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We prove that any null-homotopic holomorphic map from a Stein space X to the symplectic group Sp,(C)
can be written as a finite product of elementary symplectic matrices with holomorphic entries.
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1. Introduction

The continuous or holomorphic parameter dependence of classical linear algebra results over the fields R
or C form a circle of very natural questions of general mathematical interest. For example the factorization
of continuous matrices as a product of continuous elementary matrices has been studied and solved by
Vaserstein [1988]. The corresponding holomorphic problem for the special linear group SL, was posed
by Gromov [1989] and was finally solved by the first two authors in [Ivarsson and Kutzschebauch 2012].
The study of algebraic dependence is connected with famous work by Suslin [1977], Cohn [1966], Bass,
Milnor, and Serre [Bass et al. 1967] and many others.
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These parameter dependence questions are a part of algebraic K-theory and the study of linear algebra
over general rings. Factorization of Chevalley groups over R and C into elementary matrices is classically
well known. For Chevalley groups over general rings this is much more difficult and studied a lot. For an
overview, see, for example, [Vavilov and Stepanov 2011].

We are mainly interested in the rings of holomorphic functions on Stein spaces. The only known
holomorphic result is the existence for the special linear groups in [Ivarsson and Kutzschebauch 2012],
where Gromov’s problem is solved in full generality. In the special case of an open Riemann surface the
problem was solved earlier (absolutely unnoticed) by Klein and Ramspott [1987]. The authors [Ivarsson
et al. 2020] also proved the main result of this paper for any size of symplectic matrices in the special
case of an open Riemann surface.

In the present paper we consider the symplectic groups over rings of holomorphic functions on Stein
spaces. The main result is (see Section 2 for notation)

Main Theorem (Theorem 3.1). Let X be a finite-dimensional reduced Stein space and f : X — Sp,(C)
be a holomorphic mapping that is null-homotopic. Then there exist a natural number K, depending only
on the dimension of X, and holomorphic mappings

Gl,...,GK:X—><E3
such that
fx)=Mi(G1(x)) - Mg(Gg(x)).

We remind the reader that a mapping is null-homotopic if it is homotopic to a constant map. By the
Oka—Grauert principle it is equivalent for a holomorphic map from a Stein space into a complex Lie
group to be null-homotopic via holomorphic maps or via continuous maps (see Theorem 5.3.2 in the
standard reference [Forstneri¢ 2017]).

Our main tool is the Oka principle for stratified elliptic submersions, the most elaborate result in
modern Oka theory. In order to apply an Oka principle one needs a topological solution which we take
from our previous work on symplectic groups over rings of continuous functions on topological spaces.
The Oka principle lets us homotope the topological solution to a holomorphic one. The technical details
needed to prove that certain fibrations are stratified elliptic are considerable and we have so far only been
able to complete these details for Sp,. We expect that a similar result holds for Sp,,,.

Factorization of symplectic groups over other rings (of mainly algebraic nature) has been considered
before for example by Kopeiko [1978], and Grunewald, Mennicke and Vaserstein [Grunewald et al. 1991].

The paper is organized as follows. In Section 2 we recall our results on factorization of continuous matri-
ces and prove a slight extension about the number of factors. In Section 3 we state our main results and give
an overview over the proof. In Section 4 we explain how our results can be reformulated in the language
used in algebraic K-theory. In Section 5 we recall the theorems from Oka theory which we use in our proof.

In Section 6 we give the proofs of Lemmas 3.3 and 3.4, where we prove that the most important
fibrations in this paper, the projections of products of elementary symplectic matrices onto their last row,
are surjective and we determine where they are submersive. This is done for symplectic matrices of all
sizes, since we hope to be able to prove in the future that these fibrations are stratified elliptic for all sizes.
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The rest of the paper is devoted to proving that our fibration (for (4 x 4)-matrices) is stratified elliptic
in order to be able to apply Oka theory. In Section 7 we describe the stratification with respect to which
we want to prove that the important fibration is stratified elliptic. This has to do with how the set of
2n algebraic equations defining a fiber in the fibration can be reduced to n equations. In the case of
the special linear group in [Ivarsson and Kutzschebauch 2012] we were able to reduce to one single
equation independent of the size of the matrices. This was the crucial trick to prove ellipticity by finding
complete vector fields, which corresponds to Gromov’s example of a spray. This inability to reduce to
fewer equations is the main difference between the situation of the symplectic group and the special linear
group. It leads to all the difficult technical work in the rest of the paper. In Section 8 we introduce our
method to find complete vector fields tangent to the fibration. However not all of them are complete and
we deduce that the Gromov-spray produced by them is not dominating. We determine which of them
are complete. In Section 9 we explain our strategy to enlarge the set of complete vector fields so that
this enlarged collection now spans the tangent space at all points and thus gives a fiber-dominating spray.
The realization of this strategy takes Section 10, where we introduce useful quantities, Sections 11, 12,
and 13, where we prove the result for three, four, and five (elementary symplectic) factors, and finally we
can give an inductive (over the number of factors) proof in Section 14. The reason for dealing with the
low numbers of factors separately is that some of the fibers of our fibration are reducible when there are a
small number of factors, and from five factors on all fibers are irreducible. In Section 15 we end the paper
with an application to the problem of a product of exponentials and formulate some open questions.

2. Continuous factorization

Let

n
= dzj AdZjin
j=1

be the symplectic form in C*". With respect to w, symplectic matrices are those that can be written in

()

where A, B, C and D are complex n x n matrices satisfying

block form as

ATc=cCTA, (2.0.1)
B"D=D"B, (2.0.2)
ATD-CcT"B=1,, (2.0.3)

where I, is the n x n identity matrix. In the case B = C = 0 this means D = (AT)~1, and in the case
A = D = I, this means B and C are symmetric and C” B = 0. Let U, denote an n xn matrix satisfying
U, = UnT and 0,, the n xn zero matrix. We call those matrices that are written in block form as

I, 0, or I, U,
U, I, 0, In
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elementary symplectic matrices. Let

X1 X2 e Xn

X2 Xppl ... Xopi
Ui(x1, ..o X)) = | . A 5

Xn X2n—1 -+ Xn(n+1)/2

Given amap G : X — C""tD/2 Jet

U,(G(x)) =Un(G1(x), ..., Gn(n+1)/2(x)),

where the G;’s are components of the map G. For odd k let

In n
MG () = (U o ; ) ,

and for even k

MGy — (1,, Un(G(x») |

On In
The following result is a refinement of [Ivarsson et al. 2020, Theorem 1.3].

Theorem 2.1 (continuous Vaserstein problem for symplectic matrices). There exists a natural number
K (n, d) such that given any finite-dimensional normal topological space X of (covering) dimension d

and any null-homotopic continuous mapping M : X — Sp,, (C) there exist K continuous mappings

Gi,...,Gg: X — Chntb/2
such that
M(x) =M (G1(x)) -+ Mg (G (x)).

Proof. Theorem 1.3 in [Ivarsson et al. 2020] does not give a uniform bound on the number of factors
depending on n and d. Suppose such a bound does not exist; i.e., for all natural numbers i there are normal
topological spaces X; of dimension d and null-homotopic continuous maps f; : X; — Sp,,,(C) such that f;
does not factor over a product of less than i elementary symplectic matrices. Let X equal [ ;2 X;, the dis-
joint union of the spaces X;, and F : X — Sp,, (C) be the map that is equal to f; on X;. By Theorem 1.3 in
[Ivarsson et al. 2020] F factors over a finite number of elementary symplectic matrices. Consequently all f;
factor over the same number of elementary symplectic matrices, which contradicts the assumption on f;. [

3. Statement of the main result and overview of proof

We state the main result of this paper which is a holomorphic version of Theorem 2.1 for Sp,(C).

Theorem 3.1. There exists a natural number N (d) such that given any finite-dimensional reduced Stein
space X of dimension d and any null-homotopic holomorphic mapping f : X — Sp4(C) there exist
N holomorphic mappings
Gl,...,GN:X—MIZ3
such that
Fx)=Mi(Gi(x)) - Mn(Gn(x)).
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We have the following corollary.

Corollary 3.2. Let X be a finite-dimensional reduced Stein space that is topologically contractible and f :
X — Sp4(C) be a holomorphic mapping. Then there exist a natural number N and holomorphic mappings

Gl,...,GN:X—>(D3
such that
fxX) =M (G1(x))--- Mn(Gn(x)).

The strategy for proving Theorem 3.1 is as follows. Define

W : (€)X — Sp,(©)
as
W (xy,...,x35) = Mi(x1, X2, x3) - - - Mg (X3x -2, X3k -1, X3K)- (3.0.1)

We want to show the existence of a holomorphic map

G=(Gi,...,Gg): X —> (CHX
such that
(C3)K
ax
X T) Sp4(C)

is commutative. Theorem 2.1 shows the existence of a continuous map such that the diagram above is
commutative.

We will prove Theorem 3.1 using the Oka—Grauert—Gromov principle for sections of holomorphic
submersions over X. One candidate submersion would be to use the pull-back of W : (CHX — Sp4(C).
It turns out that W is not a submersion at all points in (C*)X. It is a surjective holomorphic submersion
if one removes a certain subset from (C3)X. Unfortunately the fibers of this submersion are quite difficult

to analyze and we therefore elect to study

(C3)K
=
a0V
X —=C*\ {0}

a0 f
where we define the projection 74 : Sp,(C) — C*\ {0} to be the projection of a matrix to its last row:

2 ... 214
| s e =24, zae).
41 ... 244

However, even the map &g = w40 Vg : (CHX - ¢ \ {0} is not submersive everywhere. We have the
three results below (Lemmas 3.3 and 3.4 and Proposition 3.6) about that map which will be proved in
later sections.
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We introduce some notation. Projecting to the last row introduces an asymmetry between upper and
lower triangular elementary matrices and therefore we will denote by z’s the variables in the lower
triangular matrices and by w’s the variables in the upper triangular matrices. For example, the right-hand
side of (3.0.1) becomes

000 10 w; wy 1 0 wik—y w3k—1
0100 01 wy ws 01 wsk—1 ws
z1 2210 001 O 00 1 0
72 z3 0 1 00 0 1 00 O 1
for even K = 2k.
Let
Fp = {(Zl, 22, 23, W1, W2, W3, ..., W3k—2, W3k—1, w3) 1f K =2k,
(21, 225 23, W1, W2, W3, -« -y T3k+15 T3k+2> 23k+3)  1f K =2k + 1
and
(wl Wy W4 W5 ... W3k-5 w3k—4) it K = 2k,
W2 W3 W5 We ... W3ik—4 W3k-3
Wy =
(w1 Wy W4 W5 ... W3k—2 w3k—1> K2kl
Wy W3 W5 We ... W3k—1 W3k

Also, when K =2k or K =2k + 1, let

Ak = [ {Zk € @)K 1251 =23, =0},

1<j<k

Bx = {Zk € (CHX : Rank Wi < 2}

and
Sk = Ax N Bg. (3.0.2)
We have Lemma 3.3, which follows from a simple calculation.
Lemma 3.3. The mapping
Gy =40 Wk : (CHX\ S — C*\ {0}

is surjective when K > 3.

Lemma 3.4. For K > 3 the mapping
Qg =40 Wk : (CHK = CH\ {0}

is a holomorphic submersion exactly at points Z x € (C)X\ Sk, where Sk is defined by (3.0.2) above.
That is, Sk is the set of points where the entries in the last row of each lower triangular matrix are zero,
except for the K -th matrix where no conditions are imposed, and the rank of the matrix Wg, which does
not involve entries from the K -th matrix, is strictly less than 2.

Remark 3.5. Lemmas 3.3 and 3.4 both generalize to 2n x2n matrices and the proofs are identical. In
Section 6 we therefore consider the general case.
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Proposition 3.6. For n =1 and n = 2 the map

(Cn(n+1)/2)K \SK
anno\llk (3.0.3)
C*\ {0}
is a stratified elliptic submersion.

Corollary 3.7. Letn=1o0rn=2. Let X be a finite-dimensional reduced Stein space and f : X — Sp,, (C)

be a holomorphic map. Assume that there exists a natural number K and a continuous map F :
X — (C"0H+DI2EN Sp such that

(Cn(n-‘rl)/Z)K \ SK

F
oWk

X C>\ {0}

ﬂ2nof

is commutative. Then there exists a holomorphic map G : X — (C*""tD/2)K\ §¢.homotopic to F via
continuous maps F; : X — (Crr /2 K \ Sk, such that the diagram above is commutative for all F;.

Proof. The pull-back of (3.0.3) by 7y, o f is a stratified elliptic submersion over the Stein base X. Thus by
Theorem 5.6 there is a homotopy from the given continuous section to a holomorphic section. This is equiv-
alent to the desired homotopy F;. An even better way to perform this proof is to say that the map (3.0.3)
is an Oka map, see [Forstneri¢ 2017, Corollary 7.4.5(i)], which yields the desired conclusion. (|

Remark 3.8. The fact that the map (3.0.3) is an Oka map yields a parametric version of Corollary 3.7.
This means that the holomorphic map can be replaced by a continuous map fp : X x P — Sp,, (C),
which is holomorphic for each fixed parameter p € P, where P is a compact Hausdorff topological space.

