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Nucleon decays put extremely stringent bounds on baryon-number-violating interactions. However, in 
case the corresponding operators involve only τ leptons, the direct two-body decays, e.g., p → π0τ+, 
are kinematically not allowed and nucleon decay can only proceed via an off-shell τ , leading to 
p → π0�+ν�ν̄τ . To calculate such processes, the momentum dependence of the form factors for nucleon-
to-meson transitions, which describe the hadronization of the underlying process at the quark level, is 
needed. In this work, we point out new isospin and Fierz relations among such proton–kaon matrix 
elements and calculate the momentum dependence of the nucleon-to-meson form factors from the 
universal final-state interactions in terms of pion–nucleon or kaon–nucleon scattering phase shifts. 
We use these results to derive novel limits on the Wilson coefficients of the baryon-number-violating 
dimension-6 operators involving a τ lepton, which were previously unconstrained.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
1. Introduction

The potential simultaneous violation of baryon and lepton num-
ber is one of the frontiers of searches for physics beyond the 
Standard Model (BSM). Motivated by the prediction of proton de-
cay in grand unified theories [1–3], limits on the nucleon decay 
width for various modes have been set that for some channels ex-
ceed 1034 years, see Table 1. In the future, Hyper-Kamiokande [14]
will be able to improve these limits by another order of magni-
tude, projecting 7.8 × 1034 years for p → π0e+ and 3.2 × 1034

years for p → K +ν̄ (at 90% C.L.), while competitive new limits, es-
pecially for kaon modes, are also expected from DUNE [15] and 
JUNO [16]. Most importantly, these improvements not only pertain 
to the most sensitive two-particle channels, but also for generic 
searches such as p → e+ X major advances are projected.

One can interpret such limits model independently in terms 
of effective operators [17,18], which are a subset of the full SM 
effective field theory (SMEFT) Lagrangian [19,20]. The resulting 
constraints from direct two-body decays such as p → π0� are in 
general extremely stringent and push the BSM scale to at least 
1014 GeV in case of tree-level effects with order-one couplings. 
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However, in case only τ leptons are involved, the decay of a nu-
cleon is kinematically not allowed, so that the related SMEFT coef-
ficients have not been constrained so far.1

Instead, since nucleon decay can be mediated by an off-shell 
τ , processes such as p → P�+ν�ν̄τ with � = e, μ and P = π, K , η
do probe these couplings. They can be constrained by the inclusive 
limits given in the last panel of Table 1, but require knowledge 
of the momentum dependence of the hadronic part of the ma-
trix elements. In fact, the value of such inclusive limits as generic 
tests of baryon number violation has already been stressed in 
Ref. [22]. In either case, to constrain the underlying Wilson coeffi-
cients at the partonic level, the hadronization of the effective op-
erators must be calculated. Some relations among these nucleon-
to-meson from factors can be derived using chiral perturbation 
theory (ChPT) [23–27], but especially estimates of their normaliza-
tion have remained model dependent for a long time [28–30]. In 
the last years, calculations in lattice QCD [27,31–35] have matured 
to the extent that these normalizations have now been reliably de-

1 Note that because lepton flavor is exactly conserved in the SM with massless 
neutrinos, and only marginally violated by the light active neutrino masses, the 
renormalization group (RG) evolution from the BSM scale to the nucleon scale does 
not generate operators involving muons or electrons if these coupling are absent at 
the matching scale. Therefore, contrary to the case with heavy quarks [21], these 
operators do not contribute to proton decay even at the loop level.
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Table 1
Limits on nucleon lifetimes for various decay 
channels (all at 90% C.L.) [13].

Channel Limit [1030 y] Reference

p → π0e+ 2.4 × 104 [4]
p → π0μ+ 1.6 × 104 [4]
p → π+ν̄ 3.9 × 102 [5]
p → K 0e+ 1.0 × 103 [6]
p → K 0μ+ 3.6 × 103 [7]
p → K +ν̄ 5.9 × 103 [8]
p → ηe+ 1.0 × 104 [9]
p → ημ+ 4.7 × 103 [9]
n → π−e+ 5.3 × 103 [9]
n → π−μ+ 3.5 × 103 [9]
n → π0ν̄ 1.1 × 103 [5]
n → K 0ν̄ 1.3 × 102 [6]
n → ην̄ 1.6 × 102 [10]
p,n → e+ X 0.6 [11]
p,n → μ+ X 12 [12]

termined for many operators [35], thus rendering limits derived 
from two-body decays such as p → π0e+ much more robust.

