. Finally, we prove
in Proposition 3.4 that DY = w o 7 in the broad* sense in [F implies D¥¢ = w in the
broad* sense in G. The global strategy of lifting the problem to the free Carnot groups
resembles the one used in [3, Section 6] and [31].

The main difficulty arises in the proof of Proposition 3.2 where we have to combine the
dimensional reduction given by Lemma 3.1 and the translation invariance of Proposition
2.12 to reduce ourselves to the Burgers’ equation of the first Heisenberg group, and then
apply the arguments used for this case in [14, Eqq. (3.4) and (3.5)] and [8, Step 1, proof
of Theorem 1.2]. We point out that this argument is essentially different by the one used
in [8]. One of the reasons for this is that the distributional equation D¥¢ = w in arbitrary
Carnot groups of step 2 has a significantly different structure compared to the one in the
Heisenberg groups. For example, consider a Carnot group of dimension 5, step 2 and rank 3
with Lie algebra g = span{X, X», X3, X4, X5}, horizontal layer V| := span{X1, X2, X3}
and where the only nonvanishing commutators are given by [X1, X2] = X4 + X5 and
[X1, X3] = X4 — X5. Define, in exponential coordinates, W := {x; = 0} and L := {xp =
x3 = x4 = x5 = 0}. Then, given a continuous ¢: U € W — L on an open set U, the
operators Df = D;’}/_ for j = 2, 3 have the following form, see Eq. 12,

DY = ) + @04 + ¢0s,

DY = 33+ ¢ds — ¢ds,
which show a nonlinearity in two vertical directions, instead of only one as in the Heisenberg
groups.”

We remark that Proposition 3.2 and Theorem 4.1 have also an interesting PDE point of
view which allows to see the problem independently of the Carnot group structure. Indeed,
the theorem can be read to obtain the following regularity result. Assume that the Burg-
ers’ type system Dy = w holds in the distributional sense for a continuous map ¢ and
with the continuous datum w. Then, from each single equation of the system, we infer the
following property: for every j = 2,...,m, ¢ is (uniformly) Lipschitz continuous on all
the integral curves of the operator Df. In addition, the Fundamental Theorem of Calculus
with derivative w holds on some particular local family of integral curves of D, namely
the broad* condition holds, and as a consequence the Fundamental Theorem of Calculus
with derivative w holds on all integral curves of D(f, namely also the broad condition holds,

2In this case this double nonlinearity can be removed by considering the Lie algebra automorphism such that
V(X)) = X1, ¥(Xp) = %Xz + %X3, U(X3) = %Xz — %X3. This is basically our idea of properly lifting
step-2 Carnot groups to free Carnot groups with the same rank.
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see (f)=(e) of Theorem 4.2. Moreover, when we consider all the equations together, we
obtain a remarkable piece of information: ¢ is 1/2-little Holder continuous on the vertical
coordinates, see Theorem 4.7.

We remark that Theorem 1.1 complemented with (g) is optimal in step-2 Carnot groups
for the following reason. Already in the Engel group, which is the easiest step-3 Carnot
group, we can find a continuous map ¢ that solves D¥¢ = w in the sense of distributions for
a constant w whose graph is not uniformly intrinsically differentiable (UID). We however
notice that we do not know at present to what extent implication in Eq. 1 holds in Carnot
groups of higher step, see Remark 4.5.

We briefly describe the situation in which w is less regular. In the paper [6], the authors
show that, in Heisenberg groups, D¥¢ = w holds in the sense of distributions for some
o € L®U;R™ 1) if and only if ¢ is intrinsically Lipschitz. The validity of Eq. 1 with
w € L®(U; R"™!) in the setting of step-2 Carnot groups would open to a slightly modified
version of Theorem 1.1 where w € L (U; R"~1) and (a) is replaced by

(a’)  graph(e) is intrinsically Lipschitz for the splitting given by W and L.

This topic is out of the aims of this paper and will be target of future investigations.

We notice here that if a generalization of the a priori estimate [37, Lemma 3.1] would
hold in any step-2 Carnot group, then, arguing as explained in [3, Remark 4.13], we could
improve Theorem 1.1 replacing (d) with

(d’) There exists @ € C(U; R""1) and a family of functions {¢,; € Cl(U) : ¢ € (0,1))

such that, for every compact set K C U and every j = 2, ..., m, one has
limg. =¢ and lim D% ¢, = j in L®°(K).
e—0 e—0 J

We refer the reader to [3, Remark 4.13] for a discussion of the literature and of the difference
between item (d) and item (d’). We also remark that a smooth approximation that does not
involve the intrinsic gradient holds in any Carnot group for co-horizontal intrinsic Lipschitz
graphs, see [41, Theorem 1.6].

Intrinsic surfaces of higher codimensions have been studied in the Heisenberg groups in
[11, 13]. For what concerns the approach via distributional solutions, finding a meaning of
the distributional system D?¢ = w in higher codimension is still open. The main difficulty
comes from the fact that it is not known how to give meaning to mixed terms of the form
@i 0x@;. This was already noticed in [28, Remark 4.3.2]. A weak formulation that goes in this
direction is collected in [36], where the authors relate zero-level sets of maps in C]f,’a (H; R2?)
with curves that satisfy certain “Level Set Differential Equations”, see [36, Theorem 5.6].

2 Preliminaries
2.1 Carnot Groups
We give a very brief introduction to Carnot groups. We refer the reader to e.g., [7, 29, 39]
for a comprehensive introduction to Carnot groups. A Carnot group G is a connected and

simply connected Lie group, whose Lie algebra g is stratified. Namely, there exist subspaces
Vi, ..., V; of the Lie algebra g such that

g=Vio--- oV, [Vi,Vil=Vjp Vj=1,...,s -1, [Vs, Vil = {0}.
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The integer s is called step of the group G, while m := dim(V}) is called rank of G. We set
n = dim(G) to be the topological dimension of G. We equivalently denote by e or 0 the
identity element of the group G.

Every Carnot group has a one-parameter family of dilations that we denote by {5, : A >
0} defined as the unique linear maps on g such that 8, (X) = A/ X, for every X € Vi. We
denote by §, both the dilations on G and on g, with the usual identification given by the
exponential map exp: g — G which is a global diffeomorphism.

We fix a homogeneous norm || - || on G that induces a distance, namely such that ||8, x|| =

Alx| forevery A > Oand x € G, ||xy|| < |lx|| + ||yl forevery x, y € G, ||x| = ||x~"|| for
every x € G, and ||x|| = 0 if and only if x = e. The norm | - || induces the left-invariant
homogeneous distance according to the equality d(x, y) == ||y~ 'x||, for every x, y € G.

We denote with B(a, r) the open ball of center a and radius r > 0 according to this distance.
We stress that on a Carnot group a homogeneous norm that induces a distance always exists,
and every two left-invariant homogeneous distances are bi-Lipschitz equivalent.

Definition 2.1 (Complementary subgroups) Given a Carnot group G, we say that two sub-
groups W and L are complementary subgroups in G if they are homogeneous, i.e., closed
under the action of 8 forevery A > 0,G =W - -Land WNL = {e}.