We need the following version of the Whitehead lemma:

100 O 1 000\ /100 O 1000 1000
alOO= 0 10011010 —-a]]0100]]1010a (3.0.4)
001 —a —a—-110J{001 0)J]{0110)]0010 o
000 1 -1 001/ \000 1 1001/ \00O01

Proof of Theorem 3.1. We will prove the theorem for a single map. The existence of a uniform bound
N (d) follows as in the proof of Theorem 2.1. Since a finite-dimensional Stein space is finite-dimensional
as a topological space there are K — 2 continuous mappings
G],...,GK_QZX—>(C3
such that
Fx)=Mi(Gi(x)) - Mg —2(Gg-2(x)).
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Let H : X — C3 be a constant map such that U,(H) has nonzero second row, let @ : X — C3 be the
zero map, and replace the above factorization by

f @) =M(H)M(O)M3(G 1 (x) — H)M4(G2(x)) - - - Mg (G g—2(x))

(suppressing the variables in the constant maps H and Q). Notice that the second factor is the identity
matrix.
This factorization by K continuous elementary symplectic matrices avoids the singularity set Sx and
thus we find F : X — (C*)X \ S with U (F) = f.
Using Corollary 3.7 we know that F := F is homotopic to a holomorphic map G = Fj, via continuous
maps F;, such that
ma(f(x)) =mao Wk (Fi(x)), O0=<r=l,

that is, the last row of the matrices Wg (F;(x)) is constant. Therefore

fia@) fr2,(0) fi30(0) fia, ()

e A @) Fsa() foae)

KNI Fora@) s () Fras() faar(x)
0 0 0 1

Since these matrices are symplectic, it automatically follows that f]z,,(x) = 0, let(x) =1, and
]732,,()6) = 0 so that
J11.:(x) 0 fi3,(x) fia (x)

Ui (F, [ A 1 fsa@) fraix) 305
x(F ()1 () f31,:(0) 0 f33:(x) f34,(x) ( )
0 0 0 1
and in addition _ _
x fi,(x) f13,:(x)
’ =("'" 7 Sp,(C) = SL,(0C). 3.0.6
Ji(x) (f31,;(X) f33,z(X)) € Sp,(C) 2(0) ( )

Since Wk (Fo(x)) = f(x), we see that ﬂ) = Id, and thus the holomorphic map f = f] : X — SL,(0) is
null-homotopic. Let ¢ be the standard inclusion of Sp, in Sp,; see for example [Grunewald et al. 1991].
By the main result from [Ivarsson and Kutzschebauch 2012] the matrix

f3(0) 0 —fi3(x) 0
0 1 0 0

Y(fx)™h = _A® 0 Futd) 0 (3.0.7)
0 0 0 1
is a product of holomorphic elementary symplectic matrices. Therefore it suffices to show that
10 0 fuw
Wi (GO F) (o)™ = —f34(x) 1 fia(x) faa(x) (3.0.8)

0 0 1 fu®
0 0O O 1
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is a product of elementary symplectic matrices. In order to deduce that the right-hand side of (3.0.8) has
the claimed form one has to use the fact that (3.0.5) is symplectic. Since

1 0 0 fuax) 1 00 O 10 0 Fra(x)
—f34(0) 1 fra(x) foaa(x) | _ | =fa(x) 100 01 fia(x) fia(x) f34(0)+ faa(x)
0 0 1 f34(x) 0 01 fix) 00 1 0 ’
0 0 O 1 0 00 1 00 O 1
the result follows by the Whitehead lemma, (3.0.4). O

Analyzing this proof and using Remark 3.8 one sees that we can actually prove a parametric version of
our main theorem.

Theorem 3.9. Let X be a finite-dimensional reduced Stein space, P be a compact Hausdorff topological
(parameter) space, and f : P x X — Sp,(C) be a continuous mapping, holomorphic for each fixed p € P,
that is null-homotopic. Then there exist a natural number K and continuous mappings, holomorphic for
each fixed parameter p € P,

G1,...,GK:PxX—>C3

such that
fp,x) =M (Gi(p,x))---Mg(Gk(p, x)).

To complete the proof of the theorem we need to establish Proposition 3.6 and Lemmas 3.4 and 3.3.

Remark 3.10. Proposition 3.6 is the crucial ingredient in the proof of Theorem 3.1. Its proof is by far
the most difficult part of the paper. As pointed out in Remark 3.5, Lemma 3.4 holds for general n. Also if
Proposition 3.6 holds for some n then Corollary 3.7 also holds for that n. Moreover the reduction of the
size of the symplectic matrix from Sp, to Sp, done in the proof of Theorem 3.1 generalizes easily to a
reduction from Sp,, to Sp,,_, if Corollary 3.7 holds for n (see for example the proof of Lemma 4.4 in
[Grunewald et al. 1991]). Therefore if Proposition 3.6 can be proven for n =1, ..., m then the following
holds true.

Conjecture 3.11. Let X be a finite-dimensional reduced Stein space and f : X — Sp,,,(C) be a holomor-
phic mapping that is null-homotopic. Then there exist a natural number K and holomorphic mappings

Gi,...,Gg: X — C"mtD/2
such that
fx)=Mi(G1(x))--- Mg (Gg(x)).

In the case of a 1-dimensional Stein space, i.e., an open Riemann surface, this conjecture was established
in [Ivarsson et al. 2020]. The condition of null-homotopy is automatically satisfied in this case, since an
open Riemann surface is homotopy equivalent to a 1-dimensional CW-complex and the group Sp,,, (C) is
simply connected. The proof uses the analytic ingredient that the Bass stable rank of O(X) is 1 for an
open Riemann surface and proceeds then by linear algebra arguments.
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4. Formulation in algebraic terms

We relate our results to algebraic K-theory and reformulate them in those terms. The following is a
standard notion:

Definition 4.1. For a commutative ring R the set U, (R) of unimodular rows of length m is defined as
{(ri,r2, ..., rm) € R™ :ry,ra, ... 1y generate R as an ideal}.

In our main example, if O(X) is the ring of holomorphic functions on a Stein space X, a row
(f1, fo, -+ fm) € O™(X) is unimodular if and only if the functions fi, f2, ..., fi, have no common
zeros, a well-known application of Cartan’s Theorem B.

Since null-homotopy is an important assumption in our studies we denote the set of null-homotopic
unimodular rows in U, (O(X)) by U,% (O(X)). This set can be seen as the path-connected component of
the space of holomorphic maps from X to C™ \ {0} containing the constant map (0,0, ,...,0, 1) =e¢,.
By the Oka—Grauert principle C" \ {0} = GL,,(C)/ GL,,—1(C) is an Oka manifold; therefore the path-
connected components of continuous and holomorphic maps X — C™ \ {0} are in bijection. This says
that unimodular rows in U,,(O(X)) are null-homotopic in the holomorphic sense if and only if they are
null-homotopic in the continuous sense.

Algebraic K-theorists consider Chevalley groups over rings; in our example we consider the null-
homotopic elements of them.

Definition 4.2. Spgn (O(X)) denotes the group of null-homotopic holomorphic maps from a Stein space X
to the symplectic group Sp,, (C), which in other words is the path-connected component of the group
Sp,, (O(X)) containing the identity.

Again by the Oka—Grauert principle holomorphic maps X — Sp,, (C) are homotopic via holomorphic
maps if and only if they are homotopic via continuous maps.

Clearly the last row of a matrix in Sp,, (O(X)) is unimodular, i.e., an element of U, (O(X)). Whether
a unimodular row in U, (O(X)) is the last row of a matrix in Sp,,(O(X)) is by Oka theory a purely
topological problem. Let us illustrate this by an example.

Extending a unimodular row to an invertible matrix can be reformulated as follows: given a trivial line
subbundle of the trivial bundle X x C" of rank n over X, can it be complemented by a trivial bundle?

This of course is not always the case: The (nontrivial) tangent bundle 7" of the sphere S 2+l (> 4) is
the complement of the trivial normal bundle N to the sphere S?"*! in R*"*2. To make this a holomorphic
example consider X to be a Grauert tube around S?"*1, i.e., a Stein manifold which has a strong deformation
retraction p onto its totally real maximal-dimensional submanifold $>**!. The bundle T is replaced by
the complexified tangent bundle to the sphere pulled back onto X by the retraction p and equipped with
its unique structure of holomorphic vector bundle (which is still not a trivial bundle). The pull-back of the
complexified trivial bundle N is still a trivial line subbundle of X x C". Thus we have found an example
of a holomorphic row which cannot be completed to an invertible matrix in GL,, (O(X)) and thus not to
a matrix in Sp,, (O(X)) either.

For null-homotopic rows the situation is better.
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Lemma 4.3. Every element Ugn (O(X)) extends to a null-homotopic matrix A € Spgn (O(X)).

Proof Let F=(fi, ..., fo): X — C>*\ {0} be a null-homotopic holomorphic map, and the homotopy to
the constant map F(x) = e, be denoted by F;, t € [0, 1]. The map my, : Sp,,(C) — C2"\ {0} is a locally
trivial holomorphic fiber bundle with typical fiber F = Sp,, ,(C) x C**~! which is an Oka manifold.
Our problem is to find a global section of the pull-back of this fibration by the map F = Fy. Since a
locally trivial bundle is a Serre fibration and the constant last row can be extended to a constant (thus
null-homotopic) symplectic matrix, we find a continuous section of this pull-back bundle over the whole
homotopy. Thus the restriction to X x {0} is a null-homotopic continuous symplectic matrix. Since the
fiber F is Oka, we find a homotopy to a holomorphic symplectic matrix, which is still null-homotopic. [

The notion of elementary symplectic matrices over a ring R is the same as explained in Section 2.
Let W, denote an nxn matrix with entries in the ring R satisfying W,, = W! and 0, the nxn zero
matrix. We call those matrices that are written in block form as

I, 0, I, W,
() o o)

elementary symplectic matrices over R. The group generated by them, the elementary symplectic group,
is denoted by Ep,,(R). We consider the group Ep,, (O(X)) which is easily seen to be a subgroup of
Spgn (O(X)) (multiply the symmetric matrices W, by a real number ¢ € [0, 1]).

The meaning of Corollary 3.7 in K-theoretic terms is now the following:

Proposition 4.4. Let n =1 or n =2. For a Stein space X the group Ep,,(O(X)) acts transitively on the
set of null-homotopic unimodular rows Ugn (O(X)).

Proof. Letu € Ugn (O(X)) be a null-homotopic unimodular row. By the above lemma we can extend
it to a null-homotopic symplectic matrix A € Spgn (O(X)). Now we just follow the beginning of the
proof of Theorem 3.1. By Theorem 2.1 we can factorize A(x) as a product of elementary symplectic
matrices with continuous entries. Adding two more elementary symplectic matrices we can achieve
that the factorization avoids the singularity set Sx. Applying Corollary 3.7 we know that Ay := A is
homotopic to a holomorphic map G = A1, via continuous maps A;, such that

m4(A(x)) =ma0 Vg (A (x)), 0=<1r<1,
that is, the last row of the matrices Wk (A;(x)) is constant. Therefore

a,:(x) arp,(x) a3 (x) as,(x)

az1,:(x) G (x) a3, (x) a4 (x)

as1,:(x) az,(x) azs (x) aza;(x)
0 0 0 1

W (A ()AX) ™ =

This shows that the element Wx (G (x)) of Ep,, (O(X)) has the last row equal to u or equivalently moves
the constant row e, to u. O
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Let v : SL, — Sp, be the standard embedding given by

a0bo0

ab 0100

(C d)l—) codol 4.0.1)
0001

Continuing like in the proof of Theorem 3.1 we see that it gives the following “inductive step”.

Proposition 4.5. For a Stein space X we have

SPY(O(X)) = Ep,(O(X)) - ¥ (SpI(O(X))).

In a similar way one can deduce from our earlier results (Proposition 2.8 and the proof of Theorem 2.3
in [Ivarsson and Kutzschebauch 2012]) the corresponding statements for the special linear groups. The
definition of the elementary group E, and the inclusion ¢ of SL,_; into SL,, are the usual ones.

Proposition 4.6. For a Stein space X and any n > 2 the group E,(O(X)) acts transitively on the set of
null-homotopic unimodular rows U,?((’)(X )).

Proposition 4.7. For a Stein space X and any n > 2 we have

SLY(O(X)) = E,(O(X)) - ¥ (SLY_, (O(X))).

5. Stratified sprays

We will introduce the concept of a spray associated with a holomorphic submersion following [Gromov
1989; Forstneri¢ and Prezelj 2002]. First we introduce some notation and terminology. Let & : Z — X be
a holomorphic submersion of a complex manifold Z onto a complex manifold X. For any x € X the fiber
over x of this submersion will be denoted by Z,. At each point z € Z the tangent space T, Z contains the
vertical tangent space VT,Z = ker Dh. For holomorphic vector bundles p : E — Z we denote the zero
element in the fiber E; by 0O,.

Definition 5.1. Let 4 : Z — X be a holomorphic submersion of a complex manifold Z onto a complex
manifold X. A spray on Z associated with £ is a triple (E, p, s), where p : E — Z is a holomorphic
vector bundle and s : E — Z is a holomorphic map such that for each z € Z we have
(1) s(E;) C Z/’I(Z)a
(i) s(0;) =z, and
(iii) the derivative Ds(0,) : To, E — T,Z maps the subspace E, C Ty E surjectively onto the vertical
tangent space VT,Z.

Remark 5.2. We will also say that the submersion admits a spray. A spray associated with a holomorphic
submersion is sometimes called a (fiber-)dominating spray.

One way of constructing dominating sprays, as pointed out by Gromov, is to find finitely many
C-complete vector fields that are tangent to the fibers and span the tangent space of the fibers at all
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points in Z. One can then use the flows (p]t. of these vector fields V; to define s : Z x CN — Z via
5(z, 11, ..., ty) = @} 00 @y (z), which gives a spray.

Definition 5.3. Let X and Z be complex spaces. A holomorphic map / : Z — X is said to be a submersion
if for each point zp € Z it is locally equivalent via a fiber-preserving biholomorphic map to a projection
p:UxV — U, where U C X is an open set containing /(z) and V is an open set in some C%.

We will need to use stratified sprays, which are defined as follows.