In this work, we focus on the momentum dependence of the 
form factors as required for the interpretation of the four-body 
decays sensitive to τ -mediated proton decay. As a first step, we 
obtain new relations among the proton-to-kaon matrix elements 
from isospin symmetry and Fierz identities. Next, we analyze the 
unitarity relations that are produced by meson–nucleon rescat-
tering effects, and show that the corresponding constraints al-
low one to calculate the momentum dependence from known 
meson–nucleon phase shifts. This strategy generalizes a similar 
approach for baryon-number-conserving nucleon form factors, in 
which case rescattering corrections in the two-meson system are 
resummed [36–42]. Finally, we apply these results to derive novel 
limits on the Wilson coefficients of the operators involving τ lep-
tons from four-body decays.

2. Operators and matrix elements

As baryon number violation is experimentally extremely well 
constrained, it is reasonable to assume that it originates from a 
very high BSM scale. At this scale electroweak symmetry is un-
broken and one can use SMEFT [19,20] to reduce the number 
of possible B-violating operators to four, see Appendix A. After 
electroweak symmetry breaking, the decomposition of the lepton 
doublets results in the operators

Q AB
udu = [

ūc P Ad
]

P B u, Q AB
udd = [

ūc P Ad
]

P Bd,

Q AB
usu = [

ūc P A s
]

P B u, Q AB
usd = [

ūc P A s
]

P Bd,

Q AB
dsu =

[
d̄c P A s

]
P B u, Q AB

uds = [
ūc P Ad

]
P B s, (1)

whose matrix elements are calculated within lattice QCD [35]. In 
all cases, the contraction of the color indices with a Levi-Civita 
tensor is implied, the charge-conjugated fields are denoted by the 
superscript c, and projectors A, B = L, R are defined by P L/R =
(1 ∓ γ5)/2. The corresponding Wilson coefficients are defined via 
L� = C AB

�tα
�̄c

t Q AB
α , Lν = C AB

νtα
ν̄c

t Q AB
α , depending on whether the 

charge of α = {udu, . . .} requires a charged lepton or a neutrino.
Following the notation from Ref. [35], we label the matrix ele-

ments relevant for proton decay as

〈π0| [ūc P Ad
]

uB |p〉 = 1√
2
〈π+| [ūc P Ad

]
dB |p〉 ≡ 1√

2
U AB

1 ,

〈K 0| [ūc P A s
]

uB |p〉 ≡ S AB
1 , 〈K +| [ūc P A s

]
dB |p〉 ≡ S AB

2 ,

〈K +| [ūc P Ad
]

sB |p〉 ≡ S AB
3 , 〈K +|

[
d̄c P A s

]
uB |p〉 ≡ S AB

4 ,
2

Table 2
Nucleon-to-meson form-factor normalizations from Ref. [35], in units 
of GeV2 at MS scale μ = 2 GeV. All uncertainties have been combined 
in quadrature. Reference [35] also quotes results at q2 = m2

μ , but the 
observed variation compared to q2 = 0 is negligible within uncertain-
ties. Results for the linear combinations from Eq. (3) are given in the 
last two lines [43]. S5A was not considered in Ref. [35] due to discon-
nected diagrams. Note that due to parity invariance XiL ≡ X LL

i = X R R
i , 

XiR ≡ X RL
i = X LR

i .

Xi W XiL
0 (0) W XiL

1 (0) W XiR
0 (0) W XiR

1 (0)

U1 0.151(31) −0.134(18) −0.159(35) 0.169(37)

S1 0.043(4) 0.028(7) 0.085(12) −0.026(4)

S2 0.028(4) −0.049(7) −0.040(6) 0.053(7)

S3 0.101(11) −0.075(13) −0.109(19) 0.080(17)

S4 −0.072(8) 0.024(6) −0.044(5) −0.026(6)

S1+2+4 0.000(0) 0.000(0) 0.000(0) 0.000(0)

S2−3−4 0.000(0) 0.000(0) 0.112(15) 0.000(12)

