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Abstract

In this paper we prove a Lions-type compactness embedding result for symmetric unbounded do-
mains of the Heisenberg group. The natural group action on the Heisenberg group H" = C" x R
is provided by the unitary group U(n) x {1} and its appropriate subgroups, which will be used
to construct subspaces with specific symmetry and compactness properties in the Folland-Stein’s
horizontal Sobolev space H WO1 2(H"™). As an application, we study the multiplicity of solutions
for a singular subelliptic problem by exploiting a technique of solving the Rubik-cube applied to
subgroups of U(n) x {1}. In our approach we employ concentration compactness, group-theoretical
arguments, and variational methods.
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1 Introduction

It is well-known that compactness of Sobolev embeddings on unbounded domains of R™ can be
recovered whenever the domain has appropriate symmetries. This approach is fruitful in the
study of variational elliptic problems in the presence of a suitable group action on the Sobolev
space. In such cases the principle of symmetric criticality can be applied to the associated energy
functional, allowing a variational treatment of the problem. Roughly speaking, if X denotes a
Sobolev space where the solutions are being sought, the strategy is to find a topological group
T, acting continuously on X, such that the following two properties simultaneously hold:

e the fixed point set of X with respect to T' is an infinite dimensional subspace of X which
can be compactly embedded into a suitable Lebesgue space;

e the energy functional associated to the studied problem is T'—invariant.

In the Euclidean setting, the above approach has been deeply exploited. For instance, if 2 =
R™ (n > 2), then the space of radially (resp., spherically) symmetric functions of H(R") is
compactly embedded into L4(R™), ¢ € (2,2*). Here, the symmetric functions represent the fixed
point set of H'(R™) with respect to the orthogonal group T = O(n) (resp., T = O(n1) x...xO(n;),
n =ny + ...+ n, n; > 2), see Strauss [20], Lions [14]. A similar argument works for strip-like
domains 2 = w x R*™™, where w C R™ is bounded and n — m > 2, obtaining the space of

17. M. Balogh was supported by the Swiss National Science Foundation, the European Science Foundation
Project HCAA and the FP7 EU Commission Project CG-DICE.

2A. Kristély was supported by a grant of the Romanian National Authority for Scientific Research, CNCS-
UEFISCDI, project number PN-II-ID-PCE-2011-3-0241, and by the Janos Bolyai Research Scholarship of the
Hungarian Academy of Sciences.



cylindrically symmetric functions on H3(Q) via the group T' = Igm x O(n — m), see Esteban
and Lions [7], Kobayashi and Otani [11].

The purpose of the present paper is to develop counterparts of the aforementioned results via
appropriate group symmetries on the Heisenberg group H" = C" x R (n > 1) with applications
to the theory of singular subelliptic problems defined on unbounded domains of H". Subelliptic
problems involving the Kohn-Laplace operator on unbounded domains of stratified groups have
been intensively studied in recent years, see Garofalo and Lanconelli [9], Maad [15], Schindler
and Tintarev [19], Tintarev [21]. A persisting assumption for these results was that € is strongly
asymptotically contractive. This means that 2 # H" and for every unbounded sequence {n;} C
H" there exists a subsequence {7, } such that either

(a) p(liminf(n, o)) =0, or

(b) there exists a point 79 € H™ such that for any r > 0 there exists an open set M, € ngof2, a
closed set Z of measure zero and an integer j, > 0 such that (1, 0Q)NB((0,0),7) C M,UZ
for every j > j,.

Here p(-) is the Lebesgue measure, ' liminf’ is the Kuratowski lower-limit, and ‘o’ is the usual
group operation on H". Intuitively speaking, strongly asymptotically contractive domains are
thin at infinity. For instance [15] shows that if p € [0,1] and Q, = {(2,t) e H" : [t| < 1 + |2},
then ), is strongly asymptotically contractive if and only if p € [0, 1).

Once a domain Q C H" is not strongly asymptotically contractive, H VVO1 2(Q) need not
be compactly embedded into a Lebesgue space. Therefore, in order to obtain compactness,
further assumptions are needed which will be formulated in terms of symmetries. Inspired from
Tintarev and Fieseler [22], via the concentration compactness principle, in §3 we state an abstract
compactness result for general Carnot groups where a topological group T acts continuously,
see Theorem 3.1. We apply this general principle to the Heisenberg group and its natural group
action by the unitary group T'= U(n) x {1}.

To formulate our compactness result, let ¥1,19 : [0,00) — R be two functions that are
bounded on bounded sets, and ¢ (r) < ¥2(r) for every r > 0. Let

Qp ={(z,t) e H" : ¢ (|2]) <t <¥a(l2])}, (1.1)

where |z| = \/|21]2 + ... + |zx]2. Our compactness statement reads as follows.

Theorem 1.1 Let n > 1 and € be from (1.1). Assume that n = ny + ... + ng with n; > 1,
[ >1,and let T =U(ny) X ... x U(ny) x {1}. Then

HW () = {u € HWg*(Qy) : u(z, 1) = ulg(=,1), Vg € T},
is compactly embedded into L(Sy), q € (2,27)).

Here, Q = 2n + 2 is the homogeneous dimension of H", while 2}, = QQ—?Q is the critical exponent

in the Heisenberg group. Note that
HWy7(Qy) = {u € HWy*(Qy) : u(z,t) = ullzn, |, s |20, 1), 2, € C"}.

By Theorem 1.1 compactness is induced by symmetries even if the domain €2, is large at infinity.
However, €, cannot be "arbitrarily large”, i.e., it cannot be replaced by the whole space H".



Indeed, the space HWOI%(H”) ={ue HWOI’2(H") su(z,t) = u(lzng |y oo |2 s )y 20, € C™} s
not compactly embedded into L2(H™). This is due to shiftings along the t-direction, see Remark
3.3. A similar phenomenon has been pointed out by Birindelli and Lanconelli [3, Corollary 1.1]
concerning De Giorgi’s conjecture on Heisenberg groups.

In §4 we describe symmetrically different functions belonging to H VVO1 ’2(Q¢) via groups of
the type U(ni) x ... x U(ny) x {1} for various splittings of the dimension n = n; + ... + n;
(n; > 1,1 > 2). The objective is to find as much mutually different subgroups of U(n) of the
form U(ny) x ... x U(ny) as possible such that the group generated by each two of them to act
transitively on the unit sphere of C™. In this way, by exploiting a Rubik-cube technique (see
Kunkle and Cooperman [13]), we may construct [5] 4 1 subspaces of H I/VO1 ’Q(Qw) which are
compactly embedded into L9(€y), ¢ € (2,2*Q), and have completely different structures from
symmetrical point of view, see Proposition 4.1.

In §5 we apply the above results to study the singular subelliptic problem

—Apnu — vV (2, t)u+u = MK (2,t) f(u) in  Qy, (PY)
u=0, on 0y, A

where Apn is the Kohn-Laplace operator on the Heisenberg group H", and A, v > 0. We assume
that (0,0) € Qy, and f € A, for some ¢ € (2,222), where

_ : £ (s)]
Ay = {fEC(R,R).ii%W’S‘q_l <oo}.