Definition 5.4. We say that a submersion 4 : Z — X admits stratified sprays if there is a descending chain
of closed complex subspaces X = X,,, D - - - D Xg such that each stratum Y; = X \ X;_ is regular and
the restricted submersion % : Z|y, — Y} admits a spray over a small neighborhood of any point x € Y;.

Remark 5.5. We say that the stratification X = X, D - -- D X is associated with the stratified spray.
In [Forstneri¢ and Prezelj 2001], see also [Forstneri¢ 2010, Theorem 8.3], the following is proved.

Theorem 5.6. Let X be a Stein space with a descending chain of closed complex subspaces X = X, D
-+ D Xo such that each stratum Y, = X \ Xy—1 is regular. Assume that h : Z — X is a holomorphic
submersion which admits stratified sprays. Then any continuous section fy: X — Z such that folx, is
holomorphic can be deformed to a holomorphic section f|: X — Z by a homotopy that is fixed on X.

6. Proofs of Lemmas 3.3 and 3.4

Lemmas 3.3 and 3.4 hold for square matrices of any size. In this section we therefore look at
2nx2n matrices. Given two vectors @ and b in C" (i.e., n x 1 matrices), we denote by

a
b
We shall consider products of 2n x2n matrices

L O\ (L, Wi\ (I, O\ (I, W,
zin)\o 1,)\z, 1,)\o 1, ’

where Z;, Z>, ... and W, W,, ... are n X n matrices of variables

the obvious vector in C2".

Zi = (Zk,ij)s  Wi=(wrj), 1=1i,j=<n.

They are symmetric, i.e., zx,;j = 2k, ji and wy ;; = wy, j;. We call the variables zj ,1, ..., 2k nn last row
variables (this term does not apply to the w-variables). If we have K factors, there are Kn(n + 1)/2
variables. We will also think of the K -tuple (Z;, Wy, Z», W», ...) as a point in CK?*+1/2 We will study
the last row of this product, which is a map ®g : CK?*+D/2 . €27\ {0}. We prefer to work with the
transpose of this row, which we denote by PX, a vector in C?". It follows that

Pl = :
e_;, ’

where 7 = (101, - - - » zl,,m)T and ¢, is the last standard basis vector of C".
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The set Sx for K > 2 is now defined as the set of K-tuples of symmetric matrices (Z, Wy, ...) such
that in the first K — 1 matrices all the last row variables (of the Z’s) are 0 and the set of all columns of
the W’s does not span C". (This means that the augmented matrix W1|W| - - - has rank less than n.)

Lemma 6.1. PX : CKrn+D/2\ §p — C2"\ {0} is surjective for K > 3.

Proof. We prove the result for K = 3. For K > 3, simply put W, = Z3 = W3 = ... =0. The proof uses an
easy fact from linear algebra; given two vectors ¢ and d in C" with ¢ # 0 there is a symmetric matrix M

such that MZ = d. Now let
2n
- 0}.
(b) € C"\ {0}

Pick any symmetric matrix Z, such that 7 =a — Zzl; # 0 and let Z 1 be any symmetric matrix whose last

-

row is Z and W, a symmetric matrix such that W,z = b—¢,. Then (Zy, Wy, Z) ¢ S5 and for this choice

s (L Z2\ (I, 0\ (Z\_ (L %)\ (Z\_(a
P"(oLl wi L) \&) —\o 1,)\6) \p) -

Slightly abusing notation, we denote the Jacobian matrix of ®x by JPX. Thisisa (2n x Kn(n+1)/2)-
matrix whose columns are the derivatives of PX with respect to one particular variable. We denote the
components of PX by PX, 1 <i <2n. It follows that

we have

pUH = (i) Z;“) P, 6.0.1)
n
L 0
2k+2 __ n 2k+1
P _<WH1&>P . (6.0.2)

We shall look at the final part of JP?1 the part where we differentiate with respect to the new
variables Zx+1.11, - - - » Zk+1.n15 Tk+1,225 - -+ » Tkt 1.n2s - - - » k+1.un- This is a (2n x n(n + 1)/2)-matrix. The
column where we differentiate with respect to zx41,;; will consist of Pnzf‘rl. in row number j and Pnzi j
in row number i. Hence the bottom half of this matrix is zero and we only look at the upper half, an
(n x n(n 4+ 1)/2)-matrix which we denote by Axy. If we consider just the columns which contain one

e, Pzzlf), has P2 along the

. 2k . . . 2k
particular P, we get a square nxn-matrix whose i-th row is (P o

ntl
diagonal and is otherwise zero. The determinant of this submatrix is (J;’nzil.)”.
The situation is similar for the final part of JP**2 except now the top half is zero and the bottom half
Bi+1 contains P12k+1, R PnZk“ in the same pattern as for Az .
In the proof of the next lemma it will be convenient to use the following notation: if A and B are two
matrices with the same column length, we let A | B denote the matrix obtained by augmenting A with B

to the right. By e, we denote the last vector in the standard basis of C".

Lemma 6.2. PX is a submersion exactly on the set CK""+D/2\ §p. If K = 2k and all the last row
variables are zero, then P** = e, and the span of the bottom half of the JP** columns equals the span of
the columns of Wi, Wy, ..., Wp.
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Proof. For N =1 the theorem is empty. Pl = Z1ats--+»21.0n,0,...,0,1) and

1_ (I
JP _<o ,

where we have removed all zero columns. For N = 2 we have

I, 0
pPr=(" Pl
(Wl 1n>

= ) ()] )= ()1 (),

which has full rank if and only if B; has full rank. Since Pl.1 = Z1.ni, by the discussion preceding the

This implies

lemma, B; has full rank if and only if at least one z; ,; is nonzero.
If all z; ,; are zero, then P! =e,, and B; = 0. Hence the statement about the span is trivially true.
We now assume that the theorem is true for N = 2k. We have

0 I,
If at least one of the previous last row variables is nonzero, then JP2 has full rank by the induction

hypothesis and so does J P2+ If not, then P2 = ey, and Ay = I, after removing zero columns. If

JP* = (2), then
A+ Zy B 1,
B 0/’

which has full rank if and only if B has full rank. But the column span of B equals the column span of
Wi, ..., Wi. This proves the first part of the lemma for N =2k + 1.
If all the previous last row variables are zero, it also follows that

2k+1 t
P = (zks1mts s Zhttans 0, ., 0, D

0
, 6.04
<3k+1) ©04
which has full rank if JP%**! does.

If not, then by the above all the previous last row variables are zero and
JpUH2 _ < A+ZiB I, >JP2k+1 ( 0 )
Byt

B+ Wit1(A+Zip1B) Wig
which has full rank if and only if at least one zx41 ,; is nonzero by the discussion preceding the lemma.
This proves the first part of the lemma for N = 2k + 2.
If all the zx41 ,; also are zero, then P*+1 = g5 and so P12 = ¢,,. Also Bi+1 = 0 and since the

Finally

I 0
JpA+2 ( n ) Jpk+
Wi I

columns of Wi (A + Ziy1 B) are linear combinations of the columns of W1, the span of the bottom
half of JP?*?2 equals the span of the columns of Wy, ..., Wy, by the induction hypothesis. O
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7. The stratification

The goal in this section is to describe the stratification needed to understand that the submersion 74 0 Wk :
(CHX\ Sk — C*\ {0} is a stratified elliptic submersion. Let

5 {(21,22,23,w1,w2,w3,...,wak—z,w3k—1,w3k) if K =2k,
K= .

(21,22, 23, W1, W2, W3, ..., Z3k+1, T3k+25 23k+3) If K =2k +1
and

my0 Wk (Zg) = (PK(Zk), PX(Zx), PK(Zk), PK(Zk)).

Remark 7.1. We will abuse notation in the following way in the paper. A polynomial not containing
a variable can be interpreted as a polynomial of that variable. More precisely, let L < K. We have
the projection w : CK — CL, w(xy,...,x1,...,xx) = (x1,...,xz) and 7* : C[CL] — C[CX]. For
p € C[CL] we still write p instead of 7*(p).

We want to study the fibers

FE araran = a0 Wx) (a1, az, a3, as).
Assume first that K =2k + 1 > 3 is odd. We see that

1 0 060
0 1 00
WBk+1 k2 10
Z3k4+2 23k+3 0 1

oWk (Zg) =msoVg_1(Zk-1)

and we get
PE(Zk) =P N (Zk-) + ZSk+1P3K_] (Zx-1) + 2342 PF N (Zk-1),

PzK(ZK) = PzK_l(ZK—l) +Z3k+2P3K_1(ZK—1) +Z3k+3P4K_l(2K—l)’
PX(Zy) = P3K_1(ZK71)a
P (Zk) = Pf ™ (Zk ).
We are led to the equations
ay = PlK(iK) = PlKil(ZK—l) +Z3k+1P3K71(2K—1) +Z3k+2P4K71(ZK—1),
a = PgK(ZK) = pf! (Zk-1) -i-Z3k+2P3,K_1 (Zg_1)+ 2343 Pf ! (Zk-1),
ay = Pf(Zx) = P{ N (Zk ),
ay=Pf(Zx) = Pf " (Zx ).

(7.0.1)

Notice that these equations simplify to
K—1,5
ay = P;" " (Zk-1) +a3z3k+1 + 42342,
K—1,5
ar = Py~ (Zk-1) + a3z3+2 + a423k+3,
K—1,5
az =Py~ (Zx-1),

as = PN (Zg_1).
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If (a3, a4) # (0, 0) then we can solve the two first equations for two of the three variables z3xy1, Z3k+2,
z3x+3 and we see that the fiber is a graph over g(a ) % €, where

Gay =1Zxk 1 €CF P ias = PN (Zk 1), as = P} (Zk 1))

If (a3, aq) = (0, 0), we get f(fl,az,o,o) = ]-'{2:;2’0’0) x C3. We see that we get two main cases, namely
(a3, aq) = (0, 0) and (as, ag) # (0, 0). The last case will break into the two subcases, namely (a3, as) #
(0, 1) and (a3, aq) = (0, 1). We need these subcases because Q(o I is not smooth. We list the strata below:

o The strata of generic fibers: When (as, as) # (0, 0), the fibers are graphs over g(a a) X C. This set is
divided into two strata as follows:

— Smooth generic fibers: When (a3, a4) # (0, 1), the fibers are smooth.

— Singular generic fibers: When (a3, as) = (0, 1), the fibers are nonsmooth.

o The stratum of nongeneric fibers: When (as, a4) = (0, 0), the fibers are ]: (a1.a2.0.0) = .F(al alz 0.0) X C3.
Moreover the fibers are smooth.

We now analyze the case when K = 2k > 3 is even. Now we have

I 0 w32 wak—1

7 > 01 wa_ w
maoWg(Zyg) =maoWg_(Zx_1) 00 311c I Sk ’
00 0 1

and FX

(a1.a0.a3.a5) 15 the solution set of the equations
= PK(Zg)=PE"N(Zk 1),
ay = PX(Zg) = PX~1(Zg 1),
= PK(Zx) = P’“(ZK D4+ w2 PE N Zk ) +wy PEN(Zk ),
as = PE(Zg) = PENZk_1) + w1 PEN(Zk 1) + wse XV (Zk ).

As in the previous case these equations simplify:

(7.0.2)

= PlK_l(ZK—l),
ay=Pf " (Zk ),
az = P3K_1(ZK—1) +ajwik—2 + aw3k—1,

as = P4K_1(ZK71) + ajwsg—1 + arwzk.
Let
H(al ay =1Zk-1€ CK 7 ray =P (Zk 1), aa= PN (Zk ).

An analysis similar to that above gives us the following strata:

o The stratum of generic fibers: When (ay, a») # (0, 0), the fibers are graphs over ’Hg:;z) x C. Moreover
the fibers are smooth.
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o The strata of nongeneric fibers: When (a;, a2) = (0, 0), the fibers are ]-"([5,07 anan) = ]-"(15,6’23, an X Cc3.
This set is divided into two strata as follows:

— Smooth nongeneric fibers: When (a3, a4) # (0, 1), the fibers are smooth.

— Singular nongeneric fibers: When (as, a4) = (0, 1), the fibers are nonsmooth.

8. Determination of complete vector fields

The description of the fibers in Section 7 leads us to study vector fields simultaneously tangent to the level
sets {P=c1}, {Q=c»} of two functions P, Q : C¥ — C. Such fields can be constructed in the following
way. Pick three variables x, y, z from the variables xi, ..., xy on CV and consider the vector fields

3/dx  8/dy 9/dz
Dyy-(P, Q) =det | 9P/ox dP/dy aP/dz |, (8.0.1)
30/dx 3Q/dy 8Q/dz

which are simultaneously tangent to the level sets. As mentioned in Section 5 we want to use a finite
collection of complete vector fields spanning tangent space at every point to prove (stratified) ellipticity.
It is an easy exercise to show that the collection of these vector fields over all possible triples spans the
tangent space at smooth points of the variety {P =c;} N {Q=c;}. It turns out that many of the vector
fields we get by this method are complete but unfortunately not all of them. The complete vector fields
from this collection will not span the tangent space at all points for all level sets. To overcome this
difficulty and still producing dominating sprays from this collection of available complete fields is the
main technical part of our paper explained in Section 9.

