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Abstract

Sexually transmitted infections (STIs) are, by definition, transmitted between sexual partners.
For curable STIs an infected index case can potentially re-infect the same partner multiple times.
Thus, Ry, the average number of secondary infections one typical infected individual will produce
during his or her infectious period is not necessarily the same as the average number of secondary
cases (infected persons). Here we introduce the new concept of the case reproduction number
(R.). In addition, we define the partnership reproduction number (2,) as the average number of
secondary partnerships consisting of two infected individuals one typical infected individual will
produce over his or her infectious lifetime. [?, takes into account clearance and re-infection within
partnerships, which results in a prolongation of the duration of the infectious period. The two new
reproduction numbers were derived for a deterministic pair model with serial monogamous part-
nerships using infection parameters for Chlamydia trachomatis, an example of a curable STI. We
showed that re-infection within partnerships means that curable STIs can be sustained endemically
even when the average number of secondary cases a person produces during his or her infectious

period is below one.
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1. Introduction

The basic reproduction number (R;) is widely used in infectious disease epidemiology and
mathematical modeling to determine whether an infectious disease can invade a susceptible popu-
lation (Anderson and May, 1982; Diekmann and Heesterbeek, 2000; Ferguson et al., 2003). Ry is
defined as the average number of secondary infections one typical infected individual will produce
during his or her infectious period in a totally susceptible population (Anderson and May, 1991;
Dietz, 1975). This number has important epidemiological threshold properties but does not distin-
guish between the number of secondary infection events and the number of secondarily infected
individuals (cases).

Mathematical models that have been used to derive R, often assume that contacts between
individuals are instantaneous with no repeated contacts between the same individuals. However,
sexually transmitted infections (STIs) are predominantly transmitted within a partnership of two in-
dividuals who engage in sexual intercourse and have repeated sexual contacts with each other. For
curable STTs (Susceptible-Infected(-Recovered)-Susceptible type), an index case and their partner
can potentially re-infect each other more than once within a partnership (Fig. 1). Therefore, the
average number of secondary infections (/) does not necessarily equal the average number of
secondary cases an infected individual will produce during his or her infectious period.

Several models have been used to derive R for curable STIs and allow for re-infection (Kret-
zschmar et al., 1994; Chick et al., 2000; Lloyd-Smith et al., 2004). These studies did not, however,
distinguish between the number of secondary infections and the number of secondary cases. Other
studies have derived R, using models that take into account partnership duration explicitly (Diek-
mann et al., 1991; Kretzschmar and Dietz, 1998; Diekmann et al., 1998; Britton et al., 2007) but
these are for Susceptible-Infected (SI) infections (for example HIV) where an index case can infect
the susceptible partner only once.

In order to account for an infection in which an index case can infect a partner more than
once we define the average number of secondary cases a primary case will infect during his or her

infectious period as the case reproduction number 7. (Table 1). We also define the average number
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of secondary partnerships consisting of two infected individuals one typical infected individual will
produce during his or her infectious lifetime. We call this the partnership reproduction number (12,,)
(Table 1)

Chlamydia trachomatis (chlamydia) is an example of an endemic curable STI, which is the
most common notifiable infection in some developed countries (Centers for Disease Control and
Prevention (CDC), 2010). It has a long infectious period (Althaus et al., 2010) and most infections
are asymptomatic in both men and women. Untreated chlamydia can ascend to the upper genital
tract and, in women, cause pelvic inflammatory disease (PID), which can lead to ectopic pregnancy
and infertility (Holmes et al., 2008). People testing positive and treated for chlamydia are at high
risk of repeat infection (Batteiger et al., 2010) through re-infection within the existing partnership
if the partner was not adequately treated, infection from a new partner, or from treatment failure.

Earlier attempts to estimate %, for chlamydia have shown varying results (Brunham et al.,
1994; Jolly and Wylie, 2002; Stigum et al., 1994). Most estimates have been based on the formula
Ry = [cD, where (3 is the transmission probability per partnership, ¢ the partner change rate and
D the duration of the infectious period. Brunham et al. (1994) obtained values for I, greater than
1 (1.43 and 3.6), based on a sexual behaviour study from Nairobi, Kenya. Jolly and Wylie (2002)
used sex partner data from the Canadian notifiable STI registry and found values for R, below 1
for individuals with lower partner change rates (0.7) and above 1 for those with higher rates (1.09).
Stigum et al. (1994) used an instantaneous contact model and estimated Ry >1 when assuming
mixing between core and non-core groups, based on Norwegian sexual survey data.

In the field of STI prevention, contact tracing is an important intervention to control the spread
of curable STIs. Empirical data about the infection status of actively sought sexual partners of
a diagnosed infected individual are recorded and can be used to calculate a reproduction number.
Using the definitions above, only the case reproduction number (R,..) can be calculated from contact
tracing data because the direction of transmission from infected partners is usually unknown and
traced partners might already have been infected more than once by the same partner and could
have cleared the infection naturally before diagnosis. In one study that used contact tracing data to

calculate reproduction numbers for chlamydia Potterat et al. (1999), the authors found an overall
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reproduction number of 0.55 and numbers between 0.19 and 2.29 for different subgroups. They
report these as basic reproduction numbers ([7y) and interpret the overall Ry < 1 as evidence for
the success of chlamydia control measures in their study region.

