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In recent years, a persistent tension between phenomenological and lattice QCD determinations of the 
pion–nucleon σ -term σπ N has developed. In particular, lattice-QCD calculations have matured to the 
point that isospin-violating effects need to be included. Here, we point out that the standard conventions 
adopted in both fields are incompatible, with the data-driven extraction based on the charged-pion 
mass, but lattice-QCD conventions relying on the mass of the neutral pion to define the isospin limit. 
The corresponding correction amounts to �σπ N = 3.1(5) MeV when evaluated in chiral perturbation 
theory with low-energy constants determined from a Roy–Steiner analysis of pion–nucleon scattering as 
well as σπ N itself. It reduces the tension with lattice QCD, and should be included in the comparison 
to phenomenological determinations. We also update the extraction from pionic atoms accounting 
for the latest measurement of the width of pionic hydrogen, σπ N = 59.0(3.5) MeV, and provide the 
corresponding set of scalar couplings of the nucleon.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
1. Introduction

The pion–nucleon (π N) σ -term

σπ N = m̂〈N|ūu + d̄d|N〉, m̂ = mu + md

2
, (1)

quantifies the isospin-symmetric part of the nucleon mass gen-
erated by the masses of up- and down-quarks. It is a funda-
mental parameter of low-energy QCD whose precise determina-
tion has long proven elusive, given that, experimentally, it is 
only accessible indirectly via the Cheng–Dashen low-energy the-
orem [1,2], by an analytic continuation of the isoscalar π N ampli-
tude into the unphysical region. Such determination based on the 
partial-wave analyses from Refs. [3,4] yielded values around σπ N ≈
45 MeV [5–7], while more recent partial-wave analyses [8,9] fa-
vored higher values, e.g., σπ N = 64(8) MeV [10]. Extractions solely 
based on chiral perturbation theory (ChPT) have generally pro-
duced values in line with the input used to constrain the low-
energy constants (LECs) [11,12], but controlling the analytic con-
tinuation at the few-MeV level requires a careful analysis using 
dispersion relations. Such work has been performed in the frame-
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work of Roy–Steiner equations [13–22], culminating in σπ N =
59.1(3.5) MeV [17] when combined with pionic-atom constraints 
on the π N scattering lengths [23–26]. As part of this Letter, we 
present an updated analysis that includes the final PSI result on 
the width of pionic hydrogen (π H) [27], see Sec. 2, leading to 
marginal changes compared to Ref. [17]. This result has also been 
confirmed by an analysis of low-energy π N cross sections [21]
(including relatively recent data on elastic reactions [28–30] and 
the charge-exchange process [31–34]), σπ N = 58(5) MeV, establish-
ing agreement between pionic-atom constraints and π N scattering 
data at the 5 MeV level.1

However, while the situation among phenomenological deter-
minations thus looks consistent, most calculations in lattice QCD 
have produced significantly lower values [38–46] (with few excep-
tions [47]), including the recent works [48,49], see Ref. [50] for 
an overview of the present landscape. A possible resolution to this 
puzzle was presented in Refs. [51,52] in terms of excited-state con-
tamination, based on evidence both from ChPT and direct lattice 
calculations, with the main conclusion that close to the physical 

1 σπ N has also been extracted from in-medium modifications of the isovector 
scattering length in pionic atoms with large Z [35–37], but the nuclear uncertainties 
in such determinations are substantial.
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pion mass results can vary appreciably depending on the analysis 
strategy to account for excited-state effects.2

