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Abstract. We propose a method by modulus of curve families to identify extremal quasi-
conformal mappings in the Heisenberg group. This approach allows to study minimizers not only
for the maximal distortion but also for a mean distortion functional, where the candidate for the
extremal map is not required to have constant distortion. As a counterpart of a classical Euclidean
extremal problem, we consider the class of quasiconformal mappings between two spherical annuli
in the Heisenberg group. Using logarithmic-type coordinates we can define an analog of the classical
Euclidean radial stretch map and discuss its extremal properties both with respect to the maximal
and the mean distortion. We prove that our stretch map is a minimizer for a mean distortion
functional and it minimizes the maximal distortion within the smaller subclass of sphere-preserving
mappings.

1. Introduction and statement of results

Modulus of curve families is a classical tool to study properties of quasiconformal
mappings in the complex plane and in more general metric spaces. Various versions
of the modulus method have been used to identify extremal quasiconformal mappings
minimizing the maximal distortion within a certain class of mappings in the complex
plane or on Riemann surfaces [Grö32, Tei40, Tei40, Str86]. It turns out that this
approach can be also applied to study minimizers for a mean distortion functional
[BFP11] in the class of mappings between annuli in the complex plane. Minimization
problems concerning the mean distortion functional have been studied also with other
methods in the Euclidean setting for instance in [GM01, AIMO05, Mar09, AIM09].
On the other hand, the method of modulus of curve families seems to be robust
enough to work in more general non-Euclidean settings. In the first part of the paper
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we propose a general version of the modulus method in the sub-Riemannian setting
of the first Heisenberg group that can be applied to study extremal quasiconformal
mappings minimizing the maximal or the mean distortion functional. The idea is to
find a mapping which has the “minimal stretching property” (MSP) for a given curve
family which is related to the domain under consideration. A map is said to have
the minimal stretching property for a curve family if the largest shrinking of the map
is achieved in the direction of a vector field tangential to the curve family. In the
second part of the paper we show that this device can be successfully applied to study
extremal quasiconformal mappings between spherical rings of the Heisenberg group.
As a result we obtain an extremal stretch map minimizing the mean distortion in the
class of all quasiconformal mappings between two given spherical rings.

To state our results we recall some notations and preliminary facts about quasi-
conformal mappings in the Heisenberg group. For details we refer to [KR85, KR95]
and Pansu [Pan89b]. In our model the first Heisenberg group H1 is C×R with the
group law

(z, t) ∗ (z′, t′) = (z + z′, t + t′ + 2 Im(zz̄′)),
and it is endowed with a natural left-invariant metric (called Heisenberg distance)

(1) dH(p, q) := ‖p−1 ∗ q‖H , p, q ∈ H1,

for p = (z, t) and q = (z′, t′), where ‖(z, t)‖H := (|z|4+t2)
1
4 is the Heisenberg norm. A

purely metric definition of quasiconformality (in the sense of Mostow [Mos73]) on the
Heisenberg group can be given in terms of the Heisenberg distance as follows. Given
two domains Ω, Ω′ in H1, a homeomorphism f : Ω → Ω′ is called quasiconformal if

(2) H(p, f) := lim sup
r↓0

H(p, r, f) := lim sup
r↓0

maxdH(p,q)=r dH(f(p), f(q))

mindH(p,q)=r dH(f(p), f(q))
, p ∈ Ω,

is uniformly bounded from above.
Analogously to the complex plane, there are equivalent analytic definitions for

quasiconformal mappings in H1, besides the metric one, as proved in [Pan89b, KR95,
Vod96], see Section 5.4.2 in the Appendix for more details. In addition to Sobolev
regularity properties, quasiconformal mappings satisfy the so-called contact condi-
tion as they preserve the contact 1-form τ = dt + 2 Im z̄ dz, i.e., f ∗τ = λτ almost
everywhere for some non-vanishing function λ. This implies restrictions imposed on
quasiconformal mappings in the Heisenberg group, but it has the advantage that
their properties are determined by the behavior of the mapping on its projection to
the complex plane. To be more precise, let f = (f1 + if2, f3) be a quasiconformal
mapping between domains in the Heisenberg group, and let fI = f1 + if2. It turns
out that the horizontal derivatives

ZfI and ZfI

exist both in the sense of distributions and almost everywhere. Here, fI is differen-
tiated with respect to the so-called complex horizontal vector fields

Z = ∂
∂z

+ iz ∂
∂t

and Z = ∂
∂z
− iz ∂

∂t
.

In analogy to the complex case, the above metric definition implies for an orientation
preserving quasiconformal map f , that there exists a measurable complex-valued
function µ with ‖µ‖∞ < 1 such that

ZfI = µZfI and ZfII = µZfII , almost everywhere,
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with fII = f3 + i|fI |2, see [KR85, KR95]. We can define the Beltrami coefficient and
the distortion quotient as

µf (z, t) :=
ZfI(z, t)

ZfI(z, t)
and K((z, t), f) :=

|ZfI(z, t)|+ |ZfI(z, t)|
|ZfI(z, t)| − |ZfI(z, t)|

for points (z, t) where these expressions exist. Moreover, we set

‖µf‖∞ := ess sup(z,t)|µf (z, t)| and Kf := ess sup(z,t)K((z, t), f).

It is easy to see that µf and Kf are related in the following way

K((z, t), f) =
1 + |µf (z, t)|
1− |µf (z, t)| , Kf =

1 + ‖µf‖∞
1− ‖µf‖∞ .

We work mostly with the distortion

K((z, t), f)2 :=
(|ZfI(z, t)|+ |ZfI(z, t)|)2

(|ZfI(z, t)| − |ZfI(z, t)|)2
,

which can be used also for orientation reversing mappings. The magnitude of K2
f is

understood to be the deviation of f from conformality. For a quasiconformal map
f we have 1 ≤ K2

f < ∞. Any smooth contact transformation with 1 ≤ K2
f < ∞ is

quasiconformal.
Given two domains Ω and Ω′ our main question is to seek within a class F of

quasiconformal maps (possibly subject to certain boundary conditions), mappings
which are “as conformal as possible”. We say that a mapping f0 is extremal with
respect to the maximal distortion in a given class F of quasiconformal mappings if
f0 ∈ F and

K2
f0

= min
f∈F

K2
f .

Similarly, we say that f0 is extremal for a mean distortion functional if

(3)
ˆ

Ω

K(p, f0)
2ρ0(p)4 dL3(p) = min

f∈F

ˆ

Ω

K(p, f)2ρ0(p)4 dL3(p),

for a certain density ρ0 which corresponds to the geometry of the domain Ω. Here
L3 is the Lebesgue measure on R3 which yields a bi-invariant Haar measure on H1.

By standard normal family arguments, using [KR95, Theorem F], it follows under
appropriate conditions on F that a minimizer exists for the maximal distortion but
there is no general method to determine such a minimizer in concrete situations.
The issue for the second problem (3) is more difficult, as there are examples of non-
existence of the minimizer even in the Euclidean case, see [Mar09]. The purpose of the
paper is to give existence results for the minimizers of maximal and mean distortion
as well as criteria on how to prove that a certain candidate map is a minimizer by
using the modulus of curve families.

In order to state our main results we shall briefly introduce some terminology
that is going to be developed in more detail in later parts of the paper.

The first step is to choose an appropriate family Γ of rectifiable curves foliating
the domain Ω. Here rectifiability is understood in terms of the Heisenberg metric
defined above. It implies that the tangents of the curves are in the space spanned by
Re Z and Im Z almost everywhere. Usually, we are working with a parameterization
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of the curve which is absolutely continuous. Such a curve is called horizontal. For
γ(s) = (γI(s), γ3(s)) ∈ C×R, s ∈ [a, b], this condition can be written explicitly as

(4) γ̇3(s) = i(γI(s)γ̇I(s)− γI(s)γ̇I(s)) = −2 Im(γI(s)γ̇I(s)), for a.e. s ∈ [a, b].

The Heisenberg length of a horizontal curve γ coincides with the usual Euclidean
length of its projection γI on C. We denote by adm(Γ) the set of non-negative Borel
functions ρ : H1 → [0,∞] such that

´
γ
ρ d` ≥ 1 for all rectifiable γ ∈ Γ. For a

horizontal curve γ : [a, b] → H1, the curve integral with respect to arc-length is given
by

´
γ
ρ d` =

´ b

a
ρ(γ(s))|γ̇I(s)| ds.

The conformally invariant 4-modulus of a family Γ of curves in H1 is defined by

(5) M4(Γ) = inf
ρ∈adm(Γ)

ˆ

H1

ρ(p)4 dL3(p).

Modulus and mean distortion are connected by the following statement. Let
f : Ω → Ω′ be a quasiconformal map between domains Ω, Ω′ in H1. For any family
Γ of horizontal curves in Ω we have

(6) M4(f(Γ)) ≤
ˆ

Ω

K(p, f)2ρ4(p) dL3(p) for all ρ ∈ adm(Γ).

Here and in the following, we denote by f(Γ) := {f ◦ γ : γ ∈ Γ} the f -image of
a given family of curves Γ. In what follows we fix an extremal density ρ0 for which
the infimum in the definition of M4(Γ) is attained. In order to identify a minimizer
f0 for the mean value functional of the distortion we will require that f0 has the
minimal stretching property for a subfamily of curves Γ0. A C1 orientation preserving
quasiconformal map f0 : Ω → H1 has the minimal stretching property (MSP) for a
family Γ0 of C1 horizontal curves in a domain Ω if for all γ ∈ Γ0, γ : [a, b] → Ω, one
has

µf0(γ(s))
γ̇I(s)

γ̇I(s)
< 0 for all s ∈ [a, b].