In this paper we derive expressions for the case and partnership reproduction number (2, and
R,) for a curable STI using a pair model with serial monogamous partnerships. We then show
how R, and Rz, are related to the basic reproduction number 7, and derive the epidemic threshold
values of all three reproduction numbers. Finally, we use the different reproduction numbers to
investigate the contribution of re-infection within partnerships to the transmission and endemicity

of chlamydia.

2. The model

Pair models for transmission of STIs were first described by Dietz and Hadeler (1988) and
adopted by many others (Kretzschmar et al., 1994; Kretzschmar and Dietz, 1998; Xiridou et al.,
2003; Van de Velde et al., 2010; Chen and Ghani, 2010; Heijne et al., 2011). The model used
here has been described in detail elsewhere (Heijne et al., 2011). In brief, the model describes a
population where people are single (X)) or in a partnership (P). Individuals can form a partnership
at any time (with rate p), and break up at a rate o (Table 2). Partnerships also break up when one
of the partners dies; the duration of the sexually active life is 1/x. From here onwards we use the
term separation, which includes breaking up for either reason. Pair formation and separation can

be described by the following set of ordinary differential equations

dX
i pt2(0+p)P—(p+pX (1)
dpP 1
— = —pX — 2u) P
= 5pX = (0 +2p)
At steady state, the proportion of singles (X) equals ﬁ%, and the proportion of people in a
partnership (2P) is m. This relationship can be used to estimate the pair formation rate and

separation rate from empirical data. Here, the sexual behavioural parameters are informed by data
from a nationally representative sample of the UK general population (Natsal-2) (Johnson et al.,

2001). The behavioural parameters are taken from participants aged 16 - 24 years, so the duration
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of sexually active life (1/p) is set to 9 years. We assume an average of 1.5 new partners per year,

and that 70% of the population is in a partnership at any time. By solving 2P = m = 0.7
and pX = pﬁ% = 1.5 we obtain a pair formation rate of 5 per year and a pair separation rate

1.9 per year (Table 2), resulting in an average partnership duration of 0.5 year and average gap
duration of 0.2 year. We assumed the partnership and gap duration to be exponentially distributed
taking into account that some partnerships and gaps are very short, whereas others can be long.
The infection states of the model are susceptible (S), asymptomatically infected (I) and recov-
ered (R). Transmission only happens within pairs, where [ is the transmission probability per sex
act, and ¢ the frequency of sex acts. Individuals can clear the infection naturally, with 1/~; being
the duration of infection in women, and 1/+,, the duration of infection in men. After a period of
immunity (1/€) individuals can become susceptible again. The transmission process and the pair
process are independent and can be described by a set of ordinary differential equations. We use f
for women and m for men. For example, X g is a single susceptible woman, and X, 5 is a single
susceptible man. In the formulation of pairs, the first subscript denotes the infection status of the
woman, and the second one the infection status of the man. The derivations of the reproduction
numbers use different values for the infectious duration in women and men because men are more
likely to be treated for symptomatic infection than women (Holmes et al., 2008). The derivations
are described from the point of view of a woman, because intervention measures for controlling
the transmission of STIs are often targeted towards women only (Centers for Disease Control and

Prevention, 2010).
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We assumed a frequency of unprotected sex acts of once a week. By setting the derivatives to
zero and assuming equal natural clearance rate between men and women, we obtained a solution
for ( as a function of all other parameters including the prevalence (AppendixA). The prevalence

is defined as: (X;; + X, 1 + Psr + Prs + Pir + Pri + 2Pi1)/N.

3. The reproduction numbers

3.1. The case reproduction number (R.)

The case reproduction number (R.) is defined as the average number of secondary cases one
typical infected individual will produce during his or her infectious period starting in a partnership
with two infected individuals in a totally susceptible population (Table 1). Here, we use the term
cases in a broad sense, indicating all infected individuals and not only those individuals with a
diagnosed or laboratory confirmed infection.

We start by deriving an expression for the female case reproduction number (R f.) considering
the entire course of infection of an infected woman (see white boxes in Fig. 2 for a graphical
illustration of the infectious states of a woman). We assume that a woman starts her infectious
life as part of a pair with an infected man, that is, in state P;;. To compute Rf,., we need the
probability that the woman is still infected when separating from a partner, the probability that she
is still infected when she forms a new partnership, the probability that she transmits to her new
partner, and the number of new partners during her remaining infectious period (Fig. 1).