In this Letter, we address another subtlety that becomes rele-
vant with the advent of precision calculations in lattice QCD near 
the physical point, related to the definition of the isospin limit. Go-
ing back to Ref. [54], the phenomenological convention has been 
to define σπ N in terms of the charged pion mass, with corrections 
applied both to π N scattering lengths [55–58] and the low-energy 
theorem [15,17], to ensure that isospin-violating (IV) effects, which 
are known to be sizable in the isoscalar π N amplitude, are con-
sistently included. In general, the motivation for this convention 
derives from the fact that most scattering amplitudes and form 
factors are best measured for charged particles, in such a way that 
uncertainties of isospin-limit quantities become minimized. Unfor-
tunately, similar considerations in lattice QCD lead to a conflicting 
definition in terms of the mass of the neutral pion, denoted in 
the following by σ̄π N . The main point of this Letter is to clarify 
the two definitions, including an estimate of the correction that 
emerges in the transition, see Sec. 3. In Sec. 4 we update the re-
sulting scalar couplings of the nucleon [59], which determine the 
matrix elements for scalar operators in several search channels for 
physics beyond the Standard Model, from direct-detection searches 
for dark matter [60–65], to neutrino scattering [66,67], μ → e con-
version in nuclei [68–72], and electric dipole moments [73–76]. 
We summarize our findings in Sec. 5.

2. Update of pionic-atom scattering lengths and σπ N

In this section we first update the extraction of π N scattering 
lengths from pionic atoms in view of the final result for the width 
of the ground-state level of pionic hydrogen from the PSI pionic-
atom program [27]

�π H
1s = 0.856(27)eV. (2)

We further use for the level shifts in π H and pionic deuterium 
(π D) [23,24]

επ H
1s = −7.0858(96)eV, επ D

1s = 2.356(31)eV. (3)

From επ H
1s one obtains, via the improved Deser formula [77–79], 

the elastic π− p → π− p scattering length

aπ− p = 85.25(11) × 10−3M−1
π , (4)

with Mπ the charged pion mass,3 and from �π H
1s the charge-

exchange π− p → π0n analog

acex
π− p = −124.3(2.0) × 10−3M−1

π , (5)

where both scattering lengths include the contributions from vir-
tual photons. Using the IV corrections �acex

π− p = 0.4(9) × 10−3 M−1
π

[56,57], the constraint (5) translates to the isovector scattering 
length

a− = 88.2(1.4)exp(0.6)th × 10−3M−1
π = 88.2(1.5) × 10−3M−1

π .

(6)

In contrast, the π D level shift does not constrain a single com-
bination of scattering lengths, with many-body corrections that 

2 Another uncertainty can arise from SU(3) assumptions, e.g., Ref. [53] differs sub-
stantially from Ref. [48] despite being based on the same lattice data.

3 These are the standard units for π N scattering lengths, see, e.g., Ref. [4] for a 
review on π N conventions.
2

Fig. 1. Combined constraints on ã+ and a− from data on the width and level shift 
of π H , as well as the π D level shift. The figure is an updated version of the ones 
from Refs. [17,25,26] to account for the new value of the π H width [27].

need to be considered [80–86], to the effect that the resulting con-
straint is best analyzed in the context of a global fit, see Fig. 1. 
Following the strategy in Refs. [25,26], we obtain

ã+ = 1.7(8) × 10−3M−1
π , a− = 86.6(1.0) × 10−3M−1

π , (7)

and a correlation coefficient ρa−ã+ = −0.24, where the isoscalar 
scattering length ã+ absorbs the dominant IV corrections. The 
resulting value for a− is almost identical to the naive average 
a− = 86.5(1.0) × 10−3M−1

π of Eq. (6) and the result if the width 
of π H were dropped altogether

ã+ = 1.9(8) × 10−3M−1
π , a− = 85.3(1.3) × 10−3M−1

π , (8)

reflecting a slight 1.4σ tension in a− . The isovector channel is inti-
mately related to the π N coupling constant gc via the Goldberger–
Miyazawa–Oehme (GMO) sum rule [87]; for completeness, we pro-
vide the updated analysis in Appendix A.