〈η| [ūc P Ad
]

uB |p〉 ≡ S AB
5 , (2)

where the first relation is known to follow from isospin symme-
try [33], i.e., applies in the limit of equal up and down quark 
masses (isospin symmetry also determines the corresponding neu-
tron matrix elements, see Appendix B). Since two of the four chi-
rality combinations are redundant due to parity invariance of the 
strong interactions, X LL

i = X R R
i and X RL

i = X LR
i , we follow Ref. [35]

and fix the second index to B = L, defining Xi A ≡ X AL
i , X = U , S . In 

addition to the known isospin relation, we find that also the kaon 
matrix elements are not all independent:

S1A + S2A + S4A = 0,

S2L − S3L − S4L = 0, (3)

where the first equation follows from isospin symmetry and the 
second from Fierz identities. We have checked that these novel 
relations are indeed fulfilled both by the tree-level ChPT ampli-
tudes from Ref. [27] and the most recent set of lattice-QCD re-
sults [35,43].

3. Rescattering corrections

By virtue of Lorentz symmetry and parity, the hadronic matrix 
elements in Eq. (2), of the B-violating operators Q AB

α defined in 
Eq. (1), between a pseudoscalar meson P with momentum p′ and 
a nucleon N with momentum p, can be decomposed as

X AB
i = P B

[
W

X AB
i

0 (s) + /q

mN
W

X AB
i

1 (s)
]

uN(p), (4)

where the two form factors W
X AB

i
0,1 depend on the momentum 

transfer s = q2 = (p − p′)2. Since the strong final-state interactions 
are universal, depending only on the isospin in a given channel, we 
will drop the chirality and operator indices for the remainder of 
this section. While the normalization of the form factors requires a 
lattice-QCD calculation, see Table 2, their momentum dependence 
is strongly constrained by unitarity, in terms of the imaginary part 
that is generated by the meson–nucleon rescattering, see Fig. 1.

We write the corresponding amplitude for N(p)P (k) →
N(p′)P (k′) as

T P N = ūN(p′)
[

A(s, t) + /k + /k′

2
B(s, t)

]
uN(p), (5)

with Mandelstam variables

s = (p + k)2, t = (p − p′)2, (6)

where the latter is related to the scattering angle z via
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Fig. 1. Unitarity diagram for the proton-decay matrix elements. The solid and dashed 
lines denote nucleons (N , N ′) and pseudoscalar mesons (P , P ′), respectively, while 
the cross refers to an insertion of the B-violating operator O/B and the gray blob to 
the meson–nucleon scattering amplitude T P N . The short-dashed line indicates the 
cut that produces the imaginary parts in W0,1(s).

t = −2|k|2(1 − z), |k|2 = λ
(
s,m2

N , M2
P

)
4s

, (7)

and λ(a, b, c) = a2 +b2 + c2 −2(ab +ac +bc). The partial waves are 
obtained from the projection [44]

fl±(s) = 1

16π
√

s

{
(E + mN)

[
Al(s) + (

√
s − mN)Bl(s)

]
+ (E − mN)

[ − Al±1(s) + (
√

s + mN)Bl±1(s)
]}

, (8)

where E = (s + m2
N − M2

P )/(2
√

s), l is the orbital angular momen-
tum, j = |l ± 1/2|, and

Yl(s) =
1∫

−1

dz Pl(z)Y (s, t)
∣∣∣
t=−2|k|2(1−z)

, (9)

with Y ∈ {A, B} and Legendre polynomials Pl(z).
The unitarity constraint from the rescattering diagram in Fig. 1

becomes shortest once expressed in terms of the linear combina-
tions

W±(s) = W0(s) ±
√

s

mN
W1(s), (10)

both of which fulfill unitarity relations2

Im W+(s) = |k|W+(s)
[

f0+(s)
]∗

,

Im W−(s) = |k|W−(s)
[

f1−(s)
]∗

, (11)

that can be solved explicitly in terms of an Omnès representa-
tion [45]. To this end, one writes the partial waves in terms of 
phase shifts δ I

l± ,

f I
l±(s) = eiδ I

l±

|k| sin δ I
l±, (12)

where I refers to the isospin of the P N system. Diagonalizing the 
unitarity relation in isospin space, we obtain that the solutions for 
U1A and S5A have I = 1/2, S1A and S2A + S4A have I = 1, and S3A

and S2A − S4A have I = 0, see Appendix B for details. These isospin 
numbers match the baryon poles (B = N, �, �, respectively) that 
can be present in the matrix elements. The ChPT analysis from 
Ref. [27] shows that such poles only occur in W− , with residues