On the potentials V, K : Q,; — R we assume:

(Hy) V is measurable, cylindrically symmetric, i.e., V(z,t) = V(|z|,t), and there exists Cy > 0

such that | |2

0<V(zt) < cvﬁ, Y(z,t) € Qy\ {(0,0)};

(Hg) K € L*(Qy) is cylindrically symmetric.

Two complementary cases will be considered depending on f : R — R: (a) f is superlinear at
infinity, and (b) f is sublinear at infinity.

For the superlinear case, we assume that f € Ag for some g € (2,2)). Denoting by F(s) =
Iy f(t)dt, we assume:

(f1) f(s) = olls]) as |s| — 0;
(f2) there exists o > 2 such that sf(s) > aF(s) > 0 for all s € R\ {0}.

By means of the principle of symmetric criticality and mountain pass arguments, the construction
of the symmetrically distinct subspaces provides the following result.

Theorem 1.2 Let Qy C H" be from (1.1) with (0,0) € Qy, v € [0,C;'n?) be fized, and let
V,K : Qy — R be potentials verifying (Hy) and (Hg) with infq, K > 0. Let f € Ay for some
q € (2,27) verifying (f1) and (f2). Then, the following assertions hold:



(i) Given T =U(n1) X ... x U(ny) x {1} withn =ny + ...+ n; and n; > 1,1 > 1, for every
A >0, the problem (PY) has at least a nonzero weak solution in HW&’%(QW;

ii) In addition, 1 is odd, for every X > 0 problem (PY) has at least [2] + 1 sequences o
A 2
distinct, weak solutions with mutually different symmetric structures.

In the sublinear case, we assume that f € C(R,R) verifies
(f1) f(s) = o(|s]) as [s| — 0;

(f2) f(s) = o(|s]) as [s| — oo;

(f3) there exists so € R such that F(sg) > 0.

We consider the perturbed form of problem (FPY), namely,

—Agnu — vV (2, t)u+u = AK(2,1) f(u) + 0K (2,¢) f(u) in  Qy, (PY,)
u=0, on 3Q¢, A0

and we prove a counterpart of Theorem 1.2 as follows.

Theorem 1.3 Let Qy C H" be from (1.1) with (0,0) € Qy, v € [0,C;'n?) be fized, and let
V,K : Qy — R be potentials verifying (Hy) and (H) such that K € L'(Qy) and inf, K > 0
for some open set w C Q. Furthermore, let f € C(R,R) be a function verifying (f1) — (f3), let
fe A, for some q € (2,2*Q), and K € L>(Qy) be a cylindrically symmetric function. Then,
the following assertions hold:

(i) For A €0, c}1||K||Zio), problem (PY) = (PY ) has only the zero solution;

(ii) Given T =U(ny) X ... x U(ng) x {1} withn =n; + ... +n; and n; > 1, 1 > 1, there exists
N> 0 such that for every X > \*, there is 6 > 0 with the property that for 6 € [—6*,6%],
problem (PY ;) has at least two distinct, nonzero weak solutions in HW&’TZ,(Qw),'

(iii) In addition, if f and f are odd, there exists A* > 0 such that for every A > A*, there is
6 > 0 with the property that for 0 € [—6*, 8], the problem (P ) has at least s, = 2([5]+1)

distinct pairs of nonzero weak solutions {:I:u;\’e} C HW(}’?(Qd,), i=1,...,5n.

The paper is organized as follows. In Section 2 we recall basic notions on stratified groups.
Section 3 is devoted to compactness; after formulating a general compactness result for Carnot
groups (whose proof is presented in the Appendix), we prove Theorem 1.1. In Section 4 we
study Rubik actions on the Heisenberg group H". In Section 5 we prove Theorems 1.2 and 1.3,
respectively.

2 Preliminaries on stratified groups

In this section we recall some notions and results from the theory of stratified groups, see
Bonfiglioli, Lanconelli and Uguzzoni [5]. A Carnot group is a connected, simply connected,
nilpotent Lie group (G,o) of dimension at least two (the neutral element being denoted by
0) whose Lie algebra G admits a stratification, i.e., G = V1 @ ... ® V, with [V}, V;] = V4, for
i=1,..,r—1and [V}, V,] = 0. Here, the integer r is called the step of G. Let (, )o be a fixed inner



product on V; = R™ with associated orthonormal basis X1, ..., X;,. By applying left-translations
to these elements on G, we introduce the horizontal tangent subbundle of the tangent bundle
TG with fibers span{Xi(p),..., Xm(p)}, p € G, and extend (,)o to the whole TG by group
translation. A left-invariant vector field X on G is horizontal if X (p) € span{Xi(p), ..., Xm(p)}
for every p € G.

We introduce the set of horizontal curves of finite length connecting two arbitrary points
p1,p2 € G, namely,

7 is p1ecew1se smooth A(t ) 6 V1 a.e. t € [0,1], }
— G

HTp, 1, (G) = {'7 [0, 1] ~(0) = p1, 7y p27f0 / Yodt < 0o

Note that by Chow’s theorem, see Gromov [10], HT, ,,(G) # 0, and the Carnot-Carathéodory
distance is defined as

dcc(p1.p2) lnf{/ VAG! Jodt 1y € HT'p, PQ(G)}a

which is a left invariant metric on G.

For A\ > 0 we consider the map ) : G — G by §\(X) = AX for X € V; which induces
an automorphism on G by the exponential map, denoted in the same way. This gives a one-
parameter family of anisotropic dilations of G such that dec(dx(p1),dx(p2)) = Adcoc(p1, p2) for
all p1,p2 € G. The Jacobian of 8y is A\, where the number Q = Yot idimV; is called the
homogeneous dimension of G. Note that the Haar measure on G is induced by the exponential
map from the k-dimensional Lebesgue measure, where G = R* and k = >y dim V;; thus, the
same notation p will be used for both measures. Since G is diffeomorphic with G = R*_ one can
identify elements g € G with elements (21, ..., Zm,tmi1, - tk) € R¥ by g = exp(31, 2 X, +
Zf:m—s—l t;T;) where T, 41, ..., T}, are non-horizontal vectors extending the family Xj, ..., X,, to a
basis of G. The horizontal gradient on the Carnot group G is the vector Vg = (X7, ..., X;,) while
the horizontal divergence of a vector field X =" | fi X; —|—ZZ m+1 hiTyis dive X = > Xi(fi).
In particular, the subelliptic Laplacian (or, Kohn-Laplacian) is defined as Ag = divgVg =
S, X2,

Let Go C G be an open set. The Folland and Stein’s horizontal Sobolev space HWOI’2(G0) is
the completion of C§°(Go) with respect to the norm

v = [ O ld +2) (21)
Go =1
The inner product coming from the HW (Go)—norm will be denoted by (,) gy (g,)- It is well-

known that the space H VVO1 2(Gy) is continuously embedded into L(Gy) for every ¢ € [2,25),
where 27, = 2Q/(Q — 2) when @ > 2 and 27, = oo when @ = 2, see Folland and Stein [8]. If

G is bounded, the above embedding is compact. Note that HW2(G) = HWOI’Q(G), and the
HW(G)—norm from (2.1) is invariant with respect to the left group translations

Dg = {gy:ur uon,n€Gl,

where

(gyu)(p) = u(nop), p € G,u € HW"*(G). (2.2)



It turns out that (H WO1 2(@), D) is a dislocation pair in the sense of Tintarev and Fieseler, cf.
[22, Proposition 9.1, p. 222], and the elements of D¢ are unitary operators, i.e., gy = g;l.