With ã+ and a− determined from the global fit (7), the physical 
scattering lengths follow as given in Table 1 once combined with 
the IV corrections. In particular, the lower panel also shows results 
for the scenario in which a− is eliminated in favor of aπ− p . Due to 
the shift in a− as implied by the new π H width, the central values 
differ a little more than before, but within uncertainties agreement 
is still good (even for acex

π− p the difference to Eq. (5) is less than 
1σ ). The isoscalar scattering length itself is updated to

a+ = 7.8(2.6) × 10−3M−1
π . (9)

For completeness, the results for the channels π± p → π± p, 
π− p → π0n can also be compared to direct extractions from low-
energy cross section data [21]

aπ− p = 83.3(2.1) × 10−3M−1
π ,

aπ+ p = −85.7(4.2) × 10−3M−1
π ,

acex
π− p = −122.6(4.1) × 10−3M−1

π , (10)

where we included virtual-photon effects following the treatment 
of radiative corrections in Ref. [21]. Within uncertainties, these 
numbers are fully consistent with the pionic-atom data, albeit with 
larger uncertainties.

Finally, the scattering length relevant for σπ N is the isoscalar 
combination, so that the impact of the new π H width is limited, 
but there are still indirect effects due to the global fit. In particular, 
the master formula in Refs. [15,17,18] is formulated in terms of the 
virtual-photon-subtracted scattering lengths in isospin basis



M. Hoferichter, J. Ruiz de Elvira, B. Kubis et al. Physics Letters B 843 (2023) 138001

Table 1
π N scattering lengths for the physical channels in units of 10−3 M−1

π , including virtual pho-
tons. The upper panel refers to the results based on ã+ , a− , and a+ , while in the lower 
panel a− is eliminated in favor of aπ− p . Updated from Ref. [17].

isospin limit channel scattering length channel scattering length

a+ + a− π− p → π− p 86.3(1.8) π+n → π+n 85.4(1.8)

a+ − a− π+ p → π+ p −88.8(1.8) π−n → π−n −89.7(1.8)

−√
2 a− π− p → π0n −122.0(1.7) π+n → π0 p −120.1(1.7

a+ π0 p → π0 p 2.2(2.6) π0n → π0n 5.6(2.6)

a+ + a− π− p → π− p 85.25(11) π+n → π+n 84.4(7)

a+ − a− π+ p → π+ p −87.8(1.6) π−n → π−n −88.6(1.7)
a1/2
0 = 169.8(2.0)×10−3M−1

π , a3/2
0 = −86.3(1.8)×10−3M−1

π ,

(11)

which are the reference values in

σπ N = 59.1(3.1)MeV +
∑

Is=1/2,3/2

cIs

(
aIs − aIs

0

)
, (12)

with coefficients c1/2 = 0.242 MeV × 103 Mπ , c3/2 = 0.874 MeV ×
103 Mπ , leading to σπ N = 59.1(3.5) MeV. Naively rotating back to 
I = ± basis would produce coefficients c+ = 1.116 MeV × 103 Mπ , 
c− = −0.390 MeV × 103 Mπ , so that the change of �a− = 0.6 ×
10−3 M−1

π , �a+ = −0.1 × 10−3 M−1
π due to the π H update would 

lower σπ N by 0.3 MeV. Following the previous strategy [15,17] to 
replace all scattering lengths in terms of aπ− p and ã+ , we find

a1/2 = 169.9(2.0)×10−3M−1
π , a3/2 = −86.5(1.8)×10−3M−1

π ,

(13)

and thereby a shift of −0.15 MeV, demonstrating that for σπ N it 
does not matter how the mild tension in a− is treated. For the 
final updated pionic-atom-based value we quote

σπ N = 59.0(3.5)MeV. (14)

3. Isospin violation and σπ N

To clarify the role of IV in σπ N we start from the chiral expan-
sion of the nucleon mass [54,88]

mN = m0 − 4c1M2
π0 − e2 F 2

π

2
( f1 ± f2 + f3) (15)

± 2Bc5(md − mu) − g2
A

(
2M3

π + M3
π0

)
32π F 2

π

+O
(
M4

π

)
,

where the upper/lower sign refers to proton/neutron, and Mπ de-
notes the mass of the charged pion, i.e.,

M2
π = B(mu + md) + 2e2 F 2

π Z +O(m2
q),

M2
π0 = B(mu + md) +O(m2

q), (16)

at leading order in the chiral expansion. The scalar couplings f N
q ,

〈N|mqq̄q|N〉 = f N
q mN , (17)

follow from the Feynman–Hellmann theorem [89,90], with the re-
sult [59]

f N
u = − 2B

mN
mu

[
2c1 ± c5 + 3g2

A(2Mπ + Mπ0)

