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ABSOLUTE CONTINUITY OF QUASICONFORMAL
MAPPINGS ON CURVES

ZOLTAN M. BALOGH, PEKKA KOSKELA AND SARI ROGOVIN

Abstract. We show that a quasiconformal mapping between two proper,
locally Ahlfors Q-regular metric spaces, (Q > 1, is absolutely continuous on
almost every curve. We further relax the limes superior in the definition
of quasiconformality to a limes inferior and verify that exceptional sets
analogous to the Euclidean setting can be allowed.

1 Introduction

The history of various definitions of quasiconformality is long. Groétzsch
and Teichmiiller considered smooth mappings in the 1920’s and 1930’s and
used an analytic definition. In 1954, Ahlfors [A] initiated the study of non-
smooth quasiconformal mappings in the plane using a geometric definition.
We take as our starting point the following metric definition.

A homeomorphism f : X — XY between metric spaces (X,dx) and
(Y,dy) is said to be quasiconformal if it satisfies

Hy(x) = limsg)lpr(:x,r) <H<o (1)

for all x € X for some H independent of x, where
Ly(x,r)
Ly(z,r)’

Ly(x,r) = sup {dy (f(z), f(y)) : dx (2,y) <7}

l(z,r) = inf {dy (f(z), f(y)) : dx (z,y) >} .
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The equivalence of the metric (and geometric) definition in R", n > 2,
with the analytic definition which requires that f & I/Vli)cn (R™;R™) and that
|Df(x)|" < KJf(x) almost everywhere, was established by Gehring in the
1960s [G1,2]. Especially, Gehring proved that a quasiconformal mapping is
absolutely continuous on almost all lines by a technique that goes back to
Menchoff [Me]. This method relies on the foliation of R™ by parallel lines.

The first to consider quasiconformal mappings in a non-Riemannian set-
ting was Mostow [Mol,2] in connection to rigidity theorems. In a similar
way, Bourdon and Pajot [BouP] used quasiconformal mappings to prove
a rigidity result for hyperbolic buildings. Various definitions of quasi-
conformality on the Heisenberg and Carnot groups were also used by Pansu
[P], Kordnyi and Reimann [KoR] and Vodopyanov and Greshnov [VG].
Regarding the metric definition, the associated foliation of the space is
more complicated in the group setting and the approach used by Gehring
faces formidable difficulties. Nevertheless, Mostow [Mo3] and Margulis and
Mostow [MM] were able to prove an analog of the absolute continuity on
almost all lines by a variant of this technique. It then followed that a ver-
sion of the analytic definition was also satisfied. An alternate approach was
given by Heinonen and Koskela [HeK1]. This was based on first proving
that, for a Carnot group G = X = Y, quasiconformality guarantees the
global condition of quasisymmetry, i.e. that H¢(z,7) < H' < oo for all
x,r, which allowed one to invoke the regularity results by Pansu [P]. This
method was shown in [HeK2] to be robust enough to extend to a class of
Ahlfors @)-regular metric spaces that support a suitable Poincaré inequal-
ity. In fact, (localizing) this general setting covers all the above absolute
continuity results.

A problem of general interest is then to give minimal assumptions on
metric spaces X and Y and on a homeomorphism f between these spaces
so as to guarantee absolute continuity on almost all curves or even quasi-
symmetry. The goal would be to relax the Poincaré inequality or the foli-
ation properties of X by geodesics as well as to relax (1).

In the Euclidean setting, it was shown by Heinonen and Koskela in 1995
that, surprisingly, H(x) can be replaced with

hy(x) == limiélf Hy(x,r)
T —
in the definition of quasiconformality, see [HeK1]. It should come as no
surprise that the resulting new definition is easier to verify in practical

situations and of importance in complex dynamics [H], [GrS], [PrR]. This
improvement was obtained by invoking the powerful Besicovitch covering
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theorem that is in nature Euclidean and already fails in Heisenberg groups
[KoR], [R]. The question whether this improvement could also hold in non-
Fuclidean settings was then raised. This has remained an open problem
until now. The technique from [HeK1] was however shown by Balogh and
Koskela [BK] to yield an intermediate result where the limit superior can
be replaced with a less stringent limit. Let us mention at this point that the
phenomenon of replacing the “limsup” by a “liminf” condition seems to be
typical for the class of quasiconformal maps. Balogh and Csornyei showed
recently (see [BC]) that this is no longer possible for Lipschitz functions or
in Sobolev classes.

Furthermore, in the Euclidean setting, one can allow for an exceptional
set in the definition. Already Gehring [G1,2] showed that the uniform
boundedness of Hy(x) in the definition of quasiconformality can be relaxed
to the assumption that Hf(x) < oo outside a set E of o-finite (n — 1)-
dimensional measure and that Hy(x) < H almost everywhere. Kallunki
and Koskela have recently showed that this also works for hy [KK1,2].