Res W−(s)
∣∣
s=m2

B
= 2m3

B

mN
W1(0). (13)

2 These relations are obtained by evaluating the unitarity diagram in Fig. 1. Since 
W± are unitarized with different π N phase shifts, the result depends critically on 
the sign convention for W1; we follow the choice of Refs. [27,35].
3

The rescattering is described by Omnès factors

I
l±(s) = exp

{
s

π

∞∫
sth

ds′ δ I
l±(s′)

s′(s′ − s)

}
, (14)

where sth = (mN + M P )2, and if it were not for the kinematic 
singularity due to 

√
s in Eq. (10), the solution for W±(s) would 

simply become a polynomial times I
l±(s). Such kinematic sin-

gularities often arise in the transition from a set of scalar func-
tions for which dispersion relations can be written, W0,1(s), to 
the one for which unitarity constraints are simplest, W±(s), see 
Refs. [46–51] for extensive discussions of this point in the context 
of hadronic light-by-light scattering. In this case, a solution can 
be found by diagonalizing the kernel functions in the dispersion 
integrals [50], but here this strategy fails because W± are uni-
tarized with different phase shifts, in such a way that the linear 
combinations of Eq. (11) that reproduce W0,1 no longer take the 
form of a simple Omnès problem. Instead, we construct a solu-
tion as follows: first, we observe that in the linear combination 
W0(s) = (W+(s) + W−(s))/2 the square-root singularity drops out. 
Since I± takes care of the right-hand cut, we can therefore make 
the ansatz3

W0(s) = W0(0)
[
(1 − α)I

0+(s) + α
m2

B

m2
B − s

I
1−(s)

]
, (15)

where we added the single-baryon pole that originates from 
W−(s). Next, we observe that the product

W+(s)W−(s) = [
W0(s)

]2 − s

m2
N

[
W1(s)

]2
(16)

is again free of kinematic singularities, and fulfills an Omnès rep-
resentation using the sum of the two phase shifts. In this case, we 
can thus make the ansatz

W+(s)W−(s) = [
W0(0)

]2
I

0+(s)I
1−(s)

m2
B

m2
B − s

(1 + βs), (17)

where we kept a non-trivial order in the polynomial to be able to 
impose the normalization of W1(s). This yields

β = (
1 − 2α

)[
̇I

0+ − ̇I
1− − 1

m2
B

]
−

[
W1(0)

]2

m2
N

[
W0(0)

]2 , (18)

where ̇I
l± = dI

l±/ds|s=0. Finally, we determine α from the 
residue (13). Combining W0(s) from Eq. (15) and W+(s)W−(s)
from Eq. (17) gives W1(s) via Eq. (16), where the sign needs to be 
chosen in accordance with the overall signs determined in lattice 
QCD, see Table 2. In particular, W±(s) can be identified by the fact 
that the single-baryon pole only contributes to W− . Matching its 
residue to Eq. (13) gives

α = −mB

mN

W1(0)

W0(0)
, (19)

which concludes the derivation of our dispersive representation for 
W0,1(s). The resulting expression implements the normalizations 

3 Unitarity and analyticity determine the Omnès solutions up to a polynomial, 
whose degree can often be constrained by the asymptotic behavior of the amplitude 
or form factor, see, e.g., Ref. [52] for the case of the electromagnetic form factor of 
the pion. Given the limited kinematic range accessible here, we instead construct 
the solutions with the minimal amount of polynomial freedom required to satisfy 
all available constraints.
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Fig. 2. Form factors W̄ XiL
i (s) = W XiL

i (s)/W XiL
i (0) for representative cases involving π N , I = 1/2 (top), K N , I = 1 (middle), and K N , I = 0 (bottom) rescattering. The dashed 

line indicates the result without these unitarity corrections, which corresponds to the tree-level ChPT result (20). The results are shown for the entire range s ≤ (mN − Mπ )2

relevant for p → π0�+ν̄�ντ , while the dotted line indicates the kinematic limit s = (mN − MK )2 for the kaon modes.
from lattice QCD, fulfills the unitarity constraint (11), and in the 
limit I

l±(s) = 1 reduces to the tree-level ChPT result [27]

W ChPT
0 (s) = W0(0)

[
1 − mB

mN

W1(0)

W0(0)

s

m2
B − s

]
,

W ChPT
1 (s) = W1(0)

m2
B

m2
B − s

, (20)

in such a way that the dispersive result can be considered a unita-
rized version of Eq. (20).