We first derive an expression for the probability that the woman is still infected when separating
from a Py partnership. A woman can reach the state X ; either directly by separation from the
Py partnership (Eq. 4) or indirectly, by first passing through P;r or P;g partnership status before
separation (Eq. 5), or by going through 7 loops of clearance of the male partner and re-infection of

the male partner by the female (Eq. 9). The probability of immediate separation is given by

o+ 1
0+ 200+ 55 + Ym

P(PH — Xf,[) = (4)



124 The probability of first passing through P;r or P;g before separating is given by

P(P[[ — P[R)P(P]R — Xf’[) —+ P(P][ — P[R)P(P]R — P15>P(P[S — XfJ) (5)

- (vt Grgy =)
O+2u+yr+vm/ \o+ 20+ +€

(rats ) Grmm+d o 70)
o+ 2+ +vm/ No+2u+v+€/ \No+2u+ vy + Bo

125 We define ¢, as the probability of still being infected after separation when there is no re-infection

126 within the partnership. This is the sum of Eq. 4 and Eq. 5

o+ u Tm €
— 14+ 1+ 6
dos a+2u+fyf+vm( 0+2u+'yf+6< 0+2ﬂ+7f+5¢)) ©

127 Now, we consider the situation that one or more re-infections of the male partner take place be-
12s fore the pair separates. Let by be the probability that the woman transmits the infection to her
129 susceptible partner

bf = P(P[S — P[[) = B¢ (7)

0+ 2p+ 75 + B¢

130 The probability that the male partner of a P;; pair clears his infection and is then re-infected by

131 the female index case is denoted by 7

ry = P(P[[ — P]R)P(P[R — P[S)P(P]S — P[[) (8)

- Gt ) e ) Geat o)
o+ 2u+vr+vm/ No+2u+v+€/ \No+2u+ vy + Bo

132 Then r;* is the probability that clearance and re-infection of the male partner happens exactly
133 ¢ times before separation of the pair, ¢ € N. The probability that at least one re-infection occurs is

134 given by

[e's) ' ry

i 9
2t = ©)
=1

BEVme

(a+2u+7f)((cr+2,u—|—7f+7m)(0+2,u—|—7f—|—6)+ﬂ¢(0+2,u—|—7f—|—7m+e))
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Now the probability that a woman who started in a P;; partnership is still infected after separation

from that partner is given by

Ty qof nw+o
qof( 1—rf) IL—ry o+2u+7y (10)

Because all parameters are positive, this quantity is < 1.

While the woman is single she leaves the infected state with rate - + u before forming a new
partnership. The probability that she is still infectious and sexually active when she meets her next
partner is

P
dy = ——— (IT)
R

For each partner we have to compute the probability that the woman is still infectious and sexu-

ally active when forming the partnership assuming that every new partnership is with a susceptible.

qof

For the i-th partner this is (d;2L)". Therefore, she will infect

Ty
Rf. = bf i (df i )l _ _brordy (12)
i1 1—7“f 1—qudf—’r’f
Pop(o + 1)

(vy + )0+ 2u+ 5 + Bo) (0 + 21+ 75 + p)

new partners during her infectious period.
The derivation of the case reproduction number Rm,. of males towards the female population
is analogous.The case reproduction number for the entire transmission cycle is then given by the

geometric mean of R f, and Rm,. (Diekmann and Heesterbeek, 2000)

R.=+/Rf.Rm, (13)

3.2. The partnership reproduction number (I2,,)
The partnership reproduction number ([2,) builds on the concept of R.. R, is defined as the

average number of secondary FP;; partnerships one typical infected individual will produce during

his or her infectious lifetime starting in a P;; partnership in a totally susceptible population. In con-
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structing this reproduction number, we assume that re-infection of the index case in a partnership
prolongs the initial infectious period of the index case; the prolonged infectious period is called
the infectious lifetime (Table 1 and Fig. 1). As above, we use the probabilities that a person is still
infected when forming a new partnership and when separating from the partnership. Additionally,
we include in the probability of still being infected after separation, a term that involves clearance
and re-infection of the index case in the partnership.

We follow again an infected woman who starts her infectious life in a partnership with an
infected man. We denote by s; the probability that the female index case clears the infection in a
partnership and is re-infected by her male partner before separation (dashed arrows in Fig. 1 and

2)

sy = P(Prp — Prr)P(Prr — Ps;)P(Ps; — Prp) (14)

- Gratsn) Graren ) Gran o)
O+ 2+ +Ym/ N+ 2+ Y+ €/ N0+ 20+ Y + B

Before separation, a P;; pair can go through i cycles of clearance and re-infection, where either
the male or female partner can clear the infection and become re-infected. The probability of this
happening is given by
> ()f’ff’f (15)

k
k=0
and therefore the probability that at least one re-infection occurs before separation of the pair is
given by
> (i ry+s
k. i—k f f
rpsptt = ————— (16)
AL

Eq. 16 holds because 7y + sy < 1. The probability that a woman who started in a F;; partnership

is still infected after separation from that partner is given by

Tf—l-Sf qof
qof( 1—(7"f+3f)) 1L —(ry+syp) 7

This quantity is also < 1, analogous to Eq. 10.

The number of P;; partnerships caused by an infected women in a P;; partnership during her

10



171

172

173

174

1

J

5

176

177

178

179

180

1

*

182

1

o]
w

184

185

186

187

188

189

190

1

©

1

192

193

entire infectious lifetime (/2 f,) is given by

qos i brqosdy
Rfy=by > (dr— L) = (18)
b fZ fl—(?”f—FSf) 1—q0fdf—(7”f+sf)
The sum converges because the expression in the bracket fulfills the condition to be less than
one (see Eq. 11 and 17) and R f, > 0.
Again, the derivation of the number of P;; partnerships produced by an infected man in a P;;
partnership during his entire infectious lifetime (*m,,) is analogous and the overall partnership

reproduction number (1) is again the geometric mean of the two quantities.