If the Carnot group G is polarizable in the sense of Balogh and Tyson [2], according to
Kombe [12], one has the subelliptic Hardy inequality

—2\? N2
/GNG“% > <Q2> ; W]C\’}z |0u2, Yu € C°(G), (2.3)

1
where N = u2 is the homogeneous norm associated to Folland’s fundamental solution ug for

2
the sub-Laplacian Ag. Moreover, the constant (%) is optimal in (2.3).

Our main example is the Heisenberg group H" = C™ x R (n > 1) which is the simplest
non-commutative (polarizable) Carnot group with step 2. The group operation is given by

(z,t) o (2, t) = (2 + 2/, t +t + 2Im(z, 7)),

where z = (21,...,2,) € C", t € R, and (z,2') = >, 2 3 is the Hermitian inner product.
Denoting by z; = z; +iy;, then (z1, ..., 2n, Y1, ..., yn, t) form a real coordinate system for H" and
the system of vector fields

le = 8xj + 2yj8t,

X]2 = 8yj - 21’]'(975,

T = 0,
form a basis for the left invariant vector fields of H". Its Lie algebra has the stratification
‘H, = V1 & Vo where the 2n—dimensional horizontal space Vi is spanned by {X},X?}jzlwm,
while V5 is spanned by 7. The homogeneous dimension of H" is ) = 2n + 2, thus the best

2
constant (%) in (2.3) for G = H" becomes n?. The (2n + 1)-dimensional Lebesgue measure

w(-) on H" is a Haar measure of the group.

Let N(z,t) = (|z|4+t2)% be the gauge norm on H", and the Kordnyi metric di ((z,t), (2',t)) =
N((2/,¥)7! o (2,t)). It is well-known that dcc and di are equivalent metrics on H™. The
Koranyi ball of center (zp,tp) € H" and radius r > 0 is B((z0,t0),7) = {(2,t) € H" :
dx((z,1), (20,t0)) < 7}. A simple calculation shows that u(B((z,t),7)) = r@u(B((0,0),1)),
and [Vign N (2,1)lo = gy (2:t) € H'\ {(0,0)}.

3 Compact embeddings on stratified groups via symmetries

Let (G,0) be a Carnot group, and (7,-) be a closed topological group with neutral element e.
We say that T' acts continuously on G, T« G — G, if

(TGO) exp=p for all p € G,
(TG1) 71 % (Ta*p) = (71 - 72) *p for all 71,72 € T and p € G,
and left-distributively if

(TG2) 7% (p1op2) = (T*p1)o(7T*pe) forall 7 € T and p1,p2 € G.



A set Go C G is T-invariant, if T x* Gy = Gy, i.e., Txp € Gq for every 7 € T and p € Gp.
We shall assume that 7" induces an action on HW01’2(G), T#HWOLQ(G) — HW01’2(G), by

(74u)(p) = u(7 ™" *p). (3.1)

Once (TGO) and (TG1) hold, the action of 7' on HWOLQ(G) is continuous. The group T acts
isometrically on HWOLQ(G) if

1740l aw () = lull awe) for all # € T,u € HW?(G).
Let Gg be an open subset of GG, and assume that

(H)go : For every {m} C G such that dcc(0,mx) — oo and p(liminf(n, o Go)) > 0, there exists a
subsequence {1y, } of {7k} and a subgroup Ty,  of T such that card(7},, 1) = oo and for
J J
all 71,72 € Ty, }, T1 # T2, one has
J

lim inf doc((71 % k) o p, (T2 * Mk;) 0 p) = o0. (3.2)
j—oo peG

Hypothesis (H )?0 can be viewed as a replacement of the strongly asymptotically contractiveness
of Gg. Indeed, while a strongly asymptotically contractive domain is thin at infinity, hypothesis
(H )?0 allows to deal with a class of domains which are large at infinity. In the sequel, we state
an abstract compactness result for Carnot groups whenever (H )?0 holds.

Theorem 3.1 Let (G,0) be a Carnot group of homogeneous dimension @ > 2, (T,-) be a closed
infinite topological group acting continuously and left-distributively on G. Assume that T acts
isometrically on HW01’2(G) by (3.1). Let Gy be a T—invariant open subset of G and assume
that (H)S° holds. Then,

HW&’%(GO) ={ue HW&’Z(GO) L i#u =u, Vi e T}

*

is compactly embedded into LY(Go) for every q € (2,25)).

Remark 3.1 We shall apply this general Lions-type theorem to the Heisenberg group G = H"
where T is the action of the unitary group U(n) x {1} on H". This statement is strongly related
to the results of Tintarev and Fieseler [22] who considered the case of group actions T by
translations. The proof of Theorem 3.1 follows the ideas from [22]. For the sake of completeness
we present it in the Appendix.

Recall that the unitary group is
U(n) =U(n;C) = {r € GL(n;C) : (12,72') = (2,2') for all 2,2’ € C"},

where (,) denotes the standard Hermitian inner product.
Let T = U(n) x {1} be the group with its natural multiplication law
the action 7'« H" +— H" as

. and we introduce

7% (z,t) = (1z,t) for 7= (1,1) € T and (z,t) € H". (3.3)



Lemma 3.1 The group (T,-) = (U(n) x {1},-) acts continuously and left-distributively on
(H™, 0) via the action (3.3), i.e., (TGO)-(TG2) hold.

Proof. (TGO) and (TG1) hold trivially. The definition of the unitary group U(n) gives

(T21,t1) o (T22,t2)
= (721 4+ 7T22,t1 + to + 2Im(721,722))
(1(21 + 22),t1 + to + 2Im(z1, 22))
= 7% ((21,t1) 0 (22,t2)),

which proves (TG2). O

(7 % (21,t1)) o (7 * (22,t2))

The following observation seems to be known to specialists; since we were not able to find a
reference, we include its proof for the sake of completeness.