Note that in this definition we require in particular that the expression µf0(γ(s)) γ̇I(s)
γ̇I(s)

is real-valued. Suppose that Λ is a domain in R2. Let 0 < A < B and let

γ : (A,B)× Λ → Ω

be a diffeomorphism which foliates a bounded domain Ω in the Heisenberg group
with the property that

γ(·, λ) : (A,B) → Ω

is a horizontal curve with |γ̇I(s, λ)| 6= 0 for every λ ∈ Λ and

dL3(γ(s, λ)) = |γ̇I(s, λ)|4 ds dµ(λ)

for a measure µ on Λ. Then, it turns out that

ρ0(p) =

{
((B − A) · |γ̇I(γ

−1(p))|)−1
, p = γ(s, λ) ∈ Ω,

0, p /∈ Ω,

is extremal for the curve family

Γ0 = {γ(·, λ) : λ ∈ Λ}
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with
M4(Γ0) =

1

(B − A)3

ˆ

Λ

dµ(λ).

Let f0 : Ω → Ω′ be an orientation preserving quasiconformal diffeomorphism
between domains in the Heisenberg group. Let γ be a foliation of Ω as described
above. Assume further that f0 has the MSP for

Γ0 = {γ(·, λ) : λ ∈ Λ}
and that the distortion of f0 is constant along every curve γ, i.e.,

K(γ(s, λ), f0) ≡ Kf0(λ)

for all (s, λ) ∈ (A,B) × Λ. The main result from the first part of the paper is the
following condition for extremality of the mean distortion integral.

Theorem 1. Assume that Γ0, ρ0 and f0 satisfy the above properties. Let Γ ⊇
Γ0 be a curve family in Ω such that ρ0 ∈ adm(Γ) and let F be the class of all
quasiconformal maps f from Ω to Ω′ with the property that

M4(f0(Γ0)) ≤ M4(f(Γ)).

Then ˆ

Ω

K(p, f0)
2ρ4

0(p) dL3(p) ≤
ˆ

Ω

K(p, f)2ρ4
0(p) dL3(p)

for all f ∈ F .

The above statement is well suited for applications in order to check extremality
of certain quasiconformal mappings. Typically one chooses for Γ0 an explicitly given
family of curves and Γ is a larger family in the same domain with the same modu-
lus. In the second part of the paper we consider the case of spherical rings on the
Heisenberg group of the form

A(a, b) := {p ∈ H1 : a < ‖p‖H < b} (0 < a < b).

This case is important since it is expected that the study of mappings of annuli
gives information on the optimal Sobolev and Hölder exponents for quasiconformal
mappings, similarly as in the Euclidean setting. In the complex plane, the modulus
of annuli has also been used for instance to study conformality at a point [Bra10].

Let Γ be the family of all horizontal curves connecting the two boundary com-
ponents of A(a, b). It was proved in [KR87] that

M4(Γ) = π2

(
log

(
b

a

))−3

,

with the extremal density ρ0(z, t) = (log b
a
)−1 |z|√

|z|4+t2
for (z, t) ∈ A(a, b).

To exploit the spherical symmetry of A(a, b) it is helpful to use the coordinates
introduced in [Pla09]. The idea is to generalize logarithmic coordinates from the com-
plex plane to the Heisenberg setting. One starts with the usual spherical coordinates
of the Heisenberg group:

(z, t) = (r cos1/2 θeiφ, r2 sin θ), (r, θ, φ) ∈ [0, +∞)× [−π
2
, π

2
]× [0, 2π),

as introduced in [KR87]. Consider now the transformation defined by the equations

ξ = 2 log r, ψ = −θ, η =
1

3
(π − θ − 2φ).
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We have ξ ∈ R, ψ ∈ [−π
2
, π

2
] and ψ − 3π ≤ 3η < ψ + π. The result is the parameter-

ization of the Heisenberg group by logarithmic coordinates (ξ, ψ, η) given by

(z, t) =
(
i cos1/2 ψ · e ξ+i(ψ−3η)

2 ,− sin ψeξ
)

.

Using the notations before Theorem 1, set A = log a2, B = log b2, Λ = (−π
2
, π

2
)×

(−2π
3

, 2π
3

), Ω = A(a, b) and consider the foliation γ : (A,B)×Λ → Ω of the spherical
ring Ω, given in logarithmic coordinates by

γ(s, (ψ, η)) = (s, ψ, η − tan ψ
3

s).

The mapping f0 will be our extremal map fk : A(a, b) → A(ak, bk), 0 < k < 1, the
stretch, which, in logarithmic coordinates, reads as

(ξ, ψ, η) 7→ (kξ, tan−1( tan ψ
k

), η).

The similarity between the planar and the Heisenberg stretch becomes clear if we
write z 7→ z|z|k−1 in planar logarithmic coordinates. The map fk appeared implicitly
already in [Min94, p. 88] in a different context. Notice that rotation in the vertical
direction ψ is enforced by the contact property of the map; the obvious “stretch”
(ξ, ψ, η) 7→ (kξ, ψ, η) is not a contact map. To indicate the complexity of fk, note
that in cartesian coordinates, it is given by

fk(z, t) =

(
k

1
2 z

( |z|2 + it

k|z|2 + it

)1/2

||z|2 − it| k−1
2 , t · ||z|

2 − it|k
|k|z|2 − it|

)
.

For t = 0, we recover the classical radial stretch, fk(z, 0) = (z|z|k−1, 0). If we formally
substitute the exponent k by −1 in the formula for the planar stretch map, we obtain
the inversion z 7→ z/|z|2. A similar phenomenon occurs with the Heisenberg stretch
fk. Starting from (ξ, ψ, η) 7→ (−ξ,−ψ, η), we obtain

f−1(z, t) =

(
z

|z|2 − it
,

−t

|z|4 + t2

)
,

which is a conformal inversion in the Korányi unit sphere. We observe that the
inversion given in [KR85, p. 315] can be obtained as a composition of the map f−1

with a rotation about the t-axis by π.
To formulate the main result of the second part of the paper let us denote by F the

class of all quasiconformal maps A(a, b) → A(ak, bk) which map homeomorphically
the inner and outer boundary of A(a, b) to the respective boundary components of
A(ak, bk).

Theorem 2. For any 0 < k < 1, the stretch fk is an orientation preserving
quasiconformal map from A(a, b) to A(ak, bk) with maximal distortion Kfk

= 1
k2 . It

minimizes the mean distortion within the class F : for all f ∈ F we have that
ˆ

A(a,b)

K(p, fk)
2ρ0(p)4 dL3(p) ≤

ˆ

A(a,b)

K(p, f)2ρ0(p)4 dL3(p).

An interesting feature of fk is that it minimizes the maximal distortion in the
more restricted class F0 of sphere preserving quasiconformal mappings that are C1

smooth and preserve the t-axis. We do not know whether fk is extremal for the
maximal distortion also within the larger class F .
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The classical radial stretch map in the complex plane is not only a solution for
certain distortion minimization problems, it also proves the sharpness of Astala’s
result on the optimal Sobolev exponent for K-quasiconformal mappings. We con-
jecture that the above defined Heisenberg stretch map plays a similar role. A qual-
itative version of Astala’s theorem in the spirit of Gehring’s results for Euclidean
spaces also holds on the Heisenberg group, i.e., a quasiconformal map f on H1 lies
in HW 1,p

loc (Ω,H1) for an exponent p > 4. We refer to Section 5.4.2 in the Appendix
for the definition of the horizontal Sobolev space HW 1,p

loc . According to the analytic
definition stated there, a K-quasiconformal map f on H1 belongs to the horizon-
tal Sobolev space HW 1,4

loc and its formal P-differential satisfies ‖DHf‖4 ≤ KJ(·, f)
almost everywhere. We denote

p(H1, K) = sup
{
p ≥ 1: f ∈ HW 1,p

loc (H1,H1) for every K-quasiconformal

map f : H1 → H1
}
,

Using the example of the stretch fk, one can show that p(H1, K) ≤ 4K
1
4

K
1
4−1

, see Sec-
tion 5.

Conjecture. We conjecture that the Heisenberg radial stretch map fk yields the
optimal degree of regularity for quasiconformal mappings on the Heisenberg group,
that is

p(H1, K) =
4K

1
4

K
1
4 − 1

.

The paper is organized as follows: in Section 2 we discuss the method of curve
families and prove Theorem 1. In Section 3 we consider logarithmic coordinates and
we develop the analytic quasiconformal machinery in these coordinates. Section 4 is
devoted to the stretch map: we shall prove Theorem 2 and the extremality of the
stretch map in the class of spheres preserving maps. Section 5 is for final remarks
and open questions. Background results concerning Heisenberg geometry and the
theory of quasiconformal mappings are collected in an appendix at the end of the
paper.

Acknowledgements. Part of this work has been carried out while I.D.P. was
visiting the Mathematics Institute of the University of Bern. The hospitality of the
institute is gratefully appreciated. We would like to thank Jeremy Tyson for helpful
discussions on the subject of this paper and the referee for carefully reading the paper
and for his/her comments.

2. Conditions for extremality

As we stressed in the introduction, one of the main goals of this paper is to
describe a method by which one can identify mappings which minimize the maximal
or a mean distortion functional within a class F of quasiconformal maps between two
domains Ω and Ω′ in H1 (possibly subject to certain boundary conditions). In this
section we develop the modulus method to identify such extremal quasiconformal
mappings. The modulus inequality (6) yields a lower bound for the distortion. This
idea goes back to the early examples by Grötzsch. More recently, it was applied
in [Tan96] in order to prove that a certain quasiconformal mapping between CR
3-manifolds is a minimizer for the maximal distortion in its homotopy class.
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Definition 3. We say that a C1 smooth orientation preserving quasiconformal
map f0 : Ω → Ω′ between domains in H1 has the minimal stretching property (MSP)
for a family Γ0 of C1 horizontal curves in Ω if for all γ ∈ Γ0, γ : [a, b] → H1, one has

(7) µf0(γ(s))
γ̇I(s)

γ̇I(s)
< 0 for all s ∈ [a, b] with µf0(γ(s)) 6= 0.