3.3. The basic reproduction number (Ry)

The concept of R, has been formalised by Diekmann and Heesterbeek (2000). Here, we apply
this concept to calculate R f, for the pair model, i.e. the average number of secondary infections
one typical infected woman will produce during her infectious period starting in a Py partnership
in a totally susceptible population. In the model, there is one infection state, but 4 subpopulations
of women who are in the infection state at a given time: single (1); in a pair with a susceptible
partner (2); in a pair with an infected partner (3) and in a pair with a recovered partner (4) (Fig. 2).

We can now write down the matrix G where the 7j-th element describes the transitions from state

7 to state ¢
—(p+ 1 +y) o+ o+ p o+ p
a_ p —(o+ 2+ + B9) 0 €
0 B¢ —(0 + 20+ 95 + Ym) 0
0 0 Yim —(0+ 2+ 75 +¢€)

Some transitions in the matrix cannot occur. For example, there is no transition from state 1 to
states 3 and 4 (i.e. G3; = Gy4; = 0) because we assume that partnerships do not start with a sexual
contact and that every new partnership is with a susceptible individual.

The ij-th element of the matrix —(G™!) gives the expected time a woman who presently has

state 5 will spend in state ¢ during her infectious period. Similar as with the other reproduction

11



194 numbers, we start with an infected woman in a pair with an infected man (state 3), and we deter-
195 mine the time she spends in state 2 with a susceptible partner during her infectious lifetime (i.e.
196 (—G7!)g3). The total number of infections a woman will produce while she is together with a

197 susceptible man during her infectious period is then given by

Rfy = Bo(—G s (19)
Bo(p(0 + 1) (0 + 20+ €) + v (yme + p(o + 1) + ym(e(p + 1) + plo + 1))
(v + 1) (0 + 20+ 75 + p) ((0 4 20 + 75+ Ym) (0 + 20 + 75 + €) + B(0 + 2+ 75 + m + €))

1ee  The calculation of the male basic reproduction number is analogous and the basic reproduction
199 number for the entire transmission cycle (R,) is also given by the geometric mean of the two. In a
200 Sl model (i.e 74 = v,, = 0 and € = 0), the equation for R, is the same as the equation for R, and

201 similar to the equation described by Diekmann et al. (1991) on page 333.

202 3.4. Relationship between reproduction numbers
203 We can rewrite the expression for R f; using the same probabilities as described in the previous

204 sections. We then obtain the following expression

b d b d
Rfy, = - quC;lf f 4 i ( fdofaf I 1) (20)
—qogdy —ry 1 —rp\1—qopdy —ry
— Rf.+—L (Rf.+1) @1)
1 — Tf

205 Where li—if(R fe + 1) describes the expected number of re-infections in the starting partnership
206 and in the subsequent partnerships. This term, divided by R fj, gives the fraction of the female
207 reproduction number that is attributable to re-infection of the partner by the index case. It can be
208 seen that R fy is always > R f, and when there is no re-infection within partnerships (i.e. 7y = 0),

200 Rfy= Rf..

210 The equation for R f, can also be written in terms of R f.
Rf, = Rf(1+ il ) 22)
P ¢ 1—qudf—T’f—Sf

211 where the first term of the equation is the number of secondary cases a women produces in her

12
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first infectious period, and the second term describes the number of secondary cases in subsequent
infectious periods as a result of clearance and re-infection of the female index case in a partnership.
Note that R f, is always > R f. but not necessarily always > R f; and that when the probability of
re-infection of the index case is set to zero (i.e. sy = 0), R f, equals Rf..

When there is no re-infection possible (for example because of lifelong infection or immunity
or because contacts are instantaneous) 7 and s are zero, and all reproduction numbers equal the
average number of secondary cases (R f.). When assuming instantaneous contacts the equations for
Rf. can be reduced to the formula ScD, where 3 is the transmission probability per partnership,
c the partner change rate and D the duration of the infectious period. Assuming instantaneous

contacts result in an infinitely large separation rate o, Eq. 12 can then be written as

1

Rfo=Rf.=p-p-
Vf

(23)

where p represents the partner change rate per year, w%u the average female duration of being
infectious in years, (3 the transmission probability per contact assuming that § (i.e. the number of
sex acts per partnership) equals 1. We have also provided derivations for the reproduction numbers

for heterogeneous sexual behaviour (AppendixB).

3.5. Epidemic threshold values

By definition, the threshold value above which the infection can be sustained endemically, is
given by Ry = 1. Threshold values for the other reproduction numbers can be derived using
Eq. 21 and 22. If the contribution of re-infections is large enough to ensure that Ry > 1, Eq.
21 shows that an infection can be present endemically even when R, < 1. This means that if
we can estimate R, from contact tracing data, we still need information about the impact of re-
infections on disease dynamics to judge the transmission potential of the infection. Also, knowing
that . < 1 is not sufficient to conclude that an intervention has been sufficiently effective to
eventually stop transmission. The relationship between R, and R, can provide information on the

impact that preventing re-infections within partnerships can contribute to intervention success.
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Assuming that Ry = 1 we can derive the following threshold equation for R,

V@ =r)RSy = r0)((1 = 1) R — 72,) (24)

Under the condition that Rf, = Rmg = 1, the equation simplifies to /(1 — 2r)(1 — 2r,,). The
equation can be simplified further to the intuitive formula of 1 — 27, when assuming that men
and women are equal (i.e. 7y = r,, = r and sy = s, = s). When r is set to zero, Iz, has
also a threshold value of 1. Because R, > 0 it follows that 7 is always < 0.5. Using the epidemic
threshold value for R, we obtain for R, the simplified threshold value of (1 —27) (1 + ;> .

