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1. Introduction

The Grassmannian Gr(k, V) is the space of k-dimensional subspaces of a vector space V. As an
algebraic variety it is naturally embedded into the projective space IP’(/\" V) via the Pliicker embed-
ding. The defining equations of this variety are quadrics known as the Pliicker relations. The smallest
nontrivial example is the Grassmannian Gr(2, 4), which has a single defining equation known as the
Klein quadric. For an arbitrary Grassmannian Gr(k, V), the Pliicker relations are still quadrics, but we
need many quadrics of high rank to generate the defining ideal. However, in Kasman et al. (2008),
Kasman et al. showed that if one only considers the Pliicker relations that can be obtained from
pulling back the Klein quadric, their vanishing locus is already the Grassmannian. In particular, since
the Klein quadric has rank six, this implies that any Grassmannian can be set-theoretically defined by
quadrics of rank six.

If a vector space is equipped with a nondegenerate quadratic form, the variety of isotropic linear
subspaces is known as the isotropic Grassmannian. It is natural to ask if any isotropic Grassmannian
can also be set-theoretically defined by pulling back the defining equations of a fixed small isotropic
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Grassmannian. In this paper we show that this is indeed the case when considering maximal isotropic
subspaces in V.

Theorem 1.1. Let K be an algebraically closed field of characteristic not equal to 2, and V a K-vector space
equipped with a nondegenerate quadratic form. Then the isotropic Grassmannian Griso(Ld”gvj, V) in its
Pliicker embedding can be defined set-theoretically by pulling back the defining equations of

o Griso(3,7) if V is odd-dimensional,
o Griso(4, 8) if V is even-dimensional.

Since the ideals of Griso(3,7) and Griso(4, 8), and indeed of any isotropic Grassmannian, are gen-
erated by finitely many quadrics, this implies a universal bound on the ranks of the quadrics needed
to set-theoretically define any maximal isotropic Grassmannian. Notably, this bound is precisely four.

In Draisma and Eggermont (2018), Draisma and Eggermont introduced the notion of a Pliicker
variety, of which the Grassmannian is a special case. They proved a universality result that generalizes
the universality of the Klein quadric, which was recently further generalized by Nekrasov (2020). Our
main theorem is a first step towards defining isotropic Pliicker varieties, which should generalize the
isotropic Grassmannian in the same way that Pliicker varieties generalize Grassmannians.

Organization. The remainder of this article is organized as follows. Section 2 is about ordinary
Grassmannians. In this section we recall the definition of the Grassmann cone and Grassmann cone
preserving maps, and state the universality of the Klein quadric by Kasman et al. (Theorem 2.3). In
Section 3 we provide the necessary background on quadratic forms before we introduce isotropic
Grassmannians and isotropic Grassmann cone preserving maps (IGCP maps). In Section 4 we state
and prove the Main Theorem 4.1, which states that if V has dimension at least 9, then starting with
a Ld‘%vj-form w not in the isotropic Grassmann cone, there is an IGCP map mapping w outside of
the isotropic Grassmann cone. This immediately implies Theorem 1.1. A key ingredient in our proof
is Proposition 4.7, which gives a characterization of forms in ériso(Ld‘r;VJ, V). In Section 5 we show
how the Main Theorem 4.1 fails for dim V at most 8, by giving counterexamples for Gris(3,7) and
Griso(4, 8). The first counterexample is related to the exceptional group G and to the octonions. Fi-
nally, in Appendix A, we provide a computational proof that the ideals of Griso(3, 7) and Griso (4, 8) are
generated by quadrics of rank at most four. Together with Theorem 1.1 this implies the same bound
for any isotropic Grassmannian (Corollary 4.3). We also sketch an alternative proof of Corollary 4.3,
which relies on a connection to the Cartan embedding instead of on Theorem 1.1.

Acknowledgments. We would like to thank Jan Draisma and Rob Eggermont for introducing us to
this topic and for many helpful discussions, especially concerning the counterexamples.

2. The ordinary Grassmannian

Let V be a finite-dimensional vector space over any field K, and k < dim V. The Grassmann cone is
defined as

~ k
Grik. V) :={vi A+ Avg|vi....veeVic 'V,

where /\l< V is the k’th exterior power of V. For o =vi{ A--- AV} € ér(k, V), we will denote the
corresponding subspace span{vi,...,Vvg} CV as L. If dimV =n, we will sometimes write Gr(k,n)
instead of Grk, V). Choosing a basis (e, ..., ep) of V induces coordinates {x; | C {1,...,n},|I| =k}
on /\k V, which are known as the Pliicker coordinates. The Grassmann cone is a subvariety of /\k v,
and its defining equations are quadrics referred to as the Pliicker relations (Shafarevich, 1994, (1.24)).
In the case where k=2 and V =K*, there exists only one Pliicker relation, called the Klein quadric

P34 =2X1,2X3,4 — X1,3X2,4 + X1,4X2 3.

The Grassmannian is the projectivization of the Grassmann cone:
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Grik, V) =P (Gr(k, V) = (Crik, V) \ (0}) /K < IP’( A v).

It is a projective variety whose defining equations are the Pliicker relations.

Definition 2.1. A linear map ¢ : /\" V — ATW is Grassmann cone preserving (GCP) if

@(Gr(k, V) € Gr(g, W).
Example 2.2. We give two examples of GCP maps.

(1) If f:V — W is a linear map, the induced map /\k f: /\k V- /\" W is Grassmann cone preserv-
ing.
(2) For B € V* the contraction map

©p : /\k vV — /\ki] ker g C /\kq v

defined as

k
Vi /\--~/\vk»—>Z(—l)i‘]ﬂ(vi)v1 A ATIA - AV
i=1
is GCP. Below we give a coordinate-independent description of ¢g.

Proof. Let vi A--- A Vg € Grk, V) \ {0}. Note that he vectors vq,..., vy are linearly independent.
We distinguish two cases. First, assume that span{vy, ..., vy} € ker 8. Then, pg(vi A--- Avg) =0¢€

ér(k — 1, ker B). Now consider the case that ker g N span{vy,..., vy} has dimension k — 1. After
possibly replacing vi,..., vy with some vj,..., v} such that vi A--- AV, =Vv{ A--- A Vg, We can
assume that vy ¢ ker 8, but vy, ..., vy e ker 8. Then, gg(viA---AVy) = B(V1)V2 A--- AV is contained
in Grk — 1, ker B). This proof also shows that ¢g takes values in /\k_1 kerg. O

The contraction map ¢g can also be described coordinate-independently. Recall that there is a

natural isomorphism /\k V = Alt*(V*), where AltY(V*) is the space of alternating multilinear maps
V* x ... x V* - K. Under this identification, ¢g agrees with the map

AltF(V*) = ATV, o 0@, ... ).
Next, we recall the universality result by Kasman et al.

Theorem 2.3 (Kasman et al., 2008, Theorem 3.4). Let w € /\k V. Then w € Gr(k, V) if and only if every GCP
map to \*> C4 maps w to Gr(2, 4).

In fact, Kasman et al. show that the GCP maps can be chosen from an explicit finite collection. We
can rephrase Theorem 2.3 in terms of the Klein quadric, as follows.

Corollary 2.4. Any Grassmannian is set-theoretically defined by pullbacks of the Klein quadric P 4:
N k K 2
Crik, V) = {w eN\'V ‘ P2.4(@(@)) =0 Vg e GCP (/\‘ v. A\ (C4)} .

3. Quadratic spaces and the isotropic Grassmannian

Throughout the remainder of the paper, we will work in a field K of characteristic not 2. In
this section, we will introduce quadratic spaces and isotropic Grassmannians, and establish several
essential lemmas that we will later use to prove our main theorem.