Using the corresponding terminology in the complex plane, we observe that a
Teichmüller mapping, i.e., an extremal quasiconformal mapping fµ with Beltrami
coefficient µ = k |ϕ|

ϕ
where ϕ is a quadratic differential, has the “minimal stretching

property” for the vertical trajectories of ϕ, see [GL00].
If a map f0 has the MSP for a curve family Γ0, this means geometrically that Γ0

consists of curves which are tangential to the direction of the least stretching/largest
shrinking of f0. To make this precise, we observe the following result which follows
easily from the chain rule and the definition of a horizontal curve (see Appendix).

Lemma 4. Let f : Ω → H1 be a C1 map on a domain Ω ⊂ H1 and let also
γ : [a, b] → Ω be a horizontal curve. Then

˙(fI ◦ γ)(s) = ZfI(γ(s))γ̇I(s) + ZfI(γ(s))γ̇I(s) a.e. s ∈ [a, b].

Then, for an orientation preserving C1 quasiconformal map f it follows

(|ZfI(γ(s))| − |ZfI(γ(s))|)|γ̇I(s)| ≤ | ˙(fI ◦ γ)(s)| ≤ (|ZfI(γ(s))|+ |ZfI(γ(s))|)|γ̇I(s)|
for almost every s. If a map f0 has the MSP for a family Γ0, then by (7) we have
equality

(|Z(f0)I(γ(s))| − |Z(f0)I(γ(s))|)|γ̇I(s)| = | ˙((f0)I ◦ γ)(s)|.
2.1. Mappings with constant distortion: minimization of the maximal

distortion. To illustrate the method of mappings with MSP and modulus of curve
families, we first prove a result for mappings with constant distortion.

Proposition 5. If an orientation preserving quasiconformal C1 diffeomorphism
f0 : Ω → Ω′ has the MSP for a family Γ0 of C1 horizontal curves, then

M4(f0(Γ0)) = inf
ρ∈adm(Γ0)

ˆ

Ω

ρ4(z, t)K((z, t), f0)
2 dL3(z, t).

If we assume in addition that the distortion K((z, t), f0) ≡ Kf0 is constant, then

(8) M4(f0(Γ0)) = K2
f0

M4(Γ0),

Here and in the following, we writeˆ
h(z, t) dL3(z, t) :=

ˆ
h(x + iy, t) dL3(x, y, t).

for a function h : C×R → C.

Proof outline. The proof of the modulus inequality

M4(f0(Γ0)) ≤
ˆ

Ω

ρ4(z, t)K((z, t), f0)
2 dL3(z, t)

for all ρ ∈ adm(Γ0) goes along the lines of the classical proof in the smooth case,
see [Ahl66], using a change of variables formula for quasiconformal mappings on H1.
Equality follows then from the fact that f0 has the MSP for Γ0.
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To each density ρ ∈ adm(Γ0), one assigns a push-forward density

ρ′(ζ, τ) :=

{
ρ

|Z(f0)I |−|Z(f0)I | ◦ f−1
0 (ζ, τ), for (ζ, τ) ∈ Ω′,

0, elsewhere.

Since f0 has the MSP for Γ0 we have
ˆ

f0◦γ
ρ′ d` =

ˆ b

a

ρ(γ(s))

|Z(f0)I(γ(s))| − |Z(f0)I(γ((s))|(|Z(f0)I(γ(s))|

− |Z(f0)I(γ(s))|)|γ̇I(s)| ds =

ˆ

γ

ρ d`

for all γ ∈ Γ0. This shows that {ρ′ : ρ ∈ adm(Γ0)} = adm(f0(Γ0)). Using the change
of variables formula from Section 5.4.2 in the Appendix with

J(·, f0) = (|Z(f0)I |2 − |Z(f0)I |2)2,

we compute ˆ

Ω′
ρ′4(ζ, τ) dL3(ζ, τ) =

ˆ

Ω

ρ4(z, t)K((z, t), f0)
2 dL3(z, t).

We can now conclude the proof as follows:

M4(f0(Γ)) = inf
ρ̃∈adm(f0(Γ))

ˆ

Ω′
ρ̃ 4(ζ, τ) dL3(ζ, τ) = inf

ρ∈adm(Γ)

ˆ

Ω′
ρ′4(ζ, τ) dL3(ζ, τ)

= inf
ρ∈adm(Γ)

ˆ

Ω

ρ4(z, t)K((z, t), f0)
2 dL3(z, t). ¤

This fact, together with the inequality which holds for arbitrary quasiconformal
mappings, can be used in certain situations to identify a candidate mapping as a dis-
tortion minimizer. An example is given in Section 5.1. The corresponding approach
for planar quasiconformal mappings is described in more detail in [BFP11]. However,
in the Heisenberg group, already in the case of very basic extremal problems, it is
hard to find a candidate mapping with a constant distortion.

2.2. Mappings with non-constant distortion: minimization of the mean
distortion. Proof of Theorem 1. We shall now relax the above condition by
requiring that the distortion of the candidate mapping is constant only along the
trajectories of a given foliation of the domain.

Proposition 6. Suppose that Λ is a domain in R2. Let 0 < A < B and

γ : (A,B)× Λ → Ω

be a diffeomorphism which foliates a bounded domain Ω in the Heisenberg group
with the property that

γ(·, λ) : [A,B] → Ω

is a horizontal curve with |γ̇I(s, λ)| 6= 0 for every λ ∈ Λ and

dL3(γ(s, λ)) = |γ̇I(s, λ)|4 ds dµ(λ)

for a measure µ on Λ. Then,

ρ0(p) =

{
((B − A) · |γ̇I(γ

−1(p))|)−1
, p = γ(s, λ) ∈ Ω,

0, p /∈ Ω,
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is an extremal density for the curve family

Γ0 = {γ(·, λ) : λ ∈ Λ}
with

M4(Γ0) =
1

(B − A)3

ˆ

Λ

dµ(λ).

Here, γ̇(s, λ) is ∂
∂s

γ(s, λ).

Proof. The density ρ0 is admissible for Γ0 since for any γ(·, λ) ∈ Γ0 (which is a
horizontal curve by assumption), we have

ˆ

γ(·,λ)

ρ0 d` =

ˆ B

A

ρ0(γ(s, λ))|γ̇I(s, λ)| ds = 1.

A direct computation yields
ˆ

Ω

ρ4
0(p) dL3(p) =

ˆ

Λ

ˆ B

A

ρ4
0(γ(s, λ))|γ̇I(s, λ)|4 ds dµ(λ) =

1

(B − A)3

ˆ

Λ

dµ(λ).

Therefore,

M4(Γ0) ≤ 1

(B − A)3

ˆ

Λ

dµ(λ).

For the reverse inequality, consider an arbitrary density ρ ∈ adm(Γ0). Because it is
admissible for the curve family Γ0, by applying Hölder’s inequality, one obtains

1 ≤
ˆ

γ(·,λ)

ρ d` =

ˆ B

A

ρ(γ(s, λ))|γ̇I(s, λ)| ds

≤
(ˆ B

A

ρ4(γ(s, λ))|γ̇I(s, λ)|4 ds

) 1
4

(B − A)
3
4

for every λ ∈ Λ. Therefore,

1

(B − A)3
≤
ˆ B

A

ρ4(γ(s, λ))|γ̇I(s, λ)|4 ds.

Integrating both sides of the inequality with respect to dµ over Λ yields

1

(B − A)3

ˆ

Λ

dµ(λ) ≤
ˆ

Λ

ˆ B

A

ρ4(γ(s, λ))|γ̇I(s, λ)|4 ds dµ(λ) =

ˆ

Ω

ρ4(p) dL3(p).

Since ρ was chosen arbitrarily among the admissible densities, we obtain the result.
¤

Next, we set conditions both on the foliation and the mapping in order to obtain
equality in the modulus inequality for the mean distortion.

Proposition 7. Let f0 : Ω → Ω′ be an orientation preserving quasiconformal
diffeomorphism between domains in the Heisenberg group. Let γ be a foliation of Ω
as described above. Assume further that f0 has the MSP for

Γ0 = {γ(·, λ) : λ ∈ Λ}
and that

K(γ(s, λ), f0) ≡ Kf0(λ)
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for all (s, λ) ∈ (A,B)× Λ. Then,

M4(f0(Γ0)) =
1

(B − A)3

ˆ

Λ

K2
f0

(λ) dµ(λ).

Proof. Let ρ′ ∈ adm(f0(Γ0)) be an arbitrary admissible density. The C1 map f0

maps any curve γ(·, λ) in Γ0 (which is by assumption C1 and horizontal) again on a
horizontal curve. We find

1 ≤
ˆ B

A

ρ′(f0 ◦ γ(s, λ))| ˙(f0 ◦ γ)I(s, λ)| ds

=

ˆ B

A

ρ′(f0(γ(s, λ)))(|Z(f0)I(γ(s, λ))| − |Z(f0)I(γ(s, λ))|)|γ̇I(s, λ)| ds.