1—dgo—r—s

4. Chlamydia as an example of a curable STI

We calculated the three reproduction numbers using chlamydia as an example of a curable
STI. In the baseline scenario, we assumed an infectious duration for asymptomatic chlamydia of
one year (Molano et al., 2005; Heijne et al., 2011) (Table 2). The transmission probability was
calibrated to a baseline prevalence of 3% (as measured in Natsal-2 in 18 - 24 years old (Fenton
et al., 2001)). For simplicity we assumed no period of immunity after natural clearance and equal
natural clearance rates between men and women in the baseline scenario. Using these baseline
values, we obtained the following reproduction numbers for chlamydia: Ry = 1.02; R. = 0.71;
and R, = 1.15.

We varied one parameter at a time to explore the sensitivity of the reproduction numbers to the
infection and behavioural baseline values. For increasing prevalence (i.e. increasing transmission
probability), the reproduction numbers increase (Fig. 3A). As demonstrated mathematically in
Section 3.5, the three reproduction numbers have different threshold values above which chlamydia
can persist in the population. Chlamydia can be endemically sustained even when the number of
secondary cases is below 1, because re-infection of the partner by the index case pushes R, above
1.

With increasing duration of infection (and constant transmission probability), all reproduction
numbers increase because prevalence increases (Fig. 3B). For short infectious durations, 2, can

be smaller than R, because an individual has the potential to infect the same partner more than

14



261

262

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

284

285

286

287

288

once, but the probability of still being infected when forming a new partnership is small. For long
infection durations, the R. becomes higher than 1 because there is a high probability that a person
separates from a partnership still being infected, so chlamydia can be transmitted to new partners.

The case reproduction number is not sensitive to the period of immunity (Fig. 3C). This is
because R. only counts whether or not there is transmission to the susceptible partner, not the
number of transmissions (i.e. € is absent in Eq. 12). When there is no immunity, R, and R, are
highest because, after natural clearance, a person can potentially become re-infected at the next
sex act. For longer periods of immunity, the probability of re-infection of the index case within
partnerships is low and R, approaches Ry. For very long durations of immunity (i.e. a SI type of
infection), I, and IR, approach R..

For very short partnership durations, the three reproduction numbers are the same (Fig. 3D).
This is also shown mathematically in Section 3.4 when assuming instantaneous contacts. There is
an optimum partnership duration in which the reproduction numbers are maximised. This duration
is different for the three reproduction numbers. For longer partnership durations, the transmission
probability is not high enough to sustain continuing transmission. Furthermore, the probability that
the partner is re-infected becomes higher so the difference between Ry and R. becomes bigger.
Note that, when the partnership duration is changed and the rest of the parameters are kept at the
same level, the number of new partners per year and the percentage of people in a partnership
change. For short durations of partnerships, the number of new partners per year is high and few
people are in a partnership and for high partnership duration, the number of new partners per year
is low and many people are in a partnership.

When we changed the duration of infection, but kept the prevalence fixed at 3% (by changing
the transmission probability for every infectious duration), R, is (as expected) always above 1 and
increases slowly with increasing duration of infection (Fig. 4). For short durations of infection,
the probability of leaving the partnership and still being infected is low so the case reproduction
number is low. The difference between R, and Ry becomes smaller for longer duration of infection
and R, will eventually approach R,.

There is a combination of duration of infection and transmission probability that maximizes
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R, (Fig. 4). For the baseline behavioural parameters and prevalence, the I, is at a maximum
for a duration of infection of 482 days and a transmission probability of 0.064 per sex act. Both
estimates are within the ranges recently estimated for these parameters for chlamydia (Althaus
et al., 2010, 2012). The duration of infection at which 2, is maximised increases for increasing
duration of immunity. The timing of the peak for R, is hardly influenced by the choice of the

steady state prevalence (results not shown).

5. Discussion

We have introduced two new concepts, the case reproduction number (/[?.) and the partnership
reproduction number (£2,,). We show that, for a curable STI, the average number of secondary cases
an infected individual infects does not always equal the average number of secondary infections
because of re-infection within partnerships. Values of R, and R, approach R, for long durations
of immunity after natural clearance or if partnership durations are very short.

The main strength of this work is that we make a clear distinction between the average number
of secondary infections (/) and the average number of secondary cases (persons, R.) an infected
individual produces during his or her infectious period. This is important for a curable STI because
R, allows the contribution of re-infection within partnerships to the transmission dynamics of the
infection to be quantified. We showed that re-infection can push the basic reproduction number
above 1. The case reproduction number can have an epidemic threshold value that is different from
1, which might be seen as a limitation. These values however, are important for the correct inter-
pretation of reproduction numbers calculated from contact tracing data, which estimate the case
reproduction number. For example, the reproduction number of 0.55 for chlamydia estimated by
Potterat et al. (1999) was reported as a basic reproduction number, suggesting a declining epidemic.
Our study shows that, even when the case reproduction number is below 1, the basic reproduction
number can be above 1. For a curable STI like chlamydia, a case reproduction number below 1
does not necessarily mean that the epidemic is decreasing.