Now we will begin to describe the complete vector fields tangent to the fibers of w4 o Vg =
(PK, PZK , P3K , P4K ) that we get using (8.0.1). It will be convenient to group the variables as in Section 6,

Zl, W], Zz, WQ, ey where
T3k—2 Z3k—
Zk= 3k—2 <3k—1
Z3k—1 <3k

and similarly for Wy. Since the variable z; never enters in PX, we omit it from the first group Z;. Note
that P! = (22, z3, 0, 1)7. We are going to study the vector fields

‘/if(xv yv Z) - nyZ(Pij PIK)
The 2x2 minors occurring as coefficients are denoted by Cl.lj (-,-), ie.,
VEG v, =CE 0 0 — K 02+ K
ij X,y,2)= ij y,Zax ij X,Zay ij X,y 9z

The description of the complete vector fields will be done inductively. We start with K = 2. We have
to study 9(203’04), or equivalently, the equations
a3 = P§(z1, ..., w3) = 22wy + 23wz,

. (8.0.2)
aq = P4 (z1, ..., w3) =14+ 20wy + z3wW3.
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We are interested in which triples (x, y, z) of variables from the list 75, z3, w1, w, w3 give complete
vector fields V324 (x, y, z) and we denote the set of these triples by 7;. By definition 7] = @.
An easy computation gives that

To = {(wy, wa, w3), (22, w2, w3), (23, wi, W2),
(22, wi, w3), (23, wi, w3), (22, 23, w1), (22, 23, w3)}. (8.0.3)

For all the remaining noncomplete triples there is a variable such that the equation is quadratic for that
variable. We are now interested in determining at every stage the triples of variables (x, y, z) such that
V122k+1(x, v, 2), for K =2k + 1 odd, and V32f+2(x, v, 2), for K =2k 4 2 even, are complete. We shall
denote the set of such triples by 7x. The terms occurring in PX are of degree 1 in the occurring variables;
hence the coefficients C 5 are either of degree 1 or 2 in the occurring variables. A triple giving a coefficient
which is quadratic in the integration variable (for instance if C i’j. (v, z) is quadratic in the x-variable) will
not be complete, and we shall refer to such a triple as a quadratic triple and the corresponding vector field
as a quadratic vector field. The content of the next lemma is that all the remaining triples give complete
vector fields. The variables that do not occur in a triple will have constant solutions and are therefore
treated as such in the proof.

Lemma 8.1. For k > 1, we have Tox C Tok+1 C Tox+2. Moreover

Tak+1\ Tk = {(23k+1, 23k+25 23k+3) }
U {(W3k—2, Z3k+1, 23k+3), (W3k—2. Z3k+2, 23k+3)}
U {(w3k, Z3k+15 23k+2)5 (W3ks Z3k+1, 23k+3)
U{(a, b, z3k+1), (a, b, z3x+3) : a and b are from the same group}
U{(a, b, z3k+1) : a the last variable of one group and b the first of the next}
U{(a, b, z3k+3) : a the last variable of one group and b the first of the next}
U{(a, b, z3k+1) : a the first variable of one group and b the last of the next}
U{(a, b, z3k+3) : a the first variable of one group and b the last of the next} (8.0.4)
and
Tak+2 \ Tok+1 = {(W3k41, W3kt2, W3k+3)}
U{(Z3k+1> W3k+1, W3k+3), (Z3k+15 W3k+2, W3k+3)}
U{(Z3k+35 W3k+1> W3k+2), (23k+35 W3k+1, W3k+3)}
U{(a, b, w3k+1), (a, b, wars3) : a and b are from the same group)
U{(a, b, w3k+1) : a the last variable of one group and b the first of the next}
U{(a, b, w3ky3) : a the last variable of one group and b the first of the next}
U{(a, b, w3r+1) : a the first variable of one group and b the last of the next}

U{(a, b, w3r+3) : a the first variable of one group and b the last of the next}. (8.0.5)

In combination with (8.0.3) this gives us a complete description of the sets Ty, L > 2.
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Proof. The result is true for 7,. The first group is interpreted as {z, z3} and z341 must be replaced by z».
The missing triplets are precisely the quadratic triples.

We shall prove (8.0.4), the proof of (8.0.5) being identical. There is a lot of symmetry in the proof
and we will not repeat arguments already given in a situation symmetric to a proven statement. We first
consider triples (x, y, z) not containing any variables from the new group Z;.1, i.e., Z3k+1, Z3k+2 and
z3k+3. It then follows from (6.0.1) (omitting variables for shorter notation) that

%41 % % % % 2% 2 2%
Vo =V 21 Vyy — z3k2Vay — 23k2Vay + 23k43Via + (@3k123%43 — 23542) V3 - (8.0.6)

A quadratic triple will still be quadratic since fo is. For a triple in 7y, notice that in all of the first
five terms the ij is obtained by replacing one or two of the functions P32k and Pfk by P12k and/or
P22k. By (6.0.2) all of the terms occurring in P12k or P22k divide a term occurring in P32k and also a term
occurring in P42". This means that all terms occurring in the first five vector fields above are already
present in Vﬁf and completeness is not destroyed. We also notice that for any pair x, y of previous
variables, the coefficient C 12§+1 (x, y) will also satisfy (8.0.6).

We next consider triples containing some of the new variables z3xt1, Z3x+2 and z3¢+3. The Jacobian
matrix is now given by (6.0.3), where

P2k PZk 0
AR =< 34 Zk). (8.0.7)
0 P" P
If the triple contains all three variables, then
0 0 0
VI iz — (P22 — (P2 (p2* + (P22 ’
12 (k+1 k+2 k+3) ( 4 ) 8Z3k+1 ( 3 )( 4 )aZ3k+2 ( 3 ) 3Z3k+3

and the coefficients do not contain any of the Z;-variables; hence this is complete. (The solutions are
just affine functions.)

We now consider the case of two new variables. The first possibility is (x, z3g+1, z3k+2)- The coefficient
of 9/0x is (P32k )2. Since P32k contains all previous variables except w3y, this is quadratic in all those vari-
ables and x = w3 is the only possibility. The solution for wsy is affine. The coefficient of 9/0z3x4> is now

_(apgk s ap}k>

w3k dwsg )’

which is just a constant and the solution is again affine. Finally the coefficient of d/0z3x; is given by
P - I Pt
dw3g dwsy’

which is an affine function and the solution is entire. Hence this field is complete.

Precisely the same logic applies to the triple (x, z3g+2, Z3k+3) €xcept now wszk—_s is the only missing
variable (now in P42k).

The final possibility of two new variables is the triple (x, z3x+1, z3k+3). The coefficient of d/dx is
now P32k P42k which is of degree 1 in w3;—, and w3, and quadratic in all other previous variables. We
consider the case of x = ws;_», the case x = w3 being identical. The coefficient is an affine function
of ws,_o; hence the solution is entire. The coefficient of d/0z3x4 is —zngPle_lPZk, which is just a
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linear function of z3;4; and the solution is entire. The coefficient of 9/0z3¢+3 1S —2Z3x+2 P22k_1 P2, which
is just a constant and the solution is affine.

We finally consider the case of one new variable and two previous variables x, y. It follows that
C 12]2‘+1 (x, y) satisfies (8.0.6), and hence is quadratic in z3x7, so this cannot be the new variable. In order
to investigate z3x4+ and z3;4+3 we need to understand which variables are involved in the coefficients. To
do this we look at each previous group of variables Z; and W; for 1 < j < k and see which variables
are involved in the first two rows of the Jacobian with respect to these variables at level 2k 4+ 1. For a

Z;-group we need to consider the matrix
APH*H 32350 aPHT /023, AP /023
APFH o235 0 aPHFT /023, APFT /023
and the same for a W;-group. The Z;-group only consists of z, and z3. The Z;-variables do not occur in

the above matrix. There is a simple formula for the above matrix which follows from (6.0.3) and (6.0.4).
The matrix is the first two rows of the matrix (I = I») :

I Zigt (1 0\ (4
0 I W I 0
and this formula makes it easy to track which variables are missing at each step, in addition to the
Z;-variables. We arrive at the following matrix of missing variables:
(w3j—3, W3j, Z3k+3  23k+3  W3j-5, W3;-2, Z3k+3)
W33, W3j, Z3k+1  Z3k+1  W3j-5, W32, Z3k+1
In the case j = 1 the missing-variable matrix is
W3, Z3k+3 W1, Z3k+3
W3, Z3k+1 W1, Z3k+1

We now consider a W;-group. Again the W;-variables do not enter. We now have to consider the first

I Zipr\ (1 Zj11) (O
0 1 o 1 J\5)

and this leads to the following missing-variable matrix for j < k:

two rows of the matrix

<Z3j, 23j43, 23k+3  Z3k+3  23j-2,Z3j+1, Z3k+3)
23j> 23j43> L3k+1  Z3k+1  Z3j—25 Z3j+15 L3k+1

For j =1 we replace z3;_» by z5. For j = k the middle entries in the upper-left and the lower-right
corners are replaced by z3x7.

We first investigate triples (x, y, zZ3x+1), where x and y are not from Z;;. If x and y are from the
same group, then since z3x4+] occurs in every entry in the second row of the missing-variable matrix,
C12]2‘+1(x, Z3k+1) and C12]2‘+1(y, Z3x+1) do not depend on any of the variables x, y, z3;+1; hence x and y
are both affine functions. C 12]2‘+1 (x, y) does not depend on x, y and is of degree 1 in z3¢1; hence the
solution is entire.
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Now assume that x and y are from different groups. If x is not a missing variable in 8P22k+1 /0y, then

y is not a missing variable in BPZZI‘Jrl /0x. The variables x and y are not both wsy; let’s say x is. Then
g p2k+1
CHH (. zaap1) = —(;—y) P

is quadratic in x and the field is not complete. Hence x and y must both appear in the second row of the
missing-variable matrix of each other.

We now look at possibilities for x and y. Assume first that x is in Z; group with 1 < j < k. There are
now four possibilities:

e X =z3;_2 in which case y = w3;_3 or y = w3, or
e x =z3; in which case y = w3j_5 or y = w3; 2.
We consider the first case. Then

8P12k+1 8P22k+1 8P22k+1 8P12k+1

dwsj—3 0z3j—2  Odw3;—3 0232

2%k+1
Chy " (w3j-3,23j-2) =

and from the missing-variable matrix we see that this does not depend on z3; > and w3;_3 and is of
degree 1 in z3;41; hence we have an entire solution for z3;4;. We also have

g p2k+
2%k+1 2 2%
Chy (w33, 23k41) = ——— P57,
dwsj_3
2%k+1
0P
2%k+1 2 2%
Chr" (z3j-2, k+1) =—F7——P
92352

The partial derivatives on the right-hand sides do not depend on any of the variables in the triple, and
hence are just constants. It also follows from the missing-variable matrix that P32" does not contain the
product of z3;_» and w3;_3; hence the equations for these two variables form a linear system with constant
coefficients. This has an entire solution. The three other cases all have similar structure and have entire
solutions. In the case j = 1, we either have x = z, and y = w3, or x = z3 and y = w; and the discussion
is the same. It also follows from the missing-variable matrix that x and y cannot come from different
W-groups. This proves the result in the case of picking z3¢+; from the last group. The proof in the case of
picking z3;+3 from the last group is completely symmetric. This provides the final detail in the proof. [

In order to produce complete fields that are also tangential to fibers of the submersion, we introduce
the following notation and terminology.

Definition 8.2. Let E3 = 7. For K > 4 let
Ex =Tk-1\Tk-2-
We say that the triples in Eg are introduced on level K.
We will now use these complete fields to produce complete fields which are tangential to the

fibers FX

(a1.a2.a3.a5)- Fere we will use triples introduced on level K to produce complete tangential fields.
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First consider the case K =2k + 1 > 3 odd.
If a3 # 0, we use (7.0.1) to get

1 2%k (5
3k+2 = a(az — P (Zo) — asz3r3)
and

1 e
L3kl = a(al — PH(Zy) — aszzis2)
1 > a > -
=~ (a1 — P (Zy) — ﬁ(az — PH(Zo) — 23043 Pfk(zzk)))

1 - -
= a—z(alas — a3 P (Zop) — azas + as P3*(Zoy) + atzais3).
3
Using this we define a biholomorphism

K
o g(a3 as) X CZ3k+3 g ‘F(a|,a2,a3,a4)‘
On
g(a3 as) X CZSk+3

82k

we have the complete fields 9,7, .,

for x1, x2, x3 in Ep4+1 and also the complete field 9/0z3¢43. Using

the biholomorphism « we get complete fields on F X for a3 # 0 of the form

(ay,az,a3,a4)
1

1

2%k+1, 2% 2%k 2% 2% %5 2% 5 ad
0x1x2x3* 8)61)62)63 + _axlxzxz (P2 (Z2 )) 323112 + _8x1x2x3 (a3P1 (Zok) — a4P2 (Z2)) 0Z3e1 (8.0.8)
and )
2k+1,% ad ay 0 a4 0
o a4 8.0.9
4 0Z3k+3 a3 0Z3k+1 a3 0Z3k+42 ( )
Since P32k = a3 and P2k = a4 on the fiber, we get meromorphic fields on (CHX
g2k+1x _ g2k a)%lkxzn(PZZk(ZZk)) 0
T PH}(Zy)  03k+2
(aifx2x3(Pﬁk(ZZk)) P2’<<Zz;<)axlx2x3(P§k<22k>>) " (50.10)
P32k(22k) P32k(sz)2 0Z3k+1 o
and 2k 7 N2 2k (7
Yeils 0 P (Zay)” 9 P (Zu) 9 8.0.11)

0z PH(Zy)? 02341 P (Zy) 023142

(abusing notation), with poles on PZk 0. Since P2k is in the kernel of these fields, we can multiply the
fields by (P32")2 and get the following complete fields that are globally defined on (C*)X and preserve
the fibers of 714 0 Wk :

2k+1 2k ;> 2 n2k+1,%
exlxz)q P3 (Z )lexz)g

= P{H(Zo) 03

X1X2X3

+ P (Za) o (PP (Za) 7

+[PH(Za)d*

X1X2X3

(PP (Z) = P o) (PP 2| o (80.12)