We say that the subgroup LL is horizontal and k-dimensional if there exist linearly
independent X1, ..., Xy € Vi such that L. = exp(span{X1, ..., X¢}). Given two comple-
mentary subgroups W and I, we denote the projection maps from G onto W and onto LL by
mryy and 7, respectively. Defining gy := mwg and gp, := n,g for any g € G, one has

g = (mwg) - (TLg) = gw - &L. (2)

Remark 2.2 If W and L are complementary subgroups of G and L is one-dimensional, then
it is easy to see that IL is horizontal. For the sake of clarity, we will always write IL horizontal
and one-dimensional even if one-dimensional is technically sufficient. Notice also that, if
W and L are complementary subgroups and L is horizontal, then W is a normal subgroup
of G.

Definition 2.3 (Adapted basis) Denote by n; = Z{: ydim(V;), for j = 1,...,s and
ng = 0. Observe that ny = n. We say that a basis (X1, ..., X,) of g is adapted if the
following facts hold

® Forevery j=1,...,s,theset {X,,HH, el X”I.} is a basis for V;.
e Forany j = 1,...,s, the vectors an_1+1, R Xn/. are chosen among linear
combinations of the iterated commutators of length j — 1 of the vectors X1, ..., X,,.

Definition 2.4 (Exponential coordinates) Let G be a Carnot group of dimension n and let

(X1, ..., X») be an adapted basis of its Lie algebra. The exponential coordinates of the first
kind associated with (X1, ..., X,) are given by the one-to-one correspondence
R" < G

(X1, .o xp) <o exp( X1+ ... +x,X,) .

It is well known that this defines a diffeomorphism from R” to G that allows us to identify
G with R".
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2.2 Carnot Groups of Step 2 in Exponential Coordinates.

We here introduce Carnot groups of step 2 in exponential coordinates. We adopt as a gen-
eral reference [7, Chapter 3], but the interested reader could also read the beginning of
[3, Subsection 6.2]. In this subsection G will always be an arbitrary Carnot group of step 2.

We denote with m the rank of G and we identify G with (R”*" .) by means of

exponential coordinates associated with an adapted basis (X},..., X,,,Y{,...,Y};) of
the Lie algebra g. In this coordinates, we will identify any point ¢ € G with ¢ =
(€ T S y;;). The group operation - between two elements ¢ = (x, y*) and
q' = (X', (y*)') is given by
1
q-9 = (x +x Y+ ") - E(BX’ x’)) . 3)
where (Bx, x) = (BWx,x'),..., (B™x,x')) and BO are linearly independent and
skew-symmetric matrices in R”*™ fori = 1,...,h.Foranyi = 1,...,hand any j, £ =
1,...,m, weset (BD);, = (b;’z)), and we stress that (B@x, x') = P bﬁ-lz)(x/)sz. It
is standard to observe that in these coordinates we can write
1 h m )
X(p) =, — 5 Zzbygw dyr, forj=1,...m,
i=1 =1
Y/(p) = 3y, fori=1,...,h.

We stress that the operation in Eq. 3 is precisely the one obtained by means of the Baker-
Campbell-Hausdorff formula in exponential coordinates of the first kind associated with the
adapted basis (X|,..., X;,, Y{,...,Y;). We also stress that

m>

h
(X X1 =) b0y, and (X, ¥/]=0, VYje=1...m andVi=1,..h

jerti
, “
so that it is clear that by[), withi =1,...,h,and 1 < j, £ < m, are the so-called structure
coefficients.

In the sequel we denote by Wi and Lg two arbitrary complementary subgroups
of G with Lg horizontal and one-dimensional. Up to choosing a proper adapted basis
of the Lie algebra g, we may suppose that Lg = exp(span{X|}) and Wg =
exp(span{X}, ..., X, Y{,....Y;}). Thus, by means of exponential coordinates we can
identify Wg and Lg with R”+"—1 and R, respectively, as follows

Lg = {(x1,0...,0) : x; € R},
We ={0,x2, ..., xm. ¥, ...,y xi,yf €Rfori =2,...,m; k=1,...h}.

i=1

&)

2.3 Free Carnot Groups of Step 2 in Exponential Coordinates.

We here introduce free Carnot groups of step 2 in exponential coordinates. We adopt as
a general reference [7, Chapter 3], but the interested reader could also read the begin-
ning of [3, Subsection 6.1]. In this subsection [F will always denote a free Carnot group of
step 2 and rank m. Recall that the topological dimension of F is m + w and denote
by (X1,..., Xm, Y21, ..., Yuem—1)) an adapted basis of the Lie algebra of I such that

[X¢, Xs] = Yys forevery 1 <s < £ <m.
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If we setn = m + w we can identify F with R” by means of exponential
coordinates associated with the adapted basis (X1, ..., Xu, Y21, ..., Yim(@m—1)). In this coor-
dinates, we will identify any point ¢ € I with ¢ = (x1,..., X, Y21, .-, Ym@m—1)). It is

readily seen that, in such coordinates, we have

1 1 . .
ijaxj—i-i Z xlayq—i Z xgayﬂ, ifl <j<m,
j<t<m 1<t<j (6)

Yy = 0y, ifl <s<{<m.

Moreover, for any ¢ = (x, y) and ¢’ = (x’, y’) in IF, the product ¢ - ¢’ is given by the
Baker-Campbell-Hausdorff formula, and yields

(qoq’)j=xj+x}, ifl <j<m,
1 .
(q-q9)es = yes + yp5 + E(xz% —xpxg), ifl<s<€<m.
2.4 Projection from FF to G.

Fix a Carnot group G of step 2 and rank m as in Section 2.2 and let F be the free Carnot
group of rank m and step 2. By definition of free Carnot groups, there exists a Lie group
surjective homomorphism 7 : ' — G such that

m.(Xe) = X, (7

forany £ = 1,...,m, see e.g., [31, Section 6]. We identify F and G with R" and Rmth,
respectively, by means of exponential coordinates as explained above and in Section 2.2
and Section 2.3. From Eq. 7, jointly with the very definition of exponential coordinates, we
notice that for any (x, y) € R”, where x € R” and y € R™"~1D/2_there exists y* € R"
such that

T(x,y) = (x,y"). ®)

Since 7 is a Lie group homomorphism, its differential is a Lie algebra homomorphism.
Hence, forany 1 < s < ¢ < m, we have that

h
Te(Yes) = ([ Xe. X)) = [me(X0), (X)) = [X]. X[] = ) b)Y/,
i=1

where we used Eqgs. 4, and 7, and the fact that for 1 <s < £ < m one has [Xy, X;] = Yis.
We can therefore write the following formula

T oo X, Y215 s Ym(m=1) = (X1, oo Xm, Y-, V), Where
yl* = Z bgy)yls’ Vi=1,..., h. (9)
1<s<t<m

Remark 2.5 (Main identification) Given a Carnot group G of step 2 and rank m, and the
free Carnot group I of step 2 and rank m we work in the coordinates of Section 2.2
and Section 2.3. Let Wg and Lg be two complementary subgroups of G, with Lg one-
dimensional. Up to a proper choice of an adapted basis, we can assume we are working in
a basis in which Eq. 5 holds. Thus, taking into account Eq. 8, we are in a position to lift
We and Lg to two complementary subgroups Wy and L of IF such that 7|, _: Ly — Lg
is an isomorphism and Ty : Wr — Wpg is onto. In this way we have the following
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identification

Le= {1, Xm Y200 oo Ymm=1) €ER" 1 X0 =+ =X = y21 =+ = ymm—1) = 0},

W]F = {(xl, e Xms Y21, ...,ym(mfl)) eR" X1 =0}.
(10)

2.5 Projected Vector Fields in Carnot Groups of Step 2
We recall here the definition of projected vector fields [3, Definition 3.1].