Our numerical results are shown in Fig. 2 for a representative 
set of form factors. The low-energy phase shifts for the π N case 
are known to high precision from Roy–Steiner equations [53–56], 
in combination with experimental input from pionic atoms [57–62]
or cross sections [63], while modern phase-shift analyses extend 
to 2.5 GeV [64,65]. Since the main uncertainties arise from the 
high-energy continuation of the phase shift in the evaluation of 
I

l±—compared to which other uncertainties, e.g., from higher in-
termediate states or higher orders in the matching to ChPT will 
be subdominant—we use the latter solution, and estimate the un-
certainties from the variation observed when keeping the phase 
4

constant above a matching point chosen within [1.8, 2.5] GeV in 
the evaluation of the integral in the Omnès factors. Proceeding 
similarly for the K N case [66,67] leads to the bands in Fig. 2, in 
comparison to the dashed lines representing the tree-level ChPT 
result (20). As expected, one sees that the unitarity corrections are 
most relevant for the decay into a pion, because the phase space 
in the kaon modes is much more limited.

4. Tau-induced proton decay

The rate for the two-body decay N → P �̄ can be written as [35]

�[N → P �̄] = |q|E�

8πmN

[ ∑
A=L,R

∣∣W �
A

∣∣2 − 2m�

E�

Re
(
W �

L W �∗
R

)]
, (21)

where the form factors

W �
L (s) =

∑
α,A

[
C AL

α W X AL

0 (s) − s

mNm�

C AR
α W X AR

1 (s)

]
,

W �
R(s) =

∑
α,A

[
C AR

α W X AR

0 (s) − s

mNm�

C AL
α W X AL

1 (s)

]
, (22)
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Fig. 3. Decay N → P�+ν�ν̄τ via an off-shell τ . O/B and G F indicate the insertion of 
the B-violating operator and the electroweak vertex, respectively.

are evaluated at s = m2
� and

E� = m2
N + m2

� − M2
P

2mN
, |q| = λ1/2(m2

N ,m2
�, M2

P )

2mN
. (23)

The sums in Eq. (22) run over all contributing operators α and the 
two possible parity assignments A = L, R , see Appendix C for the 
explicit expressions in a given decay channel. Using the lifetime 
limits from Table 1, stringent constraints |Cα | � (10−15/ GeV)2 on 
most Wilson coefficients (given at the nucleon scale) can be ob-
tained. An exception concerns those operators that only contribute 
to the processes with a charged lepton, since the decay with a 
τ final state is kinematically forbidden. Therefore, no limits on the 
corresponding τ -flavored Wilson coefficients can be extracted from 
two-body decays.

However, the τ lepton can be off-shell, thus inducing four-body 
decays, see Fig. 3, whose width can be expressed as

�[N → P�+ν�ν̄τ ] =
smax∫
0

ds
G2

F s2λ1/2(m2
N , s, M2

P )

6144π5m3
N(m2

τ − s)2

×
[(

m2
N + s − M2

P

)(
m2

τ |W τ
R |2 + s|W τ

L |2
)

− 4smNmτ Re (W τ
L W τ∗

R )

]
, (24)

where smax = (mN − M P )2. For simplicity, Eq. (24) is given in the 
limit m� = 0, see Appendix D for the full expression. Numerically, 
we find for the special case C AB

τα ≡ C LL
τα = C LR

τα = C RL
τα = C R R

τα

�[p → π0�+ν�ν̄τ ] = 14.3(1.8)

∣∣∣∣ C AB
τudu

(1010 GeV)−2

∣∣∣∣
2 1

1030yr
,

�[n → π−�+ν�ν̄τ ] = 26.2(3.3)

∣∣∣∣ C AB
τudu

(1010 GeV)−2

∣∣∣∣
2 1

1030yr
,

�[p → K 0�+ν�ν̄τ ] = 0.81(1)

∣∣∣∣ C AB
τusu

(1010 GeV)−2

∣∣∣∣
2 1

1030yr
, (25)

where the uncertainty corresponds to the bands in Fig. 2 (the co-
efficients without rescattering corrections are 7.2, 13.3, and 0.84, 
respectively). As expected, the resulting numerical limits are signif-
icantly weaker than in the two-body decay, |Cα | � (10−10/ GeV)2

at the nucleon scale—due to a combination of the weaker inclusive 
limits, see Table 1, and the suppression from G F as well as the 
four-particle phase space—but we emphasize that the correspond-
ing Wilson coefficients were previously completely unconstrained. 
A comprehensive analysis in SMEFT, including the pertinent RG 
corrections [68], will be given in Ref. [69].