128π F 2
π

]
+O

(
M4

π

)
,

f N
d = − 2B

mN
md

[
2c1 ∓ c5 + 3g2

A(2Mπ + Mπ0)

128π F 2
π

]
+O

(
M4

π

)
. (18)
3

Based on these relations, the formal definition in Eq. (1) becomes

m̂〈N|ūu+d̄d|N〉 = −4c1M2
π0 − 3g2

A M2
π0(2Mπ + Mπ0)

64π F 2
π

+O(M4
π ),

(19)

so that one obtains an expression involving mixed pion charges. 
The key difference between phenomenological and lattice-QCD 
conventions is now that σπ N is identified differently in the isospin 
limit.

From the phenomenological perspective, the canonical choice 
[54] amounts to

σπ N = −4c1M2
π − 9g2

A M3
π

64π F 2
π

+O(M4
π ), (20)

because most input data are available for the charged-pion pro-
cesses: for pionic atoms, the best constraint arises from aπ− p via 
the level shift in π H , and π D is sensitive to the scattering of 
the charged pion as well. Similarly, most scattering data are avail-
able for the elastic processes π± p → π± p, which motivates the 
corresponding choice for σπ N . To ensure consistency with this 
definition, the determination of σπ N in Refs. [15,17] relies on a 
version of the Cheng–Dashen theorem that accounts for IV correc-
tions, in fact, a substantial part of the uncertainty in the master 
formula (12), 2.2 MeV, derives from an estimate of LECs parame-
terizing IV effects.

In contrast, the prevalent convention in lattice QCD [50]
amounts to

σ̄π N = −4c1M2
π0 − 9g2

A M3
π0

64π F 2
π

+O(M4
π ), (21)

essentially, to avoid the electromagnetic effects that would other-
wise have to be included in the charged pion mass via Eq. (16). 
When comparing phenomenological and lattice-QCD determina-
tions, the difference

�σπ N ≡ σπ N − σ̄π N (22)

therefore must be taken into account once a level of precision is 
reached at which IV corrections become relevant. This necessity 
has already been pointed out in Ref. [18], but to our knowledge 
not been considered in subsequent comparisons.

In practice, quark masses in lattice-QCD simulations are never 
tuned exactly to the mass of the neutral pion, but the analysis re-
quires a residual chiral extrapolation or interpolation. Accordingly, 
to first approximation, �σπ N could be included by evaluating the 
result at Mπ , even though the difference is of electromagnetic ori-
gin. Alternatively, an estimate can be obtained from ChPT, by con-
sidering the difference of the chiral expansion of the isospin-limit 
σπ N evaluated at the mass of the charged and neutral pion, re-
spectively. Using the LECs and their correlations from Refs. [16,17], 
we obtain
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�σπ N =
{

3.7(1),3.2(1),3.1(1)(4)
}

MeV, (23)

at O
(

p2,3,4
)
, where the first error propagates the uncertainty in 

the LECs and the second error at O
(

p4
)

reflects the uncertainty 
in Eq. (14), as required to determine the new LEC e1 at this or-
der in the chiral expansion. Accordingly, the resulting correction is 
sizable—we quote

�σπ N = 3.1(5)MeV (24)

as our best estimate—and should be included in the comparison of 
lattice-QCD results with phenomenological determinations.

4. Scalar couplings

Expressing Eq. (18) in terms of σπ N ,

mN f N
u = σ̃π N

2
(1 − ξ) ± Bc5

(
md − mu

)(
1 − 1

ξ

)
,

mN f N
d = σ̃π N

2
(1 + ξ) ± Bc5

(
md − mu

)(
1 + 1

ξ

)
, (25)

one encounters a third variant σ̃π N as defined by Eq. (19),

σ̃π N = σπ N +
(

4c1 + 21g2
A Mπ

128π F 2
π

)
�π

= σπ N − 3.6(2)MeV, (26)

where �π = M2
π − M2

π0 and [50,91,92]