The distinction between 7y and I, is not always made clear in modelling studies (Chick et al.,
2000; Williams et al., 2006; Fraser, 2007; Cooper et al., 2012). For example Chick et al. (2000)

state that they calculate the average number of secondary cases but present the number of secondary
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infections. Moreover, estimates of the number of secondary infections for a curable STI that are
based on the formula ScD should be interpreted with caution. Such estimates ignore re-infection
within partnerships because of the underlying assumptions that partnerships are instantaneous.

The values we obtained for the basic reproduction number are close to 1, and the case repro-
duction number was only above 1 for long infectious periods. The reproduction numbers are close
to 1 because our model represents a general population with low infection prevalence and homo-
geneous sexual behaviour. This is a reasonable assumption for an infection like chlamydia, that
is not solely concentrated in a core-group with higher partner change rates, but is also present in
individuals with none or only one partner in the last year (Fenton et al., 2001). For other curable
STIs, such as gonorrhea, it is shown that core-groups are important in sustaining endemic infection
(Hethcote and Yorke, 1984). Therefore, we also provided derivations for the reproduction numbers
for a model that included a core-group with higher partner change rates. Individuals in high sexual
activity classes have more partners with shorter durations so the reproduction numbers should be
higher, but also more alike because re-infection within partnerships is less likely to happen. As a
consequence, the contribution of re-infection within partnerships to endemicity will be lower.

For many curable STIs, it is not known whether there is a period of immunity after natural
clearance and, if it exists, whether there is full or partial protection against new infections. In our
study, a period of immunity pushes R closer to 1 even for very short durations of immunity. Others
have shown interesting results from instantaneous contact models that included partial immunity
after natural clearance (Gomes et al., 2004; Sharomi and Gumel, 2009). Sharomi and Gumel (2009)
showed that when there is a higher probability of repeated infection during partial protection, the
model exhibits backward bifurcation and an endemic equilibrium for Ry < 1 can exist. Gomes
et al. (2004) showed that with partial immunity there is a ‘re-infection threshold’ above which
vaccination fails because of repeated infection. This underlines the importance of understanding
immunity after natural clearance for curable STIs.

Our results might be relevant to other infections that do not provoke lasting immunity and
are predominantly spread within households, such as the carriage of pathogenic bacteria that can

lead to serious disease. Examples include Streptococcus pneumoniae and Neisseria meningiditis.
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In households, people can infect the same household member several times. For these types of
infections, the reproduction number is usually reported from the perspective of the household, i.e.
the number of secondary households infected by one infected household (Pellis et al., 2009) rather
than the individual. The partnership reproduction number resembles the household reproduction
number because the perspective is shifted away from the individual level. However, Iz, also takes
into account the additional number of secondary cases an index case produces because of clearance
in a partnership and re-infection of the index case by the infected partner, which is not taken into
account in the household reproduction number.

The differences between the basic and case reproduction numbers have implications for math-
ematical modelling studies and for field epidemiologists. We suggest that the precise meaning of
reproduction numbers and how re-infection is incorporated should be stated in studies of curable
STIs. Furthermore, field epidemiologists who aim to estimate reproduction numbers for a curable
STI from contact tracing data should be aware that only the number of secondary cases R, not
infections, can be calculated and that this reproduction number can have an epidemic threshold
value that is different from 1. The reproduction numbers presented here can be used to quantify
the fraction of the endemic prevalence of curable STIs that is attributable to re-infection. This
quantification could lead to the identification of groups amongst whom re-infection is contribut-
ing substantially to endemic prevalence and where prevention of re-infection should be prioritised.
Finally, this study shows that re-infection within partnerships means that curable STIs can be sus-
tained endemically even when the average number of secondary cases a person produces during

his or her infectious period is below one.
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Table 1: Definitions

Definition

Ry

Infectious period

Infectious lifetime

Average number of secondary infected individuals (cases) one typical infected
individual will produce during his or her infectious period starting in a
partnership with two infected individuals in a totally susceptible population

Average number of secondary partnerships consisting of two infected
individuals one typical infected individual will produce during his or her
infectious lifetime starting in a partnership with two infected individuals
in a totally susceptible population

Average number of secondary infections one typical infected individual will
produce during his or her infectious period starting in a partnership with
two infected individuals in a totally susceptible population

Duration of the initial infectious period

Sum of the duration of the initial infectious period and subsequent infectious
periods when the index case clears the infection in a partnership and is
re-infected by the partner before separation
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Table 2: Overview of the parameters of the pair model with homogenous sexual behaviour and chlamydia

specific baseline values

Parameters ~ Symbol Explanation Baseline value
Behavioural p pair formation rate (per year) 5.0¢
o separation rate (per year) 1.9¢
1/u duration of sexual active life (years) 9
) number of unprotected sex acts (per week) 1
Infection I6] transmission probability (per sex act) 0.1
1/v¢  infectious duration in women (years) 1
1/v,  infectious duration in men (years) 1
1/e duration of immunity (years) none