3
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3.1. Quadratic spaces

In this subsection we introduce quadratic spaces. The material is fairly standard, for a reference
see Artin (1957, Chapter 3). For Lemma 3.6 we did not find a proof in the literature, so we opted to
give a proof here.

A quadratic space refers to a vector space V equipped with a quadratic form—or equivalently, a
symmetric bilinear form (-, -). We always assume that the bilinear form is nondegenerate. A vector
v € V is considered isotropic if (v, v) = 0. The set of all isotropic vectors in V is denoted by Viso. The
orthogonal complement of a subspace L C V is defined as the space L+ :={veV |(v,u)=0,VuelL}.
We call a subspace L C V isotropic if L € L', i.e. if (u,v) =0 for all u, v € L. By polarization, using
CharK # 2, this is equivalent to L C Vjg. If L is isotropic but any proper superset L’ 2 L is not
isotropic, we refer to L as maximal isotropic.

Definition 3.1. We call a tuple (eq,e—_1,..., ek, e_k) of vectors in V hyperbolic if (ej,e_ij) =1 for i =
1,...,k, and (e;,ej) =0 if i # —j. Note that the e; are necessarily linearly independent. If 2k = dim V,
then we call (eq,e_1,..., ek, e_x) a hyperbolic basis of V.

Theorem 3.2. Let L be an isotropic subspace of V, and eq, ..., ey a basis of L. Then we can find vectors
€e_1,...,e_r €V \Lsuchthat (e1,e_1,...,ex, e_y) forms a hyperbolic tuple.

Proof. This is Artin (1957, Theorem 3.8) in the case where U =L is isotropic. O

Theorem 3.3 (See Artin (1957, Theorem 3.10)). All maximal isotropic subspaces of V have the same dimension,
which is referred to as the Witt index of V.

Note that by Theorem 3.2, the Witt index can be at most Ld'%vj Moreover, this upper bound is

attained when K is algebraically closed, regardless of the chosen nondegenerate quadratic form.

Convention 3.4. From this point onward, we make the assumption that V has maximal Witt index
L“I%VJ We will denote this Witt index by p.

Remark 3.5. If dimV = 2p is even, then by Theorem 3.2, V has a hyperbolic basis. Note that then a
subspace L is maximal isotropic if and only if L = L+.
If dimV =2p +1 is odd, then V has a basis

B=(e1,e_1,...,€p,e_p,e0) (3.1)

such that (e1,e_1,...,ep,e_p) is hyperbolic and (e, e;) =0 for all i # 0. We will call B hyperbolic
as well. Note that (e, eg) # 0 by nondegeneracy. If K is algebraically closed we can rescale ey such
that (eg,eg) = 1; in general we will write cg := %(eo,eo). Note that we can also find a basis of V
consisting of isotropic vectors, for instance by replacing eg by eg + e1 — cope—1 in (3.1).

The following lemma will be used several times in the proof of our main theorem (to be precise:
in Claim 4.8, Claim 4.10 and Claim 4.11).

Lemma 3.6. Let W1, W, C V be maximal isotropic subspaces. Then for any choice of decomposition

Wi=WiNW)@U; and Wr=WiNW) U

the isomorphism V. — V*,v > (v, -) restricts to an isomorphism Uy — U3. In particular, there exists a
hyperbolic basis e1,e_1, ..., ep,e_p, (eg) of V, such that

W1 =span{er,...,ep} and Wy =spanfes,...,eq,e_q+1),---,€—p},

4
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where ¢ = dim(W1 N W).

Proof. Note that U; and U, have the same dimension because the maximal isotropic subspaces W1
and W3 have the same dimension. Thus it suffices to show that the map U1 — UJ is injective. Arguing
by contradiction, assume there is some u1 € Uq \ {0} such that (uq, up) =0 for all uy € U,. Then it also
holds that (uq, wy) =0 for all wy € (W1 N W) @ Uy =W, because (W1 N W) @ span{uq} C Wy is
isotropic. Since W5 and u; € U; € W are isotropic, this implies that also W, @ span{u4} is isotropic.
But W5 is strictly contained in W, @ span{u} because u; € Uy \ {0}, contradicting the fact that W»
is maximal isotropic.

To see how the first statement implies the second one, choose a basis {e1, ..., ep} of Wy such that
{e1,...,eq} forms a basis for W1 N W. Let Uy = spanfeq41,...,ep} and choose some Uy such that
Wy = (W1 N W3) @ Us. It follows from the first part that there are unique e_(g41),...,e_p € Uy such
that (ej,e_;) =48 for i, j=q+1,...,p. Since Wy and W are isotropic, it holds that W1 N W, C
UlL al UZL, and W1 N W5 is a maximal isotropic subspace of Ull al U2L by reasons of dimension. So
there exist e_1,...,e_g, (eg) € U{- N Uj- such that (e1,e_1,...,eq, e_q, (eg)) forms a hyperbolic basis
of U NU;-. This completes the proof. O

3.2. The isotropic Grassmann cone

We now introduce the isotropic Grassmann cone. We continue to work in a quadratic space V
satisfying Convention 3.4.

Definition 3.7. For k < p, the isotropic Grassmann cone is defined as
~ ~ k
Griso(k, V) :={vi A+ Avi | (vi,vj) =0} C Grik, V) € J\ V.

If k = p, then we call it the maximal isotropic Grassmann cone. Note that w € ér(k, V) lies in ériso(lc, V)
if and only if L, C V is isotropic.

Definition 3.8. A linear map & : /\kV — AYW s isotropic Grassmann cone preserving (IGCP) if
®(Griso(k, V)) S Griso(q, W).

We will only need one explicit family of IGCP maps; they are the analogue of the GCP maps from
Example 2.2. Let v € Vs, be a non-zero isotropic vector. Define V, := v1/(v) (note that (v) C v
because v is isotropic). It is easy to see that

(v1,Va)y, = (v1, v2)v,

where ¥; € V,, denotes the equivalence class of v; € vt in V,, is a well-defined nondegenerate bi-
linear form on V, (i.e., the formula is independent of the choice of representatives vi, vy € v1).
Moreover, (Vy, (-, -)v,) again has maximal Witt index. We denote by 7, the projection vt > V.

Definition 3.9. For v € Vi, \ {0} we define the linear map

®, /\k V- /\'H v,

as the following composition

AV N L A

where ¢, is the contraction map introduced in Example 2.2. Explicitly, this map is given by

k
Dy(Vi A AV =Y (DT VYT A AT A AT (3.2)
=1
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Since &, is a composition of two GCP maps, it is itself GCP. By the same proof as Example 2.2, one
readily sees that &, is in fact IGCP. More explicitly, the following holds.

Lemma 3.10. For w € Griso(k, V),

(1) ifv e L}, then ®,(w) =0,
(2) ifv ¢ L}, then @, (w) # 0, and

Loy@) = (Lo NVE) /().

Proof. If v € Li, then (v, w) =0 for all w € L,,. Therefore, ¢,(w) =0 and hence also ®,(w) = 0.
This proves the first statement. For the second statement, suppose v ¢ L}U and choose a basis where
W=V{A---AVy, Ly, =span{vy,..., v} and L,NvL =span{vy,..., vi_1}. By evaluating &, (w) using
(3.2), we obtain the result. O

We now give a more coordinate-independent description of ®,. The bilinear form on V induces
an isomorphism V = V* v (v, -). Together with the natural isomorphism /\k V* = At V, this
yields an isomorphism b : /\k V > Al V. Then @, is the composition

kK b o b1 k—1
N\ V= ady =S Ay, — AT vy,
where the middle map @,b, is given by the formula
b _ _
D@ (V1 .os Vem1) = @' (V, V1, o, Vi) (33)

Note that since @’ is alternating, this does not depend on a choice of representatives v; € V for
vieVy.