For the last equality we have used the fact that the map f0 has the MSP for the
family Γ0 of horizontal curves. Then applying Hölder’s inequality, we obtain

1

(B − A)3
≤
ˆ B

A

ρ′(f0(γ(s, λ)))4 · (|Z(f0)I(γ(s, λ))| − |Z(f0)I(γ(s, λ))|)4|γ̇I(s, λ)|4 ds.

We multiply both sides of the inequality with Kf0(λ) (here it is used that the distor-
tion is constant along the the curves γ(·, λ)) and integrate over Λ with respect to µ.
This yields,

1

(B − A)3

ˆ

Λ

K2
f0

(λ) dµ(λ) ≤
ˆ

Λ

ˆ B

A

ρ′4(f0(γ(s, λ)))J(γ(s, λ), f0)|γ̇I(s, λ)|4 dsdµ(λ).

Here, we have used the formula

(|Z(f0)I |−|Z(f0)I |)4K2(·, f0) = (|Z(f0)I |+ |Z(f0)I |)2(|Z(f0)I |−|Z(f0)I |)2 = J(·, f0),

see Appendix, (38). Then it follows from the splitting of the measure L3 and the
change of variables that

1

(B − A)3

ˆ

Λ

K2
f0

(λ) dµ(λ) ≤
ˆ

Ω

ρ′(f0(p))4J(p, f0) dL3(p) =

ˆ

Ω′
ρ′(q)4 dL3(q),

see the Appendix for details. Since ρ′ was chosen arbitrarily among the admissible
densities of f0(Γ0), this shows that

M4(f0(Γ0)) ≥ 1

(B − A)3

ˆ

Λ

K2
f0

(λ) dµ(λ).

Now consider the push-forward density given by

ρ′0(q) =





(
(B − A) · |γ̇I(s, λ)| · (|Z(f0)I(γ(s, λ))|− |Z(f0)I(γ(s, λ)|))−1

,

q = f0(γ(s, λ)) ∈ Ω′,
0, q /∈ Ω′.

This is admissible for f0(Γ0); indeed,
ˆ B

A

ρ′0(f0 ◦ γ(s, λ))| ˙(f0 ◦ γ)I(s, λ)| ds =

ˆ B

A

1

B − A
ds = 1.
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Therefore,

M4(f0(Γ0)) ≤
ˆ

Ω′
ρ′0(q)

4 dL3(q) =

ˆ

Ω

ρ′0(f0(p))4J(p, f0) dL3(p)

=

ˆ

Λ

ˆ B

A

ρ′0(f0(γ(s, λ)))4J(γ(s, λ), f0)|γ̇I(s, λ)|4 ds dµ(λ)

=

ˆ

Λ

ˆ B

A

1

(B − A)4
Kf0(λ)2 ds dµ(λ) =

1

(B − A)3

ˆ

Λ

Kf0(λ)2 dµ(λ).

This concludes the proof. ¤
Proposition 7 proves the statement of Theorem 1 in the introduction.

3. Logarithmic coordinates

3.1. Coordinates. Interesting examples of quasiconformal and quasiregular
mappings in the Heisenberg group can be obtained using the coordinates which were
defined in [Pla09]. Another version of these coordinates has been introduced earlier by
Korányi and Reimann in [KR87]. The idea is to generalize logarithmic coordinates
of the plane to the Heisenberg setting. For clarity, we will present in detail the
construction below. One starts with the spherical coordinates of the Heisenberg
group. If H1 is identified with C×R, they are given by

S(r, θ, φ) = (r cos1/2 θeiφ, r2 sin θ) for each (r, θ, φ) ∈ [0,∞)× [−π
2
, π

2
]× [0, 2π).

We now change the coordinates by applying the transformation

T (r, θ, φ) = (ξ, ψ, η) =

(
2 log r,−θ,

1

3
(π − θ − 2φ)

)
.

The new coordinates are given explicitly by

(9) Φ(ξ, ψ, η) = (z, t) =
(
i cos1/2 ψ · e ξ+i(ψ−3η)

2 ,− sin ψeξ
)

.

On the domain
H̃1

0 := R× (−π
2
, π

2
)×R,

the map Φ is smooth and locally injective with Jacobian determinant

(10) det Φ∗(ξ, ψ, η) = −3
4
e2ξ 6= 0.

We notice that
Φ: H̃1

0 → H1
0 := H1 \ {(z, t) ∈ H1 : z = 0}

is a smooth covering map. It is then a well-known fact that for each curve γ : [a, b] →
H1

0 and each point (ξ, ψ, η) in the set Φ−1({γ(a)}), there exists a unique lifted curve
γ̃ : [a, b] → H̃1

0 such that Φ ◦ γ̃ = γ and γ̃(a) = (ξ, ψ, η). If γ is absolutely continuous
in the Euclidean sense, or if it is Ck for a k ∈ N0, then γ̃ inherits the same regularity
properties.

Not only curves can be lifted, but also continuous mappings from simply con-
nected domains in H̃1

0 can be lifted to continuous mappings, see for instance [Lee09].
Yet, not every mapping f̃ : H̃1

0 → H̃1
0 yields a well-defined map f : H1

0 → H1
0 with

the property that Φ ◦ f̃ = f ◦ Φ.
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Lemma 8. Let Q be a simply connected subset of H̃1
0 and let f : Φ(Q) → H1

0 be
a Ck, k ∈ N0, map. Then there exists a Ck map f̃ : Q → H̃1

0 such that Φ ◦ f̃ = f ◦Φ.
Conversely, if f̃ : Q → H̃1

0 is a Ck map on a subset Q ⊆ H̃1
0 with the property

that for any (ξ, ψ, η) and (ξ′, ψ′, η′) in Q, we have that

Φ(ξ, ψ, η) = Φ(ξ′, ψ′, η′) implies Φ(f̃(ξ, ψ, η)) = Φ(f̃(ξ′, ψ′, η′)),

then one can define a Ck map f : Φ(Q) → H1
0 with the relation Φ ◦ f̃ = f ◦ Φ.

In the following, we will heavily use these logarithmic coordinates: we will define
a quasiconformal map f between domains in the Heisenberg group by specifying
a formula for f̃ , and conversely, we will work with the lift f̃ of f ◦ Φ when it is
convenient.

The reason why we shall make use of logarithmic coordinates and do not sim-
ply use the Heisenberg spherical coordinates is two–fold: first, it appears that the
contact form and the contact conditions have a simpler and nicer form in this way.
Secondly, there is purely geometric interpretation; in the logarithmic coordinates,
the coordinate planes ξ = 0, ψ = 0 and η = 0 are the Heisenberg unit sphere, the
complex plane C (these are boundaries of bisectors, [Gol99]), and the boundary of
the standard flat pack, [Pla09] respectively.

In the following we shall express the contact condition, formulas for volume and
curve integrals, for horizontal vector fields, the Beltrami coefficient and the condition
for the minimal stretching property in logarithmic coordinates. We use the notation

f̃(ξ, ψ, η) = (Ξ(ξ, ψ, η), Ψ(ξ, ψ, η), H(ξ, ψ, η))

and we write Ξξ = ∂Ξ
∂ξ

and similarly for the other partial derivatives.

3.2. Contact condition. The contact form and the contact conditions have a
simple form when expressed in terms of logarithmic coordinates. Let Ũ be an open
set in H̃1

0 such that a local coordinate chart on H1
0 can be defined using (Φ|Ũ)−1 =

(ξ, ψ, η). Then the contact form τ has the local expression

(11) τ = −eξ(sin ψ dξ + 3 cos ψ dη).

Proposition 9. Let Q be an open set in H̃1
0 and assume that there exist Ck,

k ∈ N, maps f̃ : Q → H̃1
0 and f : Φ(Q) → H1

0 such that Φ ◦ f̃ = f ◦ Φ on Q. Then
the following conditions are equivalent

(1) The map f is an injective contact map.
(2) The map f̃ = (Ξ, Ψ, H) has the property that

(12) Φ(f̃(ξ, ψ, η)) = Φ(f̃(ξ′, ψ′, η′)) if and only if Φ(ξ, ψ, η) = Φ(ξ′, ψ′, η′),

for (ξ, ψ, η), (ξ′, ψ′, η′) ∈ Q, and there exists a nowhere vanishing function
λ̃ : Q → R such that

eΞ (sin Ψ Ξξ + 3 cos Ψ Hξ) = λ̃eξ sin ψ,

eΞ (sin Ψ Ξψ + 3 cos Ψ Hψ) = 0,

eΞ (sin Ψ Ξη + 3 cos Ψ Hη) = λ̃eξ3 cos ψ.

(13)
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Moreover, if (13) holds, then

Hψ + 1
3
tan Ψ · Ξψ = 0,

Wξ,ηH + 1
3
tan Ψ ·Wξ,ηΞ = 0,

(14)

with Wξ,η = ∂
∂ξ
− tan ψ

3
∂
∂η
.

Proof. If the two maps f and f̃ are related by Φ ◦ f̃ = f ◦ Φ, then it is easy to
see that f is injective if and only if (12) holds.

Concerning the contact condition, we observe that at each point p ∈ Φ(Q) and
f(p) ∈ f(Φ(Q)) we can define local coordinate charts using the map Φ such that the
local expression of f with respect to these coordinate charts is exactly f̃ . This is
because of the uniqueness of the continuous lift through a given point. The contact
form τ is then given by (11). The condition that there exists λ(p) 6= 0 such that
(f ∗τ)p = λ(p)τp is equivalent to (13) with λ̃ = λ ◦ Φ. Notice that ψ, Ψ ∈ (−π

2
, π

2
),

which allows us to divide the equations by cos ψ and cos Ψ. From the second equation
it follows that

tan Ψ Ξψ + 3Hψ = 0.