® based on 1.5 new partners per year and 70% in a partnership at any time
> calibrated to a baseline prevalence of 3%
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Initial infectious period Subsequent infectious period

Woman | |

1@ 10 lo 1@
Man | | l | | I —

Partnership 1 Partnership 2 Partnership 3

Figure 1: Illustration of how the female reproduction numbers are calculated for a SIS model. Grey bars
denote infection and white bars denote the susceptible state. When an infected woman separates from her
partnership and is still infected when forming a new partnership, she can transmit to her susceptible partner
(a). Her partner can clear the infection and can become re-infected by the female index case (b). The same
female index case can also clear the infection whilst in a partnership with an infected individual; she can
then become re-infected by her partner (c). This re-infection prolongs the index case’s infectious period.
She is then able to infect a new partner because she is still infected when she forms a new partnership (d).
A woman’s infectious lifetime ends when she clears the infection while being single (as in this example)
or when she clears the infection within the partnership and leaves the partnership being susceptible. In this
example, the female case reproduction number (R f.) is 1 (only a), the basic reproduction number (R fp) is 2
(a+b), and the female partnership reproduction number (R f,) is also 2 (a+d). Please note that two infected
partners cannot clear the infection at the same time.
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Figure 2: Flow diagram of the states of a SIRS pair model that includes an infectious woman (white boxes)
or a susceptible woman with an infectious man (grey boxes). X ; denotes single women who are infected
and P denotes pairs, where the first subscript denotes the infection status of the woman and the second the
infection status of the man. Partnerships can be formed at rate p and separate at rate o. Transmission within
partnerships occurs with a probability 5 per sex act, assuming ¢ sex acts. The natural clearance rate of
women is given by vy, and for men by ~,,. People lose their immunity at rate ¢ and become susceptible
again. Please note that two infected partners cannot clear the infection at the same time. Individuals can
leave the population at rate u. The dashed arrows denote the path where an infected woman clears the
infection and becomes re-infected again in the same partnership.
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Figure 3: Effect of changing one parameter on the reproduction numbers and keeping all other parameters
the same for an infection with characteristics similar to those of chlamydia. We changed the transmission
probability (a), the duration of infection (assuming equal durations of infection between men and women)
(b), the duration of immunity (c) and the duration of partnerships (d). Dashed lines indicate the partner-
ship reproduction number (£2,), black lines the basic reproduction number ([2y) and dash-dotted lines the
case reproduction numbers (R.). The grey lines indicate the epidemic threshold levels for all reproduction
numbers (a) and for Ry only (b-d). The dots indicate the baseline values from table 2.
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Figure 4: Effect of changing the duration of infection for a constant prevalence of 3% on the reproduction
numbers for a SIS type of sexually transmitted infection. For every infectious duration, the transmission
probability is changed to obtain the prevalence; all other parameters are kept constant. Infection durations
shorter than 145 days could not be used because obtaining a 3% prevalence resulted in a transmission prob-
ability per sex act that was bigger than one (grey area). Dashed lines indicate the partnership reproduction
number ([2,), black lines the basic reproduction number (/) and dash-dotted lines the case reproduction
numbers (R.). The grey line indicates the epidemic threshold level for Ry and the dots the baseline values
from table 2.
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AppendixA. Solutions for transmission probabilities

We derived an expression for the transmission probability per sex act S as a function of all
parameters in the model and the prevalence (v). The analytical result was derived in Mathematica

(Wolfram Research, Inc., 2011, Champaign, Illinois. Version 8.0) using the Solve-function.
For a SIS type of infection, where the male and female natural clearance rate is equal (i.e. v =

Ym = 1), the transmission probability [ is

(Y +m)@u+0o)(2y+2u+0)(y+2u+p+0)?
(V2 (2p + 0)2 + 720+ ) (6% + 2pp + 5po + 02) + 2u+ p+ 0)(2)) b

B = -
where

v o= 4+ (v —=1)po® + po(2(v —1)p+ o) + p*(vp + 4o)

For a SIRS type of infection, the transmission probability 5 as a function of the prevalence is
obtained by setting the system of differential equations described in section 2 to zero. Because the
analytic solution is lengthy, it is not shown here. However, the solution is available upon request

from the author.
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AppendixB. Heterogeneity in sexual behavior

We extended the pair model to include two types of sexual activity classes (low and high) that
differ in the preferred number of partners per year and the duration of partnerships. We assume that
individuals are born as susceptible singles in an activity class and that they stay in the same class
for the entire duration of their sexually active life. This differs from two other pair models that took
heterogeneity in sexual behaviour into account (Kretzschmar et al., 1994; Xiridou et al., 2003). In
Kretzschmar et al. (1994) all singles have the same pair formation rate, but upon formation of
a partnership a certain fraction will be (short term) casual partnerships and all others are steady
(long term) partnership. In Xiridou et al. (2003) all singles have the same pair formation rate for
monogamous partnerships, but people can have an instantaneous contact while they are single and
at a lower rate when they are in a partnership.