3.3. Two lemmas about IGCP maps

We finish this section by proving two lemmas that will play a central role throughout the proof of
our main theorem. The first lemma states that no nonzero w are annihilated by all IGCP maps:

Lemma 3.11. Let w € /\k VwithO <k <dimV.If®,(w) =0 forall v € Vi \ {0}, then w = 0.

Proof. If ®,(w) =0 for all v € Viy \ {0}, then @’(v,vy,...,v¢) =0 for all v € Vi, \ {0} and
V2,...,Vg € v due to (3.3). But then by Proposition 3.12 below, w’(wq,...,wy) =0 for all
Wi,...,Wg € V. So @’ =0, and hence @ = 0. This completes the proof. O

Proposition 3.12. If 0 < k < dim V, then the set
k
{V/\vz/\---/\vke/\ V‘veViso\{O}andvz,...,vkevL}
spans \¥ V.

Proof. Let S be the span of the given set in /\k V. We choose a hyperbolic basis e1,e_1,...,ep,e_p,
(eo) for V. It suffices to show that each pure wedge e;; A --- Aej is in S. If there exists j # 0
such that #({j, —j} N {i1,...,i}) =1, then clearly e;; A--- Aej, €S. So we only need to show that
ej,ANe_j A---Aej Ae_j € Swhenk=2m,orej Ae_j A---Aej Ae_j, Aeg €S when k=2m+1,
where j1, ..., jm €{1, ..., p}.
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If m < p, we choose jo e{1,...,p}\{j1,..., jm}. We define n=ej, Ae_j, A---Aej, Ae_j ifk
iseven,and n=ej, Ae_j, A---Aej, Ae_j Aeg if k is odd. Based on the definition of jo and S, we
have (ej, +ej,) A (e—j, —e_j;) An € S. Expanding this expression, we obtain:

(ejotej ) A(e—jy—e_j) An=1(ej, Ne_j —ej; Ae_j) AN+ (termsinS).
Therefore, we conclude that

(ejoNe_j,—ej Ne_j) ANES. (3.4)
Similarly, by considering (ej, +e_j;) A (e—j, —ej;) An €S, we can deduce

(ejo Ne—j,—e—j, Aej))AneS. (3.5)
Subtracting (3.4) from (3.5) and using the anti-symmetry of A, we obtain 2ej, Ae_j, An € S. Since
Char(K) # 2 this shows that ej, Ae_j, A...Aej, Ae_j. (Aeg) €S.

We still need to consider the case m = p; i.e. to show that e; Ae_1A---AepAe_p €S ifdimV =
2p + 1. For this we write n=e3 Ae_y A--- Aep Ae_p as before, and note that

2coe1 Ae_1 A1 = ((eo +e1 —coe—1) A (e1+Coe—1) —eg Aey —Coeg Ae_1) AN ES,

where cg = %(eo, ep). O

The second lemma is a more technical variant of Lemma 3.11. We will use it to prove Claims 4.12
and 4.13 in the proof of the main theorem.

Lemma 3.13. Assume p > 2 and 0 <k < dimV, and let w € /\k V be nonzero. Let W and W’ be maximal
isotropic subspaces of V with dim(W N W’) = p — 1, and suppose that ®,(w) = 0 for every isotropic v €
WuUw’.

o Ifk > p, then w is of the form oo A @', where « lies in the one-dimensional space /\p+] (W +wW".
o Ifk<pthenwe N\(W-nw'L).

Proof. We choose a hyperbolic basis of V such that W = span{eq, ey, ...,ep} and W’ = span{e_q,
e,....ep}. For {i,....ig} {1, —1,.... p, —p, (0)}, we will write V; . for spanfe; |i ¢ {i1.....1¢}}
cVv. ’

We prove by induction on i=2,...,p+1 that

w=ej1ANe_1 A€ A Aei_1 AW+ o, (3.6)
with
, k—i v d ’ k v
wie \' Visy 754 and of e N'Vy 4 5 5

and we put the first summand equal to zero if i > k.
First, let us show that (3.6) holds for i = 2. Indeed we can write

w=e1Ne_1A@Wyte1Ad+e_1 AP+ )
with
k=2 k-1 k
wé IS /\ Vi.fi’ o, B e /\ Vi,—i’ a)’zl IS /\ Vi,fi’
By assumption we have
0 = q>€1 ((,()) = q>€1 (e—l A a)v
0=, (w) =De_,(e1AB),
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hence « =8 =0.
Next we assume (3.6) for some i, and want to show it for i + 1. We can write

/ / / /!
w;=ei AW t+e_ind + B

/! /! " "
W =wj teNne_jAnQ +e_iAB,

where
, k—i—1 P k
Wit € /\ Vis i-i Wit € /\ Vi b0
o < /\k—i—l Ve oo o /\k—2 Ve o s )
1,2,..0,-1,-1° 11,-1,-2,....—°
g /\IH‘ Ve B e /\kq Ve o s A
1.2,..0,-1,-1 11,-1,-2,...,—i

We compute 0= @, (w) =€1 Ae_{ A€ A--- A1 Ad’ 4+ B7, so we can conclude that o’ = 8" =0.
Next we compute

e, e (W) =Pe; ey (€1 A1 ACIA--- ACi_1 ACj AW )
+ oo (61 A1 A2 A Aeing AB)
+ ey (@] 11)
+ e, e (ei Ne_j A Q).

The first and third summand are zero by Lemma 3.10. So we get

Do, (W) =81 AE2A---AB_1 AB —& A,

so ey A---Aej_1 AB =a” If we do the analogous computation for ®.,_._, () we find that ea A--- A
ei_1 AB =—a".So B’ =a” =0, and we get

w=ejNe_{AeA- A AW+ O],

which is exactly (3.6) for i + 1 instead of i.
Finally, note that the case i = p + 1 is exactly what we want. Indeed we have

w=ejANe_1Aes A ANep AW+,

with ' e A¥P7Tvis o and o’ e AfV; 5= AKWL N W'+, But if k < p the first sum-

b,
mand is zero, and if k > p the second summand is zero since dimV; 5 p—i= dmV —-p—-1<p<

k. O
4. Universality for maximal isotropic Grassmannians
4.1. Statement and consequences of the main result

For this entire section, let V be a quadratic space of maximal Witt index p = Ldi%vj over a field
K of characteristic not 2.

Main Theorem 4.1. Assume dim V > 8 and let w € AP V. If for every isotropic vector v € Viso, the image
of v under the isotropic Grassmann cone preserving map ®, lies in Griso(p — 1, V), then w itself lies in

Griso(P, V).

Corollary 4.2. For any w € AP V, it holds that w € ériso(p, V) if and only if
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e every IGCP map to /\3 K7 maps  to Criso(3,7), ifdimV =2p +1,
e every IGCP map to /\4 K8 maps w to Criso(4, 8), ifdimV = 2p.

Proof of Corollary 4.2 assuming Main Theorem 4.1. One direction is straightforward from the defi-
nition of an IGCP map. To prove the other direction, we consider three cases depending on the
dimension of V.

If dimV > 8, we can repeatedly apply the Main Theorem 4.1 to obtain the desired result. If
dimV =8 or dimV =7, we can just apply the assumption to the identity map (which is trivially
IGCP). For dimV < 7, we observe that the map ¢ : APV — AP (V @ span{e,;1,e_p_1}), which
sends @ to w A epyq, has the property that w lies in the isotropic Grassmann cone if and only if
¢(w) lies in the isotropic Grassmann cone. By applying these maps iteratively until we reach /\3 K’
or /\4 K8, we complete the proof. O

Similar to Kasman et al. (2008, Theorem 4.1), we obtain a statemnent about the ranks of quadrics
defining the isotropic Grassmann cone, where we use the fact that Gris(p, 2p) has two irreducible
components (Harris, 1992, Theorem 22.14).