Lemma 3.2 The group (T,-) = (U(n) x {1},) acts isometrically on HW01’2(H") by (3.1).
Proof. We prove that
l##ull ey = lullw ey, Y7 = (1,1) € T, w € HWg*(H"), (3.4)

where the operation '#’ is given by (3.1). To check (3.4), let A(z,t) = A(z,y,t) be the (2n +
1) x (2n + 1) symmetric matrix with elements a;; = &;; if 4,5 = 1,...,2n; a@py1); = 2y; if

J=1.4n5 agpyny; = =225 if j = n+1,...,2n; and a@nqnyent1) = 4]z|?. In other words,
o Igen  Jz B 0 2Ipn 1\ . . .
Az, t) = ( (J2)T 422 ), where J = ( C9%an 0 > is the symplectic matrix. Note that

/ \VHnulgdzdt:/ (A(z,t)Vu(z,t), Vu(z,t))dzdt,
Hn n

where (, ) is the inner product in R?"*! and V is the Euclidean gradient. In order to prove (3.4),
it is enough to check that

/(A(z,t)Vv(z,t),Vv(z,t)>dzdt:/ (A(z,t)Vu(z,t), Vu(z,t))dzdt,

where v(z,t) = (F#u)(2,t) = u(r71z,t). Since
Vo(z,t) = (77T Vu(r 12, 1),

where (771)T denotes the transpose of 771, the last relation becomes

/<A(z,t)(7°1)TVu(T1z,t),(7°1)TVU(le,t)>d2dt:/ (A(z,t)Vu(z,t), Vu(z,t))dzdt,

n

that is

n

/ (FH Az, ) (F ) Vu(r 1 2,t), Vu(r ™ 2, 1)) dzdt = / (A2, t)Vu(z,1), Vu(z,1))dzdt.



Changing the variable z to 7z in the first integral (and keeping in mind that the Jacobian has
determinant 1), our claim is concluded once we prove that

7 A(rz, ) (77 HT = A(z,1). (3.5)

First, one has

e = (7 8l S )

B ( = HT T_IJ(TZ)>
)T AP )

Then, since 7 € U(n) = O(2n) N GL(n;C) N Sp(2n;R), we have that 771 (771)T = Ipon and
7-1J7 = J, which proves our claim, thus (3.4). O

Remark 3.2 The above argument actually shows that the structure of the unitary group is
indispensable in the following sense: 7 € GL(n;C) verifies relation (3.5) for every (z,t) € H" if
and only if 7 € U(n). Roughly speaking, from ’invariance’ point of view, the unitary groups play
the same role in the Heisenberg setting as the orthogonal groups in the Euclidean framework.

Proof of Theorem 1.1. We are going to apply Theorem 3.1 with (G,0) = (H",0), T'=U(n;) X
.. x U(ny) x {1}, and Gp = Q. In view of Lemmas 3.1 & 3.2, it remains to verify (H)go

Let np = (zk,tx) € C* x R = H", and assume that the sequence {n;} is unbounded with
the property p(liminf(ny o y)) > 0. We claim that {z;} is unbounded. By contradiction, we
assume that {z;} C C" is bounded; consequently, {tx} C R should be unbounded. Fix i € N,

and let A; = Ng>i(ng 0 ). Then,

(2, t)e A & (Zt)enoQy, Yk>i
& nto(d, ) € Qy, VE >
& (2 =zt =t — 2Im(zy, 2')) € Qy, VE >
s 1|2 —z)) <t —tp — 2Im(z, 2) < (|2’ — 2i]), VK > .

Since {2’ — zx } is bounded and the functions ¢; and 12 map bounded sets into bounded sets, the
sequence {t’ — t — 2Im(zy, 2’)} € R is bounded as well, which contradicts the unboundedness
of {tx}. Consequently, A; = 0, so liminf(n o Q) = U;>14; = 0, a contradiction with the
assumption. Therefore, the sequence {z;} C C™ is unbounded, as claimed above.

If zp = (20", ..., 2,") with 2" € C™, we can choose 49 € {1,...,l} and jo € {1,...,n;,} such
that a subsequence {z,:;o 0V of {z,:”o 7%} < C is unbounded, where Z,Zio = (z;”o’l, ...,zgio’nio).

Let T{Ukj} be a subgroup of T defined by the S'—action in the unbounded component szo’jO

of zj,;, where S* = {¢'? : ¢ € [0,27)} is the circle group. With the above constructions in our
mind, we may choose

T{Ukj} = I(Cn1+4.4+ni0,1+j0—1 X Sl X Ic—jo+ni0+4..+nl X {1}
It is clear that Ty, y is a closed subgroup of T'= U(n1) x ... x U(n;) x {1}, and for every
J

. /
T = (Tk, 1) = I(Cn1+...+n1'071+j071 X T, X I(ijo+n7;0+4.4+nl X {1} S T{”]kj}

9



with 7/ = cos ¢y, + isin ¢y, ¢ € [0,27), k = 1,2 and ¢1 # ¢, it yields that

pierllmfn di (71 % ni;) op, (Faxmy;) op) = piefiﬂfn N((=p) o (—7221;, —tk;) © (1121, ti;) © )
> TéZZ;OJO — T{ZZ;O ’j0|

Mig,J0

= [2— 2cos(¢n — ¢1)] 7|2 — oo,

as j — oo. Since de¢ is an equivalent metric with dg, relation (3.2) is verified. The conclusion
follows immediately. O

If T'=U(n) x {1} in Theorem 1.1, the following can be stated:

Corollary 3.1 Let 0y be from (1.1). Then, the space of cylindrically symmetric functions of
HWy*(Qy), i.e.,

HWy2 () = {u € HWy?(Qy) s u(z,t) = u(|z],1)},

is compactly embedded into L(Sy), q € (2,25)).
Remark 3.3 The domain 2 cannot be replaced by the whole space H", i.e., the space
HWyi7(H") = {u € HW 2 (H") : u(z,t) = u|zn, |, s |20, ], 1), 20, € C"}

is not compactly embedded into LZ(H"), n = ny + ... + n; with n; > 1, | > 1. Indeed, let
uo(z,t) = 1 4 cos N(z,t) when N(z,t) < m, and ug(z,t) = 0 when N(z,t) > 7. Then, the
sequence uy(z,t) = ug(z,t — k) is bounded in HWOI:%(H"), it converges weakly to 0, but uy /4 0
in LY(H") for any ¢ € (2,2y) since [lugl[re = [luol[ze # O for every k € N. As we can see,
the lack of compactness of embedding of H T/VO1 %(H”) into LY(H") comes from the possibility of
translations along the whole ¢t—direction, which is not the case for H VVO1 %(Qw) This example

also shows the indispensability of the central hypothesis (H )?0 from Theorem 3.1. For instance,
if ;i = (0,k) € H", then doc(0,n;) — oo and p(liminf(n, o H™)) = oo; however, for every
p € H" and 7 = (7%, 1) € U(n) x {1}, k = 1,2, with 71 # 7, one has

dec((71 % mk) o p, (T2 x i) o p) = dec (e o pymk 0 p) =0,
i.e., relation (3.2) fails.