Moreover, we can solve the third equation for λ̃ and insert the result in the first
equation. This yields

tan Ψ(Ξξ − 1
3
tan ψΞη) + 3(Hξ − 1

3
tan ψHη) = 0.

The result follows if we introduce the abbreviating notation with the differential
operator Wξ,η. ¤

3.3. Volume and curve integral. Let Ω ⊆ H1 be a measurable set and
let Q ⊆ H̃1

0 be an open set such that Φ(Q) coincides with Ω up to a null set and
such that Φ|Q is invertible. Then a function h : Ω → R is integrable if and only if
(h ◦ Φ)| det Φ∗| is integrable on Q and in this case we have

ˆ

Ω

h(p) dL3(p) =
3

4

ˆ

Q

e2ξh(Φ(ξ, ψ, η)) dL3(ξ, ψ, η).

In the particular case of the spherical annulus,

A(a, b) = {p ∈ H1 : a < ‖p‖H < b}, 0 < a < b,

for every integrable function h : A(a, b) → R we have
ˆ

A(a,b)

h(p) dL3(p) =
3

4

ˆ π
2

−π
2

ˆ 2ψ
3

− 2π
3

ˆ log b2

log a2

h(Φ(ξ, ψ, η))e2ξ dξ dη dψ.

In order to apply the modulus method, the following formula for curve integrals
in terms of logarithmic coordinates is useful. The proof of the first part of the
proposition is a straight-forward computation. The proof gets a bit harder if we
assume that the curve γ may intersect the t-axis; a case that we will encounter in
our applications.

Proposition 10. A curve γ : [a, b] → H1
0 is horizontal if and only if there exists

an absolutely continuous curve

γ̃ : [a, b] → H̃1
0, γ̃(s) = (ξ(s), ψ(s), η(s))
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with Φ ◦ γ̃ = γ and

(15) sin(ψ(s))ξ̇(s) + 3 cos(ψ(s))η̇(s) = 0 for almost every s ∈ [a, b].

If a horizontal curve γ : [a, b] → H1 \ {0} satisfies γ(s) ∈ H1
0 for almost every

s ∈ [a, b], then there exists

γ̃ : [a, b] → R× [−π
2
, π

2
]×R, s 7→ (ξ(s), ψ(s), η(s))

with s 7→ ξ(s) absolutely continuous, such that for s ∈ [a, b] ∩ γ−1(H1
0) we have

Φ(γ̃(s)) = γ(s) and (15) holds almost everywhere.
Moreover, for any Borel function ρ : H1 → [0,∞], we have

(16)
ˆ

γ

ρ d` =

ˆ b

a

ρ(Φ(γ̃(s)))1
2
e

ξ(s)
2 (1 + tan2(ψ(s)))

1
4 (ξ̇(s)2 + ψ̇(s)2)

1
2 ds.

Proof. It γ̃ : [a, b] → H̃1
0 is an absolutely continuous function satisfying (15), then

we consider the absolutely continuous curve γ := Φ ◦ γ̃. Conversely, if γ : [a, b] → H1
0

is horizontal, we take γ̃ : [a, b] → H̃1
0 to be a lift of γ with respect to the covering

map Φ. The situation is more complicated if γ([a, b]) is not entirely contained in H1
0.

For the moment, let us assume that we are given almost everywhere differentiable
mappings γ : [a, b] → H1 \ {0} and γ̃ : [a, b] → R× [−π

2
, π

2
]×R such that Φ ◦ γ̃ = γ

for all s ∈ [a, b] ∩ γ−1(H1
0). Let s be a point of differentiability in [a, b] ∩ γ−1(H1

0).
There exists a neighborhood of s where we also have Φ ◦ γ̃ = γ. It follows

(17) γ̇I(s) = i
√

cos(ψ(s)) e
ξ(s)+i(ψ(s)−3η(s))

2 1
2

(
(ξ̇(s)− tan(ψ(s))ψ̇(s))+ i(ψ̇(s)− 3η̇(s))

)

and the condition for a horizontal curve, (4), reads as

−eξ(s)(cos(ψ(s))ψ̇(s) + sin(ψ(s))ξ̇(s)) = − cos(ψ(s))eξ(s)(ψ̇(s)− 3η̇(s)).

This proves (15) under the assumption that γ = Φ ◦ γ̃ almost everywhere. Since
cos(ψ(s)) 6= 0, we can further solve for η̇(s) = −1

3
tan(ψ(s))ξ̇(s). Then (17) yields

|γ̇I(s)| =
√

cos(ψ(s)) e
ξ(s)
2 1

2

√
(ξ̇(s)− tan(ψ(s))ψ̇(s))2 + (ψ̇(s) + tan(ψ(s))ξ̇(s))2

=
√

cos(ψ(s)) e
ξ(s)
2 1

2

√
1 + tan2(ψ(s))

√
ξ̇(s)2 + ψ̇(s)2

= 1
2
e

ξ(s)
2 (1 + tan2(ψ(s)))

1
4 (ξ̇(s)2 + ψ̇(s)2)

1
2 .

For such a horizontal curve γ : [a, b] → H1 \ {0}, the formula for the curve integral
follows then immediately since

´
γ
ρ d` =

´ b

a
ρ(γ(s))|γ̇I(s)| ds.

It remains to prove the existence of γ̃ for a horizontal curve γ which crosses the
t-axis. If s ∈ [a, b] is such that γ(s) ∈ H1

0, then by continuity of γ, we also have
γ(t) ∈ H1

0 for t in a neighborhood of s and the map γ̃ can be defined locally. To
make this precise, let J(s) be the largest interval such that γ(t) ∈ H1

0 for all t ∈ J(s).
Then for two points s, t ∈ [a, b] with γ(s), γ(t) ∈ H1

0 we have either J(s) = J(t) or
J(s) ∩ J(t) = ∅. Thus there exists a family Ji, i ∈ I, of disjoint nonempty intervals
such that [a, b] ∩ γ−1(H1

0) =
⋃

i∈I Ji. Now for each i ∈ J the curve γ|Ji
: Ji → H1

0

has a lift γ̃, i.e., there exists an absolutely continuous curve γ̃|Ji
: Ji → H̃1

0, such that
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Φ ◦ γ̃|Ji
= γ|Ji

. We define γ̃ : [a, b] → R× [−π
2
, π

2
]×R by setting

γ̃(s) := (ξ(s), ψ(s), η(s)) :=





γ̃|Ji
(s), s ∈ Ji,

(log(γ3(s)),−π
2
, 0), s ∈ [a, b] \ (⋃

i∈I Ji

)
, γ3(s) > 0,

(log(−γ3(s)),
π
2
, 0), s ∈ [a, b] \ (⋃

i∈I Ji

)
, γ3(s) < 0.

One sees immediately that Φ ◦ γ̃ = γ for s ∈ [a, b] ∩ γ−1(H1
0), that γ̃ is almost

everywhere differentiable in [a, b] and the component s 7→ ξ(s) is absolutely continu-
ous. ¤

3.4. Vector fields. Below we express the vector fields Z, Z and T in terms of
logarithmic coordinates which are given locally by Φ. Straightforward calculations
induce

Z = −i
√

cos ψe
−ξ+i3(η−ψ)

2

(
∂
∂ξ
− tan ψ

3
∂
∂η
− i ∂

∂ψ

)
,(18)

Z̄ = i
√

cos ψe
−ξ+i3(ψ−η)

2

(
∂
∂ξ
− tan ψ

3
∂
∂η

+ i ∂
∂ψ

)
,(19)

T = − sin ψ
eξ

∂
∂ξ
− cos ψ

eξ
∂

∂ψ
− 1

3
cos ψ
eξ

∂
∂η

.(20)

3.5. Beltrami coefficient and distortion. Let f and f̃ = (Ξ, Ψ, H) be C1

maps as in Proposition 9. Set

W := Wξ,η − i ∂
∂ψ

:= ( ∂
∂ξ
− tan ψ

3
∂
∂η

)− i ∂
∂ψ

,

W := Wξ,η + i ∂
∂ψ

:= ( ∂
∂ξ
− tan ψ

3
∂
∂η

) + i ∂
∂ψ

.

The Beltrami coefficient of f is given by

(21) µf (Φ(ξ, ψ, η)) = −ei3(ψ−η) W (Ξ + iΨ)

W (Ξ + iΨ)

∣∣∣∣
(ξ,ψ,η)

.

3.6. The minimal stretching property. Let again f and f̃ = (Ξ, Ψ, H) be C1

maps as in Proposition 9 and assume in addition that f is an orientation preserving
quasiconformal map. Let Γ̃ be a family of C1 curves

γ̃ : [a, b] → H̃1
0, γ̃(s) = (ξ(s), ψ(s), η(s))

such that
sin(ψ(s))ξ̇(s) + 3 cos(ψ(s))η̇(s) = 0 for all s ∈ (a, b)

and

(22)
ξ̇(s)− iψ̇(s)

ξ̇(s) + iψ̇(s)

W (Ξ + iΨ)

W (Ξ + iΨ)

∣∣∣∣
γ̃(s)

< 0

for s ∈ (a, b) with µf (Φ(γ̃(s)) 6= 0. Then f has the MSP for the family Γ = {Φ◦γ̃ : γ̃ ∈
Γ̃}.

4. Extremality of the stretch map

In this section we define a stretch mapping on the Heisenberg group and discuss
its properties. We prove Theorem 2 stated in the introduction and we show that the
stretch is a minimizer for the maximal distortion within a class of sphere-preserving
mappings.
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4.1. The stretch map. Proof of Theorem 2. Let A(a, b), 0 < a < b, be the
spherical annulus and let 0 < k < 1. In what follows, we shall give an example of
a quasiconformal map fk : A(a, b) → A(ak, bk), the stretch, which turns out to be a
minimizer of a certain mean distortion. In logarithmic coordinates, the map is given
by

(23) f̃k(ξ, ψ, η) = (kξ, tan−1( tan ψ
k

), η).