Definition 2.6 (Projected vector fields) Given two complementary subgroups W and L in
a Carnot group G, and a continuous function ¢: U € W — L defined on an open set U of
W, we define, for every W € Lie(W), the continuous projected vector field DY, , by setting

DY) (f) = Wiy (f 0 7). an

forall w € U and all f € C*(W). When W is an element X; of an adapted basis
(X1, ..., X,) we also write Df = Dﬁj.

Let us fix G a Carnot group of step 2 and rank m along with two complementary sub-
groups Wg and Lg such that Lg is horizontal and one-dimensional. Assume we have
chosen a basis in such a way that Eq. 5 is satisfied. Take I the free step-2 Carnot group
of rank m and introduce Wy and Ly as in Remark 2.5. In this subsection we work in
exponential coordinates and we use the identifications and the coordinate representations
discussed in Sections 2.2, 2.3, and Remark 2.5. We recall that from the computations in
[3, Example 3.6 & Remark 6.9] the projected vector fields relative to a continuous function
¢: U CWg — Lg, with U open, are given by

h
o __ (@) (@) (@) s
D/._axj—g (bjl E xkb )8*_X;U E bﬂ(p e forj=2,...,m,
i=1

_a*_y’

i forz:l,...,h.

(12)
In the particular case of the free Carnot group IF, given V. C W an open set, and given
a continuous map ¥ : V € Wy — Ly, the projected vector fields are given by

v 1 1 .
DY =0 =Yy 5 D xedyy =5 D %edy, = Xjy — ¥y, forj=2....m,

j<t<m l<s<j
DY =8y, = Yesyv, forl <s <€<m.
(13)
Then for each j =2, ..., m, every integral curve y;: I — Wg = ]R”_l of D‘// defined on
71
an interval / C R has vertical components y := (y¢s)1<s<t<m: I — R satisfying the
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following equations

Vi) = =2, .., X, X+ X X, Y(E)),
1
Ve (1) = 3%t ifj<€<m,
1 (14)
_).fjx(t):—ixx, ifl <s < j,
Yes(t) =0, otherwise,
where the horizontal components of y;(0) are (0, x2, ..., xp).

Remark 2.7 (Projection on codimension-one subgroups in Carnot groups of step 2) Notice
that, if W and L are complementary subgroups defined as in Eq. 5, then mw,: G =

R"" — Wg = R+~ is given by
m

TG (X1 oo Xy YE o V) = (o,xz,...,x,,,,...,y;‘ Zb@x,xl,...), withi =1,....h. (15)

Indeed, it is enough to observe that, thanks to the explicit expression of the product in Eq. 3,
the following equality holds:

TWe (1, oo X Yoo V) - (61,0, ..0,0) = (X1, oo X, YL V).

For every g € G, we define the map

P,: Wg — W,
q G G (16)
w > Ty (g - w).
Set ¢ = (q1s---sGmsGmt1s---qmtn) € G and w = (w; = 0, wa, ..., Wy,
W41y -+, Wntn) € Wg. By using Egs. 15 and 3, one has, being i = 1, ..., h, that the

following chain of equalities holds

Py(w) = myyg (q - w)

1
= (Oa @+ W2, Gm t Wiy o Gti + Winti + EZ P (IZ)[I]wZ - *Zb(')(fb +w1)f11,---)

=<O,Q2+w2,»-uq,n+wm,»-~,

m m

i Wi + Zzb(lq,wz +3 Zb&)wqu - fzb(lqqu....)

;1@2

= (0’q2+w2~--,qm+wm,...,
s gmi T Wi + Zw( (Zb;lgtb Y()ql) Zbu qequs - - ~>,
J
a7

where we used the fact that the first component of w is zero and that B®) is skew-symmetric

and therefore bYl) = 0. If we see P, as a map from R+h—1 1o RMm+h=1 the differential of
P, atapoint w € W is identified with a (m +h — 1) x (m +h — 1) matrix with the following
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components
dPy)(w)i; =1, Vi=1,...,m+h—1,
mo1o .
dP)(W)myi-1,0-1 = Zib;’(}qj—i—bﬁ)ql , Vi=1,...,h;£=2,...,m,
=2
(dPy)(w)j¢ =0, otherwise.

(18)
In particular, det(dP;)(w) = 1 for any w € W.

2.6 Invariance Properties of Projected Vector Fields

We collect here some invariance properties that we will use later on. We introduce the
operation of g-translation of a function.

Definition 2.8 (Intrinsic graph of a function) Given two complementary subgroups W and
L of a Carnot group G, and a function ¢: U € W — L, we define the graph of ¢ by setting
graph(p) = {®(w) :=w - pw) : w € U} = ).

Definition 2.9 (Intrinsic translation of a function) Given two complementary subgroups W
and IL of a Carnot group G and amap ¢: U € W — L, we define, for every g € G,

Uy ={aeW: nw(cfl -a) e U},
and ¢, : U; € W — L by setting

@ = (m@" @) gt o). (19)

Notice that U, = P,;(U), where P, is defined as in Eq. 16. This easily comes from the
fact that for every g € G Py o P,-1 = Idw, see e.g., the proof of Proposition 2.12.

The following invariance properties with respect to intrinsic translations are matter of
simple computations. The complete proofs can be found in [3, Proposition 2.10] and [3,
Lemma 3.13], respectively.

Proposition 2.10 ([3, Proposition 2.10]) Let W and IL. be two complementary subgroups
of a Carnot group G and let ¢: U € W — L be a function. Then, for every q € G, the
following facts hold.

(a)  graph(g,) = q - graph(p);
(b) @)y = ;i
(c) IfW isnormal, then U; = qw - (q]L -U - (q]L)’l) and

pq(@) =qr-9(qL) " gy’ -a-qu),

forany a € Uy,
(d) Ifg =@ a"! for somea € U, then

@ (e) =e.

Lemma 2.11 ([3, Lemma 3.13]) Let W and IL be two complementary subgroups of a Carnot
group G, with L k-dimensional and horizontal and let ¢: U C W — L be a continuous
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function defined on U open. Take W € Lie(W), and let us denote D¢ = D(‘/fv. Let T > 0,
weW, and lety: [0, T] — U be a C'-regular solution of the Cauchy problem

:y’(z) = DY oy (1), 0)
y(0) = w.
Then for every q € G there exists a unique C' map ¥q: [0, T] — Uy such that
wwlq”yg@) =y (), Vrel0, Tl @
In addition, y, is a solution of the Cauchy problem
{yq’(t) =DMoy®. )
Yg(0) =qw - qL-w - (qL)”".
Moreover the following equality holds
0O -0y (ry ) = oy O) " -9y @), V1[0, T]. (23)

In the following proposition we prove the invariance of being a distributional solution
with respect to g-translation.