Remark 3.4 If the functions v; (i = 1,2) are bounded, the domain €, is strongly asymptot-
ically contractive. In this case, not only H VVO1 %(Qw) but also H W& ’2(91/,) can be compactly
embedded into L9(Qy), ¢ € (2,27,), see Garofalo and Lanconelli [9], Schindler and Tintarev [19].

4 Rubik actions and symmetries

In the previous subsection we proved that the subgroup U(nj) x ... x U(n;) of the unitary
group U(n) (with n = ny + ... + n;) produces the compact embedding of T-invariant functions
of HWy?(Qy) into LI(Qy) where T' = U(ny) x ... x U(ny) x {1} and q € (2,2). The main
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purpose of the present section is to describe symmetrical differences of functions belonging to
HW&’Q(QM via subgroups of the type U(n1) X ... x U(n;) for various splittings of the dimension
n. In order to solve this question we exploit a Rubik-cube technique. Roughly speaking, the
space dimension n corresponds to the number of faces of the cube, while the sides of the cube
are certain blocks in the splitting group U(ny) X ... x U(n;). If we consider only one copy of such
a proper splitting, the Rubik-cube cannot be solved/restored because only some specific moves
are allowed, thus there is a lack of transitivity on the cube. However, combining appropriate
splittings simultaneously, different moves complete each other recovering the transitivity, thus
solving the cube. The precise construction is described in the sequel.

4.1  Transitivity of combined Rubik-type moves on subgroups of U(n)

Let n > 2 and for i € {1, ..., [%]} we consider the subgroup of the unitary group U(n):

Tm:{ U(3) xU(3), it =12,
’ U(i)xU(n—2i) xU(i), if n# 2i.

In the sequel, [T}, ;7 ;] will denote the group generated by T, ; and T}, ;. Although T;,; does
not act transitively on the sphere S~ = {z € C" : |z| = 1}, we have

Lemma 4.1 Leti,j € {1,..., [4]} with i # j. Then the group [Ty ;T ;] acts transitively on the
sphere S?"~1. Moreover, for every z,zo € S?"~! there exists T € (Tni; Th ;) such that z1 = T2
and T 1is the composition of at most 3 alternating elements from T, ; and T, ;, starting with an

element from T, max{i,j}-

Proof. For simplicity, set 0, = (0,...,0) € C¥ = R?* k € {1,...,n}. We may assume that
j >i. Fix z = (21, 29,23) € S ! arbitrarily with 21,23 € C/ and 2o € C*~%. [If j = n/2,
the term 2o simply disappears from z.] Since U(j) acts transitively on S%~!, one can find
le,TjQ € U(j) such that if 7; = le X Ipn—2; X sz € T, then

iz = (051, |21], 22, |23], 0j-1).

Now, we switch to the action with an element from 75, ;. Since j —1 > 4, due to the transitivity
of U(n — 2i) on §?"~4~1 there exists 7} € U(n — 2i) such that

7H(0;-i-1, |21, 22, 23], 0j—i—1) = (1, 0n—2i-1).

Therefore, if 7; = I X 7'2-1 x Ici € Ty, ; then
TZ'T]‘Z = (OZ‘, 1, On—i—l)-

Now, repeating the above argument for another element 2 € S?*~!, one can find 7; € Thi
and 7; € T}, ; such that
7,752 = (05,1, 0p——1).
Thus,
B PP PR
Z=7T; 0T, TiTjE =T, TiTjZ

where 7; = Tz-_lﬂ- €Ty O
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4.2  Symmetrically distinct elements of HWOM(Qd,)

Let n > 2 be fixed. For every i € {1,...,[5]}, we consider the matrix (; as

0 I.n 0 0 Ici
G = ( 7 %7 > if n=2¢, and (; = 0 Icn-2 O if n # 2i.
c2 Ici 0 0

A simple verification shows that ¢; € U(n) \ Th, (? = Icn, and CiTn,z(;l =Th;.

In the sequel, we will follow a construction from Bartsch and Willem [4]. Let Trfjl be the
group generated by Tn,i =T,; x {1} and G = (Ci,1). On account of the above properties, the
group generated by Tm and @ is

ACZ‘ def - N - jaggpa
T = Thi Gl = Tng U GThg, (4.1)

n,i

i.e., only two types of elements in ng can be distinguished; namely, elements of the form 7 € Tm-,
and (;7 € Tf’l \ Tr.i (with 7 € T;,;). The action of the group Tf’z on H WO1 ’2(91/,) is defined by

(%#“)(z’t):{ (G (1) i F= G € T\ T +

w(7 1% (2,1)) if F=7¢cT;
7

for 7 € Télz, ue HWy?(Qy) and (z,t) € Qy, where s’ comes from (3.3).
The following result provides a precise information on the mutually symmetric differences

for the spaces of T, éfi—invariant functions in H WO1 ’2((21[,).

Proposition 4.1 Let n > 2 and Qy be from (1.1). The following statements hold true:

(i) The space
HW2, (9) = {(u e HWS2(Q,) : 74tu = u, W7 € T5),

where '#' is given in (4.2), is compactly embedded into LI(Qy) for all ¢ € (2,25) and
ie{L, ..., [5]};

() N HW,2 (Qy) = {0} for alli € {1,...,[2]};

. 1,2
(11) HWO,TC 0,cyl

(iii) Ifn > 4, then HWOIV’;Q'(Qw) N HWOI’;CJ,Y(%) = {0} for alli,j € {1,...,[2]}, i # j.
n,i g
Proof. (i) On the one hand, the first relation of (4.2) implies that HWOI’;c (Qy) C HWOL; ().

i
T,

On the other hand, on account of Theorem 1.1, the space H Wh2 (Qp) is compactly embedded
P

OyTn,i
into L1(Qy), q € (2,2).

(ii) Let us fix u € H Wol’;ci (Qyp)NH I/VO1 fyl(Qw). Since u is Tgfi—invariant, the second relation

from (4.2) implies in particular that u(z,t) = —u(fi_l*(z,t)) = —u(¢; 12, t) for every (z,t) € Qy.
Since u is cylindrically symmetric, i.e., u(z,t) = u(|z|,t), and |z| = |{; 2|, we necessarily have
that u = 0.

12



(iii) Let u € HWI; (Q2yp) N HWL?C], (Qy). Note that the latter fact means in particular

n,i shnj
that v is both Tm-—, and Tnvj—invariant, thus invariant with respect to [T;, ;; Ty, ;] x {1}. Since
[Th,i; Tn,j] acts transitively on 52=1 by Lemma 4.1, it possesses only a single group orbit. This
means that v is actually a cylindrically symmetric function on Qy, thus u = 0 from (ii). O

5 Proof of Theorems 1.2 and 1.3

For f € Ay, let F(s fO t)dt. Fix v € [0,CY, 1n2) For every A > 0, we introduce the energy
functional &£, : H Wo (Qw) — R associated with problem (FY), namely,

E(w) = 3 lulway) - /Vzt Ydzdt — \F(u),

where

F(u) = K(z,t)F(u(z,t))dzdt. (5.1)

Qy

For the sake of simplicity of notations, we do not mention the parameter v in the functional &).
Since f € Ay for some ¢ € (2, 222), on account of (Hy ), (Hg) and subelliptic Hardy inequality
(see (2.3)), the functional &, is well-defined, of class C! and its critical points are precisely the
weak solutions for (PY). Moreover, since v € [0, C;,'n?), the norm |- | HW (%) Is equivalent with
the norm given by

1/2
llull, = ”UH%W(Q )~V V(z, t)udzdt : (5.2)
v 0
v

First, we prove Theorem 1.2. Note that hypothesis (f2) is the standard Ambrosetti and
Rabinowitz assumption (see [1]), which implies that for some sy > 0 and ¢ > 0, one has
|f(s)| > c|s|*~! for all |s| > s, i.e., f is superlinear at infinity.