Let us briefly explain the origin of this formula. Motivated by the planar radial
stretch map in logarithmic coordinates, we search for a mapping f̃k = (Ξ, Ψ, H) with
Ξ(ξ, ψ, η) = Ξ(ξ) = kξ. From the contact condition (13) it follows then immediately
that Hψ = 0, thus H(ξ, ψ, η) = H(ξ, η) with periodicity condition H(ξ, η + 4π

3
) =

H(ξ, η) (mod 4π
3
). Moreover,

Ψ(ξ, ψ, η) = tan−1

(
Hη(ξ, η) tan ψ − 3Hξ(ξ, η)

k

)

with Hη(ξ, η) 6= 0. The stretch map is obtained by setting H(ξ, η) = η. In cartesian
coordinates, the formula for the associated map fk|H1

0
reads as

fk(z, t) =

(
k

1
2 z

( |z|2 + it

k|z|2 + it

)1/2

||z|2 − it| k−1
2 , t · ||z|

2 − it|k
|k|z|2 − it|

)
.

It is not hard to see that ‖fk(z, t)‖H = ‖(z, t)‖k
H . If we extend fk to the t-axis by

setting fk(0, t) = (0, t|t|k−1), this yields a homeomorphism fk : A(a, b) → A(ak, bk).
This map has already appeared implicitly in [Min94]; there, it was generated by the
flow method due to Korányi and Reimann.

Proof of Theorem 2. First we prove that fk is quasiconformal. Since fk : A(a, b)
→ A(ak, bk) is a homeomorphism, it suffices to prove that fk|A(a,b)∩H1

0
is a quasicon-

formal mapping. Then, the quasiconformality of fk follows by the removability result
of [BKR07, Theorem 1.2].

The hypotheses of Proposition 9 are satisfied by the smooth map f̃k : H̃1
0 →

H̃1
0; thus the stretch fk|A(a,b)∩H1

0
is a smooth contact transformation onto its image.

Formula (21) yields that

µfk
(Φ(ξ, ψ, η)) = −ei3(ψ−η) k2 − 1

k2 + 1 + 2 tan2 ψ

for all (ξ, ψ, η) ∈ H̃1
0. A direct computation shows that ‖µfk

‖∞ < 1 and

K(Φ(ξ, ψ, η), fk) =
1 + tan2 ψ

k2 + tan2 ψ
.

Thus we have proved that fk is a smooth orientation preserving quasiconformal
map on A(a, b) ∩H1

0. The extension to the whole annulus is quasiconformal with

‖µfk
‖∞ =

1− k2

1 + k2
,

and with distortion given by Kfk
= 1

k2 .
We prove next thatˆ

A(a,b)

K(p, fk)
2ρ0(p)4 dL3(p) ≤

ˆ

A(a,b)

K(p, f)2ρ0(p)4 dL3(p)
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with ρ0(z, t) = (log b
a
)−1 |z|√

|z|4+t2
for all f ∈ F . To do so, we shall use Theorem 1.

Let A = log a2, B = log b2, and Λ = (−π
2
, π

2
)× (−2π

3
, 2π

3
). We define

(24) γ̃ : (A,B)× Λ → H̃1
0, γ̃(s, ψ, η) = (ξ(s), ψ(s), η(s)) = (s, ψ, η − tan ψ

3
s).

and
γ : (A,B)× Λ → Ω, γ(s, ψ, η) = Φ(γ̃(s, ψ, η)).

The set Ω := γ((A,B) × Λ) is a bounded domain inside A(a, b) ∩ H1
0, and γ

defines a smooth diffeomorphism between (A,B)×Λ and Ω with nowhere vanishing
Jacobian determinant | det γ∗(s, ψ, η)| = 3

4
e2s. Moreover, for each fixed (ψ, η) ∈ Ω

the curve
γ(·, ψ, η) : (A,B) → Ω, s 7→ Φ(s, ψ, η − tan ψ

3
s)

is horizontal: just observe that

sin(ψ(s)) ˙ξ(s) + 3 cos(ψ(s))η̇(s) = sin ψ + 3 cos ψ
(− tan ψ

3

)
= 0

and then use Proposition 10. Moreover,

|γ̇I(s, ψ, η)| = 1
2
e

s
2 (cos ψ)−

1
2 6= 0 for all s ∈ (A,B).

Therefore, the volume element can be written as

dL3(γ(s, λ)) = 3
4
e2s ds dψ dη = |γ̇I(s, ψ, η)|4 ds dµ(ψ, η)

where
dµ(ψ, η) = 12 cos2 ψdψ dη.

Our model curve family will be the family

Γ0 = {γ(·, ψ, η) : (ψ, η) ∈ (−π
2
, π

2
)× (−2π

3
, 2π

3
)}.

According to Proposition 6, an extremal density for Γ0 is ρ0 where

ρ0(p) =

{
(log b

a
)−1
√

cos ψe−
s
2 , p = γ(s, ψ, η) ∈ Ω,

0, p /∈ Ω.

Finally, we use the criterion given in (22) to verify whether the stretch map fk has
the MSP for the family Γ0. Indeed, we have that

ξ̇(s)− iψ̇(s)

ξ̇(s) + iψ̇(s)

W (Ξ + iΨ)

W (Ξ + iΨ)

∣∣∣∣
γ̃(s,ψ,η)

=
k2 − 1

k2 + 1 + 2 tan2 ψ
< 0

for all s. This holds true for 0 < k < 1. Therefore, by Proposition 7, we have

M4(fk(Γ0)) =
1

23(log b
a
)3

ˆ 2π
3

− 2π
3

ˆ π
2

−π
2

K2
fk

(ψ, η)12 cos2 ψ dψ dη

=

ˆ

Ω

K(p, fk)
2ρ4

0(p) dL3(p).

In order to apply Theorem 1, we have to find a larger curve family Γ ⊇ Γ0 for
which ρ0 is still admissible and such that M4(fk(Γ0)) ≤ M4(f(Γ)) for all f ∈ F .
A natural choice for Γ is the family of all horizontal curves which connect the two
boundary components in A(a, b). The boundary conditions for mappings in the class
F guarantee that the image f(Γ) will essentially be a family of the same type in
A(ak, bk). Using the absolute continuity of quasiconformal mappings on almost every
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curve up to a negligible family of curves with zero modulus, and using the boundary
conditions, one can show that

M4(fk(Γ0)) ≤ M4(f(Γ)) for all f ∈ F .

It remains to prove that the density ρ0 can be modified on a zero measure set such
that ρ0 ∈ adm(Γ). This follows from the computation of the modulus of the spherical
ring, [KR87, p. 20]. Below we give a proof in terms of logarithmic coordinates.

We observe that the set A(a, b) \ Ω is of L3-measure zero set and we may set ρ0

equal to infinity on a Borel set of zero measure which contains the set A(a, b) \ Ω.
The modified density is admissible for the larger family Γ and it agrees with the
original density almost everywhere, therefore the mean distortion integral is not at
all affected.

We have to check that ρ0 is admissible for the extended family Γ. To do that, let
γ be a curve in this family. We may without loss of generality assume that γ(s) ∈ H1

0

for almost every s. Observe that in logarithmic coordinates,

ρ0(Φ(ξ, ψ, η)) =
(
log b

a

)−1 √
cos ψ e−

ξ
2 .

If γ is parameterized by arc-length, it follows from the proof of Proposition 10
that √

cos(ψ(s)) e−
ξ(s)
2 =

1

2
(ξ̇(s)2 + ψ̇(s)2)

1
2

for almost every s with γ(s) ∈ H1
0. Then,

ˆ

γ

ρ0(z, t) d` ≥ 1

log b
a

ˆ `(γ)

0

√
cos ψ(s) e−

ξ(s)
2 ds =

1

log b
a

ˆ `(γ)

0

1

2
(ξ̇(s)2 + ψ̇(s)2)

1
2 ds

≥ 1

log b
a

ˆ `(γ)

0

1

2
ξ̇(s) ds =

1

2 log b
a

[ξ(s)]s=`(γ)
s=0

=
1

2 log b
a

(log b2 − log a2) = 1.

Here we have used for the evaluation of the integral the fact that s 7→ ξ(s) is an
absolutely continuous function; see Proposition 10.

We conclude that ρ0 ∈ adm(Γ), and from Theorem 1 it follows that
ˆ

A(a,b)

K(p, fk)
2ρ4

0(p) dL3(p) ≤
ˆ

A(a,b)

K(p, f)2ρ4
0(p) dL3(p) for all f ∈ F .

The proof is complete. ¤
Theorem 2 has some interesting consequences which are described by the follow-

ing remarks.

Remark 11. Stretch for k > 1. By the same arguments as in the first part
of the above proof, one can show that the map fk, k > 1, is quasiconformal with
Kfk

= k2. To prove extremality in the case k > 1, a different argument is needed.

Remark 12. Modulus of the spherical annulus. The curves in the family Γ0 are
the integral curves of the renormalized horizontal gradient of the Heisenberg norm
‖ · ‖H , see [KR87]. In our notation, they are integral curves of the vector field Wξ,ψ.
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These are straight lines in H̃1
0. Using the same notation as in the proof of Theorem 2,

one obtains according to Proposition 6 that

M4(Γ0) =
1

(log b2 − log a2)3

ˆ 2π
3

− 2π
3

ˆ π
2

−π
2

12 cos2 ψ dψ dη = π2
(
log b

a

)−3
.