Our first result gives a striking generalization of the above results.

Theorem 1.1. Let X,Y be locally Ahlfors Q-regular metric spaces, Q >
1. Suppose that X is proper and a homeomorphism f : X — Y satisfies
h¢(x) < oo for all x € X \ E, where E has o-finite (Q) — 1)-dimensional
Hausdorff measure and that hy(x) < H < oo almost everywhere. Then

fewb(x;y).

oc

Because each homeomorphism in the Sobolev class I/Vl}m1 (X;Y) is abso-
lutely continuous on 1-modulus almost every curve, Theorem 1.1 encom-
passes all previous results. For the definition of VVllocl (X;Y), see section 3
below.

The local Ahlfors QQ-regularity of a space X requires that X be equipped
with a Borel regular measure with the property that, given a compact set A,
there are constants C' > 0 and § > 0 so that

Cc~49 < w(B(z,r)) < Ccr@
whenever z € A and 0 < r < §. The properness requires that each closed
ball in X be compact.

As pointed out above, no result in terms of h;y was known outside the
Euclidean space. Moreover, the earlier results did not allow for an excep-
tional set even for Hy.

Our proof of Theorem 1.1 is substantially different from the two ap-
proaches described above. Gehring’s method, together with its variants,
require the space X to have a nice foliation by curves. We assume no such
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structure for X. On the other hand, the technique used in [HeK1,2] relies
heavily on the Poincaré inequality that now gets entirely disposed of, as
we assume only the Ahlfors regularity of X and Y. The hy-result further
bases on the Besicovitch covering theorem that surely fails in our gener-
ality. Let us mention here two key points in our proof. We prove a new
covering theorem that is tailored for our needs and essentially consider all
the curves in X at once. As a consequence, we obtain a new proof even in
the Euclidean setting that is simpler than the argument in [KK1,2].

In the case of Carnot groups, we obtain a much stronger result than
Theorem 1.1.

Theorem 1.2. Let f be a self~-homeomorphism of a Carnot group G with
homogeneous dimension () > 1 such that hy(z) < oo for allx € G\ E, where
E has o-finite (Q — 1)-dimensional Hausdorff measure and that hy(x) <
H < oo almost everywhere. Then [ is quasisymmetric, f € VVlf)’CQ(G; G),
and |f.(z)|9 < KJ¢(z) almost everywhere.

Here f, is the horizontal differential of f at x and Jy is the determinant
of fi.

Theorem 1.1 and Theorem 1.2 are new even for Heisenberg groups
[KoR], [HeK1], [MM], [BK], even if we replace hy with Hy. It seems that
such a result cannot be established by a variant of the technique used by
Gehring, Margulis and Mostow. To comment on the size of the exceptional
set in the above statement, recall that the topological dimension of the
Heisenberg group H", n > 1, is 2n+ 1 and the homogeneous is 2n + 2. The
best conclusion one could hope for, from a Gehring type argument, would
then be an exceptional set of Euclidean dimension 2n = @ — 2. Notice,
however, that there are examples of sets in H" of Heisenberg dimension
@ — 1 whose Euclidean dimension is strictly larger than @ — 2, see [BRS],
[BT], [KiS].

Theorem 1.2 will be obtained as a corollary to our more general results.
Indeed, the statement continues to hold when G is replaced with a proper,
Q-regular metric space that supports a 1-Poincaré inequality. Regarding
the regularity f € VVl})CQ, one only needs to assume, in addition to the
1-Poincaré inequality for the initial space, that the target space be Q-
regular. This appears to be a new conclusion even in the Euclidean setting.
Our approach also allows for a version of Theorem 1.2 under a p-Poincaré
inequality assumption for 1 < p < Q.

The paper is organized as follows. In section 2 we introduce a new
covering lemma and its consequence for quasiconformal mappings. This will
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allow us to bypass the lack of the Besicovitch covering theorem. We discuss
path families in section 3 and prove a proposition that will be crucial for
allowing an exceptional set. Theorem 1.1 is proven in section 4. Finally,
in section 5, we prove a quasisymmetry result, and deduce Theorem 1.2
from it.

Acknowledgment. The authors wish to thank Juha Heinonen, Steve
Buckley and Matthieu Rickly for reading an earlier version of the manuscript
and for valuable comments.

2 Covering Lemmas

Let us begin by recalling the usual Vitali covering theorem, see [Ma, p. 23—
25]. In what follows, A CC X requires that the closure of A be compactly
contained in X, and, given a ball B = B(x,r) and A > 0, we use the
notation AB for B(z, Ar).

LEMMA 2.1. Let B be a family of closed balls in a metric space X so
that UgegB CC X. Then there is a finite or countable sequence B; € B of
pairwise disjoint balls such that

UpeB C U;bB;.