X1X2X3
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for X1, X2, X3 € Ezk+1, and

,)/Zk-‘r] — P32k(ZZk)2y2k+1,*
0
0Z3k+3

If a4 # 0 we can define a biholomorphism

0

_ p2k(7. 2
3 (Za) 023k42

(8.0.13)

- 8 - >
+ Pfk(sz)zm — PH(Zy) PP (Z)

. 2k K
B g(a3,a4) X CZMH - ‘F(al,az,as,m)

using (7.0.1) and

1 2% 5
LBk42 = a(al — P (Zo) — a3zziy1)

and
— LX)~
23k43 = a—4(az 5 (Zok) — a3z3k42)
1 > a >
= —(az — P (Zy) — S (a1 — P (Zop) — a3Z3k+1))
aq ag
1 > >
= ?(azm —ag P (Zoy) — araz + a3 PP (Zap) + a2 zaksn).
4
On
2%
g(a3,a4) X CZ3k+l

2k

we have the complete fields axl a3

for x1, xp, x3 in Epky1 and 9/0z3x+1. Proceeding as above we get the
complete fields

3 3 = d
Grines = PP (2o 00, + PR (220003 (P (Z220))
: : 23k+2
+ [P (Za) 0, (PF(Za)) — PP (Za) 0%, (PP (Z21))] T G014

for x1, x2, x3 € Wyr41. The field y2k+1 is the same as in the case a3 # 0.
For the case K = 2k > 3 even, an analogous procedure leads to the following complete fields on (C*)X

tangent to the fibers of w4 0 Wg:

2k 2k—1, 202k—1 2k—1,5 2k—1 2k—1,5
O =P (Zok—1)"0; s H i (Zok—1) 05 epxs (P (ZZk—l))8w3k_1

F[ PN Za )82 L (PE N Zop1) = PPN Zo )02 (PPN (Zop1))]

X1X2X3 X1X2X3

(8.0.15)
owsk—2

for x1, x2, x3 € Ex,

Garney = P (o) 0+ P (2o, (P (Zai ) - —

1,5 - —1,5 -1,5 - -1, 0
H[ P Zae 005, (P (Zae )= PET (2o (P Za ) [ = (8.0.16)

X1X2X3 X1X2X3

for X1, X2, X3 € Ezk, and

0 1,3 1,3 0
— PN Zy ) PN (Z)

2% %—1,5 2 0 %=1, 2
=P Zok—1)"—— + P, Zok—
14 T (Zak-1) 8w3k+ " (Zok—1) P P

. (8.0.17)
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Remark 8.3. It follows from the inductive formulas (7.0.1) and (7.0.2) that 9§x2x3, fl Xoxs and y¥X,
considered as vector fields on (C*)%, are tangent to the fibers ‘F(21,az,a3a4) for L > K. In other words, the

fields associated with triples introduced on level K are tangential to all fibers 7 for L > K.

9. Strategy of proof of stratified ellipticity

We outline the strategy for proving that the submersion is a stratified elliptic submersion. We have seen
that the fibers are given by four polynomial equations. We have also seen that these four equations can be
reduced to two equations. We then use the exact form of these two equations to find Ex so that Bﬁxm
are complete vector fields exactly when x;, x2, x3 € Ek. This leads us to the globally defined complete
vector fields 95 X%x3? fl v, and y X described in Section 8. Find a big (a complement of an analytic
subset) “good” set on the fibers where the collection of these vector fields spans the tangent space of the
fiber. For points outside the good set find a complete field V whose orbit through the point intersects the
good set. At points along the orbit that are also in the good set, the collection of complete vector fields
above spans. Now pull back the collection of vector fields by suitable flow automorphisms of V and
add these fields to the collection (see Definition 10.7). This enlarged collection of complete vector fields
spans in a bigger set, thus enlarging the good set. Continue this enlarging of the collection of vector fields
until it spans the tangent space at every point of every fiber in the stratum. To accomplish this strategy we

need the following technical results.

Lemma 9.1. Let M be a Stein manifold and Ny C N C M analytic subvarieties. Given a finite collec-
tion 0y, ..., 6 of complete holomorphic vector fields on M which span the tangent space Ty M at all
points x € M\ N and given another complete holomorphic vector field ¢ on M (whose flow we denote by
oy € Autyo (M), t € C) with the property that the orbit through points of N \ Ny is leaving N i.e., for
all x € N\ Ny we have {a;(x) : t € C} ¢ N. Then there are finitely many times t; € C, i =1, ...,1, such
that for all x € N \ No we have {a;, (x)}f.:1 ¢ N. In particular the finite collection {oe,*i (em)}iimn:l of
complete holomorphic vector fields on M spans the tangent space T, M at all points x € M \ Ny.

Proof. The analytic subset N has at most countably many components. Denote by B; those components
which are not entirely contained in Ng. Define ag to be the maximal dimension of them. Choose a point x;
from each of those B;. For every i the set A; := {t € C: a;(x;) € N} is discrete. Since a countable union
of discrete sets is meager in C, we can find #; such that ¢; ¢ A; for all i. Denote by §,~ those components
of the analytic subset Nj :={y € N : &, (y) € N} which are not entirely contained in Ny and define a; to
be the maximal dimension of them. By construction a; < ag. Choose a point X; from each of those E,-.
For every i the set A; = {t € C:a,(x;) € N} is discrete. Since a countable union of discrete sets is
meager in C, we can find #, such that t, ¢ A,- for all i.

Let a; be the maximal dimension of those components of the analytic subset Ny := {y € N :
oy (y) € N and o4, (y) € N} which are not entirely contained in Ny. By construction a; < a; and
continuing the construction after finitely steps we reach our conclusion. U

The next lemma is a generalized and parametrized version of the previous one. It is adapted to the
stratified spray situation. Namely, we have to produce sprays not on a single fiber but in a neighborhood
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of the fiber in each stratum (see Definition 5.4). In our case it will be on the whole stratum. The
following definitions are straightforward. The first one was introduced in [Andrist and Kutzschebauch
2018, page 918].

Definition 9.2. Let 7 : X — Y be a holomorphic map between complex manifolds and denote by
dm :TX — TY the tangent map. We call a holomorphic vector field 6 on X fiber-preserving if dm(6) =0.

Definition 9.3. A subset N of a complex manifold M is called invariant with respect to a collection of
vector fields on M if for each of the vector fields we have: for each starting point x € N the local flow of
the field (which is defined in a neighborhood of time 0) remains contained in N.

Lemma 9.4. Consider a submersion w : M — Y with connected fibers M, := 7~ Y(y) and a finite
collection of complete fiber-preserving holomorphic vector fields on M such that in each fiber M, there
is a point x € My where they span the tangent space Ty M. Suppose there is no analytic subset N of M

contained in a fiber My which is invariant under the flows of 0, ..., Ok. Then a finite subset of the set
(01, ..., 6k) is spanning Ty My (x) for all x € M.
Proof. Let N C M be the set of points x where span{(0y, ..., 6x)} # Tx My (x). By assumption N U M,

is a proper analytic subset of M, for each y € Y. Since there is no invariant analytic subset different
from the fibers for each xy € N, there is a field §; whose flow starting in x¢ will leave N, i.e., go through
points where (01, ..., 6;) span Ty M (.,. Now choose (at most countably many) points, one from each
component of N. As in the proof of the proceeding lemma find finitely many times #; and enlarge the
collection 61, . .., 6 by the pullbacks (¢; (#;))*(6,,)i, m =1, ..., k. We then get a new finite collection
of complete fields where the set of points where this new collection does not span the tangent space of
the m-fiber has smaller dimension. By finite induction on the dimension we get the desired result. [

10. Auxiliary quantities and results

Define
aPKjox; aPK/ox, aPK/dx;
aPf/ox, aPK/ox, 9PF/0x;

. (10.0.1)
X1 X2X3 8P3K/8X1 8P3K/8x2 8P3K/3x3

aPKjox; aPK/ox, APK/dxs

K

for any triple x1, x, x3 from Z k- Removing the j-th row from M X1xaxs

denote by MA. .. Let

gives us 3x3 matrices which we

REJ = det MK

X1X2X3 X1X2X3°

The significance of the functions R)If]x'z x; 1s understood if one notices, because of (8.0.1), that

2k+1,1 2k 2k

/R’Xl)—c’;)fs =aX1sz3P2 ) (10.0.2)
2k+1,2 _ o2k 2k

RXI;;)Q - 8X|X2X3P1 (1003)
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and that
2k,3 2k— 2k—1
Riton = o i s (10.0.4)
2k, 4 _ q2k—1 p2k—1
Rx1x2x3 - ax1x2X3 P3 . (1005)

From (7.0.1) and (7.0.2) we get the relations

2k+1,1 2%, 1
Rxlxzxs 1 0 00 Rxlxzxs
Rl | o 1 oof|RrRE, (10.06)
2%k+13 | 7 | — 10 2k,3 e
R Z3k4+1  Z3k+2 Ry
k42 —23k43 01
R o Riiaxs
and
R2K1 2%—1,1
sa | LY T e\
Rxl)"2x3 — O 1 w3k—1 _w3k 7?’/VIXZ)C; (10 0 7)
o T I R A
Rk, Rty
Consider the vector fields QXLI o3 and ¢fl Xoxs> where (x, x,x3) € 7p and 3 < L < K. Rewriting
(8.0.12), (8.0.14), (8.0.15) and (8.0.16) using these functions we get
2k+1 2k (5 292k 2% (5 2%+1,1,5
9X1)C+2X3 = 3 (ZQ,/C) 8X1X2X3 + P3 (sz)RXI;C;X_T, (sz) 8Z3k+2
= = = = )
+ (PSM(Za) R (Zo) — PPN Za) R (zm)@, (10.0.8)
= = = d
i = P (200, + PE(Z0REE (Za) 5
3k+2
= = > > 0
+ (P (Za) R (Zop) — P%"(ZZk)Ri’f;Lf(zm)m, (10.0.9)
~1,5 - 1,3 = a
Orty =PI (Zam )P0+ PP (Zae DRI, (Zak) g —
+(Pf“(Z%_l)ni’f;;x}(z%_n—Pf“(zz;c_l)?z,%’f;;xg(ZZk_l))aw3k - (10.0.10)
~1,5 - 1,5 = d
Dot = P2 (Lo 050 + P Zac DRI (P g —

1z g 15 - 9
+ (P T )R] (Zog) — P 1(22k_1)R§’f;‘2‘x3(22k_1))—8w%k. (10.0.11)

We see that half of the functions Rfl’xjm occur in the coefficients of the last three directions. As already
observed the fields 6"

1 oL for L < K have zero components along the last three directions.

X1X2X3

We have to make sure that the projection onto the last three variables of the collection of fields lef Yoxs

and fl xox; SPans a 3-dimensional space. If this is true for a point, we will say that the fields span all new

directions in the point. In order to determine if our fields span all new directions in a point Zx € FE e Jas
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we will use the following. Let Nx = |7k | be the number of complete triples. Define the (2 x Ng_1)-

matrices .

(R)ﬁ%zl(zm -
RE-1.2(7,) ...

X1X2X3

) when K odd,

Qf . (Zx)= ﬂ
Rﬁ;;)gf(ZK) .
RK—1,4(ZK) .

X1X2X3

where (x1, x2, x3) run over all triples in 7x_;. Using the formulas (10.0.8), (10.0.9), (10.0.10), (10.0.11),

: K
and remembering that a fiber F, . .. .

(as, asg) # (0,0) when K is odd, it is an exercise in linear algebra to prove the lemma below.

) when K even,

is called generic if (aj, a2) # (0, 0) when K is even and if

Lemma 10.1. Ifin a point ZK € ‘Falfazawz; in a generic fiber

Rank QX (Zx) =2

X1X2X3

then
0F ot (1, x2,x3) € Tk }U{BK 1 (1 x2, x3) € T} Uy X}

span all three new directions. If
Rank QX (Zx) =1

X1X2X3

then
{05 ey 0 (41, X2, X3) € TR} UL ) 1 (51, X2, x3) € Tk} U (v ¥}

span two out of three new directions.

Because of the formulas (10.0.6) and (10.0.7) we have the lemma below.

Lemma 10.2. Let K < L and put

REL (Zp) ...

RL2 (Z1) ...

RE3 (Zp) ...

RLA (Z,) ...

X1X2X3

M(Z) =

where (x1, x2, x3) run over all triples in Tg. Forall L > K
Rank Mg(ZL) = RankM%(zL).
The importance of Lemmas 10.1 and 10.2 is seen in the following corollary.

Corollary 10.3. Let L > K and Z x be a point where Rank M,lg(i k) = 4. Then for all points Z L

contained in a generic fiber FE such that n(Z L) = Z K, the complete fields

(ar,a2,a3,a4)
{0F s (X1, X2, X3) € TL_ }U{DL )y, 1 (X1, X2, x3) € T} U {vF)
span all new directions (the directions along the last three variables in (C?)%).

Proof. Two rows of the rank-4 matrix M (Z 1) are linearly independent. O
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Bnns | R Rion Riion R
2 s | O 0 0 0
a?zwzu& 0 Z% O 0
8Z23U)]U)2 Z% 0 0 0
s | O 2223 0 0
0wy 2223 0 0 0
822223w1 LWy —2Ws 0 22
2wy | —Z3WI W2 23 0

Table 1. The expressions for R

X1X2X3°

Corollary 104. Let L >3 and Z L be a point that is contained in a generic fiber .7-"(1‘ and such that

ai,az,as,as)
2223 # 0. Then
{0F ny s (X1, X2, X3) € TL_1}U{BE 1 1 (k1. X2, x3) € L1} U {yh)
span all new directions in Z L-

Proof. The corresponding matrix for L = 3 is contained in Table 1. From this table the claim is an easy
exercise in linear algebra. O

In order to use this corollary we need the following lemma.
Lemma 10.5. We have the following cases for the function P = z2z3 and the fibers FX:

(1) P isnot identically zero on f(’[fl’az’a}m) for K > 5. For these K the fibers ‘F([;l,az,as,m) are irreducible.
(2) The fibers F,

a1.a0.a3.a4) A€ irreducible except when

(a1, az, a3, as4) =(0,0,0, 1).
The function P is not identically zero on fibers except for one component of f(?),o,o, 1y

(3) The fibers F,

a1.a.az.aq) A€ irreducible except when

(a1, az, a3, as) = (ay, a2, 0, 1).