In the pair model with two sexual activity classes, the proportion of women and men in the high
sexual activity class is assumed to be the same and is denoted by p. We defined two pair formation
rates, one for individuals in the low activity class (p;) and one for individuals in the high activity
class (py). Mixing between the two classes occurs according to a mixing matrix M that can be
set from fully assortative mixing to proportionate (random) mixing (Garnett and Anderson, 1996),
taking into account the number of singles in each sexual activity class (X and Xp) and the pair
formation rates

PiX;
M = (my;)i :[W X 1 wéi-] B
(mij)igeqr,m (pLXL + pu H) ( )i ije{L,H} (D

where d;; =1 if ¢ = j and O otherwise and w the proportion of contacts that will be proportionate

or assortative (w = 1 for full random mixing, and w = 0 for full assortative mixing). The separation
rates depend on the sexual activity levels of both partners. The separation rate of two individuals
in the low sexual activity classes is denoted by o and in the high activity classes by oyy. We

assume that oy = opy. The pair processes can be described by a set of differential equations,
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where the indices denote the sexual activity classes

dX
d_tL = u(l—=p)N+ (orr + w)2Prr + (org + 1) Pry — (pr + 1) X1,
dXg
Tl upN + (o + 1)2Pyy + (og + 1) Pry — (pu + 1) Xy
dP, 1
Lo —prmrr Xy — (o +2u) Prr
dt 2
dP,
diH = p(1 —mpp) Xy — (0w +2p) Pry
dP, 1
dIZH = EpHmHHXH — (o +21) P

Note that pr,(1 — mp.) X = pu(1 — mgp)Xp. The mixing matrix M can be inferred by either
running the system of differential equations into steady state, or analytically by assuming a closed
population (i.e. ;= 0). The infection process is similar to that described in section 2 of the main
text.

We present the derivation of the partnership reproduction number for a woman in the low
activity class (R pr), using the same line of thinking as described in the main text. All other
reproduction numbers are analogous. We start with an infected woman in a pair with an infected
low risk male (P4F) or in a pair with an infected high risk male (PEH). The probability of her

LL

still being infected after separation from a partnership with another low risk partner (¢y;*) or from

a partnership with a high risk partner (q&fl ) without re-infection is expressed as

LL oL+ p Ym, €
= 1+ 1+ B.2
tos o1L + 2+ Yp T A ( (01L + 20+ 77 +6) ( m+2u+vf+ﬁ¢)> )

wp = oL LK (1 + Tm (1 - ‘ ))
of oL + 20+ Y5 + Ym (opm + 21+ 75 +¢€) org + 21+ 5 + B

The probability that the male partner of a P4 pair clears his infection and is then re-infected

by his female partner is denoted by 7", and r¢" denotes the probability of re-infection the male

32



520

521

522

523

524

525

526

527

528

529

530

partner in a P5H pair. This is expressed as

ST VA S S
/ orL + 20+ Y +ym/ oL +2p+ g+ €/ Nopp + 2p+ 5 + 59

SLH ( Y )( € )( B¢ )
! oLE + 20+ Y +Ym/ \oLa + 20+ 5 + €/ Nopg + 2+ 5 + B

The probabilities that the female index case clears her infection and is re-infected by her partner

before separation (s}* and s77) are expressed as

$ = ) o) G ) B9
J oLL +2p+ Y + Ym/ NoLL + 20+ Vi + €/ NoLp + 20 + Y + B

A () e ) G )
f oLE + 21+ Y5+ Ym/ NOLH + 240+ Vi + €/ NOLE + 200+ Vi + B

The overall probability that a woman is still infected and alive when separating from a P5E pair

(gf") or from a P/ pair (¢7™) is

LL qu

@ = 1z (rtb 4 sbl) (B.5)
LH QOLH

i@ = 1= (rLH 4 sLH)

The probability of forming a partnership when the woman is still infectious and alive is different

for a low risk single (d) and a high risk single (d})

dh=—LL  and g = — P (B.6)
pL+ Y+ p pE + 5t 1

The probability that the index case forms a partnership with another low risk individual is my,
and with a high risk individual it is myy = (1 — myz). The total number of expected partners
(both low risk and high risk) for a women in the low risk group during her infectious lifetime is

now given as

%

Q%LmLLdJé + q}%H(l — mLL)df{

E § 7’ LL I k7 . LH L1i—k
i=1 k=0 (k:) [qf ML f] [qf ( ML) f] 1- (QfLmLLd]Lv + QfH(l - mLL)dJ%) (B
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where ¢ is the total number of new partners and %k the number of partners that are with another low
risk individual.

The probability that the woman transmits her infection to her susceptible partner depends on
the duration of the partnership, so we define two different probabilities of transmission, depending

on the type of partnership

B

bt = B.8
f oL+ 2u+ 5 + o ®.5)
f oL + 2+ v5 + B

To obtain the expected number of secondary P4 and PEH partnerships during the infectious
lifetime of a woman in the low risk group, we have to weight the transmission probabilities ac-

cording to the expected number of partnership with a low risk male and with a high risk male

q%LmLLdf + qu(l — mLL)dff

(B.9)
1-— (qumLLdJLc + Q%H(l — mLL)d]Lc)

Rf; = (b]LcmLL + b?(l — mLL))

The derivation of the partnership reproduction number for low risk males towards the female pop-
ulation Rme and the partnership reproduction number for high risk females (R ff ) and males
(Rmf ) towards the opposite population is analogous. To obtain the case reproduction numbers,

s/%L and sJLcH should be set to zero.
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