The following variant of the above Vitali covering theorem will be crucial
for us. The point here is that we can ask for more information on the
selected sequence when we confine ourselves with only covering the set of
centers of the original balls.

LEMMA 2.2. Let B be a collection of balls B(x,r,) (open or closed) with
x € A in a metric space X such that

UpepB CC X.

Then there exists a finite or countable sequence B; = B(x;,r;) € B with
the following properties:

(i) A C U;B(xs,1;);
(ii) Ifi # j, i, € N, it follows that
(a) z; € X \ B(wj,7;) and B(zj, ;) \ B(i, 1) # 0
or (b) z; € X \ B(x;,ri) and B(x;, 1) \ B(zj,75) # 0;
(ili) B(z;,iri) N B(zj, 37;) = 0 when i # j.
Proof. Denote B = {B(z,1,) : x € A}. Let M = sup,c 47y < 00. Set
Alz{xeA:%M<rx§M}.
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Choose x1 € Ay, x2 € A1\ B(x1,73,), T3 € A1\ U?le(a:i,rmi) and so on.
For some J € N

J
Al \ U B(:Ej,T'xj) = @
j=1
since UgepB CC X, 1, = M for x € A; and the balls B(:J:j,%rxj) are
pairwise disjoint. However, our covering construction is not good enough,
because (ii) is not necessarily satisfied. For this purpose, set F; = {1} and
Fit1 = {z € Fj: B(xi,ry,) € B(:J:j+1,7'xj+1)} U{j+1}.
Now U}-’ZlB(m‘j,rxj) = Ujer, B(zj,7s,) since we only remove those balls
which are already covered. Now set By = {B(x;,7y,) : ¢ € Fs}. This family
has property (ii). Property (iii) clearly also holds.
We continue inductively. Once By, is chosen, repeat the above construc-
tion for

k+1 k
Ay = {w € A\ (UL Upes, B): ()™ M <y < (D) 1}
to obtain By, 1.

Set Bg = U2, B; = {By = B(xg,r) : k € N}. Clearly by construction
A C UpepgB. So let us check property (ii): Let j # 4. If B;, B; € By, for
some k then (ii) is automatically valid by construction. If B; € By and
B; € By, we can assume that k < [, then by construction x; ¢ B; and

k k—I+1
d(mi,xj)er>(%) MZ(%) + T, > T,
Thus z; ¢ B; and we conclude that (ii) is valid.

To prove (iii), let B(x;, 1), B(xj,1;) € Bs. By symmetry we may assume
that they satisfy part (a) of (ii). Notice that (a) yields that d(x;,x;) > r;
and r; < d(z;, ;) + r;. If there were a point y € B(ZL‘Z', %rz) N B(:z;j, %rj),
then we would conclude that

d(a:,-,xj) < %7’7; + %7’]’ < %d(mz,x]) + %7’]’ .
Then d(x;,x;) < rj, which is a contradiction.

The power of Lemma 2.2 is demonstrated by the following result.
LEMMA 2.3. Let f: X — Y be a homeomorphism between metric spaces
X and Y and B = {B(x;,r;) : i € N} a family of (open or closed) balls.
Assume that there exists H > 1 such that for each B; = B(x;,r;) € B we
have that .

B (f (i), g diam(f(By))) C f(Bi)
and B satisfies condition (ii) of Lemma 2.2. Then for i # j we have

5 (o, D) 0 (), S ) <o,
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Proof. Denote by B; = B(xj,r;) and B; = B(x;,7;). Assume that x; ¢ B;
and let z € B; \ B;. Then f(z;) ¢ f(B;) and f(z) € f(B;) \ f(B;). We
have two cases to consider.

Case 1: dy(f(x;), f(x;)) > diamf(B;)/2H.

Since x; ¢ B;j we have dy (f(z;), f(x;)) > diamf(B;)/2H. This implies
by the triangle inequality that
di B; di B;
o (e ) (1 a5
Case 2: dy (f(x;), f(z;)) < diamf(B;)/2H.
Since f(z) ¢ B(f(x;),diamf(B;)/H) we see that

dy (F(2). @) + dy (F(@:). f(a)) > TIB),
which implies
diam f(B;) - diam f(B;)
2H - H ’
diamf(B;)
2H ’

diamf(Bj) +

and therefore
diamf(B;) >
From the above estimate we infer that (
dy(f(xz),f(l'])) — H = 2H?2
And by the triangle inequality we obtain

B <f(37i)7 W) NnB <f(37j)a W) =10,
finishing the proof.