Corollary 4.3. The isotropic Grassmannian ériso(p, 2p + 1) in its Pliicker embedding can be defined by
quadrics of rank at most 4. Furthermore, both irreducible components of Griso(p, 2p) can be defined by linear
equations and quadrics of rank at most 4.

Proof. By Corollary 2.4 it suffices to show the statement is true for Griso(3,7) and Grigo(4, 8). This
can be done by an explicit calculation, see Appendix A. 0O

Remark 4.4. The statement in Corollary 4.3 can also be deduced using the Cartan embedding, see
Appendix A.

Remark 4.5. A natural question arises: is there a similar result if we replace the symmetric form
with a skew-symmetric form, focusing on Lagrangian Grassmannians? The answer, in the case of
considering only the Lagrangian Grassmann cone preserving (LGCP) maps &, for v € V, defined as in
Definition 3.9, is no.

To illustrate this, let us consider an 8-dimensional vector space V with basis (eq,...,e_4) and
skew-symmetric form given by (ej,e_j) =1 for i > 0, (ej,e_;) = —1 for i <0, and all other pairings
equal to 0.

Now, consider the vector « =eq Ae_1+ex Ae_y+e3Ae_3+eqAe_g, and define

4
w=aANa=2 Z ei/\e_i/\(i'j/\e_je/\ V.

1<i<j<4

It can be observed that w does not lie in the Grassmann cone since w A @ is a nonzero multiple
of ey Ae_1 Aex Ae_y Aes Ae_3 Aeq Ae_y. However, upon explicit computation, it can be seen that
every LGCP map &, maps w to zero, and thus it lies in the Lagrangian Grassmann cone.

This example can be generalized to any space of dimension 4m by considering w = ™™ € /\2”1 V.
Hence, we have a counterexample to the analogue of the Main Theorem 4.1 (and even to the analogue
of Lemma 3.11). However, it is not yet a counterexample to the analogue of Corollary 4.2, as there
might be additional LGCP maps that could be considered.

4.2. Structure of the proof
The aim of this subsection is twofold. First, we aim to prove Proposition 4.7, which will serve as
the key ingredient in proving the Main Theorem 4.1. Secondly, we will give an outline of the proof of

the Main Theorem 4.1 to make it more accessible, as it involves some technical aspects.

9
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We assume p > 2. Note that we can always decompose V as

V =V’ @ spanfep, e_p}, (4.1)

where (ep,e_p) is a hyperbolic tuple, and spanf{ep,e_p} C V'L where V' again has maximal Witt
index. For the remaining part of this section we are fixing this decomposition. Any w € A? V can be
uniquely written as

w=wiAepNe_p+wryAep+w3Ne_p+wy (4.2)
where w1 € AP72V/, wy, w3 € APV’ and wg € AP V'. The following observation shows that for

v € V’/, a decomposition of w maps to a decomposition of @, (w).

Observation 4.6. Let w be as in (4.2). Then for any v € V/ we have
Oy(w) =0 =) Nep ANE_p+ Wy A8y + Wy NE_p + W, (43)

where w; = &y (w;).
Next, we give conditions for w to be in the isotropic Grassmann cone.

Proposition 4.7. Suppose we have written w € AP V in the form (4.2). Assume w € 6ri50(p, V), then one of
the following holds:

(1) w1 =w3=ws=0and wy € Griso(p — 1, V'),
(2) w1 =wy =ws =0and w3 € Griso(p — 1, V),
(3) w1 =0,and w2, W3, W4 are nonzero. Then
° Wy, wgeGrlso(p—l v, a)4eGr(p v,
o Ly, =Ly C Loy,
This case only occurs if dim V is odd.
(4) w1, w3, w3, w4 are all nonzero. Then
o w1 €Grigo(p —2, V'), w2, @3 € Grise(p — 1, V), wa € Gr(p, V'),
Ly, N Ly =Ly and Loy, + Loy = Loy,

Proof. We define L' := L, N V’. Note that p —2 <dimL’ < p — 1, where the second inequality holds
since L’ is an isotropic subspace of V’. We proceed by considering cases based on dimL’. More pre-
cisely, we will show that (1), (2) or (3) hold if dimL’ = p — 1, and that (4) holds if dimL = p — 2.

Case 1. If dimL’ = p — 1, then L’ is a maximal isotropic subspace of V’. Since L’ has codimension
one in L, there exists a vector v € L, such that L, =L’ + span{v}. Since L, is isotropic, we have
Ly C Lé C L'+, Therefore, v € L’+. We can write v =w + v/, where w € span{ep,e_p} and v e V',
Moreover, note that w € L'+, and therefore, v/ =v — w € 'L, If dimV is even, then L' = L't NV,
hence v’ € L’. Consequently, we have

Ly =L +span{w 4+ v'} = L' + span{w}.

Since w is isotropic, the vector w is also isotropic. Thus, we can conclude that either

w € span{ep} or w €span{e_p}.

So we conclude

L,=L"+span{e,} or L,=L"+spanfe_p},

and therefore
w=wyAe, O W=w3Ae_p,

10
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where wy, w3 € Grigo(p — 1, V).
If dim V is odd, there is a possibility that v’ ¢ L. Nevertheless, we still have

Ly, =L+ span{w + v'}.

Writing w = Aep + pe_p, we obtain that 2Au + (v/, v/) = 0. Since L’ is maximal isotropic in V’, the
vector v/ cannot be isotropic. Hence, we have A # 0 # . Consequently, we can write

w=w' A(rep+pe_p+v'),
where L,y = L’. By doing so, we have expressed w in the form (4.2), with w1 =0, wy = Ao, w3 = U,
and w4 = @’ A V'. One can verify that this proves all the claims in (3).
Case 2. If dimL" = p — 2, we can write L, = span{ep, +u,e_, + v} ® L’ for some u,v e V’. We
choose (vq,...,vp_) as a basis of L’ and express w as

W=ViA---AVpaA(ep+u)Ae_p+v)
=twi A(ep+u)Ae_p+v)
=wiNepNe_p—WIAVAept+w ANUANe_p+ WL AUAV
=:wiAepANe_pt+wr ANep+ w3 Ae_p+ wg.

To show that all w; are nonzero, we need to show that {vq,vy,...,vp_,u, v} are linearly indepen-
dent. We already know that {vi,...,vp_p} are linearly independent since they form a basis of L'.
Furthermore, v is also linearly independent from {vq,...,v,_3}; otherwise e_, € L, but this would
imply (ep +u, e_,) =0. Hence, we need to show that u is linearly independent from {v1,...,vp_2, v}.
Assuming u = Av + v/, where v’ € L', we obtain

W=ViA---AVpaA(ep+AV)A(e_p+V),

where the vectors {v1,...,Vp_3,ep+Av,e_p+v} are all isotropic. In particular, the pairing (v, v) =
However, this implies (e, + Av,e_, + v) =1, contradicting the isotropy of L. Hence, the vectors
{vi,v2,...,vp_2,u, v} are linearly independent, implying that all w; are nonzero. Note that by defi-
nition all w; belong to the corresponding Grassmann cone. Furthermore, since u and v are isotropic
and (v, vj) =0, (u,v;) =0, (v,v;) =0 for all i, j, we can conclude that w1, w; and w3 are isotropic.
This proves the first statement in (4). The second statement follows from the definition and linear
independence of {vi,v2,...,vp_2,u,v}. O

For the proof of the Main Theorem 4.1, we will fix w € AP V satisfying the assumption. We de-
compose w as in (4.2). Then w has one of the following zero patterns:

w1 w? w3 w4 w1 w7 w3 W4
(0) 0 0 0 0 * 0 0 0 (8)
() o 0 0 * * 0 0 * (9)
2) 0 0 * 0 * 0 * 0 (10)
3) 0 0 * * * 0 * *  (11)
(4 o0 * 0 0 * * 0 0 (12)
(5) 0O * 0 * * * 0 *  (13)
6) 0 * * 0 * * * 0 (14)
(7) 0 * * * * * * *  (15)
The proof splits into the Claims 4

.8-4.14 which are based on the different zero patterns. First, we
1), (3), (5), (6), (8)-(14) and (7) (if V is even-dimensional) are not

—~

will show that zero patterns (0),
possible:

e Claim 4.8 shows that the only possible zero patterns are (2), (4), (7) and (15), with (7) only
occurring when V has odd dimension.