Proposition 2.12 Let W and L be two complementary subgroups of a step-2 Carnot group
G with 1L one-dimensional. Let Q be an open set in W and let w € LI]OC(Q). Let us choose
coordinates on G as explained in Section 2.2, see also Eq. 5. Assume that for some £ =
2,...,mthe map ¢: U — L is a distributional solution of the equation ngo =wonU.
Then, for every q € G, the map ¢, defined in Definition 2.9 is a distributional solution of

D¢y =wo P,
on the open set Py(£2).

Proof By item (c) of Proposition 2.10, we know that in exponential coordinates ¢, (w) =
q1+¢(P,-1(w)), where P, -1 is defined in Eq. 16. Indeed, since W is normal, the following
equality holds

1

Pi(w)=mw(g " w)=mwlqn) ™ (@w) ™ woqL- (gL ) =q"" woqL. (24)

Moreover we claim P, -1 = Pq_l, for all ¢ € G. Indeed, since W is normal, the following
equality holds

Py(w)=mw(g-w)=nmw(g-w-q ' qw-qL)=q-w-q¢ ' qw=q w-(q) ", 25)

and hence it is clear by comparing Egs. 24 and 25 that Py o P -1 = P,-1 o P; = Idwy, for
all ¢ € G. Moreover notice that from item (c) of Proposition 2.10 and Eq. 25 we get that

Py(R2) = Qq, forall g € G. (26)

For every £ € C2°(P;(2)), using Eq. 12 we can write the action of the distribution Df" ¥q
on &, where we mean that the coordinates are w = (x2, ..., X, yi", R y;f) e W, as
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follows

( 35 @)
(D‘/’1¢ ,E) =/ (1) 2 1 bl ¥ o
. Py() "axl Z qa * ;JZZ j qa v
:/ (C]1+<poP Zb(l)(q +(ﬂOP )2 f
Py (2)

@) i3
—I—/ x]b (g1 +9oP,—1)— | dw
Py(@) X;JX; oy}

g

q (§2)

1 ad
< @ o P 17+Zb(1) [E(Qqu_1)2+ql(po Pq_1i| 8i>dw

+/ ]iixb(i)( 0P, )5 | dw
Py 25:11':2 jbej (@ o by ay" )

27
where in the third equality we used the fact that £ has compact support in P, (€2) and g
does not depend on w. Taking into account that, by Remark 2.7, det(dP,;) = 1 everywhere
on W, we perform in Eq. 27 the change of variable w’ = P -1 (w). Thus, recalling that
Py o P,-1 = ldyy, and by exploiting Eq. 17, we obtain the following equality

i 9§
<qu¢q,$>=f< go—oP +Zb“[ ¢ +41¢]W0Pq>dw

, (28)
1
+/ ZZ(x] +q,)b(’) E dw.
Q2 i=1 j=2
We can now use Eq. 18 to compute the derivatives of £ o P, as follows
p® o, | 9
(go q)_ o Fy +Z Z biogj + b a a*qu,ve_z...,m,
(29)
9 9§ .
E(Equ):wqu, Vi=1, ,h

By using Eqgs. 29 into 28 we get

” (o P, ! o 0] (& o Py)
(D(; @qvf):/Q—W(aq—;(Zzbﬂ q; +b;q1 T*q dw

h m
ol ! i 9o Py
i=1 =
_ _ 3(€oP) 0 23(50})) (,) B(SOP)
_/Q ( Zb ZZ Xj 3y * dw

i=1 j=2
= (Djg, &0 Py),
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where, in order to write the second equality, we used that the matrices BB are skew-
symmetric. Now, exploiting the last identity, the assumption and the fact that for every
& € C°(Py(2)) we have &£ o P; € C°(R2), we conclude

(Df‘%pq,g):(z)g’go,gopq):/ w(gopq)dw=/ (@o P,1)§ duw,
Q Py (Q)

where in the last equality we changed the variables and exploited the fact that det(d P (g)) =
1. By the arbitrariness of £ € C2°(P,(£2)), the proof is complete. O

2.7 Broad, Broad* and Distributional Solutions of D%¢ = w

We recall the following definition as a particular case of [3, Section 3.4, Definition 3.24].
For discussions about the dependence of the definition of broad* regularity on the cho-
sen adapted basis, that is not important for this paper, we refer the interested reader to
[3, Remark 3.26 & Remark 4.4].

Definition 2.13 (Broad*, broad and distributional solutions) Let W and IL. be complemen-
tary subgroups of a Carnot group G, with L one-dimensional. Let U € W be open and
let ¢: U — L be a continuous function. Consider an adapted basis (X1, ..., X,) of the
Lie algebra of G such that L = exp(span{X;}) and W = exp(span{X», ..., X,}). Let
w = (a)j)j:2 yyyyy ,, - U — R™"! be a continuous function. Up to identifying L with R by
means of exponential coordinates, we say that ¢ € C(U) is a broad* solution of D¥¢p = w
in U if for every ag € U there exist 0 < &, < §; such that B(ag, §1) "W C U and there
exist m — 1 maps Ej): (B(ag, ) NW) x [—82, 82] — B(ag,81)) "W for j =2,...,m,
satisfying the following two properties.

(a) Foreverya € B(ag, 82) "W and every j =2, ..., m, the map E‘f(a) = E‘f(a, 2 is
C'-regular and it is a solution of the Cauchy problem

y=Djoy,
r(0) =a,

in the interval [—83, 82], where the vector field D‘f = D;’;]_ is defined in Eq. 11.

(b) Foreverya € B(ag, 52)NW, forevery t € [—8>, §2], and every j = 2, ..., m one has

t
W@ 0) = 0@ = [ 0@, ds

Moreover, we say that D?¢ = w in the broad sense on U if for every W € Lie(W) N V)
and every y: I — U integral curve of DY, it holds that

%lﬁ((ﬂ oy)(s) = (w(y (), W), Viel,
where (w, W) is the standard scalar product on R”~! in exponential coordinates.

Finally, let us notice that, for every j = 2,...m, DY is a continuous vector field with
coefficients that might depend polinomially on ¢ and on some of the coordinates, see
Section 2.5 for the case in which G is of step 2, that is the only one treated in this paper, and
[3, Proposition 3.9] for the general case. We say that D?¢ = w holds in the distributional
sense on U if for every j = 2, ..., m one has D‘fgo = wj in the distributional sense. Notice

@ Springer



Distributional Solutions of Burgers’ type Equations for Intrinsic Graphs...

that the distribution (D}’.))go is well defined since the coefficients of D;’.} just contain polyno-
mial terms in ¢ and terms depending on the coordinates. The interested reader could read
[3, Item (a) of Proposition 4.10]. For the aims of this paper, we stress that when we write
@9, for a continuous ¢ we mean the distribution 1/29, (¢?).

3 Reduction of the Main Theorems to Free Carnot Groups of Step 2

In this section we analyze the link between distributional and broad* solutions to D¢ =
w with a continuous datum w. We first show that a distributional solution of D¥¢p = w
with a continuous datum o is a broad* solution inside free Carnot groups F of step 2,
see Proposition 3.2 (b). In this proof, a crucial role is played by the particular structure of
the projected vector fields inside free Carnot groups of step 2, which produces Burgers’
type operators in higher dimensions, see Eq. 13. Indeed, combining the invariance result in
Proposition 2.12 and the dimensional reduction of Lemma 3.1, we can reduce ourselves to
deal with the Burgers’ distributional equation with continuous datum on the first Heisenberg
group H', and then exploit the arguments used by Dafermos in [14] and by Bigolin and
Serra Cassano in [8].