Proof of Theorem 1.2. (i) Fix A > 0. Let £ be the restriction of the energy functional &) to the
space H Wol%(ﬂw) On account of Theorem 1.1 and hypotheses (f1), (f2), one can apply in a
standard manner the mountain pass theorem of Ambrosetti and Rabinowitz [1] to £, obtaining
a critical point uy € HWOI%(Qd,) of S; with positive energy-level; in particular, uy # 0. Due to
relation (3.4) and the cylindrical symmetry of V' and K, the functional £, is T'—invariant where
the action of T on H VVO1 ’Q(Qw) is given by (3.1). Now, the principle of symmetric criticality of
Palais [16] implies that uy is a critical point also for &y, thus a weak solution for (FPY).

(ii) Let n > 2. First, since V and K are cylindrically symmetric, the functional &) is
U(n) x {1}—invariant with respect to the action defined by (3.1). Second, since f is odd,
&) is an even functional, thus &) is TC" —invariant with respect to the action from (4.2). Let 8/(

(i=1,..,[5]) and & ! be the restrictions of &y to the spaces HW ¢, (Q2y) and HW0 Cyl(Q¢),

’n'L

respectively. By exploiting Proposition 4.1 (i) and Corollary 3.1 as well as hypotheses (f1),
(f2), we can apply the symmetric version of the mountain pass theorem to &5 (i = 1,...,[5])
and Eiyl, respectively, see e.g. Willem [23, Theorem 3. 6] Therefore, one can guarantee the
existence of the sequences of distinct critical points {u ‘Y CH VV1 24 () (i =1,...,[5]) and

7nz

{u} C HWOI(?yl(Qw) of the functionals &% (i = 1,...,[%]) and EAy , respectively. They are also
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critical points of £, due to the principle of symmetric criticality. In view of Proposition 4.1 (ii) &
(iii), the symmetric structure of the elements in the aforementioned sequences mutually differ. O]

Before proving Theorem 1.3 some remarks are in order on the assumptions (f1) — (f3).

Remark 5.1 (a) Hypotheses (f1) and (f]) coincide, which means that f is superlinear at the
origin. Hypothesis (f3) is a counterpart of the superlinearity assumption (f2). Due to (f]) and
(f3), we have f € A, for every q € (2, 222) These hypotheses also imply that

limwz lim @

=0.
s—0 82 |s]—o0 52

Moreover, if K € L>®(£,) N LY(Qy), a simple verification shows that F defined in (5.1) inherits
similar properties as F, i.e.,

Flu)
o ez = % (5.3)
T =0 (5.4)

ull,—oo ||u]|2

where || - ||, is defined in (5.2).

(b) The number ¢y = max .o HO]

ls]
(c) If X is a closed subspace of H W& ’2(Q¢) which is compactly embedded into L4(£2),
q€ (2, 222), then F|x has a compact derivative.

is well-defined and positive.

Remark 5.2 Let us keep the notations from the proof of Theorem 1.2 and assume that (f{) —
(f4) hold. Then, 0 is a local minimum point for the functionals £f and &} (i = 1,...,[}]), cf.
(5.3). Moreover, these functionals are coercive (cf. (5.4)), bounded from bellow, satisfying the
Palais-Smale condition; thus, all of them have a global minimum point with negative energy-level
for large values of A\. Consequently, the well-known critical point theorem of Pucci and Serrin
[17] gives a third critical point for these functionals. Summing up, for large values of A > 0, one
can expect the existence of at least two nonzero weak solutions for (PY) in H VVO1 ’%(Qw), and at
least 2([5] + 1) nonzero weak solutions for (PY) whenever f is odd. 7

Theorem 1.3 gives a more precise information as the one stated in Remark 5.2; indeed, it
shows that the number of solutions described below is stable with respect to small subcritical
perturbations. In order to prove it, we recall a result established by Ricceri [18].

If X is a Banach space, we denote by Wx the class of those functionals £ : X — R having
the property that if {uy} is a sequence in X converging weakly to v € X and lim infy_, o E(ug) <
E(u) then {uy} has a subsequence converging strongly to w.

Theorem 5.1 [18, Theorem 2] Let (X, || - ||) be a separable, reflexive, real Banach space, let
E1: X — R be a coercive, sequentially weakly lower semicontinuous C functional belonging to
Wy, bounded on each bounded subset of X and whose derivative admits a continuous inverse on
X*. Let By : X — R be a C' functional with compact derivative. Assume that Ey has a strict
local minimum point ug with Fy(ug) = FEa(ug) = 0.
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Assume that o < x, where

E E
0 := max < 0, lim sup g(u)7 lim sup 2(u) , (5.5)
ful—oo E1(W)" u—uy  Er(u)

(5.6)

Then, for each compact interval [a,b] C (1/x,1/0) (with the conventions 1/0 = oo and 1/0c0 = 0)
there exists k > 0 with the following property: for every A\ € [a,b] and every C' functional
Es : X — R with compact derivative, there exists § > 0 such that for each 6 € [—§,6], the
equation Ej(u) — AE5(u) — 0E5(u) = 0 admits at least three solutions in X having norm less
than K.

Proof of Theorem 1.3. (i) Let u € HWOI’2(Q¢) be a solution of (PY). Multiplying (PY) by wu,
using the Green theorem, the subelliptic Hardy inequality (2.3) with hypothesis (Hy ), the fact
that v € [0,C},'n?), and the definition of number c¢; > 0 (see Remark 5.1(b)), we obtain that

/ u? < /(|VHnu]3—yV(z,t)u2+u2)dzdt
Qy Qy

= A K(z,t)f(u)udzdt
Qy

< NKlpees [ o
Qy

fo<A< cJTlHKHE(}Q, the above estimate implies u = 0.