3 Path Families and Sobolev Spaces

Let I" be a path family in a metric measure space (X,d, ). Here path
refers to a continuous, non-constant map v : I — X, where I C R is a non-
degenerate interval. We call a Borel function p : X — [0, 0o] admissible for

the path family I, if
/pds >1
.

for each locally rectifiable v € I'. The p-modulus of T" is defined by
mod,(I') = inf { / PP (z)dp : p: X — [0, 00] is admissible for F}.
X

We say that a condition holds for p-almost every path in I' if modp(f) =0,
where I' C T' consists of those paths v € ' for which this condition fails.
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The p-modulus is an outer measure in the collection of all path families
in X. For the basic properties of the p-modulus we refer the reader to
[HeK2], [HeKST2].

Let (X, d, ;) be a metric measure space and (Y, dy ) be a metric space.
Given an open set U C X and a continuous mapping f : U — Y, we say
that a non-negative Borel-function g is an upper gradient of f in U if, for
each rectifiable path 7 : [0,1] — U, we have that

dy (F(4(1)), F(+(0))) < / gds. 2)
Y

We recall here that each such v can be parametrized by a 1-Lipschitz map
74 :[0,L] — U. For 1 < p < oo, we call a non-negative Borel-function g a
p-weak upper gradient of f in U if the above inequality holds for p-almost
every rectifiable path in U. It then follows from the properties of the p-
modulus that (2) also holds for each subpath of p-almost every « in U. The
existence of a p-integrable p-weak upper gradient always guarantees the
existence of a p-integrable upper gradient, see [KosM]. Let f: X — Y be
continuous. Then f is in the Sobolev space VVlf)f (X;Y) if, for each relatively
compact open set U C X, f has an upper gradient g € LP(U) in U, and if
there is xp € U so that u(z) = dy (f(x), f(xo)) € LP(U). In what follows,
we will typically have u(U) < oo, and thus only a p-integrable p-weak upper
gradient is asked for. Notice that for a proper X, each f € I/Vlif(X ;Y is
absolutely continuous on p-almost every rectifiable path. For the purposes
of this paper it suffices to consider continuous mappings f; for the definition
and properties of general Sobolev classes we refer the reader to [HeKST2].

Because of the importance of p-weak upper gradients, we now give a
sufficient condition for a path family to be of p-modulus zero.

Given a set £ C X and a path v : I — X, we let §(y N E) denote
the cardinality of v(I) N E. We also write I'jet for the collection of all
rectifiable paths in X. We denote the A-dimensional Hausdorff measure
by H*, and say that a set £ C X has o-finite H*-measure if it is contained
in a countable union of sets with finite H*-measure.

PropPOSITION 3.1.  Let (X,d,u) be a proper, locally Q-regular metric
space, E C X and 1 < p < Q. If E has o-finite H?~P-measure, then
mody, ({7 € Trect : ¥ N E is not countable }) = 0. (3)
We do not know if Proposition 3.1 could also hold for p = 1, but the
following version of it will be sufficient for our needs.

ProproSITION 3.2. Let f: X — Y be a homeomorphism between metric
spaces, where X is proper and locally Q-regular. Let E C X have o-finite
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HO~ L measure. Then
mod; ({7 € Treet : H'(f(v N E)) > 0}) = 0. (4)

For the proofs of these propositions we need a technical result that will
also be applied later on.

LEMMA 3.3. Let (X,d,u) be a proper, locally Q-regular metric space.
Further, let By = B(x,79) and fix 1 < p < oo. There are constants ¢ and
C' so that, given any collection By, Bs,--- of balls in By with radii at most
0 and non-negative numbers a;, we have the estimate

/B0 (zi:aiXGBi(fL'))de < C/Bo (zi:aiXBi(x))de-

In fact, we may take § = %60, where &g is the constant for By in the
local @-regularity condition.

For p = 1 the claim immediately follows from the local Q-regularity and
measure comparison. The general case is obtained using the LP — LP/(P—1).
duality and the boundedness of an appropriate restricted maximal function.
In fact, already the doubling of the measure p for scales up to 66 would be
sufficient; see [Bo| for a proof that generalizes to our setting.

A crucial step in proving Proposition 3.1 is the following result.

LEMMA 3.4. Let (X,d,u) be a proper, locally Q-regular metric space,
E C X bounded and 1 < p < ). Denote by I' the collection of all rectifiable
curves v in X such that §(yNE) = co. If H9P(E) < oo, then mod,(T') = 0.

Proof. Fix a ball By so that £ C By. Set for k,l € N
1= {7 el': Hxr,x9,..., 21} € yNE st. d(xg, xj) > % when 7 75]}
Then I' = N, U; 'y, and 'y, ; C Ty j41. Thus
mod, (UL ;) = lli)rglo mod,(I'y ;) (5)

(cf. [HeKST1)).

Fix k and [ and let ¢ > 0. Since H? P(E) < oo, there is a cover of
E by balls (B;); such that diam(55;) < 1/2l, E C U;B; and ), riQ_p <
HOP(E) + . We may assume that B; C By and that diam(5B;) < 6,
where 0 is the constant for By in the local @-regularity condition.