The function P is not identically zero on fibers except on .7-'(%7 .0.0) OF .7-'(*3“’0’0’0) or on one component
of the reducible fiber .7-'(?“’ 1.0.1) where it is identically zero.

Proof. We first prove (3). The fibers ]-'(21
to ay, ap. This shows that they are irreducible and that the assertion about P is true. The fibers ]:(?u .0.1)

are isomorphic to the variety g(% 1) given by two equations which can be written in matrix form as

w1 wy V) . 0
(wz w3) <Z3) - <o> : (10.0.12)

From this it can be seen that g(zo 1y has two irreducible components. One is

.a2.0,0) are just biholomorphic to C3 and 75, z3 are constantly equal

Al =1{2,23: 220=23=0} = C} (10.0.13)

wiwaw3
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and the other is

Ay = {(wl wz) : <““ “’2) (ZZ) — (0) and det (wl w2> — 0}. (10.0.14)
wy w3 wy w3 23 0 wy w3

The singularity set of Q(ZO’I) is A; N A;. Clearly P is identically zero on A; and not identically zero
on A;. Observe that }—(21 .
A\ Az and A\ A;.

The smooth generic fibers .7-"(?11 \ras.da) for (as, as) ¢ {(0, 0), (0, 1)} are isomorphic to the variety Q(zas’m)
given by the two equations

0.1) are connected, their smooth part consists of the two connected components

22wy + 23wy = as, (10.0.15)
2w+ z3w3+ 1 =ay. (10.0.16)

In the case zo # 0 these equations can be used to express w, and ws by the other variables and we
get a chart isomorphic to C}, x C;; x Cy,. In the case z3 # 0 we can express wy and w3 by other
variables, which gives us a similar chart. Thus 9(2% a4 18 covered by two connected charts with nonempty
intersection which shows that it is connected. Thus the smooth generic fibers .7-"&1’02’03’“4) are irreducible.
The function P is not identically zero on both charts. The assertion (3) is completely proven.

Next we prove assertion (2). The nongeneric fibers ]-"(‘(‘)’07 3. 4T€ isomorphic to ]-'(%’O,%m) x C3, where
c? corresponds to the new variables w4, ws, wg. All assumptions about these fibers follow therefore from
the corresponding assumptions about .7-"(%’0’03’04).

In the case of generic fibers which are known to be smooth (see Section 7) we just have to prove that
they are connected. For this consider

4 _ 3
‘F(al,az,a3,a4) - U ]:(al,az,b3,b4)’ (10.0.17)

(w4, ws,we)eC?

where b3 = a3 — wia; — wsap and by = a4 — wsa; — weay. In other words we consider the surjective

projection p : F* — C3, mapping a point to its last three coordinates (wy, ws, wg), Where the

(a1,az,a3,a4)

p-fibers are just fibers F >

(a1,a2,b3,
of }'(il w.a3.a) 1as 1O be p-saturated. Since p is a submersion in generic points of the fiber (it is not a

. . . . 3 4
submersion only in singular points of an /°-fiber), any connected component of 7, .
p~'(U), where U is some open subset of the base C3. Since the base is connected and p is surjective,

4
conm:ctedness of F o an.as.an) !
N F, 4 as.a,> a0d thus not identically zero on Flay.ar.as.az)

: K
Last we prove assertion (1). The connectedness of the fibers F, . .. ..

induction in a way similar to the connectedness of the generic F*-fibers is deduced from the properties

by~ Connectedness of the p-fibers implies that a connected component
is equal to

follows. The function P is not identically zero on any F 3-fiber contained
itself. This concludes the proof of (2).
for K > 5 can be proven by

of F3-fibers. As above we consider the surjective projection p : FX — C3 onto the last three

(ar,a2,a3,a4)
variables whose fibers are FX~!-fibers. Since again 7 ~!-fibers are connected and p is a submersion

in smooth points of the F X ~!-fibers, any connected component of FX is of the form p~'(U),

(a1,a2,a3,a4)
where U is some open subset of the base C°.
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In addition we will prove by induction that the smooth part of the singular fibers

K : K
]:(al ,112,(13,04)\ Sing ]:(al ,a2,a3,a4)

is connected for K > 5. Together with connectedness of the fibers this implies the irreducibility of the fibers.

For even K, the singular fibers are the singular 7% ~!-fibers times C* and therefore the connectedness
of the smooth part follows by the induction hypothesis.

For odd K =2k + 1, we are faced with the following situation: The singular fiber is ]-'(Icfh w.0.1) and
it is fibered by FX~!-fibers all of which are smooth except for the fibers ]-"('5,6’1071). The union of those
fibers forms a codimension-2 subvariety of ]—"(51’ 0.0.1) (given by the equations z3; 12> = z3k+3 = 0). By the
argument above, the complement, call it W, of this union in f(lai,az,o,l) is connected. The singular points
of ]-'(I;h 1.0.1) Are contained in that union and are contained in (but not equal to) the union of the singular
points of the fibers .7-'([5’5’10’1). We want to prove that any smooth point p of ]-'(Iu(h .0.1) Which is contained
in a fiber ]—'(15’5’10’1) is contained in the connected component containing W. Since the complement of

K

W has codimension 2 in .F(Kl an open neighborhood of p in

ar,az,0,1)°
gives the desired conclusion.

.0.1) has to intersect W, which

As in the proof of (2), the function P cannot be identically zero on any fiber ]-'([;’ w.a3.a) SiDCE this
fiber contains FX~!-fibers on which, by the induction hypothesis, P is not identically zero. U

Remark 10.6. The fact that after a certain number of factors the fibers of the fibration all become
irreducible is very general. It was proven by J. Draisma as an outcome of an interesting discussion
with the second author. The irreducibility statement in our lemma is just an example of a much more
general property. We refer the interested reader to [Draisma 2022]. The exact number at and past which
irreducibility of the fibers holds (in our case 5) is not known in general, although Draisma gives a bound.

Definition 10.7. Let M be a manifold and A be a set of complete vector fields on M. The flows of
elements of A give one-parameter subgroups of Aut(M). Denote by S the group generated by elements
of those one-parameter subgroups (finite compositions of time maps of vector fields of elements from A).
Define

M'A)={a*X:a e Sand X € A}.

Obviously I'(A) consists of complete vector fields and we call it the collection generated by A.

Definition 10.8. Let L > 3. We define

L
Q= F(U{{%m D (x1, X2, 63) € ByYUAQY 0 0 (61, X2, x3) € EJJU {y’}}>.
J=3
At each step of the induction we will prove the following proposition, which plays a crucial role in the
inductive proof of Proposition 3.6.

Proposition 10.9. For each L > 4 we have: There are finitely many (complete) fields from Qp which
span the tangent space T, F* at each smooth point of any generic fiber F-. For L = 3 there are finitely

many (complete) fields from Q3 which span the tangent space TF > at each point of any smooth generic
fiber F3.
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Remark 10.10. For L = 3 singular generic fibers ]—"(21 .0.1) Nave two irreducible components and we
can prove the statement about smooth points on generic fibers only for one of those components. It is
false for the other component.

11. Proof of Proposition 3.6: three matrix factors

In Table 2 we list the coefficients of the fields 92 for all x1, x, x3 € 7.

X1X2X3
We first consider the stratum of smooth generic fibers, where we have

(a3, as) ¢ {(0,0), (0, 1}

Notice that zo = z3 = 0 is contained in }'é 26.0.1) and therefore z, and z3 are never simultaneously zero
on any fiber in this stratum. It is enough to show that g(a ay 18 elliptic. We see from the table that
the fields a;wlwz, 8222w1w%, ailwzwx span the tangent space T Q(a .y Tor all points 7, where 2223 # 0.
The complement of this good set is the disjoint union of the analytlc subsets A = {22 72 = 0} and

= {Z2 : z3 = 0}. From the table we see that 8Z2w2w3 (z2) = z3, which is nowhere-zero on A. Also

8Z2w)| w, (23) = z%, which is nowhere-zero on 5. By Lemma 9.1 there exist finitely many complete fields from
T ({05 1), (X1, %2, X3) € T2})

that span the tangent space 17 G (203’04) for all points in the stratum. Therefore géw) is elliptic. It follows
that there are finitely many complete fields from

T ({65 1y, (1, X2, X3) € TRIUASS L, 2 (31, X2, X3) € TR} U {y7))

that span the tangent space T ]-"

(a1,az,a3,a4)
Now we consider the stratum of nonsmooth generic fibers (az, as) = (0, 1). The two equations defining

9(20’1) can be written in matrix form as
(“” w2> (Zz) - (O) . (11.0.1)
wy w3 Z3 0

for all points in the stratum.

0/0z2  0/0z3 9/0w; 3/0ws 3/0ws
ai%lwzwz 0 0 Z% —2273 Z%
azzzwzw_% Z% 0 0 —wWi1Z3 Wi2—W2z3
8z23w1w2 0 Z% 3W3—w222 —Z2W3 0
a22271)171)3 2223 0 —w123 0 —Z2W»
a223w|w3 0 2223 —wa 23 0 —Zw3
azzzzzwl —22W3  Z22W2 wlwg—w% 0 0
822223103 w223 WiZ3 0 0 w w3_w§

Table 2. Coefficients of complete vector fields. For example, awlwm = 13(3 Jdw)—
2223(3/0w2)+23(3/dw3).
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Recall that 9(20,1) has two irreducible components. The components are given by (see (10.0.13) and
(10.0.14))
Al={n,:0=53=0=C (11.0.2)

wiwrws3

Ay = {(““ wz) : (““ “’2) (Zz) = (O) and det (““ “’2> :o}. (11.0.3)

wy W3 wy w3 23 0 wy w3
The singularity set of 9(20’1) is A; N A;. We have to show that the smooth part of g(zo’l), that is, the
disjoint union of A\ Az and A; \ Ay, is elliptic. In the proof for the smooth generic case it is shown

and

that on the set where z, and z3 are not both zero, there exists a collection of complete spanning vector
fields. Since A, \ A; is contained in that set, we need only consider A; \ A>. The set A; \ Aj is
biholomorphic to C*\ {w;ws — w3 = 0}. The vector fields (wjw3 — w3)(3/dwy), (wiws — w3)(3/Iws),
2wr(3/dw1) 4+ w3(3/0w2), 2w2(d/dws3) + w1 (d/dwy) are complete on C* \ {w;w3 — w3 = 0} and span
the tangent space in all points outside the analytic set A’ = {w; =w3=0}N(A\ A2). Since w, is nowhere-
zero on A’ any of the four complete fields points out of A”. By Lemma 9.1 the proof is complete. Observe
that we also have proved Proposition 10.9 for L = 3. Notice that the fields 2w, (d/90w;) + w3 (d/dw>),
2wy (0/dws) + w1 (3/dwy) are not in Q3 and this explains the difference between L = 3 and L > 4 in
Proposition 10.9. See Remark 10.10.

The stratum of nongeneric fibers is a locally trivial bundle with fibers C(= Flar.a0.0. 0)) which is an
elliptic submersion.

12. Proof of Proposition 3.6: four matrix factors

We begin the proof by studying the stratum of generic fibers, (a, az) # (0, 0). We write

4 _ 3
]:(al,az,as,azt) - U f(al,az,bs,bzt)’ (12.0.1)

(wg,ws,wg)eC3?
where b3 = a3 — waa1 — wsay and by = a4 — Wsar — weda. We need to find finitely many complete

vector fields spanning 77, F for pomts Z4 in the stratum of generic fibers. Because of (12.0.1)

~ (ar.a2, a3 as)
there are b3 and b4 so that Z3 € ]—“( a1.a2.b3.ba) and Z4 = (Z3, w4, Ws, We). We first consider the set of points
in these fibers having the property that (b3, by) # (0, 0) or (0, 1). Under these assumptions, Z4 lies in a

generic smooth fiber F, b,y @nd we know from Section 11 that there is a finite collection of fields

(al az,bs,
from Q3 which spans

R 3 . 4
TZ4‘7:(01 ,a2,b3,by) - TZ4‘7:(01 ,a2,a3,04) "

Corollary 10.4 together with Lemma 10.5(3) shows that for the set defined by z>z3 7% 0 (which is a Zariski
open and dense set of points of the generic fiber ]-' (a1.ay.a3.a,)) the fields

(05 1prs (X1, X2, %3) € TIIUAQY ., (X1, X2, x3) € T3IU ()

span the new directions wy, ws, we. Since these new directions are complementary to

R 3 . 4
Tz4]:(a1,a2,b3,b4) C TZ4‘7:(6!1»612,03,04)’
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we have found finitely many complete fields spanning 77 F, (‘[‘” .a3.a4)

in all smooth generic fibers .7-"(21’02’ bs.by)- Using Lemma 9.1 we get finitely many complete fields spanning
15 f for all points in all generic fibers F* with the property that (b3, by) # (0, 0)

(a1,az,a3,a4) (a1,az,a3,a4)

or (O 1). Next we consider points Z4 where (b3, by) = (0, 1), i.e,

for points in a Zariski open dense set

= 3 4
Zs€ }—(01,02,0,1) - ‘F(al,az,a3,a4)'