11
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Note that the highlighted zero patterns align with the cases in Proposition 4.7. We proceed by proving
that the Main Theorem 4.1 is true if @ € /AP V has one of the highlighted zero patterns as follows:

e Claim 4.9 proves that the Main Theorem 4.1 is true if w has zero pattern (2) or (4).
e Claim 4.10 and Claim 4.11 show that if w has zero pattern (7) or (15), there are three possibilities
for the dimension of the intersection Ly, N Ly, :
(a) dim(Ly, NLy,) =p —2 (when dimV is even);
(b) dim(Ly, NLw;) =p —2 (when dimV is odd);
(c) dim(Ly, NLy;) =p —1 (when dimV is odd).
e Claim 4.12 shows that the Main Theorem 4.1 holds for case (a).
e Claim 4.13 shows that the Main Theorem 4.1 holds for case (b).
e Claim 4.14 shows that the Main Theorem 4.1 holds for case (c).

4.3. Proof of the main theorem

We will now prove the Main Theorem 4.1 following the strategy we just explained.

Proof of the Main Theorem 4.1.
Let w # 0 satisfy the assumption of Main Theorem 4.1. Trivially, @ cannot have zero pattern (0).

Claim 4.8. w cannot have zero pattern (1), (3), (5), (6), or (8)-(14). If dim V is even it also cannot have zero
pattern (7).

Proof.

Step 1. If wq #0, then w,, w3 and w4 are also nonzero. In other words, w cannot have zero patterns
(8)-(14).

Proof. If w; # 0, according to Lemma 3.11, there exists v € V{SO such that &, (w1) # 0. Therefore,
applying case (4) of Proposition 4.7 to

Dy (w) =Dy(w1) Aep Ae_p + Py(w) Aep + Dy(w3) Ae_p + Dy(ws)

we can conclude that &, (w;), ®y(w3) and &, (w4) are nonzero. This implies that wy, w3 and w4 are
nonzero as well. O

Step 2. If w4 # 0, then either w has zero pattern (15), or dimV is odd and w has zero pattern (7). In
other words, w cannot have zero patterns (1), (3), (5), and also not (7) if dim V is even.

Proof. As before, by Lemma 3.11 there exists v € V{SO such that @, (w4) # 0. The result follows by
applying Proposition 4.7 to @, (w) as before. O

Step 3. w cannot have zero pattern (6).

Proof. Assume w has zero pattern (6). Our goal is to find a vector v € Vi such that ®,(wp) #
0 # ®y(ws3). Then ' := ®y(w) also has the property that @} =0 = w) but ) # 0 # w}. So by
Proposition 4.7 ' is not in ériso(p —1,Vy), which is a contradiction with the assumption of the

Main Theorem 4.1. We consider two cases:

Case 1. Assume L, + L, C V. This case holds if dim V is odd, and also if dim V is even except when
Ly, MLy, =0. Since V is spanned by isotropic vectors, we can find an isotropic vector v that does not
lie in the linear subspace L, + Lu;. Then we have the desired property that &, (wy) # 0 # ®y(w3)
by Lemma 3.10.

12
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Case 2. Assume L, + Ly, = V’. In this case, dimV is even and Ly, N Ly, =0. By Lemma 3.6 we can
choose a hyperbolic basis such that

wy=0aeiA---Aep_1 and wz=Pe_1A---Ae_py1.
Taking v :=eq +e_y, we have @, (wy) # 0 # &, (w3), satisfying the desired property. O

We now have considered all cases, and the proof of Claim 4.8 is complete. O

We now know that w has one of the highlighted zero patterns. Next, we prove that the Main
Theorem 4.1 holds if @ has zero pattern (2) or (4).

Claim 4.9. The Main Theorem 4.1 is true if w has zero pattern (2) or (4).

Proof. Let w have zero pattern (2). Then w = w3 Ae_p. For v =e¢p, by (3.2), we have &, (w) = w3,

which by assumption lies in Griso(p — 1, Vy) = Griso(p — 1, V') and therefore also w € Griso(p, V). If
w has zero pattern (4) we proceed analogously, using v=e_,. O

For the rest of the proof, we assume that w has zero pattern (15) or (7); where (7) can only occur
if dimV is odd.

Claim 4.10. The intersection L, N L, is nonzero.

Proof. Assume by contradiction that L, N Ly, = 0. Then by Lemma 3.6 we can find a hyperbolic
basis of V' such that

wy=0aeiA---ANep_1 and w3 =Pe_1A---Ae_piq.
If dimV is even we take v =e1 + e_p. By Observation 4.6 we get
Dy(w) =10 =wj Nep ANe_p+whAep+ Wi NE_p + wy.

Note that in the quotient space /\”71 (e1+e_2)t/er +e_z), o), and wj have only the basis vector
e1 = e_5 in common, thus

dil‘l‘l(Lw/2 N Lwé) =1.

Since o' € (friso(p —1,V,), we can conclude by Proposition 4.7 that the intersection Lwé al ng = Lw;,
in particular

ClirIl(Lw/2 N Lwé) =p-—3.

This contradicts our assumption dim V > 8, which for dim V even implies p > 4.
If dim V is odd we take v =eg +e_1 — coe1, where co = (e, eo). Then we find

2
wh=0eyA---Aép_1 and = —CcoBe_a A+ Ae_pi1.

Note that also in the quotient space /\p” (eg +e_1 —coer)t/{eo + e_1 —coe), we have that
dim(Lwé n Lwé) =0.

But by inspecting cases (3) and (4) of Proposition 4.7, we see that
dim(Lwé n ng) e{p—2,p—3},

which again is a contradiction since if dim V is odd, our assumption dimV > 8 implies p >3. O

13
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We will use this result and distinguish if the dimension of V is odd or even.

Claim 4.11. One of the following holds.

(a) dimV iseven, and dim(Ly, NLy;) =p — 2,
(b) dimV isodd, and dim(Ly, NLy,) =p — 2,
(c) dimV isodd, and dim(Ly, N Ly,) = p — 1 and thus L, = Le,.

Proof. We write q := dim(L, N Ly,) > 0. By Lemma 3.6 we can find a hyperbolic basis of V' such
that

w2:e1/\---/\eq/\d)2 and a)3:e1/\-~~/\eq/\cb3,

where @y, @3 € (friso(p —-q-1, V) and V = span{eq4+1,€—q—1,...,€p—1,e—p+1}. Now if we choose v
as any negative indexed basis vector e_; and write w’ = ®, (w), by Observation 4.6 we get

Wy =81 A ANC_1ACAC{1 A+ Neg A D2,
Wy =H81 A ANC_1 ACACLI A+ ABg A D3.
Therefore we have ng N Lw/3 =span{ey,...,€i_1,6j,€i11,..., €q} and it holds that
dim(La,/2 NLy)=q—1.
If dimV is even, then
dim(Lw/2 N ng) =p -3,
hence we conclude q = p — 2, as desired. Similarly, if dim V is odd, then
dim(Lwé N ng) e{p—2,p—-3}.