5. Conclusions

Processes such as p → π0�+ν�ν̄τ are phenomenologically inter-
esting, as they can probe Wilson coefficients that are not accessible 
5

in simpler two-body decays. I.e., while the decay to τ leptons is 
kinematically forbidden, B-violating operators involving a τ lepton 
do become constrained by such four-body processes. However, for 
calculating the corresponding decay widths, the momentum de-
pendence of the related hadronic matrix elements is necessary.

In this work, we examined these form factors for nucleon-to-
meson transitions in dispersion theory and derived a representa-
tion that allows one to calculate the momentum dependence of 
the corresponding form factors including unitarity corrections from 
the meson–nucleon rescattering. With normalizations determined 
from lattice QCD, our results allowed us to calculate semileptonic 
nucleon decays involving multiple leptons in the final state [70–72]
and to derive novel bounds on the Wilson coefficients of previously 
unconstrained dimension-6 operators involving τ leptons.
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Appendix A. Operators in SMEFT

The four SU(2)L -invariant dimension-6 operators giving rise to 
nucleon decay are

Q duq = εαβγ ε jk

[(
dα

p

)T
Cuβ

r

][(
qγ j

s

)T
C Lk

t

]
,

Q qqu = εαβγ ε jk

[(
qα j

p

)T
Cqβk

r

][(
uγ

s
)T

Cet

]
,

Q qqq = εαβγ ε jnεkm

[(
qα j

p

)T
Cqβk

r

][(
qγ m

s

)T
C Ln

t

]
,

Q duu = εαβγ
[(

dα
p

)T
Cuβ

r

][(
uγ

s
)T

Cet

]
, (A.1)

where q/L denote the quark/lepton SU(2)L doublets, u, d, and e
the quark and lepton singlets, p, . . ./ j, . . ./α, . . . are generation/ 
SU(2)L /color indices, and C denotes the charge conjugation op-
erator. After electroweak symmetry breaking, we can write the 
resulting effective Lagrangian below the weak scale as

L = �̄c
t

[
− C111t

qqq Q LL
udu + 2C111t

qqu Q LR
udu − C111t

duq Q RL
udu

− C111t
duu Q R R

udu − C121t
qqq Q LL

usu + (
C121t

qqu + C211t
qqu

)
Q LR

usu

− C211t
duq Q RL

usu − C211t
duu Q R R

usu

]
+ ν̄c

t

[
C111t

qqq Q LL
udd + C111t

duq Q RL
udd + C211t

qqq Q LL
usd

+ C211t
duq Q RL

usd + (
C121t

qqq − C211t
qqq

)
Q LL

dsu

+ C112t
qqq Q LL

uds + C112t
duq Q RL

uds

]
, (A.2)

where the Wilson coefficients refer to the respective flavor com-
binations in Eq. (A.1), the quark part of the effective operators 
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is defined in Eq. (1), and of course RG corrections need to be 
added to relate low and high scale. Note that assuming that B
violation is realized far above the electroweak scale reduces the 
number of operators, otherwise, also different flavor combinations 
with �B = �L appear [73,74].

Appendix B. Isospin symmetry

In addition to the isospin relations given in the main text, 
isospin symmetry also determines the neutron matrix elements 
[33]

〈π−| [ūc P Ad
]

uL |n〉 = −√
2〈π0| [ūc P Ad

]
dL |n〉 = U1A,

〈K +|
[
d̄c P A s

]
dL |n〉 = −S1A,

〈K 0| [ūc P A s
]

dL |n〉 = −S4A,

〈K 0| [ūc P Ad
]

sL |n〉 = S3A,

〈K 0|
[
d̄c P A s

]
uL |n〉 = −S2A,

〈η| [ūc P Ad
]

dL |n〉 = S5A . (B.1)

To work out the isospin quantum numbers of the rescattering am-
plitudes, we sum up all possible intermediate states in each charge 
channel and use the isospin relations (B.1) to obtain a closed sys-
tem of unitarity relations