By Lemma 2.1, we find a subfamily of these balls (denoted the same
way) that are pairwise disjoint and with F C U;5B;. Set

p(z) =4 Z X6, (7).
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Now p is admissible for I';, since we have fv X6B; ds > r; for at least k
different indices. By Lemma 3.3 we have that

| r@ansg | (3 i) an-

Here C' depends on @, p, By. Since the balls B; are pairwise disjoint, by the
local @Q-regularity of p we obtain

/X P@)dp < &3 18P < & (HOP(EB) +¢). (6)

Our € was arbitrary, and thus
modp(UleJ) = lhm modp(l“k,l) < k%HQ_p(E) .
—00
Since I' C Uil ; for every k, the claim follows.

We continue with the case p = 1. The difficulity in extending the above
proof to this case lies in inequality (5). It only holds for p > 1, the basic
issue being reflexivity of LP.

LEMMA 3.5. Let f: X — Y be a homeomorphism between metric spaces,
and assume that X is proper and locally Q-regular. Let E C X have finite
HY '-measure. Fix ¢ > 0. Then

mod; ({y € Tyeet : H' (F(YN E)) > e}) =0. (7)

Proof. Denote our family of curves by I'.. By subadditivity, we may without
loss of generality assume that £ C By for some ball By. Let £ > 1 be an
integer. Because By is compact and f is continuous, we find §; > 0 so that,
given z, 2’ € By with dx(x,z') < &, we have that

dy (£(@). /() < 505 - ®)
As in the proof of the previous lemma, we find a sequence of balls (Bf‘z)Z SO
that BF ﬁB;’-f = 0 when i # j, diam(BF) < $min{6, 6}, E C U;5B¥ and so

that
3" (diam(5BF)) 97! < 59 1HOY(E) te. (9)

Consider the sequence (py)y of Borel-functions, defined by

1 1
pr(z) = o EZ: WXGBZ& ().
By (9) we see that
/ prdp < %(HQ_I(E) +e). (10)
X

F(k):{’YEPEZ/pkd821}.
v

Set
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By (10) and subadditivity we conclude that
mod (Ujzi(j) < 55 (HO7H(E) +¢) . (11)
Let v € T.. Since H'(f(yNE)) > ¢, for all sufficiently large integers m
there exist points y1,...,yom € f(yN E) so that

dy (yi, y;) > Qm%-
Notice that, by (8), there have to be at least 2™ balls 5B/ in our sum
which intersect . Thus,
pmds > 1.

gl
It follows that I'c C U;j>,I'(;), for each k. From (11) we then conclude that

mod; (I'z) = 0.
Proof of Proposition 3.1. Suppose that p > 1. We may write £ = U; F;,
where each E; is bounded with H®P(E;) < co. Write

[y = {7y € Tyect : 7N E; is not countable} .
By Lemma 3.4, mod,(I';) = 0, and the claim follows by subadditivity of
the p-modulus.

Proof of Proposition 5.2. Lemma 3.5 shows that mod,(I';/;) = 0 for each
j > 1. Here I'y ; consists of those rectifiable curves for which H*(f(yNE)) >
1/4. The claim follows by subadditivity.

4 Absolute Continuity on Almost All Paths
We begin with the proof of Theorem 1.1.

Proof of Theorem 1.1. Let us denote the Q-regular Borel measures asso-
ciated to X and Y by u and v respectively. Let By = B(xg,ro) be a fixed
ball. Without loss of generality assume that H > 1. For each &k =1,2,...
write
A = {:L‘ € B(zo,19) : H* < hy(x) < HkH}.

The set Ay, is a Borel set since hy is a Borel function. Moreover p(UgAy) = 0.
Fix 1 < p < @, and let 0 < ¢ < gp, where 0 < g9 < § with § from
the local Q-regularity condition for B(zg,79). Choose g9 so small that
f(B(z,e0)) C B(f(x),d) for each x € B(zg,r0) for the constant & from
the local Q-regularity condition for f(B(zg,70)).

Since pu(Ag) = 0, for every k there exists an open set Uy such that
A C Uy and

1
w08 < s A EGor TR

) Q/Q-1)
) )
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since we assumed that our measure is Borel regular. Notice here that
v(f(B(zo,m0 + €))) is finite since X is proper and v is locally Q-regular.
For points « € B(zg, o)\ (Ux A UE) pick a radius 0 < 7, < € such that
Hy(x,ry) < 2H. For points € A, choose a radius 0 < r, < € such that
Hy(z,ry) < 2H* and B(x,r;) C Uy. Now consider the family {B(z,r,)}
of balls. By applying Lemma 2.2 for these balls we find a countable collec-
tion B = {B(x;,7;)} such that B(xo,r9) \ E C UgegB and %B, B e B, are
pairwise disjoint. Denote by By the subcollection of the balls B(z,r,) € B
for which © € B(zg,r0) \ (UxAx U E) and by By, those for which x € Ay.
Relying on Lemma 2.3 we notice that

(i) B(f(=s), L2f5(§;{’2”), where B(x;,7;) € By, are pairwise disjoint; and

(i) B(f (), 2%,]’6557;[;)2), where B(z;,7;) € By, are pairwise disjoint.
Set

pe() = MXzBi ().