In the sequel, we are going to prove (ii) and (iii) by applying Theorem 5.1. First, let
w=U{fw:7=(7,1),7 € U(n)}, where the set w is from the hypothesis of the theorem. Since
K is cylindrically symmetric, one has

inf K = inf K > 0. (5.7)
w w
Moreover, one can find (zo,tg) € 2y and R > 0 such that

R < 2|%|(V2-1) (5.8)

and
Arp={(z,t) e H" : ||z] — |20|| < R, |t —to| < R} C @. (5.9)
Clearly, for every o € (0,1], one has A,r C Ap C @ and u(Asr) > 0.
(ii) Let T =U(ny1) X ... x U(ny) x {1} withn =n; + ... +n; and n; > 1,1 > 1. We are going
to apply Theorem 5.1 with the choices X = HW,#(Qy) and Ey, By, B3 : HWy7(Qy) — R
which are the restrictions of 1| - ||2, F and F to the space H W&’%(Qw), respectively, where
F(u) = fﬂw K(z,t)F(u)dzdt, u € HWOI’Q(Qw). Note that as a norm-type functional, E; is

coercive, sequentially weakly lower semicontinuous, it belongs to W it is bounded

HW, ()
on each bounded subset of H WO1 72’(97/)) and its derivative admits a continuous inverse on the
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dual space of HWOIZ,%(Qw) On account of Remark 5.1(c) and Theorem 1.1, E5 and E3 are C!
functionals with cofnpact derivative. Moreover, ug = 0 is a strict global minimum point of E,
E1(0) = E5(0) = 0, and (5.3) and (5.4) yield ¢ = 0 (see relation (5.5)). In the sequel, we shall
prove that

2F (u
= {3 e w00\ 01 € 0.50)

Let sp € R be the number from (f3). For every o € (0, 1) we consider the truncation function
Ug : 0y — R defined by

- t—t
’LLO-(Z,t):]-S_OO_<].—InaX<HZ| R|Z0||’| R0|50)> ’
+

where r; = max(r,0). It is clear that u, € HWO Cyl(Qw) C HW&%(Q@ and

(p1) suppus = Ag;
(02) [luollLee < [sol;
(p3) us(z,t) = sg for every (z,t) € Ausg.

The above properties, the subelliptic Hardy inequality (2.3), and hypotheses (Hy ) and (Hg)
imply that
el > [ a2 > sfu(An),
Qy
and

Flug) = . K(z,t)F(uy(z,t))dzdt

_ / K (2 1) F(ug (2, £))dzdt + /A K (= )

> inf K- F(so)u(Ao) — [ Kz~ maxx [F(O)]n(Ar\ Ar).

Asr [t]<[s0

If o — 1, the right-hand sides of the above expressions are positive. Consequently, from (5.3)
and (5.4),

X = sup { 2,(;?;) fu € HW&%(Qw) \ {O}} € (0,00),

and the number

1 1,2
\* = 1nf{2]__(;) tu € HWyir(Qy), F(u) >0p < oo (5.10)
is well-defined. Moreover, one has y~! = \*.

Applying Theorem 5.1, for every A > A\* = x~! > 0, there exists §* > 0 such that for each
6 € [—6*,6%], the functional E; —AE;—6Fs has at least three critical points in HWOI%(Qw) Since
the functional £, 9 = 3|- |2—AF—0F is T—invariant where the action of T on HW&’Q(QM is given
by (3.1), the principle of symmetric criticality implies that the critical points of By — AFEy — 0 E;
are also critical points for £ ¢, thus weak solutions for (P} ,).
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(iii) If n = 1, the claim easily follows after a suitable modification of the proof of (ii); here,
the energy functional £y 9 = 3| - |2 — AF — 6F is even, thus the solutions appear in pairs which

belong to HWl)l,fyl(Qd))' Now, let n > 2, and fix i € {1,..., [§]} arbitrarily. The difficulty relies

on the construction of a suitable truncation function in H Wol’T?(i (€2y) with properties similar to
(p1)-(p3). To complete this aim, we first introduce the auxiliary function e; : C* x C* x R — R
by

2 R\?
ei(z,2,t) = = (|z[ — |z0] + 2> + 212 + (t — to)?,

where zg, to and R > 0 are from (5.8) and (5.9). We also introduce the sets
S = {(Z,Z,t) €C' xC' xR:ei(z,2,1) < 1}
and ' '
Sy = {(z,%,t) eEC' xC"xR:ei(z,2,t) < 1}.
A simple reasoning based on (5.8) shows that
S1 NSy = 0. (5.11)
For every o € (0, 1], we introduce the set in H" by

{(21,22,t) € C' x C* x R : ¢;(21, 22,t) < 0 or e;(29,21,t) < 7}, if n=2i
S, = ( 1) € T x €2 x C x R ei(21,23,t) < o or e;(z3,21,t) < o, i £9i
21, 29,2 X xC'xR: if n i.

1, %2543, and |2'2‘ S JQR )

It is clear that the set S¢ is Tgfi—invariant (that is, 7S¢ C S¢ for every 7 € Tf% St C S,
w(SL) > 0 for every o € (0,1] and

lim u(Si\ SL) =o. (5.12)
Now, we prove that 4
Si C Ag. (513)

We consider that n # 2i, the case n = 2i is similar. Let (21, 29, z3,t) € St such that e;(21, 23,t)
1 and |z9| < %. In particular, the first inequality implies that |t — to| < % and (]zo| — R)?
|21]% + |23]% < |20]?. Consequently,

<
<

R 2
o =l el aaf < Lol + (5 ) < (ol + R
|21* = |z1[* + 2] + |23]° > (|20 — R)?,

ie., ||z] — |20|] < R. Thus, (z,t) = (21, 22, 23,t) € AR.
Let sp € R be the number from hypothesis (f}). Keeping the above notations, for a fixed
o € (0,1), we construct the truncation function w}, : 2, — R defined by

0 [(1 — max(ei(21, 22,1),0))+ — (1 — max(e;(z2,21,1),0))+] if n=2i

(1) = ey (1 = max(ei(z1, 23, 1), 0)) 4 — (1 — max(ei(23, 21, 1), 0)) ] X

x (1 — max(2|z|,0))

= if n £ 2i.

Due to (5.11) we have the following properties:
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(p1’) suppug, = Si;
(02) llugllzee < Isol;
(p3’) |ul ()| = |so| for every z € St.

Moreover, 7#u’. = u! for every 7 € T Cii where the action '#’ is from (4.2). Therefore, u! €

HVV1 241 (Qy). Since F is even, by using properties (pl’)-(p3’), one has

7nz

Fb) = [ KeOPuGdd [ o KDzt
= Inf K- F(so)u(S e) — HKHLw'r‘Ig'lX [F(®)] - 1(S1\ S5).