Secondly, by the fact that we can write the explicit expression of the projection 7w from
F to a Carnot group G of step 2 of the same rank, we prove that being a distributional
solution to D¢ = w on G lifts to F, see Proposition 3.3. Finally, Proposition 3.4 states
that the notion of broad* solution is preserved by 7, i.e., a broad* solution on [ becomes
a broad* solution on G. The resulting strategy resembles the one used in [31]. The forth-
coming lemma is a variation of the Fundamental Theorem of Calculus of Variations, i.e., du
Bois-Reymond’s lemma. We provide the complete proof of the forthcoming lemma for the
reader’s convenience.

Lemma 3.1 Letny, ny, k € N and let Q be an open set in Ruttnatk 1o fo, fi,..., fu, €
C(R2) and assume that, for every ¢ € C2°(S2), one has

ny 9
/// (fo(x, D90y, )+ Y filx,y, z)aff(x, s z)) dxdydz =0,
i=1 !

where (x,y,z) € R" x R" x RK. Then, for every 7o € R¥ such thar Qo = {(x,y) €
R™ x R" : (x, y, z0) € Q} is nonempty, and any ¢ € C°(S), one has

ny

. 9
// (fo(x, Y, 200806, ) + Y filx,y, zo)aff(x, y)) dxdy = 0.
i=1 !

Proof By translation invariance, we can assume without loss of generality that zg = 0. Up
to iterate the argument k times, we can also assume without loss of generality that k = 1.
Let @ := @(x, y) be such that supt(p) € 2¢. Choose g9 > 0 small enough and consider, for
any ¢ € (0, go], the map ¢°(x, y, z) = %q)é (2)@(x, y) with supt(¢?) C [—& — €2, & + £2],
@5 = 0and ¢§ = 1 on [—¢, €], and such that supt(¢) x supt(g,’) € Q. Then, by the
hypothesis and Fubini’s Theorem we may write

1 a+£2 . ni aA
%) . 96(2) (// <fo(x, ¥, D)P(x, y) + ; fitx,y, z)aj(fi(x, y)) dxdy) dz =0.
- (30)
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Notice that the function
R ny 8A
F(z) = // (fo<x,y,z><p(x,y)+Zﬁ(x,y,z)af<x,y> dxdy,
i=1 !

is continuous on [—&g — 88, &0+ 8(2)]. We can then decompose the left-hand side of Eq. 30
in the following way

s+sz 1 & 1
P d: = %LF(Z) Qe+ o i@ F () dz. BD)

28 J_e_g [—e—&2,6+62]\[—¢,¢€]
Since ¢ < 1, we have

2

1 £
<M— = Ms,
&

> / @) F(z)dz
28 Ji—e—e2 ete2]\[—e.e]

where M is the maximum of |F| in [—gg — 8(2), &0+ 8%]. Letting ¢ — 01in Eq. 31, the thesis
follows by means of the continuity of F at 0. O

Proposition 3.2 Let |F be the free Carnot group of step 2, rank m and topological dimension
n, and let W and IL. be two complementary subgroups of F such that L is one-dimensional.
Let 2 be an open subset of W and r: Q — 1L be a continuous function. Choose an adapted
basis and exponential coordinates on [F as in Section 2.3, see also Eq. 10. Assume there
exists w € C(2; R™YY such that D‘/’tp = w holds in the distributional sense on Q2. Then,
the following facts hold.

(a) Forevery j =2,...,m and for every integral curve y: [0, T] — Q ofD;{/, the map
Y oy: [0, T] — L is Lipschitz and the Lipschitz constant only depends on j and w.
(b) DYy = w holds in the broad* sense on 2.

Proof Preliminary dimensional reduction. Fix j = 2,...,m. Assume 0 € 2, ¥ (0) =0

and D}[’w = wj in the sense of distributions on 2. Taking Eq. 13 into account, this amounts
to saying that

v? 1 1 _ _
/(—wax,<p+zayﬂ(p—2 > Xy + 5 > x| 42" 1:/%].(13" I

Jj<€<m l<s<j
(32)
for every ¢ € C2°(2). Since ¥ and w are continuous, we are in a position to apply Lemma
i 0 0 0
3.1 to the variables z = (X2, ..., Xj—1, Xj41,..., Xp) AL X; = -+ = Xjg =Xy =

cee = x,(; = 0. More precisely n] is the number of variables that are differentiated, namely
{xj, ¥it, 5, ¥js 1 ] <€ <m,1 <5 < j}, k =m — 2 and n; is the number of remaining
variables. Equation 32 then becomes

2

12
/ <—w(0, 0 0,x,0,...,0, )0, 0(xj, y) + 7(0, o 0,x5,0,...,0, )8y, 0(x;, y)) dx;dy

=/a)j(0 ..... O,Xj,O,...,O,y)(p(Xj,y)dedy, (33)
forany ¢ € Cg’o(ﬁ),where Q= {(xj,y) e Rx Rmm—=1/2 . ©,...,0,x;,0...,0,y) €

Q2}. Let us apply again Lemma 3.1 with n; = 2 being the number of variables along which
the test ¢ is differentiated in Eq. 33, namely x; and y;, np = 0, and k being the number of
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the remaining variables ys, with £ < s < m and (s, £) # (j, 1). We apply the Lemma 3.1
at values y?e = 0 and we get

- U2
/ (-W(xj, YiDdxe(xj, yj1) + T(Xj’ YiDdy; e(xj, yj1)> dxjdyji

= /aj(ij’jl)ﬁo(xja)’jl)dxj dyj1, (34)

for every ¢ € Céx’(ﬁ) with Q = {(xj,yj1) € R2: ©,...,0,x;,0,...,0,91,0,...,0) €
2}, where

¥ (xj,yj1) =v0,...,0,x;,0,...,0,y1,0,...,0),

~ (35)
wj(xj,yj1) =w;0O,...,0,x;,0,...,0,y1,0,...,0).

Observe that the dimensional reduction shown above can be performed in the same way to
the distributional equation DV« Yq = w o P -1 in the set Py(€2), where for any w € € we
have set ¢ = (w - ¥ (w))~! and the map Y4 is defined in Definition 2.9. Indeed in this case,
if w € Q, then by item (c) of Proposition 2.10 we have 0 € P,(£2) and, thanks to item (d)
of Proposition 2.10, ¥, (0) = 0.

