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In the paragraph before Proposition 2 of Henzi & Ziegel (2021) it is claimed that

1 h
er =2 3 T B, o= (k4 hs: s =0, LT = K)/h) = 1),

k=1 lel},

is a nonnegative supermartingale. This is generally not true for 2 > 1. As a consequence, Proposition 2 is
not correct for 4 > 1, and should be adapted as follows.

PROPOSITION 2. Let T € N be a stopping time. Then under the assumptions of Proposition 1,

Eg(erin-1) <1, Qe Hs.

,,,,,

only for 4 = 1, but the stopping time 7, guarantees that Q(z,, < 00) < e forz > 1, ¢ € (0,1), and
Q € Hs, because 7, < oo implies €r, ) +h-1 > 1 /. Hence all empirical results in the article remain valid.
An anytime-valid p-value for 4 > 1 is given by

s=1,..., j=s—h+1,...,

D1, = min <1, infto [ max S_lEpj,qj;Aj{]l(pj > qj)}l/eS:D R
since p; < « for some ¢ € N if and only if 7, , < oo.

Proof of Proposition 2. Recall that the process (Y;, p;, g, A1)ren 1S adapted to § = (F;)en. Let £ > 1.
Fork=1,...,h,define [, (t) ={k+hs:s=0,... .t —k)/h] — 1},

. k
Mt[ ] = 1_[ EPI»‘II;M(YHh)’ S[ ] = (]:L%ﬂﬁk)tel\!’

Il (1)

with [, := 1 and F; := {Q, ¥} forj < 0. Thene, = 22:1 M™ /h.Fork = 1,...,h, the process (M™),cx
is a nonnegative supermartingale with respect to §*! for any Q € Hs, and therefore satisfies Eq (MT”[‘,E]) <1
for any §¥'-stopping time /¥, So

h

1

(k]

Eq <Z oMbl <
=1
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for §¥-stopping times t/¥1, k = 1,..., h. If T is an F-stopping time, then

({T_T]HJ +1>h+k=:fk(t) efr,...,t+h—-1}

is an F¥-stopping time. To see this, lett = k + hs +j fors € No, k € {1,...,k},j €{0,...,h — 1}. Then
Lt —Fk)/hlh+k =k + hs,and f;,(t) < tifand only if T < k + As, so

(fi(t) <t} ={t <k+hs} € Frop = Lk Ihk

This implies that for any §-stopping time 7, we obtain
1
E@(Mr+h—1) = E@ <IT[ ZA/I}:&)) < 1’ Q € HS’
k=1

using the fact that M,,,_, = 2221 MfEck(],)/h fort e N. O

The following example demonstrates that the statement of Proposition 2 with t instead of 7 + /4 — 1 is
not true. Leth =2,¢ € (0,1),and § € (0,¢). Definep; = e —68,q; =e¢+6§,andp;, =g, = 0.5 fort > 1.
Let S(p,y) = (p — y)2. Then the one-period e-value for t = 1 equals

7T1y,1(1 —m)'

1,1 _
Ena0) = —Sa 5

b

with 77, | € (¢,1], and E, ', (v) = 1 for > 1, which gives

1’ t = 1,2,
e, = .
" 05E, " (Ys) + 05, 1>3.

The null hypothesis consists of all distributions Q generating the sequence (¥;),cn such that Q(¥Y; = 1|
Y)) < e. Define Q as follows. Let Q(Y; = 1) be arbitrary; Y,, Y3 independent of ¥, with ¥, = Y3 almost
surely and Q(Y, = Y3 = 1) = p € (0,¢]; and Y, for ¢ > 3 with arbitrary distribution. Define the stopping
time t = 3Y, + 2(1 — Y3). Then,

O Y, =0,
" 05sm /e 405, =1,

so that Eg(e;) > 1 form; > ¢,since Q(¥Y, =1) =p > 0.
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