On account of (5.7), (5.9), (5.12) and (5.13), if ¢ is close enough to 1, the right-hand side of the
latter term is positive. Thus, we can define the number

2
A = inf{ e, ¢ g2

i SYAOR 015, (€y), Flu) > 0} < o0. (5.14)

Moreover, from (5.3) and (5.4), one has that

Xi = sup { 2‘7;(1;) fu € HWJ’iizl(Q¢) \ {0}} € (0,00)

and Xi_l =\l
As in (ii), we apply Theorem 5.1 to X = HW? jyees ¢. () and to the functionals Fy, Ey, 3 :

’nz

HWOI;Q (2y) — R which are the restrictions of 2H |2, F and F to HT/V1 2 (Qd,) Repeating

a similar argument as before, we state that for A > A} = x; 1 >0, there ex1sts 52 > 0 such

that for each 6 € [—82, 6], the functional Ey — AEy — 0F3 has at least three critical points in

HW1 2 (Qw) Since f and f are odd functions, the energy functional £ g = 12— AF - 0F

is even, thus TC’ —invariant where the action of TQ on H W (Qw) is given by (4.2). From the
principle of symmetrlc criticality it follows that the critical points of Fy — AFy — 6F3 are also
critical points for &) g, therefore, weak solutions for (Py 9) Summing up the above facts, for

every i € {1,...,[5]}, and for every A > X} and 6 € [ 5 2], problem (P ) has at least two

177
distinct pairs of nonzero weak solutions {:l:uZ ) ,:l:uz 2} cH VV1 24 (Qd,) A similar argument
also shows (see also (ii)) that there exists Afy > 0 such that for every A > A} there exists ) > 0
such that for every 0 € [-63,63], problem (PX ) has at least two distinct pairs of nonzero weak
solutions {:l:uo 1 :l:u0 2} C HVVO1 C2y1((21/,).
Now, if we choose A* = max{\j, A\, ..., X[k%]} and 0* = min{&}, 67, ..., 5[’\%]}, the claim follows

from Proposition 4.1 (ii)&(iii). O
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6 Appendix: Proof of Theorem 3.1

Although the line of the proof of Theorem 3.1 is similar to Tintarev and Fieseler [22, Proposition
4.4], we present its proof to make our paper self-contained. The notations and notions in our
proof are taken from [22].

Let {u} be a bounded sequence in H WO1 ’%(Go). By keeping the same notation, we naturally
extend the functions uy to the whole group G by zero on G \ Go. Thus, {u} is bounded in
HW01’2(G) and since T x Gy = Gy, we also have

THuER = up, V7T € T. (6.1)

Since (H VVO1 ’2(G),Dg) is a dislocation pair, we may apply the abstract version of the con-
centration compactness principle from Tintarev and Fieseler [22, Theorem 3.1, p. 62], which
guarantees the existence of a set Ny ¢ N, w(® € HWOLZ(G), g,gn) € D¢, g,(gl) = id with k € N,

n € Ny such that for a renumbered sequence,

w™ = wlimg,(gn)_luk; (6.2)
n)"l (m
g g =0 #m (6.3)
n n D
up — Z g,g Jw™ 2¢ 0, (6.4)
n€Np

Let n,ﬁn) € G be the shifting element associated to g,gn), see (2.2). Putting m = 1 in (6.3), one

has that g,&n) — 0 (n > 2), thus {n,in)} has no bounded subsequence, i.e., dCC(O,nIE;")) — 00 as
k — 0o. We claim that w(™ = 0 for every n > 2. To prove this, we distinguish two cases:

Case 1. We assume that p(lim inf(n,gn) 0Gp)) = 0. Fix p € G arbitrarily. Since the Lebesgue

measure of the set lim inf (n,g") 0()) is zero, we may assume that p ¢ liminf (nlgn) 0Gy). Therefore,

from the definition of the Kuratowski lower-limit for sets, there exists a subsequence {77,(5)} of

{n,gn)} such that p ¢ 77,(;;) o G, i.e., n,(c?)_l op & Go. In particular, uy, (n,(c?)_l op) = 0. On the
=

1
other hand, up to a subsequence, from (6.2) we have that the sequence {gli? ug, } converges

pointwise almost everywhere to w(™ on G. Combining these facts, we obtain that
(2.2) (n)~*

n)~ ! .
w™(p) = 1ijm(g;(€j) ug,)(p) = hjmukj (" op) =0,

which proves the claim.
Case 2. We assume now that p(liminf (77,(:“) 0Gy)) > 0. From the hypotheses (H )go it follows
that there exists a subsequence {n; } of {1} and a subgroup T, 3 of T with card(T},, 1) = oo
J J

verifying relation (3.2). Assume by contradiction that w(™ # 0 for some n > 2. Let L € N, and
fix the mutually distinct elements 7y, ..., 71, € Ty, 1. It is clear that
J

L 2

up, — > (™) (7 x ) 0 )

=1
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After the expansion of this expression, we obtain that

Iy,
i 2wy — 2211 + Z Z I >, (6.5)

l1=11l2=1
where
1= (g, (™) (6 0(”) © N rwic:
and

[ = (™) (7, = ) 0 ), (™) (R, #0”) © ) .

First, we have that

) -

f ug,, (7w ™) (7 *U;(g?)) o)) Hw (G)

(
( (n*nk N o), ™) g (cf. left invariance of | - || ()
( (Tl*nk )O')ﬁl#w(n)>HW(G) (cf. (TG2))

(7 ) (0 71O(%l_l*'))a%l#w(n»HW(G) (cf. (TG2) and (3.1))
= <u< 1o<+;1*->>,ﬁ#w<”>>HW(G) (cf. (6.1))
(
(7
(

’LLkJ

(
5

U

( ky)(%l_l %), %l#w(n)>HW(G) (cf. (2.2))
i ( l(c j)?f—l#w(n)>HW(G) (cf. (3.1))
) 1ukj)7 w(n)>HW(G)- (T acts isometrically on HWOI’Q(G), 7 €T)

(91

Therefore, according to (6.2), one has for every [ € {1, ..., L} that

. . n)~ 1 n n
lim I}, = 11m(9;(gj) uky, ™) pw ey = 0™ 3w o) (6.6)

J J

Now, in order to estimate Ijll’lQ, we distinguish two cases. First, let [y = ls =: [. Since

the HW(G)-norm is left-invariant with respect to translations and T acts isometrically on
1,2
HWy*(G), we have

= fw™ irw (- (6.7)

Second, let I1 # lo. We claim that

lim I =0. (6.8)

Indeed, relation (3.2) from hypothesis (H)go, the density of C§°(G) in HWOLQ(G), as well as the
Lebesgue dominance theorem imply relation (6.8). Roughly speaking, the geometrical meaning
of the above phenomenon is that the compact supports of the approximating functions for
ﬁi#w(") (¢ = 1,2) are far from each other after 'distant’ left-translations. Now, combining
relations (6.5)-(6.8), it yields

i, 3w @y = LIw™ G q + o(1).
Since card(1Y,, y) = 0o, then L can be fixed arbitrary large, which contradicts the boundedness
J
of {ug,}. Therefore, w™ = 0.
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Consequently, in both cases we have w(™ = 0 for every n > 2. Now, from (6.4), up to a

subsequence, it yields that ug De . By using Tintarev and Fieseler [22, Lemma 9.12, p. 223],
it follows that uy — w() strongly in LY(G), ¢ € (2, 25)- The trivial extension of uj to G\ Go
by zero yields that u, — w|g, strongly in LI(Gy), q € (2, 222), which concludes the proof. [
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