(a) It is sufficient to show that, for any 2 < j < m, there exists a constant C > 0 such
that

Wy () -y yO)l <CT,
whenever y: [0, T] — Q is an integral curve of D;{’ with ¥ (0) = w, where w is any point
in Q.
Fix 2 < j < m. We first assume 0 € Q with ¥ (0) = 0 and we consider an integral curve
y:10,T] — Qof DY such that y (0) = 0.
Taking Egs. 13 and 14 into account, we can explicitly write all the components of y (¢)
as follows:

yi(t) =1,

yi1(t) = = [o¥ (x, yji () dr,

i) =0, Vi=1,...,mi# ],

ves(t) =0, V,s)withl <s <{ <mand ({,s) £ (j, 1),

where fb\ is defined in Eq. 35. We can thus define 7: [0, T] — R? by letting (1) =
(¢, yj1(¢)). By the same choice of test functions given in [14, Equations (2.5) and (2.6)],
from Eq. 34 we can derive

vil) 0 __ T ryji@®
/ Y (T, x)dx — ¥ (0, x)dx—/ / ®j(t, x)dx dt
yit(T)—¢ —¢ 0 Jyj@)—e

- (36)
=— [ @@ty —e) =Pt yj)) de,
2Jo

-~

for every sufficiently small ¢ > 0, see [14, Equation (3.4)] with the choice g = aj, u=1y,
o =0,7 =T,§ = yj and the change of sign of the right hand side with respect to the
reference comes by the fact that in our case f(u) = —%uz instead of f(u) = %uz. Since
the right hand side of Eq. 36 is negative, we can write

vii() 0 __ T ryji@
[ dama- [ Gonas [ [T sanad<eoimor.
yj1(T)—e —& 0 Jyji)—e
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Dividing both sides by ¢ and letting ¢ — 0, by the continuity of ¥y we get
V(T yj1(T)) = ¥/(0,0) < l|ojlleT- (37)

Similarly, by mimicking [14, Equation (3.5)] we can write for every sufficiently small ¢ > 0
the equation

viil(M)+e & T pryji(t)+e
/ Y (T, x)dx — ¥ (0, x) dx —/ / w;(t, x)dxdt
Y 0 0 Jy

j1(T) j1(t)

RN ~
= Efo (B, vj1 (1) +8) — P, v (1)) de

Noticing that the right hand side is positive one gets

yit(T)+e __ yi1(t)+e
[ b f J o, x)dx>/ [ S @z —clojlm @
Y, Y

i1(T) j1(1)
Dividing both sides by ¢ and letting ¢ — 0 we get
V(T yj1(T)) = $(0,0) = ;LT (38)
Combining Eqgs. 37 and 38 we finally obtain
[V (T, yj1(T) =0, 0)| = [¥ F(TN =Y FO)] = [Yroy(T)— Yoy (0)] < l|oj =T
for any integral curve y : [0, T] — 2 of Dw with y(0) = 0.

For the general case, assume w € Q and let y: [0, T] — <2 be an integral curve of D]//
with ¥ (0) = w. Setting g = (w - ¥ (w))~ 1 , by Lemma 2.11 and in particular Eq. 23, there
exists an integral curve y, : [0, T]1 — P, () of D}b" such that y,(0) = 0 and

Vg (g @) — Vg (vq(0)) = ¥ (y (@) — ¥ (y(0)), Vrel0,T] (39)

We also know by Proposition 2.1 that p’ V¢ = wj o P -1 in the distributional sense in
P,(£2). Since w € , then 0 € P, () and Y, (0) =0, see items (c) and (d) of Proposition
2. 10 We can therefore run the same argument used in the preliminary dimensional reduction
and the first part of (a) to ¥, P;(£2), y; and w; o qul , to get that
[Vg 0 vg(T) — ¥q 0 vg(0)] = llwj o Py-tllLeo(p, T -
The proof of (a) is complete if we use Eq. 39 and we observe that the Lipschitz constant is
uniform by the fact that
lwjliLe@) = llwj o Py-1llLe(p,()-

(b) Fixagp € 2,2 < j < m and let §; > 0 be such that B(ap,25;) "W C Q. Up to
reducing 41, recalling the explicit expression of P, in Eq. 16, we can assume that for every
w € B(ag, §1) "W one has B(0, 28;) "W C P,(£2) where, as before, g := (w - Y(w))~!

Let w € B(ap, 81) N W. From the fact that D}’w = w; in the distributional sense on

2, we conclude that D;p” Yy = wjo qu in the distributional sense on P, (£2), where

q = (w- Y(w)~ !, see Proposition 2.12. Moreover 0 € P;(2) and ,(0) = 0, see
items (c) and (d) of Proposition 2.10. Thus from the preliminary result on the reduction

of dimension, see Eq. 34 and Eq. 35, we conclude that lA);p‘f @ = w.//o?q—l holds in the

distributional sense on m. Here we recall that by D;{/q we mean the classical Burgers’

operator 9; — x/b\qa,-] on the open subset IZ(\Q) of R? .= {(xj,yj1) : xj, yj1 € R}
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Then we exploit this information and the argument in [8, Step 1 of proof of Theorem 1.2]
to find 0 < 8 < &; and a C!-smooth integral curve ¥: [—82, 82] — B(0, 81) N Py (2) of

D" such that 7(0) = 0 and

—_— —_— t —_—
Vg (V () — Y (¥ (0) = /o (@j o Py1) (V(s)) ds, Vi € [=82, 82]. (40)

Moreover, by the same argument used in [8, Step 1 of proof of Theorem 1.2], we can choose
8> = min{8,/4,81/(2M,)}, where M, = SUP 5 0,281 P @) [¥4]. In particular, if w €
B(ag, 6;) "W and 8 is small enough, M, has a uniform bound depending on the supremum
of ¥ in some a priori fixed neighborhood of ay, since v, is explicit in terms of g, see item
(c) of Proposition 2.10. As a consequence, up to eventually reducing and fixing 81, 8> has
a positive lower bound independent of ¢ = (w - Y (w))~!, when we allow w to run in
B(ag, §1) N W. We still denote this lower bound with §,.

Recalling Eq. 14 and the first part of the proof of item (a), we can write 7 (t) = (z, y;1(t))
for some y;i: [—82,82] — R. For any w € B(ag, 1) N W we can hence define a w-
dependent y : [—62, 82] — B(0,81) "W C P,(£2) by letting

y(@) =(,...,0,,0,...,0,y1(),0,...,0), Vre[-6,08] 41)

Then, since y(0) = 0, from the particular expression of D;kq, see Egs. 13 and 14, and by

the fact that 7 is an integral curve of DI{/", we get that y is an integral curve of D;{f", and
from Eqgs. 41, 40, and Eq. 35 the following equality holds

t
Vg (v (D) = ¥ (y(0) = /0 (wj o Py-1)(y(s)) ds, Vi e[—0,8]

Thanks to Lemma 2.11 and to item (b) of Proposition 2.10, we can translate the integral
curve y to an integral curve y,-1: [=d2, 6] — Q of D;{/ with y,-1(0) = w, such that,
exploiting Eq. 23, the following equality holds

t

Vg (v () =4 (v(0)) = ¥ (y,~1(1) =¥ (y,-1(0) = /0 wj(yy-1(s)) ds, V1 €[=5, 0],

where the last equality is true since P -1 o y = y,-1, see Eq. 21 and Eq. 16. Thus we have
shown that if we fix ap € @, j =2, ..., m, and §; sufficiently small, we can find §,

such that for every w € B(ap, §1) there exists an integral curve y: [—§2, §2] — 2 of
D;{/ such that y (0) = w and

t
vy @) =¥ (y0) = /o w;j(y(s))ds, Vi €[5, 6]

By the continuity of v this suffices to conclude that D¥ = w in the broad* sense on €,
see Definition 2.13. O

Proposition 3.3 Let G be a Carnot group of step 2, rank m and topological dimension m +
h, and let Wg and Lg be two complementary subgroups of G, with Lg one-dimensional.
Let T be the free Carnot group of step 2, and rank m and topological dimension n, and
choose coordinates on G and F as explained in Remark 2.5. Denote with Wy and Ly the
complementary subgroups of F with Ly one-dimensional such that 1(Wr) = Wg and
Ty = Lr—Lg, see Eq. 10. Let U be an open set in Wg and denote by V.C Wr the open
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set defined by V .= w~Y(U). Let ¢: U — Lg be a continuous map and let r: V — Ly
be the map defined as

Y= ()" opom,.