Remember that
Fonaon =A1UAr=A1U(Az\ A)) (12.0.2)

(see (10.0.13) and (10.0.14)), where A| and A; are irreducible components. In the proof for K = 3 we
saw that there is a finite collection from Q3 which spans all tangent spaces

. 3 . 4
TZ4]:(a1 ,a2,0,1) C TZ4]:(611 ,a2,a3,a4)

for all points in A, \ A;. Lemma 10.5(3) gives that z,z3 is not identically zero on A, \ A| and as above,
appealing to Lemma 9.1, we get spanning fields for the fiber F*

(a1,a2,a3,a4)
aim is to exclude the existence of a subset of the fiber invariant under the flows of fields from Q4. By the

in all points of Ay \ Aj. Our

reasoning above, such a subset must be contained in A; or the set of points 24 where (b3, by) = (0, 0).
Next we show that such a subset is disjoint from A;. A calculation shows that

32 ... = (zawn Jrz,swg)aiz2 — (1 + z4wy +Z5w2)a% .
Therefore the complete fields
9242Z326 =4a 8232@26 SR
‘P?sz, =a; 82322%

move points out of A; (into the big orbit) unless, in addition to zp = z3 = 0, also
14+ z4wq + 25w = z4wy + z5w3 = 0. (12.0.3)

Points in an invariant subset must also satisfy these equations. A calculation gives that 9> =0/0z4

242526
when z; = z3 = 0. Therefore the complete fields

4 _ 3 .
914ZS26 a; aZ4Z526 ’

ot =a3d’

242526 242526
move points out of this set since

2
02 ... (L + zaw) + zswp) = ajwy,
2
07,1526 (zaw2 + 25W3) = ajwy,
4 2
?.,2520 (1 + 24w + 25w2) = aqwy,
2
B2 2oz (a2 + 25W3) = a3 wy

cannot all be zero, because this would contradict (12.0.3). We now turn to points 24 where (b3, by) = (0, 0)
and again show that these points are not contained in an invariant subset and hence no such invariant subset
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exists. We will find fields 6% or ¢x1 v, Such that R33 #£0or R>* 0. We begin by noticing

X1 X2X3 X1X2X3 X1 X2X3

that at points Z4 with zpz3 7 0 we can leave the invariant set. Also zp =0 = z3 cannot occur in ]—" (@1.42.0.0)"

Two cases, 72 # 0 = z3 and z, = 0 # z3, remain. Assume first that z; #0 = z; (and b3 = by = 0). Here

we begin by choosing the triple (z3, wy, wy). Since R3:3 —zzz4 and R34 = z%z5, we move out

Z3W w2 3wiw?2

of ]—'(al 0.0.0) unless z4 = z5 = 0. Assuming in addltlon that z4 = z5 = 0 we choose the triple (z2, z3, wi).
For such points, Rzmwl =zo+22wsz6 (and R332 =0)soif 1 +wsz6 # (0 we move out of }'al 1.0.0)°
Choose (z2, 23, 26). Notice that

22Z3W]

o2 = iand(/b

322326 8 22Z3Z6

22 d
a 3_
at these points and GZZZ3Z6(1 +w3z6) = a’ TWw3, qum(l + w3zg) = a§w3 which both cannot be zero since
14 w3z6 = 0 implies ws # 0 and we assume that (a;, az) # (0, 0).

Now assume that zp = 0 # z3 (and also b3 = by = 0) and choose the triple (z3, wa, w3). Since
R?z?vzu@ = Z%ZS and Rzzw2w3
addition that z5 = z¢ = 0 we choose the triple (z2, z3, w3). For such points R33

= —Z§Z6 we move out of F Z .0.0) unless z5 = z¢ = 0. Assuming in
3W3 =23+ z23W124 (and
Rg’z‘;w} =0) soif 1+ w;z4 # 0 we move out of ]-“a a,.0.0) Therefore assume also that 1 +w;z4 =0
Choose (z2, 73, z4). Notice that

4=iand<,z§

322324 a 222324

@29
“2%524
at these points and Qmm(l +wiz4) = “1 wi, qum(l +wiz4) = azwl, which both cannot be zero since
1+ w;z4 =0 implies w; # 0 and we assumed that (a;, a;) 7# (0, 0). This lets us conclude that there is
no invariant subset with respect to Q4 and we have handled the stratum of generic fibers. Note that this
proves Proposition 10.9 for K =4.

We need to study the stratum of nongeneric fibers. This stratum consists of those fibers where
a; = ap = 0. We notice that these fibers satisfy

4 _ 3 3
F0.0.a5.a5 = F0.0.a3.a) X C

and since .7-"(%’0’%04) is elliptic we have proven Proposition 3.6 for K = 4.

13. Proof of Proposition 3.6: five matrix factors

We assume that K = 5 and we have seen that the submersions ®; = w4 o Wy are stratified elliptic
submersions when 3 < L < 4 and that Proposition 10.9 is true when 3 < L < 4.
We study
5 _ 4
‘F(al,az,a3,a4) - U ]:(blvbzﬂ.%azt)’ (13.0.1)

(27,28,29)€C3

where by =a; — z7a3 — 2844 and by = ap — 2843 —29d4. Let 25 € f(al . Because of (13.0.1) there
are by and by so that Z, € }'bl by.as.ap) @04 Zs = (Z4, 27, 28, 29).
First we study the stratum of smooth generic fibers. Fibers in this stratum are those satisfying

(a3, aq) € {(0, 0), (0, 1)}. First notice that if (b1, by) # (0, 0) then ]-"(‘l‘71

as)’

by.as.ay) 1S @ generic smooth fiber
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d/0z2 0/0z3 0/0z5s 0/0z¢
P14 14w z4 w3274 1 0
p} 0 1 0 1
P34 witwatwiwaza wrtws+worwszg Wy ws
P} | wotws+wiwsza w3twetwowsza  ws We

Table 3. The nonzero partial derivatives of P4, P24, P34 , and Pf .

for @4 and as above, Proposition 10.9 for L =4, Corollary 10.4 and Lemma 10.5(2) show that for these
points we have spanning fields. If (b, ;) = (0, 0) then ]-'(‘6’0’ a3.04) is a nongeneric smooth fiber for &4 and

4 _ 3 3
F0.0.a5.a) = F0.0.a3.a5 X C -

Since we assume that (asz, as) # (0, 1) (in this case (a3, as) # (0,0) is automatic), we know by
Corollary 10.4, Lemma 10.5(3) and Proposition 10.9 that we have spanning fields. This also shows that
Proposition 10.9 holds for these fibers when L = 5.

We now study the stratum of singular generic fibers. Here (a3, as) = (0, 1). Again notice that if
(b1, by) # (0, 0) then

4
Fb1.52.0.1)

is a generic smooth fiber for @4, and Proposition 10.9 (for L = 4), Corollary 10.4 and Lemma 10.5 show
that for these points we have spanning fields as above. Next we study the case (b1, by) = (0, 0). In this
case we see that

4 ~ 3 3

F0,00,0 = F,001 X C.
We write, as in Section 11,
3
f(0,0,0,l) == Al UA2

In A, \ A; we can use the argument as in the smooth generic case in Section 11: zz3 # 0 and

92 (zp) = z% make it possible to leave the set where zo, = 0, and 92 (z3) = z% makes it possible to

W W3 3wiw?
leave the set where z3 = 0.
Now we need to deal with points in A x Cc ]-'(‘(‘) 0.0.1)" Because of the inclusion we find z5 = z¢ = 0.

Define C ={zp =23 =25 =26 = 0} C .7-"(‘(‘)’0’0,1) C ]-"(%’0’0’1), which contains the set of singularities

: 5 wp W2 W4 Ws
= C N {Rank 2¢.
Slng(]-"(o’oyo’l)) C { an (wz ws ws w6> < }
In order to prove Propositions 10.9 and 3.6 we need to show that fields from Qs move out from
C\ Sing(F(?),o,o,l))' Calculating the partial derivatives of P, ..., Pf in points of C we find that the ones
that are nonzero are those listed in Table 3. We examine the complete field ¢§zz3z .- This field has some
complicated components which on C take the form

5 0 0 0
—p, 2L 11, yp
B2z lazz + 23Z3 +Ds 326 + ’
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where

Dy = det (w2+w5+w2w424 w5>’

W3+We+wWrwWs24 We

D, = det (w1+w4+w1w4z4 w5> ,

wr2tWs+w w524 We

w1t wst+w w424 w2+w5+w2w4Z4>

D3 = det
Wr+Ws5+W|W524 W3+We+WrW527Z4

Whenever at least one of Dy, D, or D3 is nonzero we can move out of C. Suppose we are in a point of
C\ Sing(]—'(% 0.0 1)) where D = D, = D3 = 0. Observe that

W] w2 W4 Ws WFW4+wWiW4Z4 Wr+Ws+WoW424 We W5
Rank = Rank
w2 w3 w5 We wrtws+wiws24 W3+wWet+wWrWs24 Ws We

(in this case it is 2) since
W1+ wa+wWiwWs24 _ (™ (14w z4) W4 ’
wr+ws+wiws 24 w2 ws

W+ ws+wWrw4 24 wy ws w4
= + + w24 .
w3+we+worwsz4 w3 We ws
The fact that D; = D, = D3 = 0 means that the rank drops when we remove the third column from
these matrices. This implies that the third column is nonzero and the other columns are multiples of a

nonzero vector v which moreover is linearly independent of the third column. Now we use the field 3
(see (8.0.13)) to show that the set

I =C\Sing(F 0,0.1) N{D1=D,=D3=0}

does not contain an invariant subset under fields from Qs. In the points of I we have that y3 = 3/9z4.
We consider two cases.

Case 1: (ws, we) # (0, 0). In this case

ws We

det (w4 '”5) £0.
We have

y3(D)) = w) det <“’4 “’5).
w5 We

Thus y3 moves points out of / unless w, = 0. Looking at

y3(D2) = wy det (“’4 “’5>
w5 We

we see that w; = 0 for [ to be invariant. Assuming in addition w; = wy = 0 we find that

w w
D2=det( 4 5)
Wws We,

which is a contradiction since D, = 0 on 1.
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Case 2: (ws, we) = (0, 0). This implies w4 7% 0. On these assumptions

D3 = (wiw3 — w3) (1 + z4ws) + w3wy
and
y3(D3) = (wiws — wiwy.

Now y3(D3) = 0 implies that wjws3 — w% = 0, which in combination with D3 = 0 implies that w3 = 0.

wp wy wg ws\ _ (w; 0wy O
w2w3w5w6_0000’
which contradicts the assumption that

Rank (wl W2 W4 ws) =2.

This in turn gives wy = 0 and

w2 w3 Wws We

Finally we study the stratum of nongeneric fibers, that is, (as, a4) = (0, 0). Here all fibers are smooth.
Also
5 4 3
Far,2,00 = Fiar.a,00 X €

. 4 . . .
and since F; g is elliptic we are done.

14. Proof of Proposition 3.6: induction steps

Recall the description of the stratification for the submersion ®,; = w4 o Wy, given in Section 7. When
M is odd we have the following strata:

M—1
(a3,aq)

o The strata of generic fibers: When (as, as) # (0, 0), the fibers are graphs over G x C. This set is

divided into two strata as follows:
— Smooth generic fibers: When (a3, a4) # (0, 1), the fibers are smooth.
— Singular generic fibers: When (a3, as) = (0, 1), the fibers are nonsmooth.

o The stratum of nongeneric fibers: When (a3, as) = (0, 0) the fibers are f(%,az,0,0) = ]-'(1;/[1;1270,0) x C3.
Moreover the fibers are smooth.

When M is even we have the following strata:

o The stratum of generic fibers: When (ay, az) # (0, 0), the fibers are graphs over H?ﬁ;;z) x C. Moreover
the fibers are smooth.

o The strata of nongeneric fibers: When (a;, az) = (0, 0), the fibers are .7-'(1(‘)’{0’“3’04) = f(]g&}l}’a“ x C3,
This set is divided into two strata as follows:

— Smooth nongeneric fibers: When (a3, a4) # (0, 1), the fibers are smooth.
— Singular nongeneric fibers: When (a3, a4) = (0, 1), the fibers are nonsmooth.

We will now complete the proof by doing the induction steps necessary.
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14.1. Even number of factors. We begin by showing that the stratified submersion is elliptic when
the number of matrix factors is even. This case is easier than the case when the number of factors is
odd, which we will deal with in Section 14.2. Assume that K = 2k — 1 > 5 and that the submersions
@& =m0 Wy are stratified elliptic submersions when 3 < L < K and that Proposition 10.9 is true when
3<L<K.
We study
FK+ ) U F2k-l (14.1.1)

(ar.ar.a3.a3) = 7 (ar,a2,a3,a4) = (a1,a2,b3,b4)°
(w3k—2, w3k—1,w3x) €C?
where b3 = a3 — W3k-2a1] — W3k—-142 and b4 = da4 — W3k—-1041 — W3rAy. That iS, we use the new group of
variables w3x_7, w3r—1 and w3, to present ]-'(Z’f sy 352 fibration over C> with fibers F2¢~1.

Let us describe the strategy similar to the cases of four and five matrix factors. We want to use
Proposition 10.9 for K = 2k — 1, which gives us complete fields that span along that fibration. Next we
want to find complete fields among those that are tangential to ]-'é’f, a.a3.04) that also are transversal to the
fibers in the fibration. We will appeal to Corollary 10.4 and Lemma 10.5(1) to find these fields. Taken
together this will show that a subset A in the fiber ]:(3111(, 2.03.04)

fields from Qy; must be contained in the union of nongeneric fibers 7~! and singular points of generic
fibers F2¥~1, Call this union /¥

(a1,a2,a3,a4)"

that is invariant with respect to vector

Our aim will then be to show that there cannot exist such an

. . . . . 2k . 2k 2k
invariant set A by showing that every pointin Ug, .. .. .., canbe movedinto Fi' o A\UG 40 404
by vector fields in Qy.