2

The function p. is clearly Borel measurable. Let I'. denote all rectifiable
paths 7 : [0,1] — B(xg,79) such that H'(f(yN E)) = 0 and diam(y) > .
Let v be a member of I'.. If B; N~ # (), then H'(y N 2B;) > r;. Thus

/Pa ds > Z Ly(wir) > & Z diam(fB;) > 3dy (f(7(0)), f(v(1))) ,
7 BiMn#0 BiMn#0
where the last inequality comes from the fact that the sets f(B;) cover f(v)
up to a set of zero H'-measure.
By Lemma 3.3 and the pairwise disjointness of the balls %Bi, we have
the estimate

Lf(a:,-,r,-)p
pin < C [ L@ ),
/_;{ © B(xoﬂ“o-i—?&)zi: 7’? 3Bl

where C' = C(By, i, p).
Next we estimate this integral from above in two parts. First we consider
the sum over Bp-terms, which we denote by Sg. By Holder’s inequality

we have
Ly(xi,r;)?
SH:C’/ Z 710(21,@) XlBid/‘
B(xo,ro+2¢) B, €By Ti 3
Q
P

Qs

p

Q-p
< Cu(B(xo,mo + 2¢)) @ (/ (
B(zo,ro+28) \ g e, i

Loz 7:)P
f(x%n) XlB,L->

in)

Q—p p/Q
< Cu(B(xg,m9 +2¢)) @ ( Z Lf(l’i,Ti)Q) .
BiGBH
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The last inequality comes from the pairwise disjointness of %Bi’s and local
Q-regularity of u. Since, by (i), the balls B(f(z;), L¢(z;,7;)/250H?) with
B(x;,1;) € By are pairwise disjoint and Y is locally Q-regular, we obtain
the estimate
Sy < C’,u(B(:L‘g,ro + 25))%1/(f(3(:1:0,r0 —1—5)))% < 00,

where C' = C(By, i, f(Bo),v,p, H). The fact that the above term is finite
comes from the properness of X and local Q-regularity of both measures.

Next we need to estimate from above the sum over B;’s. We denote the
sum corresponding to By by Si. Using the local Q-regularity and Holder’s
inequality we obtain

sp<0 Y BT pay 0

T H2kp+2p
B;eBy,
Q—p
Lf(xivri) 2\ 2kpQ/(Q— 1 K
SC( Z < H2k+2 ) Z Hre p)“(ﬁBi) )
BBy, B;eBy,

where C=C(By, ui,p, H). Now, by (ii), the balls B(f(x;), L(x;,7;)/250 H?:+2)
with B(z;,r;) € By, are pairwise disjoint, and therefore the first term is no
more than Cv(f(B(xo,r0 + €)))?/?. For the second term we use (12), so
that

Sk < C(v(f(B(zo,70 +€))))

1 < g
0 (f(Blwo, 70+ 0))P/@ = 2F

Qs

—-p
< Cu(B(xo,ro +2¢)) @ v(f(B(zo, 70 +¢)))
So, for all paths v € I'., we have the estimate

dy (f(+(0)), F(+(1))) < / 9. ds

with [(2p:)P dp < M < oo when 0 < € < gp. The weak compactness of
LP guarantees that there is p € LP and a sequence of ¢;’s that decreases to

O

+C.

zero such that p is a LP-weak limit of 2p., =: p;. Here we needed the fact
that p > 1. Notice that
by (100, F0W) < [ pids (13)
v

for each i > j when v € I'; := I';;. By Mazur’s lemma (cf. [Y, Ch. V.1,
Th. 2]), we find functions p;, each a convex combination of p;, pj+1,..., SO
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that the sequence {p;} converges to p in LP. Now (13) also holds with
pi replaced with p; for each i > j. By Fuglede’s lemma (cf. [HeKST1]),
(13) holds for p for p-almost every v € U;I';. Thus, using Proposition 3.2,
we notice that (13) holds for 1-almost every rectifiable curve in B(zg, r);
recall that we excluded the curves for which H!(f(y N E)) > 0. Thus f
has a 1-weak upper gradient in L'(B(xg,70)), and consequently an upper
gradient in L'(B(zg,70)). In conclusion, f € Wh(B(xg,70);Y), and the
theorem is proven.