Assume there exists w € C(U; R™™Y) such that D¥¢ = w holds in the distributional sense
onU.

Then, ¥ is a distributional solution to DYy = wom on V.

Proof Fix j = 2,...,m. Let us identify any element in Wg with (x*, y*) where x* €
R™=1 and y* € R", and let us identify any element in W with (x, y) where x € R”~! and
y € R™n=1/2 Then, taking Eq. 12 into account, we have that

/U< Z(nzaé

for every § € C2°(U). Hence, by exploiting Eq. 13, we would like to show that

*b(

)dx dy* —/ ;€ dx* dy*,
U
(42)

i=1¢=2

By 5 1208 1 9 1 0
el e L et DR R i) DR o) I

j<t<m l<s<j

- f (wj o m)E dx dy,
\%4

- (43)
for every & € C°(V). We consider the change of variables in Wy = R™*~! given by

T

* O ® n% S . T

(xz,---,xm,yl,---,yh,yhﬂ,---,ym(m71)> -:M(XL--~sxin»y21w~~sym(m—l)) s
2

M being a matrix of order n — 1 defined as

In_1 O ... 0
0 1
0 bZl . bm(m 1)
M = : s : , (44)
h )
by, "bm(m—l)
0 M

where I,,,_ is the identity matrix of order m — 1 and Misa (m(mT_l) —h) x w matrix
such that M is invertible. We denote the elements of M by bz(z? withl < s <€ <m
andi =h+1,..., w Such a matrix M exists thanks to the fact that the matrices
BW ..., B asin Eq. 3 are linearly independent and then the matrix

) )
b21 bm(m 1)
R0
b b

m(m—1)
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has maximum rank equal to h. Denote for shortness x* = (x3,...,x5),

y©oo= Oy and 3F = (9p ..o Snwen)- By Eq. 9 we get that, for every
2

0, X2, ..., Xm, Y21, - - - » Ym(m—1)) € V, the following equality holds

1 h
Y(x2, ..., Xm, y21s~~~,ym(m—1)) =9 (xz,...,xm, Z béy)yl{bv"'s Z bEV)Yu)

1<s<tl<m 1<s<tl<m

=g (x* ).

Giveng € CX(V), we define &(x*, y*, y*) = Eo M=Yx*, y*, 997 € C(M(V)), and
then, by using the chain rule in order to write the partial derivatives of £ with respect to &,
we can write

(DY) = fd&*/(

1 0 . OE 1
- D x* dx* dy*
) Z Y O%yF ) ety T

l<s<ji=l1

ag 1
R TWIE DI

j<l<m i=1

m(m 1)
250 @ W | 9 1 b g0k
/ Z ( b} Z by xw+* > b_,-.cxssv) 357 T &9

i=h+1 j<€<m l<s<j

=fo [ (o35 .

where 1/|det(M)]| is the determinant of the change of variables; we stress that in the last
equality we used the fact that B® is a skew-symmetric matrix for every i = 1, ..., h, and

m
2y, 08 ]
+7 Z/la* 2

1 *
dy*,
A ) det(any)]

m(m 1)

Ly o 1 0) 1 (i) x| 9 1 . s
—2p® _ Z § by — 2 Y —_dx*dy*d
/ Z 2§0 jl 2 xé(p—i_z ]st(p 8)/\)1* |d€t(M)| X Yy Yy

i=h+1 Jj<€<m l<s<j

m(m m(m—1)

T )
A; dx*dy*dy* =0,
/ > A V357 Jaean Y

i=h+1

because & € C°(M(V)), together with the use of Fubini’s Theorem and the fact that the
terms of A; (x*, y*) only depend on the variables x* and y*.

Since, by construction, the projection of M (V) onto the variables (x*, y*) is precisely
7 (V) = U, we get that £(-, 3;) € C°(U) for every 3§ € R™0m=D/2=h "and thus by using
Eq. 42 and Fubini’s Theorem, we get

14 * gk . 1 3k 1ok
(D6 = /dy/ 5 e t(M>|dx dy _/‘”"§|det(M)|dx dy"dy”.

Finally, if we consider the reversed change of variables (x2, ..., Xm, Y21, - - -, ym(m,l))—r =
M (x*, ¥, f}*)T where M~! is the inverse matrix of M, see Eq. 44, and recalling Eq. 9,
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it follows

~ 1 n ~ |det(M)|

OB =[o|x ¥ b ¥ b e DG O
1<s<l<m 1<s<fl<m
= [ (@ omx. E naray.

~ (46)
for every & € C2°(V), where |det(M)] is the determinant of the change of variables. Hence
Eq. 43 holds and the proof is complete. O

Proposition 3.4 Let G be a Carnot group of step 2, rank m and topological dimension m+h
and let Wg, and Lg be two complementary subgroups of G, with Lg one-dimensional. Let
F be the free Carnot group of step 2, rank m and topological dimension n, and choose coor-
dinates on G and [ as explained in Remark 2.5. Denote by Wr and Ly the complementary
subgroups of F with Lp one-dimensional such that 1 (Wyr) = Wg and T, = Lr—Lg,
see Eq. 10. Let U be an open set in Wg and denote with V. C Wr the open set defined
by V = 7Y (U). Let 9: U — Lg be a continuous map and let y: V — Lp be the map
defined as

Y= (1) ogom,.
Assume there exists o € C(U; R™1Y such that D‘/’w = w o 7 holds in the broad* sense

on V. Then, ¢ is a broad* solution to D¢ = w on U.

Proof In order to give the proof of the statement we first show the following intermediate

result: for every j = 2,...,m, every point ¢ := (0, x2, ..., X, Y21, -+, Ym@m-1)) € V,
and every integral curve y : [0, T] — V of D]'{/ starting from g we have that oy : [0, T] —
U is an integral curve of D;’.’ starting from 7 (q) =: (0, x2, ..., X, ¥}, ..., y}), see Eq. 8.
Moreover we stress that from Eq. 9 we have y;* = Zlgsdgm béi)ygs, foralli =1,...,h.

Take an integral curve y : [0, T] — U of pY starting from ¢q. Then, the vertical compo-
nents of y satisfy the system of ODEs in Eq. 14, while the horizontal components stay the
same apart from the j-th component for which y;(t) = x; + ¢ for every ¢ € [0, T]. From
the explicit expression of the projection in Eqs. 8 and 9, we can write the vertical compo-
nents of 7 o y as a linear combination of the vertical components of y, while the horizontal
components stay the same. Then, exploiting the ODEs in Eq. 14, taking the derivatives of
those linear expressions, and by using the definition of ¥ in terms of ¢ in the statement, one
simply obtains that 7 o y: [0, T] — U is an integral curve of Df starting from 7 (q). We

omit the simple computations since they are similiar to the ones already done before.
In order to conclude, notice that, from the relation between 1 and ¢ in the statement, we
obtain the following equivalence

t 1
@ oy () —p@roy(0) = /0 wj(@oy())ds < Yy () — ¥ (y0) =/0 (wjom)(y(s)ds, (47)
for every integral curve y: [0, T] — V of D;{/, with j =2,...,m,and every t € [0, T].
Thus, from the previous observation on the projection of the integral curves and the equiva-

lence in Eq. 47, we get the thesis by taking into account that the definition of broad* solution
in Definition 2.13 is local. O
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4 Main Theorems

We are ready to prove the main theorem of this paper, by making use of the invariance results
proved in Section 3. We stress that the following theorem is the converse of [3, Corollary
6.15].