ξ = md − mu

md + mu
= 0.365(22). (27)

Using, in addition, Bc5(md − mu) = −0.51(8) MeV as derived from 
the electromagnetic part of the proton–neutron mass difference 
(mp − mn)em = 0.76(30) MeV [93],4 we find

f p
u = 19.7(1.4) × 10−3, f p

d = 38.3(2.7) × 10−3,

f n
u = 17.8(1.3) × 10−3, f n

d = 42.3(2.6) × 10−3. (28)

Since the distinction between σπ N and σ̃π N was not yet included 
in Ref. [59], the resulting scalar couplings in Eq. (28) are reduced 
compared to Ref. [15] (albeit consistent within uncertainties).

5. Conclusions

In this Letter, we addressed a subtlety in the comparison of 
the pion–nucleon σ -term as determined phenomenologically from 
π N data and in lattice QCD. While both approaches quote results 
in the isospin limit, its definition is inconsistent as it proceeds by 
the mass of charged and neutral pion, respectively. We argued that 
at the level of maturity reached in recent lattice-QCD calculations, 
such corrections can no longer be neglected. Estimating the extrap-
olation from charged to neutral pion mass in chiral perturbation 
theory, we find a sizable effect, see Eq. (24), which reduces the 
tension between lattice QCD and phenomenology and should be 
included in future comparisons. We also provided updated results 
for π N scattering lengths and σπ N when including the latest PSI 
measurement of the width of pionic hydrogen, as well as the scalar 
couplings of the nucleon, all of which further emphasize the im-
portance of a careful treatment of isospin-violating corrections.

4 The uncertainty is sufficiently large to be consistent with lattice QCD [94–96]
and more recent evaluations using the Cottingham formula [97–99].
4
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Appendix A. GMO sum rule

To determine the π N coupling gc from the scattering lengths 
via the GMO sum rule, one needs input for the combination 
aπ− p − aπ+ p and remove the effects of virtual photons still con-
tained in the scattering lengths. The strategy followed in Refs. [17,
25,26] amounts to expressing this combination in terms of aπ− p , 
ã+ , as well as the correction from aπ−n − aπ+ p . This strategy leads 
to g2

c /(4π) = 13.67(12)(15) = 13.67(20), where the first and sec-
ond error refer to scattering lengths and dispersive integral, re-
spectively. Since most of the scattering-length input then comes 
from επ H

1s and επ D
1s , it is natural to ask how g2

c would change if 
one relied primarily on acex

π− p instead.
To this end, we write

aπ− p − aπ+ p = −√
2acex

π− p − [
aπ+ p − aπ− p − √

2acex
π− p

]
, (A.1)

where the correction term in brackets gives precisely (half) the nu-
merator of the triangle relation

R = 2
aπ+ p − aπ− p − √

2acex
π− p

aπ+ p − aπ− p + √
2acex

π− p

. (A.2)

If we take aπ− p −aπ+ p as determined from the combination of π H
and π D level shifts alone, see Eq. (8), aπ− p − aπ+ p = 172.5(1.7) ×
10−3 M−1

π , we obtain, apart from the correction for IV in aπ−n −
aπ+ p , a largely experimental determination

R = −1.9(1.9)%, (A.3)

in 1.5σ tension with the ChPT prediction R = 1.5(1.1)% [56].
Turning this around and using the chiral prediction for the IV 

corrections as input, we obtain for the virtual-photon-subtracted 
scattering lengths

a /γ

π− p − a /γ

π+ p = −√
2acex

π− p + 0.7(1.0) × 10−3M−1
π

= 176.5(2.9) × 10−3M−1
π , (A.4)

to be compared with a /γ

π− p − a /γ

π+ p = 170.9(2.4) × 10−3 M−1
π from 

the level-shift-focused strategy discussed above, i.e., ã+ from 
Eq. (7) and aπ− p from επ H

1s . This difference, as well as the corre-
sponding coupling constant g2

c /(4π) = 13.96(15)(15) = 13.96(22), 
again reflects the same 1.5σ tension as in the triangle relation.
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