Im U1A =
[
〈π0 p|T |π0 p〉 − √

2〈π0 p|T |π+n〉
]∗

U1A,

Im U1A =
[
〈π−p|T |π−p〉 − 1√

2
〈π−p|T |π0n〉

]∗
U1A,

Im S1A = 〈K̄ 0 p|T |K̄ 0 p〉∗ S1A,

Im S3A =
[
〈K −p|T |K −p〉 + 〈K −p|T |K̄ 0n〉

]∗
S3A,

Im

[
S2A

S4A

]
=

[ 〈K −p|T |K −p〉 −〈K −p|T |K̄ 0n〉
−〈K −p|T |K̄ 0n〉 〈K −p|T |K −p〉

]∗ [
S2A

S4A

]
,

Im S5A = 〈ηp|T |ηp〉∗S5A . (B.2)

Expressing each amplitude in terms of isospin quantum numbers 
and diagonalizing the relation for S2A , S4A , we obtain

Im U1A = [
T 1/2]∗U1A,

Im S5A = [
T 1/2]∗S5A,

Im S1A = [
T 1]∗ S1A,

Im
(

S2A + S4A
) = [

T 1]∗(S2A + S4A
)
,

Im S3A = [
T 0]∗ S3A,

Im
(

S2A − S4A
) = [

T 0]∗(S2A − S4A
)
, (B.3)

which determines the isospin quantum numbers of the rescatter-
ing corrections as stated in the main text. Moreover, this analysis 
in terms of isospin symmetry leads one in a straightforward way 
to the relations (3), since the corresponding matrix elements carry 
the same isospin. Further relations could be derived from SU(3) 
flavor symmetry, but would only become relevant in the study of 
hyperon decays.

Appendix C. Two-body decay

The explicit decomposition of W A in Eq. (22) for the different 
decay channels in terms of SMEFT Wilson coefficients reads
6

W L[p → π0�+] � − 1√
2

(
C111t

qqq W U1L
0 + C111t

duq W U1R
0

)
,

W R [p → π0�+] � 1√
2

(
2C111t

qqu W U1R
0 − C111t

duu W U1L
0

)
,
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0 + C111t
duq W U1R

0 ,
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0 − C211t
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0 ,
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)
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0
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0 ,
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0 ,
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0 ,
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0 ,
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2

(
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duq W U1R
0

)
,

W L[n → K 0ν̄] � (
C112t

qqq + C211t
qqq

)
W S3L
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0
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duq W S3R

0 ,

W L[n → ην̄] � C111t
qqq W S5L
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duq W S5R

0 , (C.1)

where the dependence of W0 on s has been suppressed and we 
only give the W0 term since the correction from W1 follows di-
rectly from Eq. (22). Equation (3) has been used to simplify the 
expressions for W L[p → K +ν̄] and W L[n → K 0ν̄]. The notation us-
ing � is meant to indicate that the expression in terms of SMEFT 
coefficients does not apply at the low scale without accounting for 
RG corrections.

Appendix D. Four-body decay

Denoting momenta as p(p) → τ+(q)P (p′), τ+(q) →
ν̄τ (q1)�

+(q2)ν�(q3), we find as intermediate result for the spin-
averaged squared matrix element:

|M̄|2 = 64G2
F q1 · q2

(m2
τ − q2)2

[(
m2

τ |W τ
R |2 − q2|W τ

L |2
)

p · q3

+ 2
(
|W τ

L |2 p · q − mNmτ Re (W τ
L W τ∗

R )
)

q · q3

]
. (D.1)

We perform the phase-space integration following Refs. [75,76] by 
subsequent reduction to two-body decays. This gives

�[N → P�+ν�ν̄τ ] = G2
F

512π5m3
N

smax∫
m2

�

ds
λ1/2(m2

N , s, M2
P )

s2(m2
τ − s)2

×
[(

m2
N + s − M2

P

)(
m2

τ |W τ
R |2 + s|W τ

L |2
)

− 4smNmτ Re (W τ
L W τ∗

R )

]
I�(s), (D.2)

where

I�(s) =
s∫

m2
�

dk2 (k2 − m2
�)

2(s − k2)2

k2
(D.3)

= 1

12

(
s4 − 8s3m2

� + 8sm6
� − m8

�

)
+ s2m4

� log
s

m2
�
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coincides with the standard phase-space factor for the leptonic de-
cay of the muon, see, e.g., Refs. [77,78].
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