Since the (modified) density ρ0 is still admissible for the larger family Γ ⊇ Γ0 of all
horizontal curves which connect the two boundary components in A(a, b), this gives
the well-known modulus of the spherical annulus, as in [KR87]:

M4(Γ) = π2

(
log

b

a

)−3

.

Remark 13. Maximal distortion of the stretch map. The Beltrami coefficient
|µfk

(z, t)| and the pointwise distortion K((z, t), fk) of the stretch map are not con-
stant and therefore, it is not possible to apply Proposition 5 in order to prove ex-
tremality of fk, 0 < k < 1, in F with respect to the maximal distortion. A direct
computation shows that the equality (8) does not hold for the stretch map fk and the
family Γ of all horizontal curves connecting the two boundary components of A(a, b).
Indeed, the image family fk(Γ) will be a curve family of the same form in A(ak, bk)
and one has

M4(Γ) = π2

(
log

(
b

a

))−3

and M4(fk(Γ)) = k−3π2

(
log

(
b

a

))−3

,

by Remark 12 above. We observe
M4(fk(Γ))

M4(Γ)
= k−3 � k−4 = K2

fk
.

We do not know whether fk is extremal for the maximal distortion in F .

Remark 13 motivates the discussion in the following section.

4.1.1. Extremality among sphere-preserving maps. The fact that the
radial stretch minimizes a certain mean distortion functional does not necessarily
imply that it is also extremal for the maximal distortion in the same class. There is,
however, a positive result in this direction: the radial stretch minimizes the maximal
distortion within a class of sphere-preserving maps.

We call a map f : Ω → Ω′ between domains in the Heisenberg group sphere-
preserving if for all r ≥ 0 there exists r′ ≥ 0 such that

f({p ∈ Ω: ‖p‖H = r}) = {p ∈ Ω′ : ‖p‖H = r′}.
As before, let 0 < a < b and 0 < k < 1. We will consider the class F0 of

orientation and spheres-preserving quasiconformal C1 diffeomorphisms

A(a, b) → A(ak, bk)

which send homeomorphically the inner boundary to the inner boundary and the
outer boundary to the outer boundary and which also preserve the t-axis.

Theorem 14. For all f ∈ F0, the maximal distortion is at least as big as the
maximal distortion of the radial stretch,

Kf ≥ Kfk
=

1

k2
.
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Proof. Proposition 9 can be applied to any f ∈ F0 in order to deduce the
existence of a C1 map

f̃ = (Ξ, Ψ, H) : Q = [log a2, log b2]× (−π
2
, π

2
)×R → [k log a2, k log b2]× (−π

2
, π

2
)×R

such that

(25) Hψ + 1
3
tan Ψ · Ξψ = 0

and

(26) Wξ,ηH + 1
3
tan Ψ ·Wξ,ηΞ = 0

hold for all (ξ, ψ, η) ∈ Q and the periodicity and injectivity conditions (12) in Propo-
sition 9 are fulfilled.

From the assumption that f preserves spheres, it follows that

Ξ(ξ, ψ, η) = Ξ(ξ)

is a function of ξ only. It is continuous on [log a2, log b2] and differentiable on
(log a2, log b2) by assumption, with boundary values Ξ(log a2) = k log a2 and Ξ(log b2)
= k log b2. By the Mean Value Theorem, there exists ξ0 ∈ (log a2, log b2) such that

k log b2 − k log a2 = Ξ(log b2)− Ξ(log a2) = Ξξ(ξ0)(log b2 − log a2)

and thus

(27) Ξξ(ξ0) = k.

Moreover, the fact that Ξ does not depend on ψ implies together with (25) that
Hψ(ξ, ψ, η) = 0 for all (ξ, ψ, η) ∈ Q. Hence,

H(ξ, ψ, η) = H(ξ, η) for all (ξ, ψ, η) ∈ Q.

From the second contact equation (26) it follows that

Ψ(ξ0, ψ, η) = tan−1
(

Hη(ξ0,η)

k
tan ψ − 3Hξ(ξ0,η)

k

)
for all (ψ, η) ∈ (−π

2
, π

2
)×R.

Since η 7→ H(ξ0, η + 4π
3

) − H(ξ0, η) is a continuous function on a connected set
which, by the periodicity condition (12), can only take discrete values, there must
exist m ∈ Z such that

H(ξ0, η + 4π
3

) = H(ξ0, η) + m4π
3

for all η ∈ R.

We claim that the integer m is non-zero. Assume towards a contradiction that m = 0.
Then H(ξ0, η + 4π

3
) = H(ξ0, η) for all η ∈ R, in particular H(ξ0,−2π

3
) = H(ξ0,

2π
3

).
Again by the Mean Value Theorem and the differentiability of η 7→ H(ξ0, η), there
exists η′ = η′(ξ0) ∈ (−2π

3
, 2π

3
) such that

Hη(ξ0, η
′) = 0.

We have

f̃(ξ0, ψ, η′) = (Ξ(ξ0), tan−1
(
−3Hξ(ξ0,η′)

k

)
, H(ξ0, η

′)) = f̃(ξ0, ψ
′, η′),

for arbitrary ψ, ψ′ ∈ (−π
2
, π

2
). This contradicts the injectivity assumption of f , see

(12) in Proposition 9. Therefore we have in fact m 6= 0.
We can again apply the Mean Value Theorem in order to prove the existence of

a number η0 ∈ (−2π
3

, 2π
3

) with the property that

m4π
3

= H(ξ0,
2π
3

)−H(ξ0,−2π
3

) = Hη(ξ0, η0)
4π
3

.
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Thus, there exists η0 ∈ (−2π
3

, 2π
3

) such that

(28) Hη(ξ0, η0) = m 6= 0.

Let us now consider

(29) ψ0 := tan−1

(
3Hξ(ξ0, η0)

m

)
∈ (−π

2
, π

2
).

This number is chosen such that

Hη(ξ0, η0) tan ψ0 = 3Hξ(ξ0, η0).

The formula for the Beltrami coefficient is of a particularly simple form in this situ-
ation. We need the partial derivatives of Ξ, Ψ and H in the point (ξ0, ψ0, η0). Since
Ξξ(ξ0) = k 6= 0, we have Ξξ 6= 0 in a neighborhood of ξ0 and we can write

Ψ(ξ, ψ, η) = tan−1

(−3Hξ(ξ, η) + tan ψHη(ξ, η)

Ξξ(ξ)

)
.

We differentiate with respect to ψ and insert (27), (28) and (29). This yields

Ψψ(ξ0, ψ0, η0) =
m

k

(
1 +

9Hξ(ξ0, η0)
2

m2

)
.

Direct computations yield

(Wξ,ηΞ)(ξ0) = k and Ξψ(ξ0) = 0.

We compute using (21)
∣∣∣∣
W (Ξ + iΨ)

W (Ξ + iΨ)
(ξ0, ψ0, η0)

∣∣∣∣ =

∣∣∣∣∣∣

(
k2 −m

(
1 +

9H2
ξ (ξ0,η0)

m2

))
+ i(kWξ,ηΨ(ξ0, ψ0, η0))

(
k2 + m

(
1 +

9H2
ξ (ξ0,η0)

m2

))
+ i(kWξ,ηΨ(ξ0, ψ0, η0))

∣∣∣∣∣∣
.

Let us observe that
m2 + 9H2

ξ (ξ0, η0)

m
6= −k2,

since the absolute value of the left-hand side is bigger or equal than 1, whereas the
absolute value of the right-hand side is less than 1.

Since f is assumed to be orientation preserving, we have |µf | < 1 almost every-
where. By continuity of |µf | we necessarily have

|µf (Φ(ξ0, ψ0, η0))| < 1.

This happens exactly if∣∣∣∣k2 −m

(
1 +

9H2
ξ (ξ0, ψ0, η0)

m2

)∣∣∣∣ <

∣∣∣∣k2 + m

(
1 +

9H2
ξ (ξ0, ψ0, η0)

m2

)∣∣∣∣ ,

which is possible only if m > 0. We conclude that m ∈ N and thus

a := m

(
1 +

9H2
ξ (ξ0, η0)

m2

)
≥ 1.

We are now in a position to show that

(30) |µf (Φ(ξ0, ψ0, η0))| ≥ 1− k2

1 + k2
= ‖µfk

‖∞.

In this context, we emphasize that by continuity of |µf |, the inequality (30) in the
point Φ(ξ0, ψ0, η0) is enough to show that ‖µf‖∞ ≥ ‖µfk

‖∞.
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The estimate (30) can be proved as follows. First, we have for any a ≥ 1 that

(31)
a− k2

a + k2
≥ 1− k2

1 + k2
.

Furthermore, a ≥ 1 > k2 > 0 implies that

(32)
∣∣∣∣
a− k2 + ib

a + k2 + ib

∣∣∣∣ ≥
∣∣∣∣
a− k2

a + k2

∣∣∣∣
for arbitrary b ∈ R. Together with (31) this yields the desired result (30). ¤

5. Remarks and open questions

5.1. Further extremal problems. Proposition 5 can be used to solve a
question similar to the classical Grötzsch problem in the complex plane (see [Ahl54]).
Let a, b > 0 and consider the rectangle Ra,b = {z ∈ C : 0 ≤ Re(z) ≤ a, 0 ≤ Im(z) ≤
b}; this is foliated by curves γx,I(s) = x + is, s ∈ [0, b], x ∈ [0, a]. Such a curve
can be lifted to a horizontal curve in the Heisenberg group, uniquely up to vertical
translation. In this way we obtain for c > 0 the domain

Ω = {(z, t− Im(z2)) ∈ H1 : z ∈ Ra,b, t ∈ (0, c)}
which shall be mapped to

Ω′ = {(z, t− Im(z2)) ∈ H1 : z ∈ Ra′,b′ , t ∈ (0, c′)}, a′, b′, c′ > 0.