We conclude q € {p — 2, p — 1}. In other words, either q=p —2, or Ly, =Lep;. O

We will finish the proof by a case analysis of the cases in Claim 4.11. For the first two cases we
need Lemma 3.13.

Claim 4.12. The Main Theorem 4.1 holds in case (a).

Proof. Observe that for every v € Ly, U Ly, either ®,(wy) or ®,(ws3) is zero. By Proposition 4.7
and hence the possible zero patterns, this implies that also ®,(wi) and ®,(w4) are zero. Thus,
applying Lemma 3.13 to them yields that w € /\”_1(L$2 niLg,) = AP (Le, N Lyy) and wq €
/\”H (Lw, + Loy). After choosing a hyperbolic basis for V' with L, = span{eq,ez,...,ep—1} and
Ly, =span{e_1,ez,...,ep_1} and defining W :=span{eq,e_1,ep, e_p}, we can write

W=eyA---ANep_1AT (4.4)

for some n € /\2 W. Note that Ly, N Ly, =span{ey,...ep_1} is isotropic and orthogonal to W. Now,
choose v =e_p 1. Then we have V, Z V) @ W, where V" = spanf{ey,e_5,...,ep_1,e_p41}. Using
(4.4) we can write

Dy(w)=Fes A---Aep_a AN

By assumption we have &, (w) € (friso(p —1,V,). So we find that n € ériso(z, W), which in turn
implies w € Griso(p, V). O

14



T. Seynnaeve and N. Tairi Journal of Symbolic Computation 121 (2024) 102260
Claim 4.13. The Main Theorem 4.1 holds in case (b).

Proof. We choose a hyperbolic basis of V' with L., = span{ey, e, ...,ep—1} and Ly, = span{e_1, ez,
...,ep_1}. Applying Lemma 3.13 to w; and w4 we get w; € A\P72 (L, NL},) and w4 =ve; Ae_q1 A
ey A--- Aep_q for some v e K*. So we can write
p—1
w:(uoez/\n-AeP_] +eoAZ,u,-ez/\---/\éi A---Aep_1> NepAe_p
i=2
+aer AexA---Aep1Aept+Be_1Ae AN ANep1ANep
+veiAne_1AexN---Aep-1.
Picking v =e_; yields

-1
d)v(w)=(,uoe3 A Aep_q —eoApX:M,-eg /\-~-/\é,‘A---A€p_1> Aep Ae_p
—aeyAe3A---Aep_q Ael:—ﬁe_] ANe3A---Aep_1ANe_p
+veine_1Ae3A---Aep_1.
By assumption o’ = &y (w) € (friso(p — 1, V,). Thus, by Proposition 4.7 one of the cases (1) - (4)
holds. Clearly, cases (1) and (2), and since Lwé + ng, also case (3), are not possible. Thus, case (4)
holds, which implies that o] € Griso(p — 3, V) and Lw; = Lwé N Lw%. In coordinates, this means that

wi=0fori=3,...,p—1, and that g # 0. The same argument' with v = e_3 shows that also
M2 = 0. We now have written w as in (4.4), and can proceed exactly as in Claim 4.12. O

Claim 4.14. The Main Theorem 4.1 holds in case (c).
Proof. The proof is divided into several steps:

e Step 1 shows that w; =0.
e Steps 2-4 show that wg =e1 A---Aep_1 Au for some u e 148
- Step 2 shows that we can write:

wg=ejA---Nep_1 AU+ Z nyej Ne_j N---Nej, Ae_j,(Aeg),
J1iede

where we write p =2¢ or p =2¢+ 1, and the factor Aeg only appears in the latter case.
- Step 3 shows that all «; are equal and thus:

wWg=ejA---Nep 1 AU+ U Z ej, Ne_j N---Aej, Ae_j,(Aeg).
J1seeje
- Step 4 shows that u =0. A
e Step 5 then concludes that w € Griso(p, V).

Step1. w1 =0

150’
This implies that either @’ =0, or ' is in case (3) of Proposition 4.7. In both cases we conclude

) =0. So we proved ®,(w1) =0 for each v e Vi’so, which by Lemma 3.11 implies that w1 =0. O

Proof. Note that for every v € V/_, if we consider o’ := &, (w) € ériso(p -1, Vy), we have Lwé = Lwé.

1 here we use p > 4.
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Now we choose a hyperbolic basis of V' such that Ly, = L, = span{eq, ..., ep}. For any v € Vi5, we
can apply Proposition 4.7 to ®,(w) and find:

(1) If v € Ly,, we have &y (ws) =0.
(2) If v € Viso \ Lw,, we have ®,(ws4) € (fr(p —1,Vy) with Ly, C Lo, w,y)-

Step 2. w4 is of the form

eg A~ Aep_1 AU+ Z njej Ne_j N---Nej, Ae_j,(Aeg),
J1ee i

where we write p =2¢ or p =2¢ + 1, and the factor Aep only appears in the latter case.

Proof. We will write

where we always order the indices as follows: 1,—-1,2,—2,...,p —1,—p + 1,0. We will abbreviate
,,,,, i, to A, where I ={i1,...,ip} C{1,-1,2,-2,...,p —1,—p + 1,0}. If we choose v =e;, then
(1) tells us that

_ p—1
0=y (wa)= Y +ren-ge/\ e/l
—iel,ig¢l

where the occurring vectors ey (;) are linearly independent. So if —i e I but i ¢ I then A; =0. On the
other hand, if we choose v =e_;, then (2) tells us that

_ p-1
Dy(wa)= Y Frenme/\ eli/le)
—i¢l,iel
is of the form
EBIA - AC A= NEp_1 Al
for some u e V’. So if i €I but —i ¢ I, then A; =0, unless {1,2,...,p — 1} C I. Together with the

above, this implies the claim. O

Step 3. All u; are equal, so we can write

wg=eiA---Nep_ 1 AU+ Z ej; Ne_j AN Nej, Ae_j,(Aeg).
J1seesde

Proof. Take v =e; —e; with i, j positive. Then ®y(w1) =0 and ®,(w;) = ®y(w3) =0, hence by
Proposition 4.7 we get ®,(w4) = 0. But

(pv(a)4)=—z,u]ej] ANe_j, /\---/\e,'Aé_i/\---AEje Ae_j,(Aeg)
ie]
+Z,u]ej1 Ne_j; /\---/\ej/\é_j/\~-~/\eje /\e_jk.(/\E()).
jel

After projecting to /\”_1 (e; — ej)L/<ei —ej) we get
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0=y (wg) =— Z ,LL]éjl/\f_?_jl/\H-/\é,’/\e_i/\-”/\éjz/\é_jé(/\éo)
i), j¢)

+ Z ,u]éjl /\é_j1 /\---/\éj/\é_j/\---/\éje/\é_h(/\éo)
jel.i¢]

=é,‘ VAN Z (_M]’U{i} + M]’U[j})éja N (_?_j/1 VANRERIVAN éjZ—l A é_j;_l (/\é()).
ij¢J]

A~

So we find that 1y = gy for every J' C {1,...,%,...,],...,[) — 1}. Letting i and j vary yields
the result. O

Step4. 4 =0
Proof. Finally, take v =eg + e_1 — cgeq, where as before cy = %(eo, eg). If p=2¢ we can write

@va)ZézAn-AémqAﬂ+ﬁi§:@7r+ma)Aﬂ2AéﬂjA~~AéhAéﬂl
Ja1
and if p=2¢+1 we have
Dy (wg) =€ A+ AN€p_q /\fl—i—/,LZ(é_] +co1) Aej, Ae_j, A---A€j, ANe_j, Aeg
J>=1