We now take care of the details. By (14.1.1) there are b3 and b4 so that Zy;_ € f(i]f;i ba.ba) and

Zog = (Zog—1, W3k—2, W3k—1, W3k).

We begin by studying the stratum of generic fibers, that is, (aj, az) # (0,0). For points where
(b3, by) ¢ {(0,0), (0, 1)} we have that J-"é’f;i bs.b) is a smooth generic fiber for the submersion ®o;_1,
and Proposition 10.9 (for L = 2k — 1) together with Corollary 10.4 and Lemma 10.5(1) let us conclude
that we have complete vector fields spanning the tangent space of ]—'(ill" w.a3.a) At these points. For points
where (b3, by) = (0, 0) we have

%—1  _ p2k-2 3
Flar.a2.0.0 = Flar.ar0.0 X C

and Proposition 10.9 (for L = 2k — 2 applied to the first factor) together with Corollary 10.4 and
Lemma 10.5(1) (Lemma 10.5(2) when 2k — 2 = 4) show that we have spanning fields in these points. If
(b3, bg) = (0, 1) then ]-'(i]f;;o’ 1 is a singular generic fiber for ®,;_1 and at smooth points of the fiber we
have complete spanning fields by Proposition 10.9 (for L =2k — 1), Corollary 10.4 and Lemma 10.5. It
remains to study
ZZk—l € Sing(f(i]f,_al,o,l))’

which is given by

D=3 =25=2 =" =23%k-4=23%3=0 (14.1.2)
and

Rank (wl W2 -ee W3k=5 w3"‘4> <2. (14.1.3)
w2 w3 ... W3k—4 W33
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A calculation assuming (14.1.2) shows that

azzijjm_}z}k = (Z3k2W3k—4 + Z3k—1 W3k—3) Seva (1 + z3k—2W3k—5 + 23k -1 W3k—4) PR
Therefore the complete fields
1231;74&1(73231( = a% 123]§ci4123k—323k +e
¢223]§<—4Z3k—313k = agailjc;tlak—ﬂﬁ +oo

move points out of Sing(.?’-'(i’f;l;o’])) (into the big orbit) unless in addition to (14.1.2) and (14.1.3) also

Z3k—2W3k—4 + Z3k—1W3k—3 = 1 + Z3k—2W3k—5 + Z3k—1W3k—4 = 0. (14.1.4)

Points in an invariant subset must satisfy also these equations. A calculation assuming (14.1.2) gives that
2%—1
23k—223k—123k

= d/0z3,—2. Therefore the complete fields

2k _ ,292k—1
923k-2z3k—1z3k =4 823k—2Z3k—|Z3k + ’

2k _ . 292k—1 o
923k7223k—123k - az 8231(—223/(—1131( +
move points out of this set since

2% _ 2
072z (1 T+ 23k—2W3k—5 + Z3k— 1 W3k—4) = AjW3k—s,

2%k 2
O ose 1o (23k—2W3k—4 + Z3k— 1 W3k—3) = A]W3k—4,
2 2
B rzser oy (I 23k—2W3k—5 + Z3k—1W3k—4) = Ay W3k—5,
2% 2
By rza 12y (Z3k—2W3k—4 + Z3k— 1 W3k—3) = A3 W3k—4
cannot all be zero, because this would contradict (14.1.4). Notice that this proves Proposition 10.9 for
L =2k.
Now we study the stratum of nongeneric fibers, that is, a; = a, = 0. In this case we know that

2k _ 2k—1 3
]:(0,0,!43444) = 70,0,a3,a5) < C

and by the induction assumption we are done. This finishes the induction step for an even number of
factors.

14.2. Odd number of factors. We assume that K = 2k > 6 and that the submersions ®; = w4 0 ¥ are
stratified elliptic submersions when 3 < L < K and that Proposition 10.9 is true when 3 < L < K.
We study

K+1 _ 2k+1 _ U 2k
‘7:(“1’“2:”3"14) - ]:(alxaz’fl&m) - ‘F(bl,bz,a3,a4)’ (14-2-1)
(23k41,23k+2,23k+3) €C3
5 2k+1
where by = ay — z23x+1a3 — Z3k4+2a4 and by = ay — Z3x+2a3 — Z3k4+3a4. Let Zop4 € ]-"(alfaz’am“. Because
> 2k
of (14.2.1) there are b; and b, so that Z»; € ]:(bl,bz,as,m) and

Zok1 = (Zok, Z3k+1> T3k+25 T3k+3)-
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Begin with the stratum of smooth generic fibers, that is,

(a3, as) £1{(0,0), (0, D}.

First notice that if (b1, by) # (0, 0) then F b1 by .as.aa)
Proposition 10.9 (for L = 2k), Corollary 10.4 and Lemma 10.5 show that for these points we have
spanning fields. If (b1, b2) = (0, 0) then

is a generic smooth fiber for ®,; and as above,

3 2k—1
‘7:(00 as,as) — =C"x ’7:(0 0,a3,a4)

is a nongeneric smooth fiber for ®,; and, since ]-'(%ko 51“ ) is a generic smooth fiber, Proposition 10.9 (for
L =2k — 1), Corollary 10.4 and Lemma 10.5 show that for these points we have spanning fields.

We now study the stratum of singular generic fibers. Here (a3, as) = (0, 1). Again notice that if
(b1, by) # (0, 0) then }"(%’:, b2.0.1) is a generic smooth fiber for ®,;, and Proposition 10.9 (for L = 2k),
Corollary 10.4 and Lemma 10.5 show that for these points we have spanning fields as above. Next we
study the case (b1, by) = (0, 0). In this case we see that ]-"(%{‘07071) is a singular nongeneric fiber of ®; and

2%k ~ 12%-—1 3

F0.0.0.0 = F0,00.1) % Cogswsews-

The smooth points of 73 0 0. 0 1y (Which is generic) are handled using Proposition 10.9 (for L =2k — 1),
Corollary 10.4 and Lemma 10.5. We have the chain of inclusions

2h— 2%—1 3 2% 3 2%k+1
Flar.a, 0 - ]:(00 0.1 = F.0.0.1) X C DSing(Fg0.1)) x C D Sing(F¢, 4, 0.1)-

(a

By the arguments above any possible invariant subset must be contained in

= (Sing(Fy0.1)) X C)\ Sing(FEHL ).

(a1,a2,
Points in J are characterized by zo =23 =+ - = Z3x—4 = 23k—3 = Z3k—1 = 23k =0,
W) Wy ... W3k_5 W3k_
Rank( 1 w2 3k—5 W3k 4><2
w2 W3 ... W3k—4 W3k-3
and
Wy W ... W35 Wik_4 W32 W3k_
Rank( 1 w2 3k—5 W3k—4 W3k—2 W3k 1):2'
w2 W3 ... W3k—4 W3k—3 W31 W3k

Take the largest [ < k such that

W3—2 W3/—
Rank( =2 W 1) =1.
w3j—1 w3

2k+1

o zyzy - Lhis field has some complicated

Let Z = Z];:, +123j—2- We examine the complete field ¢
components which on J take the form

2k+1 d d 9
¢Z31,1131Z3k 1 0z31—1 + 28Z31 +hs 073k + ’
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where ~
w311+ W3- 1+ W3 -1 Wik—2Z w3k—1>

Dy =det (
w3+ W3k +wW3— 1 W3k—12Z W3k

Dy = det (w31—2+w3k—2+w31—2w3k—2§ w3k—1>
W31t W3k—1+W32W3k—1Z w3
w32+ W3k—2+wW3_2W3k_27Z w3l—l+w3k—l+w31—]w3k—22>

W31t W3k 1FW3y2W3k—1Z  wyt+wik+ws_1w3k_1Z

Whenever at least one of Dy, D, or Dj is nonzero we can move out of J. Now suppose we are in a
point of J where D; =D, =D3 =0.
Let

_ (W32t Wak—2F W3 2W3k—2Z W31+ W3- 1F W31 W3k—2Z W32 W3]
W31+ W31 TW3y2W3k—1Z  Wy+W3;+W3—w3k—1Z W3- W3k

and observe that

w3j—2 W3/j—1 W3k—2 W3k—
Z:Rank( 31-2 W3l-1 3k—2 W3k 1)=RankC
Ww3j—1 W3] W3k-1 W3k

by column operations.

The fact that D = D, = D3 = 0 means that the rank drops when we remove the third column from
these matrices. This implies that the third column is nonzero and the other columns are multiples of a
nonzero vector v which, moreover, is linearly independent of the third column. Now we use the field y ¥
(see (8.0.13) or (8.0.17)) to show that the set

I =JN{D1=D,=D;=0}
does not contain an invariant subset under fields from Q4. In the points that we are considering,
y3 =9/3z3141. We consider two cases.
Case 1: (w3r—1, w3g) #£ (0, 0). In this case

W3k—-2 W3k—
det < 3k—2 W3k 1) # 0.
W3k—1 W3k

We have

3 W3k—2 W3k—1
Yy (D1) = w3—1 det( ) .
W31 W3k

Thus y3’ moves points out of / unless ws;—; = 0. Looking at
W3k—2 W3k—1
Y3 (D2) = wy_p det ( ) ,
W3k—1 W3k

we see that w3;_» = 0 for [ to be invariant. Assuming in addition w3;_» = w3;—; = 0 we find that

W3k—2 W3k—
D, = det 3k—2 W3k—1 =0,
W3k—1 W3k

which is a contradiction.
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Case 2: (w3k—1, w3g) = (0, 0). This implies wzz_» # 0. By these assumptions

D3 = (wy—_2wy — wi_ (1 + w3—2Z) + wywsr_a
and

3 2
7 (D3) = (W3j—2W3; — W3;_ 1) W3k—2.

Now D3 = y3l (D3) = 0 implies that (ws_pw3 — w%lil) = 0 and wy; = 0. The first equality gives
ws;—1 = 0, which altogether contradicts the assumption that

w3;j—2 W3j—1 W3k—2 W3k—
Rank ( 31-2 W3l-1 3k—2 W3k 1) -2
w3j—1 W3} W31 W3k

Finally we study the stratum of nongeneric fibers, that is, (as, a4) = (0, 0). Here all fibers are smooth.
Also
2k+1 _ 2k 3
F 1,000 = F(ar.a,00 X €

and since f(ilf,az,o,()) is elliptic, by the induction hypothesis we are done.

15. Product of exponentials and open questions

For a Stein space X, a complex Lie group G and its exponential map exp: g — G, we say that a holomorphic
map f : X — G is a product of k exponentials if there are holomorphic maps fi, ..., fr : X — g such
that

f=exp(f1)---exp(fi).

It is easy to see that any map f which is a product of exponentials (for some sufficiently large k) is
null-homotopic. In the case where G is the special linear group SL,(C) the converse follows from
[Ivarsson and Kutzschebauch 2012] as explained in [Doubtsov and Kutzschebauch 2019]. In the same
way we prove:

Theorem 15.1. For a Stein space X there is a number N depending on the dimension of X such that any
null-homotopic holomorphic map f : X — Sp,(C) can be factorized as

f(x) =exp(Gi(x)) - - - exp(Gk (x)).
where G; : X — sp,(C) are holomorphic maps.

Proof. By Theorem 3.1 we find K elementary symplectic matrices A;(x) € Sp,(O(X)), i =1,2,...K,
such that

Fx)=A1(x) - Ag (x).
Now remark that the logarithmic series
1
Indd+ B) = ~B"
d+m =3
is finite for the nilpotent matrices B; = A; — Id. Il

Open Problem 15.2. Determine the optimal number K in Theorem 15.1.
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Open Problem 15.3. Determine the optimal numbers of factors in Theorem 3.1.

The smooth fibers

]:(51, = (140 Vg) a1, a2, a3, ay)

az,a3,as)

of the fibration projecting the product of K elementary symplectic matrices to its last row are smooth
affine algebraic varieties. They are new examples of Oka manifolds, since we prove as a by-product
of Proposition 3.6 that they are holomorphically flexible (for a definition see the work of Arzhantsev,
Flenner, Kaliman, Kutzschebauch and Zaidenberg [Arzhantsev et al. 2013]). Our proof does not give the
algebraic flexibility of them, even if our initial complete fields obtained in Section 8 are algebraic. The
problem is that their flows are not always algebraic (not all of them are locally nilpotent). Therefore the
pull-backs by their flows are merely holomorphic vector fields.

Open Problem 15.4. Which other (stronger) flexibility properties like algebraic flexibility, algebraic
(volume) density property, or (volume) density property do the fibers .7-"(1(

a1.a.az.a) AAMIL?

For the definition of these flexibility properties we refer to the overview article [Kutzschebauch 2014].

Let us remark that the fibers of the fibration for five elementary factors in [Ivarsson and Kutzschebauch
2012] have been thoroughly studied in [Kaliman and Kutzschebauch 2011; 2016, Section 7]. They
were the starting point for the introduction of the class of generalized Gizatullin surfaces whose final
classification was achieved by Kaliman, Kutzschebauch and Leuenberger [Kaliman et al. 2020]. The
topology of these fibers for any number of elementary factors has been studied in [De Vito 2020], where
it was also proven that they admit the algebraic volume density property. Such studies are interesting
since the possible topological types of Oka manifolds or manifolds with the density property are not
understood at the moment.

Open Problem 15.5. Determine the homology groups of the fibers ]-"(I‘fl, W.a3.08)"
And finally:

Open Problem 15.6. Prove Conjecture 3.11.
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