Theorem 4.1 Let G be a Carnot group of step 2 and rank m, and let W and 1L be two
complementary subgroups of G, with L. horizontal and one-dimensional. Let U C W be
an open set, and let ¢: U — 1L be a continuous function. Choose coordinates on G as
explained in Section 2.2, see also Eq. 5. Assume there exists w € C(U; R™ 1) such that
D¥p = w holds in the distributional sense on U. Then DY ¢ = w holds in the broad* sense
onU.

Proof 1t directly follows by joining together Proposition 3.3, Proposition 3.2, and Proposi-
tion 3.4. O

By making use of the previous theorem and [3, Theorem 6.17] we obtain the following
characterization of Cﬁl-hypersurfaces in Carnot groups of step 2. For the notion of intrinsic
differentiabilty we refer the interested reader to [3, Definition 2.17], while for the notion of
intrinsic gradient we refer the interested reader to [3, Definition 2.20 & Remark 2.21]. For
the definition of C]fl-hypersurface we refer the interested reader to [25, Definition 1.6]. For
a detailed account on the latter notion we refer the interested reader to the introduction of
[3] and in particular to [3, Definition 2.27] for the definition of co-horizontal Cfll—regular
surfaces with complemented tangents.

Theorem 4.2 Let G be a Carnot group of step 2 and rank m, and let W and 1L be two
complementary subgroups of G, with L horizontal and one-dimensional. Let U € W be an
open setand let ¢ . U — L be a continuous function. Choose coordinates on G as explained
in Section 2.2, see also Eq. 5. Then the following conditions are equivalent:

(a) graph(e) isa C}ll-hypersurface with tangents complemented by 1L;

(b) ¢ is uniformly intrinsically differentiable on U;

(c) @ isintrinsically differentiable on U and its intrinsic gradient is continuous;

(d) there exists w € C(U; R™ ) such that, for every a € U, there exist § > 0 and a
Sfamily of functions {¢. € CY(B(a,?)) : € € (0, 1)} such that

limg, =¢ and lim D% ¢, = wj in L%(B(a,?)),
e—0 e—>0 J ’
forevery j =2,...,m;
(e) there exists w € C(U; R™™1Y such that D¥¢p = w holds in the broad sense on U;
(f)  there exists w € C(U; R™™Y) such that D®¢ = w holds in the broad* sense on U

(g) there exists w € C(U; R™1Y such that D® = w holds in the distributional sense on
U.

Moreover, if any of the previous holds, w is the intrinsic gradient of ¢.

Proof The equivalence between (a),(b),(c),(d),(e), and (f) follows form [3, Theorem 6.17].
The implication (g)=>(f) follows from Theorem 4.1, where Theorem 4.1 is the one in the
paper. The implication (b)=>(g) follows from [3, Item (c) of Proposition 4.10]. O
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Remark 4.3 (Intrinsic normal and area formula) We stress that if any of the hypotheses in
Theorem 4.2 is satisfied, we can write the intrinsic normal to graph(¢) and an area formula
for graph(¢) explicitly in terms of the intrinsic gradient w, see [3, Item (d) of Proposition
4.10 and Remark 4.11].

Remark 4.4 (Approximation of a distributional solution to D¢ = w) The approximating
sequence in item (d) of Theorem 4.2 is a priori dependent on the point a € U we choose.
This happens because in order to obtain [3, Theorem 6.17], from which Theorem 4.2 fol-
lows, we use [3, Item (b) of Proposition 4.10], in which the approximating sequence is
constructed in a way that is a priori dependent on the point a € U. Nevertheless the upgrade
of such approximation from a local one on balls to an approximation on arbitrary compact
sets, with a sequence of functions that is not dependent on the compact set itself, is very
likely to be true in the setting of Carnot groups of step 2 by exploiting the same technique
explained in [3, Remark 4.13] and based on [37]. Since this topic does not fit in this paper
we will not treat it here, and it will subject of further investigations.

Remark 4.5 (Counterexample to Theorem 4.2 on the Engel group) Consider the
Engel group E, i.e., the Carnot group whose Lie algebra ¢ admits an adapted basis
(X1, X2, X3, X4) such that

¢ ;= span{X1, X2} @ span{X3} & span{X4},

where [X1, X2] = X3, and [X1, X3] = X4. We identify E with R4 by means of expo-
nential coordinates, and we define the couple of homogeneous complementary subgroups
W = {x; = 0},and L := {xp = x3 = x4 = 0} in such coordinates. Then, by explicit
computations that can be found in [28, Section 4.4.1], we get that, for a continuous function
¢: U CW — L, with U open, the projected vector fields on W are

2

[
DY, = dx, + ¢y + s DY, =y, + ¢y, DY, = dy,. (48)
Thus, if we consider the function ¢(0, x2, x3, x4) = xiﬁ on W, we get that D§2<p =

éam @3 = % in the distributional sense on W. On the other hand ¢: W — L is not

uniformly intrinsically differentiable, since it is not 1/3-little Holder continuous along the
coordinate x4, see Definition 4.6, while for a function to be uniformly intrinsically differen-
tiable this is a necessary condition, see [3, Example 5.3] and [3, (a)=>(c) of Theorem 4.17].
Then we conclude that the chain of equivalences of Theorem 4.2 cannot be extended already
in the easiest step-3 Carnot group.

Nevertheless we do not know whether Theorem 4.1 holds in some cases beyond the
setting of step-2 Carnot groups. In particular we do not know whether Theorem 4.1 holds
in the Engel group with the splitting previously discussed. Interesting develpoments in the
direction of studying whether distributional solutions to Burgers’ type equations with non-
convex fluxes are also broad solutions are given in [2] and [1].

We conclude with the following Holder property that happens to be a consequence of ¢
being a distributional solution to D¥¢ = w with a continuous datum w. For the purpose, we

here recall the definition of little Holder continuity.

Definition 4.6 (little Holder functions, [32]) Let U € R" be an open set. We denote by
h%(U; R¥) the set of all a-little Holder continuous functions of order 0 < « < 1, i.e., the
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set of maps ¢ € C(U; R¥) satisfying

. lp(b") — p(b)|
rh_r)no(sup{w:b,b/eU,0<|b/—b|<r =0. (49)

Theorem 4.7 Let G be a Carnot group of step 2 and rank m, and let W and 1L be two
complementary subgroups of G, with 1L horizontal and one-dimensional. Let U C W be an
open setand let . U — L be a continuous function. Choose coordinates on G as explained
in Section 2.2, see also Eq. 5. If one of the items of Theorem 4.2 holds, then ¢ is 1/2-little
Hélder continuous along the vertical coordinates on every open subset U' @ U.

Proof It is a consequence of Theorem 4.2 and [3, Remark 3.23 & Theorem 6.12]. O
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