REMARK 4.1. The above proof immediately gives the following variations
on Theorem 1.1. First of all, if we consider a smaller exceptional set E
which is of o-finite H9 P-measure, 1 < p < @, we can conclude (using
Proposition 3.1 instead of Proposition 3.2) that f € W,2’(X;Y). In the

loc

borderline case p = @), one can still conclude that f € I/VI}JCQ(X ;Y) but one
can only allow for a countable exceptional set £ and the bound hy(z) < H
needs to be assumed for each z € X \ E. For a further improvement on this

see Theorem 5.1 and Remarks 5.3 below.

The proof of Theorem 1.1 is not constructive in the sense that no explicit
upper gradient is given. Classically, one can take the maximal streching

L
L¢(xz) = limsup Ly(@,r)

r—

as an upper gradient. In our situation it turns out to be better to consider

the volume derivative
_v(f(B(z,1)))
pr(x) = lim ———— .
$(@) = 0y = B, )
Recall that, by the Lebesgue—Radon—Nikodym theorem [F], this limit exists
almost everywhere and we have the estimate

/A (@) dp < v(f(A))

for each measurable set A C X. Consequently,

[utt@pusedns [ utg)as (14)
A f(A)
when v > 0 is continuous.

For technical reasons, we assume from now on a global condition on
the measures 1 and v. We say that a measure p on a metric space X is
Q-regular if it is locally @Q-regular with a universal constant C), and with
§ = diam(X), i.e.

(J%TQ < u(B(z,r)) < C’urQ

holds for each z and all 0 < r < diam(X).
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PROPOSITION 4.2. Let (X,dx,p) and (Y,dy,v) be Q-regular metric
spaces, @ > 1. Assume also that X is proper. Let f : X — Y be a
homeomorphism such that hy(x) < H < oo for p-almost every z € X.
Define

1/Q
H limsup,_, (%) when hy(x) < H,

gs(x) =
00 when hy(x) > H .
If f is absolutely continuous on y : [0, L] — X, which is 1-Lipschitz, then
&y (1), F2(1) <€ [ gyds. (15)
v

where C' depends only on the Q-regularity constants of y, .

Proof. Notice that gy is Borel measurable since hy is Borel measurable.
Let y € v(]0,L[). Then there are arbitrarily small r, > 0 so that

We might have here that h¢(y) = oo, but that will not harm us. Let

x €10, L] and write y = y(x). Because v is 1-Lipschitz we conclude that

diam (f(y(Jz —ry, 2 +1y[))) < 4hp(y)ls(y, )

< Chy(yw(f(Bly.r,))"?,  (16)
where we used the Q-regularity of v.
Fix € > 0. For ¢ € Z, let
E;={ze]0,L[:2" < gs(y(x)) < 2'}.
Let € E;. Using (16), the definition of gy and the Q-regularity of i, we
may pick an arbitrarily small r, > 0 such that
diam (f(y(]Jz — ry,z +1ry[)) < C2'ry.
Covering E; appropriately, we obtain intervals I fi), Iéi), ... sothat F;CU jI](-i)
and

. i 3
Zdlam (f(y(1})) <C grds + ——.
' B 9li+2
] 1
Letting ¢ run through Z, we end up with a collection Jy, Jo,... of intervals
such that U; F; C U;J; and
S diam (£(1(J;)) < c/gf ds+c. (17)
j Y

In order to obtain (15) we still need to consider the remaining parts of |0, L]
where g; is either 0 or oco.
Write E® = {z € ]0,L[ : g¢(y(z)) = 0}, and let = € E. Then (16)
implies that )
L diam(f (o (J = e £ )

r—0 r

=0.
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It follows that
H (f((E%))) = 0. (18)
Write E* = {z € |0,L[ : g(y(z)) = oo}. If HY(E>) > 0, then (15)
is trivially true. Otherwise, H!(E>) = 0, and the absolute continuity of f

on 7 shows that .
H(f(v(E>))) = 0. (19)
The claim follows by combining (17), (18) and (19) and letting ¢ — 0.

REMARK 4.3. Combining Proposition 4.2 and Remark 4.1 it is easy to
check that the uniform boundedness of hy implies the so-called geometric
definition (see [G2]) for proper Q-regular spaces. Notice also that, in the
Euclidean setting, it follows that f is quasiconformal if and only if there is
a constant K so that K ,u}/ “isa Q-weak upper gradient of f.

5 I/VZ:LCQ and Quasisymmetry

Let us recall that (X, d, 1) supports a p-Poincaré inequality, 1 < p < oo if
there are two constants C' and 7 such that
1

1 » 1/p
w(B(x.7)) /B@,,«) e s < CT<M(B(:B,T7~)) /B(m)g d“)
whenever B(z,r) is a ball, u is continuous and g is an upper gradient of w.
Here up(,,, is the average of u over B(x,r). It then follows that this also
holds when g is a p-weak upper gradient, see [KosM]. For more on Poincaré
inequalities see [HeK?2], [HaK], [KeZ].
We begin by improving on the regularity of f in Theorem 1.1.