+2C0,U,Zéj1 /\é_j1 /\---/\éj[ /\é—j«‘
J

In both cases we have Lo, (w,) D span{ez,...,ep_1} by (2) from which we conclude ©=0. O

Step 5. @ € Griso(p, V)

Proof. Since w1 =0 and ws=e1 A---Aep_1 Au for some u € V’, we can write
w=eiA--Aep_1 AU

for some u’ € spanfeg, ep,€_1,...,e_pi1,€_p}. Choose v =e_1q, then we have

Dy(w) =8y A---AEp_1 AU € Grigo(p — 1, Vy)

hence (u’,u’) =0 and (ej,u’) =0 for all j=2,..., p —1. Replacing v =e_; with v =e_; yields that
also (e1,u’) =0, hence w € driso(p, V). O

This proves Claim 4.14. O

5. Counterexamples in small dimensions

In the Main Theorem 4.1, we assumed that dimV > 8. In this section, we will show that this
assumption is actually necessary. In both /\3 K7 and /\4 K8, we will give a p-form w that does not
lie in the isotropic Grassmannian, but which maps to the isotropic Grassmannian upon applying any
IGCP map ®,. For case of simplicity, we assume the underlying field K is either C or R.
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5.1. Counterexample in dimension 7

Let V be a 7-dimensional vector space over K with a fixed basis {eg, e1, e2,e3,e_1,e_2,e_3}, and
a quadratic form given by the matrix

-1lojo
J= 0 |0]|I3
0 |I3]0
Choose

w7:=ejANeyAest+e_1Ae_yNne_3+egA(e1tAe_1+exAne_y+e3Ane_3).

One verifies that w7 ¢ Gr(3, V), so in particular w7 ¢ Griso(3, V). In Claim 5.2 below we will show

that every ®, maps w7 to the isotropic Grassmann cone ériso(z, 5). One could verify this by a di-

rect computation for an arbitrary isotropic vector v. However, we will exploit the fact that w; is

sufficiently symmetric (Claim 5.1), so it suffices to do the computation for one fixed v € Vig.
Consider the algebraic group

S0(V)={¢ e SL(V) [ {(¢(x), ¢ (1)) = (x,y) Vx,y eV}
={AeSL(7,K)|AT JA= ]}

and its subgroup
G =stab(w7) ={p € SO(V) | ¢ - w7 = w7}.
Claim 5.1. The action of G on Vi is transitive.

Proof. Take any vg € Vis,. We want to show that its orbit G - vo has dimension six. Then G - vg is a
full-dimensional subvariety of the irreducible 6-dimensional variety Vis,, and hence is equal to Vig.
For this we use the formula

dim(G - vg) =dim G — dim(stabg (vg)),

where stabg(vg) ={¢ € G| ¢ - vo = vo} is the stabilizer. We will compute both terms dimG and
dim(stabg (vg)) by switching to Lie algebras.
The Lie algebra of SO (V) is given by

so(V)={Xesl(7,K) | X" J+ JX =0}
: o|—2yT|—2xT

x| a | b
y| ¢ | —a

T

x,yeK3,a,b,ceK3X3,b+bT:c+cT:0}.

We introduce the following notation.

X1 0 —x3 x
Forx= | x» | wewritely:=| x3 0 —xp
X3 —X2 X1 0

We can compute the Lie algebra g C so(V) of G as follows:

g={Xeso(V)| X -w;=0}
[ 0|—-2yT|—2xT

x| a ly x,yek3, aesl(3,K)}.

y| Ik | —a

T
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Observe that dimg =3 + 3 + 8 = 14 and since dimG = dimg, G has also dimension 14. For the
stabilizer, if we take vo =e_3 € Vs, We see that

stabg(vo) ={X €s0(V) | X -e_3=0}

is the set of matrices in g whose final column is zero, which has dimension 8. So dim(G - vg) =
14 — 8 = 6 = dim Vi, as desired. O

Claim 5.2. For every v € Vi, it holds that ®,(w7) € Griso(2, V).

Proof. By the previous claim, it suffices to prove the claim for one fixed vg € Vis. Indeed, then any
v € Vjgo is of the form f - vy for some f € stab(w7), and we get

Dy (w7) = Dry, (f-ow7)=Ff- Dy, (w7) € Grise(2, Vy),

since f-w:= (AP f)(w) and @) o (/\3 f)= (/\2 f) o @y, for every f € SO(V). So we take
vo = e_3, and readily compute

Do ,(w7) =81 A8z € Griso(2,e15/(e_3)). D

In summary, this shows how the Main Theorem 4.1 fails for ériso(B, 7): by Claim 5.2 w7 satisfies
the assumption but is itself not in (friso(3,7). In particular, this means that (friso(3,7) cannot be
defined by pulling back the equations of Criso(2, 5) along IGCP maps of the form &,. We originally
constructed our counterexample by analyzing where our proof fails if dimV = 7. However, it turned
out, that wy is interesting also from different points of view, which we will discuss in the following
remarks.

Remark 5.3. In 1900, Engel (1900) showed that if w is a generic 3-form on C7, its symmetry group
is isomorphic to the exceptional group G, and that such a 3-form gives rise to a bilinear form f,.
If we choose coordinates such that w agrees with our form w7, then this group G, is precisely the
stabilizer G we computed in Claim 5.1, and B, is up to scaling equal to our bilinear form given by J.
For more about G;, we refer the reader to Fontanals (2018).

Remark 5.4. Alternatively we can construct ws as the triple product on the split octonions. Here we
will follow the notation from Baez and Huerta (2014). Recall that the space H of quaternions is the
4-dimensional real vector space with basis {1,1, j, k}, equipped with a bilinear associative product
specified by Hamilton’s formula

i2=j?=k*=ijk=—1.

The conjugate of a quaternion x = a + bi + cj + dk is given by x =a — bi — ¢j — dk. We also have a
quadratic form given by Qg (X) := xX = Xx = a® 4+ b +c? +d?. The space of split octonions is the vector
space Qg :=H ¢ H with a bilinear (but nonassociative) product given by

(a,b)(c, d) := (ac + db, ad + cb).

The conjugate of an octonion (a, b) is given by (a, b) = (a, —b), and we define a quadratic form Q g,
of signature (4,4), by Q,(x) = xx = Xx; or equivalently Q,((a,b)) = Qu (@) — Qp(b). We will
write

eo:=(1,0) e :=(i,0) e2:=(j,0) e3:=(k,0)
e4:=(0,1) es:=(0,1) e := (0, j) e7:=(0,k).
Let O = {x € O | x = —x} = span{ey, ...e7} denote the imaginary split octonions. On Qi we can

define a cross product given by the commutator:
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1
XX Y= E(Xy — ¥X),
and a triple product T : Oy x Oy x Oy — R, given by

T(x,y,2):=(x,y x2),

where (-, -) is the bilinear form coming from Q . This triple product is an alternating trilinear form,
and hence can be identified with an element w € /\3 V*, where V = Oin. Explicitly, writing e} € V*
for the dual vector to e;, we have

w=ej ne5nej+ejne;nes+e]AnegAes+esne;Aes
* * * * * * * * *
—ej neines+el ne;nes+el nek ne.