Theorem 5.1. Let (X,dx,u) and (Y,dy,v) be Q-regular metric spaces,
Q > 1, and suppose that E C X has o-finite H9~'-measure. Assume also
that X is proper and supports a 1-Poincaré inequality. If f : X — Y is a
homeomorphism such that hy(x) < oo for every x € X \ E and hy(z) <

H < oo for p-almost every ¢ € X, then f € I/Vll’Q(X; Y).

oc

Proof. From Theorem 1.1 we know that f € Wl’l(X ;Y), and from Propo-

loc
sition 4.2 that gy € Lg .(X) is a 1-weak upper gradient. Because X sup-
ports a 1-Poincaré inequality, it follows that f € VV;;CQ(X ;Y); see [KosM,
Prop.4.4] and [HeKST1, Th.6.11].

We continue with a quasisymmetry result. This result could be proven
by combining the ideas from the proof of Theorem 1.1 with the techniques
in [HeK1,2]. Instead of that we sketch a direct proof along classical lines
using Theorem 1.1.
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Theorem 5.2. Let (X,dx,u) and (Y,dy,v) be both proper, Q-regular
metric spaces, Q > 1, and E C X such that it has o-finite H?~'-measure.
Assume also that X supports a 1-Poincaré inequality and that Y is lin-
early locally connected. If f : X — Y is a homeomorphism such that
h¢(z) < oo for every x € X \ E and hy(x) < H < oo for almost every

x € X, then f is quasisymmetric, f € I/Vll’Q(X;Y), and L;(2)? < Kpug(z)

oc
almost everywhere for some constant K.
Proof. Fix B(xg,r0), and suppose that L := Ly (xo, 1) is much larger than
l:=1s(x0,70)-

From Theorem 1.1 and Proposition 4.2 we know that f is absolutely
continuous on l-almost every path and that we may take g; as defined in
Proposition 4.2 as an upper gradient.

Suppose that E and F' are continua so that yo € f(E) C B(yp, Cl) and
f(F) C Y\ B(yo, L/C) for some yy € Y. We define a function u : X —

[0, co[ by setting
u(z) = log(L/Cdy (f(x),y0))
log(L/C?l)
in A:= f~Y(B(yo, L) \ B(yo,!)) and by extending u to all of X by setting
u=01in X\ f~YB(yo,L/C)) and u = 1 in f~1(B(yo,Cl)). Tt easily fol-
lows that g(z) = log(L/C?1)~tdy (f(z),y0) 'gs(z)xa(z) is a 1-weak upper
gradient of u.
Now

[ < crop(w/n @ [ a(r(a).m0) Cup(o)dnta)
X A

< CH®log(L/C%*1)~ ¢ / d(y, yo) ™ dv(y)

B(yo,L/C)\B(yo,Cl)
< Clog(L/C%1)19
by (14) and the Q-regularity of Y.

On the other hand, the Poincaré inequality and @Q-regularity assump-
tions on Y allow us to choose the continua FE,F as above so that
diam(E),diam(F) > ro, d(E,F) < 2rg, where C is a constant only de-
pending on the Q-regularity constant, (), and the constants in the linear
local connectivity condition. For all this see [HeK2, §4] and [HaK, §4.4
and §4.5]. Because g is a l-weak upper gradient of u, we may apply the
1-Poincaré inequality to the pair u,g and Theorem 5.9 in [HeK2| shows
that

/ ¢?du>C>0.
X
A bound on L/l follows, as desired.
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Next, from Theorem 5.1 we know that f € VV;;CQ(X ;Y.
The final conclusion immediately follows from the uniform boundedness

of Hy(x,r).

REMARKS 5.3. 1) If, instead of a 1-Poincaré inequality on X, we assume a
p-Poincaré inequality, 1 < p < @), then the conclusions of Theorem 5.1,5.2
still hold provided we require that the exceptional set E have o-finite HQ -
measure. Notice that a (Q-Poincaré inequality for a space as in the above
theorem always implies a p-Poincaré inequality for some p < @ by a very
recent result in [KeZ].

2) There is a local version of Theorem 5.2, whose formulation and proof
we leave to the interested reader.

Proof of Theorem 1.2. A Carnot group of homogeneous dimension @ > 1
is proper, Q-regular, and supports a 1-Poincaré inequality. Thus the claim
follows from Theorem 5.2, except for the inequality for the horizontal dif-
ferential. This inequality follows from the corresponding inequality in The-
orem 5.2 and quasisymmetry ([KoR], [P], [VG]).
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