Note that the terms in w correspond to the lines in the Fano plane:

This w agrees with w7 up to a change of basis. Explicitly, if we substitute

ex e¥ + et el +ef eX e
30974, el'_) 1 53 32'—> 2 63 63'_) 3 75
V2 V2 V2 V2
e¥ — et ey —e* ex — ek
e_1H— 1 5, e_o 2 6, e_3H> 3 7
V2 V2 V2

into w7, we recover w (up to scaling).
5.2. Counterexample in dimension 8

Let V be an 8-dimensional vector space with basis {e1, ez, e3,e4,e_1,e_2,€_3,e_4}, and quadratic
form given by the matrix

(3
T\ 4|0 )"
Choose
wg :=2e1 Aex ANe3ANeg+2e_1Ae_2ANe_3Ne_4
+eiNnexAe_1Ae_yt+eiANesANe_1Ae_3+e1AegNe_1Ae_4 (5.1)
+exANe3ANe_yANe_3+eyxANegNe_yNe_g+e3NegNe_3ANe_y4.

One can verify that wg ¢ ér(4, V), so in particular wg ¢ Griso(4, V). As before, we consider the alge-
braic group

SO(V)={p e SL(V) | (¢(x),p(y))=(x,y) Vx,yeV}
={AeSLEB,K)|AT JA= ]}
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and its subgroup

G :=stab(wg) = {p € SO(V) | ¢ - wg = wg}.
Claim 5.5. The action of G on Vg, is transitive.

Proof. Take any vq € Viso; We want to show that its orbit G - vo has dimension equal to dim Vis, = 7.
The Lie algebra of SO (V) is given by

so(V)={Xesl8,K)| X" J+ JX=0}

:: <‘; _l; )a,b,ceK4X4,b+bT:c~|—cT:O}.

We introduce the following notation

0 biz b1z bus 0 —b3zs by —by3

_|-biz O bz bas .= | b 0 —bis b3
forb = —bis —bys 0 bag write b := “bys  bug 0 by
—b1g —bysa —b3g O b3  —b1iz b1z 0

We can compute the Lie algebra g C so(V) of G as follows:

g={Xeso(V)| X -wg=0}

:[ (g _ZT> |aes[(4,K),b+bT:O}.

As before dim G = dim g = 21. For the stabilizer, if we take vo =e_4 € Vjso, we see that

stabg(vo) =(X eg| X -e_4 =0}

is the set of matrices in g whose final column is zero, which has dimension 14. So dim(G - vg) =
21 — 14 =7 =dim Vi, as desired. O

As before, we conclude the following claim.
Claim 5.6. For every v € Vi, it holds that @, (wg) € (friso(3, V).

Proof. As in Claim 5.2, it suffices to prove the claim for one fixed v € Vis. Taking v =e_1, we
compute that

Dy (ws) =28; A83 AEq € Griso(3. 61 /(e_1). O

. In summary, this shows how the Main Theorem 4.1 fails forA dr150(4, 8). As before, this means that
Griso(4, 8) cannot be defined by pulling back the equations of Griso(3, 6) along IGCP maps of the form
D,.

Remark 5.7. The Lie algebra g defined above is in fact isomorphic to so(7). An explicit isomorphism
50(7) — g can be given by
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d a a —C 0o - X
0 |—2y1 —2y2 —2y3|—2x1 —2xs —2x3 11 12 13 23 y3 Y2 1
o b b a1 dyp a3 3| yz 0 —y1 x
X1 | an a2 a3 12 13 d 0
b 0 b as;  dasz 33 —Ci2|—Y2 W1 X3
X2 | a21 azp  az3 |—b12 23 b b b d 0
b b 0 23 —Db13 D12 44 | —X1 —X2 —X3
X3 | 031 a3z  as3 | —b13 —D23 g 0 d b
0 —X3 X2 Y1 |—Q11 —a21 —as1 —b23
Y1 C12 C13 |—a11 —a21 —as 0 d b
0 X3 —X1 Y2 |—@12 —d22 —asz D13
Y2| —C12 C23 |—Q12 —0z2 —a32 0 d b
0 —X2 X1 Y3 |—a13 —az3 —d33 —D12
y3| —C13 —C23 —a13 —az3 —ass 0 d
—Y1 —y2 —Y3 €23 —C13 C12 —d44
where for the left hand side we used the notation from Section 5.1, and in the right hand side we
have

app —az —ass —ai1 +ax —ass —ai1 — a2 +as3 ai +ax +4as3
d11 =, d22 =, d33 =, d44 =
2 2 2 2
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Appendix A. Ranks of defining quadrics

In Section A.1, we will finish the proof of Corollary 4.3, by verifying the following fact:

Claim A.8. ériso (3,7), as well as both irreducible components of @riso (4, 8), can be set-theoretically defined
by quadrics of rank at most 4.

In Section A.2, we explain how Corollary 4.3 follows from the literature on isotropic Grassmanni-
ans, in particular the Cartan embedding.

A.1. Computational approach

Our verification is based on an algorithm, which we implemented in Macaulay2 Grayson and
Stillman. We sketch the steps of the algorithm below. Let X be either Gris (3, 7), or one of the com-
ponents of Grig(4, 8).

(1) Compute the ideal I defining X by parametrizing an open subset and performing a Grébner basis
computation. The ideal I is generated by linear equations and quadrics.

(2) Get rid of the linear equations by substituting variables.

(3) View the space I of quadrics in I as a representation of SO(V), and decompose it into weight
spaces.

4) Find a highest weight vector p € I of minimal rank.

5) Compute the subrepresentation generated by p, using the lowering operators in so(V).

6) If we generated all of I, we are done.

(7) Otherwise, find the highest weight space we did not yet generate, let p be a quadric of minimal
rank in it, and return to step (5).

(
(
(

By construction, the SO (V)-orbits of the quadrics p we found give sufficiently many equations to
define X. Since acting with SO (V) does not change the rank of a quadric, it follows that if each of
our quadrics has rank at most 4, then X can be defined by quadrics of rank at most 4. For Griso(3,7),
our algorithm returned the following quadrics:
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X%,Lz + 2x1,2,3X1,2,-3,

X0,1,2(X1,2,—2 + X1,3,-3) + 2X1,2,3X0,1,-3,

X0,1,3X0,1,—3 + X0,1,2X0,1,—2,

X1,2,3(X0,1,—1 +X0,2,—2 — X0,3,—3) + X0,1,2(X2,3,—2 + X1,3,-1),

xé,],q — (X0.2.-2 +X03.-3)2 +2(X1.3. 3+ X1.2.-2) (X3._1.-3 + X2, _1._2).

For one of the components of Criso (4, 8), we found the following quadrics:

2

X1,2,3,-3 —X1,2,3,4X1,2,-3,—4,

2X1,2,3,-3X1,3,4,—1 — X1,2,3,4(X1,2,-1,—2 — X1,3,-1,-3 — X1,4,—1,-4),
2

(X1,4-1,—4+X24,-2-4—X34,-3-4)" —4X34,-1,-2X12,-3 -4

Since all quadrics listed above have rank at most 4, and since both components of ér150(4, 8) are
isomorphic, our verification is now complete.

A.2. Rank 4 quadrics via the Cartan embedding

In this section we will sketch an alternative proof that Griso(p,2p + 1) and the connected com-
ponents of Griso(p,2p), in their Pliicker embedding, are defined by linear equations and quadrics of
rank at most 4, using the Cartan embedding (sometimes called spinor embedding), cf. Cartan (1981)
or Harnad and Balogh (2021, Appendix E). The proof follows by combining the following facts:

e The image of the Cartan embedding is defined by quadrics (Cartan, 1981).

e The Pliicker embedding factors as the Cartan embedding followed by a degree two Veronese
embedding (Balogh et al. (2021, Theorem 2.1) and Cardinali and Pasini (2013, Theorem 1)).

e The image of a degree two Veronese embedding is defined by quadrics of rank 3 and 4.

The idea is that the Veronese embedding turns the quadratic equations of the Cartan embedding into
linear equations, so the only quadrics we need are the ones coming from the Veronese embedding.
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