We impose similar boundary conditions as in the classical case. For y ≥ 0, we denote

∂Ωy = {(z, t− Im(z2)) : Im(z) = y}
and we consider the class F of all quasiconformal mappings f : Ω → Ω′ which extend
homeomorphically to the boundary with

f(∂Ω0) = ∂Ω′
0 and f(∂Ωb) = ∂Ω′

b′ .

If we assume in addition that
c′
c

= a′b′
ab

and a′b > ab′,

then the map f0, given by

f0(z, t) =
(

1
2

(
a′
a

+ b′
b

)
z + 1

2

(
a′
a
− b′

b

)
z, a′b′

ab
t
)

is an orientation preserving quasiconformal map which belongs to the class F . By
applying Proposition 5 to the family

Γ0 = {γx,t : x ∈ (0, a), t ∈ (0, c)}
with γx,t(s) = (x + is, t− Im((x + is)2)), and using standard modulus arguments, it
can be shown that f0 is extremal in F in the sense thatˆ

Ω

K(·, f0)
2 dL3 ≤

ˆ

Ω

K(·, f)2 dL3 and K2
f0
≤ K2

f

for all f ∈ F .

5.2. More examples in logarithmic coordinates. The logarithmic type co-
ordinates from Section 3 are well suited to describe spheres-preserving quasiconformal
mappings in the Heisenberg group. Often, they allow us to describe counterparts of
planar quasiconformal mappings in an easier way than it would be the case for the
usual cartesian coordinates.
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For instance, an interesting map is given by

f̃k(ξ, ψ, η) = (kξ, ψ, kη).

For 0 < k < 1, this defines an quasiconformal mapping of H1
0 \ {(z, t) : arg(z) =

0 (mod 2π)} onto its image with constant distortion K(·, fk) ≡ k−1.
Given k > 0, a quasiconformal mapping on the Heisenberg group similar to the

logarithmic spiral map in the complex plane is given by

f̃k(ξ, ψ, η) = (ξ, tan−1(tan ψ − 3k), η + kξ).

This map has been studied in [Pla09]. Its distortion K(Φ(ξ, ψ, η), fk) is a function
of ψ only.

Another interesting map is the Heisenberg Fenchel–Nielsen twist fk which in
logarithmic coordinates is defined by the function

f̃k(ξ, ψ, η) =

(
ξ + kψ, ψ, η +

k

3
log(cos ψ)

)
, k ∈ R \ {0}.

Obviously fk preserves the complex plane C and is defined everywhere sufficiently
away from the vertical axis. It can be shown that fk is quasiconformal with Beltrami
coefficient and distortion given by

µfk
(z, t) =

ik

2− ik

z

z̄

(−|z|2 + it)

(−|z|2 − it)
and K((z, t), fk) =

|2− ik|+ |k|
|2 + ik| − |k| = Kfk

.

The study of the extremal properties of these mappings could be a subject for
further research.

5.3. Open questions related to the radial stretching. Let 0 < a < b,
0 < k < 1 and let F be the class of all quasiconformal mappings form A(a, b)
to A(ak, bk) which extend homeomorphically to the boundary, mapping the inner
boundary of A(a, b) to the respective boundary component of A(ak, bk).

Problem A. Standard normal family arguments, using Theorem F in [KR95],
guarantee the existence of a minimizer for the maximal distortion within the class
F . Is the radial stretch map (23) such a minimizer?

The classical radial stretch map on the complex plane is an important example
of a quasiconformal mapping, as it is extremal for various problems. Astala [Ast94]
has proved Gehring’s conjecture [Geh73] on the exponent of higher integrability in
the two-dimensional case, showing that a planar K-quasiconformal mapping lies in
the Sobolev space W 1,p

loc with p < 2K/(K − 1). The example of the radial stretch
map

f(z) = z|z|(1/K)−1

demonstrates that the given bound is sharp. Moreover, it is known [Ahl54] that
a K-quasiconformal map in the plane is locally Hölder continuous with exponent
1/K and again the stretch map can be used to show that this exponent cannot be
improved.

It seems natural to analyze the Heisenberg stretch (23) with respect to its Hölder
and Sobolev exponents to see whether it has similar extremal properties as the
Euclidean stretch map. Korányi and Reimann [KR95] established the analogue of
Gehring’s higher integrability result for quasiconformal mappings on the Heisenberg
group, i.e., a quasiconformal map f on H1 lies in HW 1,p

loc (Ω,H1) for an exponent
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p > 4. An upper bound for p in the spirit of Astala’s result is not known. For our
radial stretch map (23) with 0 < k < 1 we find

J(Φ(ξ, ψ, η), fk) = e2(k−1)ξ k2

k2 cos2 ψ + sin2 ψ
.

Thus, by the analytic definition of quasiconformality,
ˆ

BH(0,r0)

‖DHfk‖p dL3 ≤ (K2
fk

)p/4

ˆ

BH(0,r0)

J(·, fk)
p/4 dL3

= (K2
fk

)p/4kp/2π

ˆ ξ0

−∞
e2ξ(k p

4
− p

4
+1)

(ˆ π
2

−π
2

1

(k2 cos2 ψ + sin2 ψ)p/4
dψ

)
dξ

for r0 = eξ0/2 > 0. It follows that if fk ∈ HW 1,p
loc , then necessarily

p <
4

1− k
=

4(K2
fk

)1/4

(K2
fk

)1/4 − 1
.

Recall that a quasiconformal map f is K-quasiconformal according to the analytic
definition in Section 5.4.2 with K = K2

f . Denoting

p(H1, K) = sup{p ≥ 1: f ∈ HW 1,p
loc (H1,H1) for every K-quasiconformal

map f : H1 → H1},

we obtain that necessarily p(H1, K) ≤ 4K
1
4

K
1
4−1

.
Concerning Hölder continuity, it is known that quasiconformal mappings on the

Heisenberg group [KR95, p. 53] and more general Carnot groups [Hei95b] are locally
Hölder continuous; a bound for the Hölder exponent in terms of the distortion has
been given in [BHT02]. In particular, this result shows that a K-quasiconformal map
f between domains in the Heisenberg group is locally K−1/3 Hölder continuous.

Problem B. A consideration at the origin indicates that the stretch map fk, 0 <

k < 1, given by (23), is Hölder continuous with exponent at most k = K
−1/2
fk

= K−1/4.
If this is the actual Hölder exponent of fk, then our stretch map could not be used to
prove sharpness of Theorem 6.6 in [BHT02]. Can one find a quasiconformal mapping
on the Heisenberg group which proves that the bound for the Hölder exponent given
in [BHT02] is optimal?

Appendix

5.4. Background results on quasiconformal mappings on the Heisen-
berg group.

5.4.1. The Heisenberg group. The (first) Heisenberg group is a Lie group
with underlying manifold R3. It is convenient to identify the Heisenberg group with
C ×R, as described in the introduction. Elements p ∈ H1 are written in the form
(z, t) with z = x + iy ∈ C and t ∈ R. The complex vector fields Z and Z̄ satisfy
the non-trivial commutator relation [Z, Z] = −2iT . The Lie algebra of left invariant
vector fields of the Heisenberg group has a grading h1 = v1 ⊕ v2 with

v1 = spanR{Re Z, Im Z} and v2 = spanR{T}.
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Elements of the first layer v1 are called horizontal left invariant vector fields. The
horizontal bundle HH1 is the subbundle of the tangent bundle TH1 whose fibers are
the horizontal subspaces

HpH
1 = spanR{Re Zp, Im Zp}, p ∈ H1.

The contact form of H1 is the form

τ = dt− izdz + izdz.

A contact transformation f : Ω → Ω′ on H1 is a diffeomorphism between domains
Ω and Ω′ in H1 which preserves the contact structure, i.e.,

(33) f ∗τ = λτ

for some non-vanishing real valued function λ. We identify H1 with C×R and write
f = (fI , f3), fI = f1 + if2. A contact map f is determined by fI in the sense that

f IZfI − fIZf I + iZf3 = 0(34)

fIZf I − f IZfI − iZf3 = 0(35)

−i(f ITfI − fITf I + iTf3) = λ.(36)

5.4.2. Quasiconformal mappings. As shown in [KR85], a smooth quasicon-
formal map is a contact transformation. Yet typical quasiconformal maps are not
smooth but they belong to an appropriate Sobolev class and they are contact almost
everywhere. To formulate this precisely, let 1 ≤ p < ∞ and let Ω be a domain
in H1. We say that a function u : Ω → C belongs to the horizontal Sobolev space,
u ∈ HW 1,p(Ω,C), if u ∈ Lp(Ω,C) and there exist functions v, w ∈ Lp(Ω,C) such
that ˆ

Ω

vϕ dL3 = −
ˆ

Ω

uZϕ dL3 and
ˆ

Ω

wϕ dL3 = −
ˆ

Ω

uZϕ dL3

for all ϕ ∈ C∞0 (Ω,R). If this is the case, we denote by Zu and Zu the weak horizontal
complex derivatives v and w. This definition is an equivalent reformulation of the
definitions given in [KR95] and [Dai00]. A map f = (fI , f3) : Ω → H1 is said to
belong to HW 1,p(Ω,H1) if fI , f3 are in HW 1,p(Ω,C). The local horizontal Sobolev
spaces HW 1,p

loc are defined in the obvious way. If a continuous function u : Ω → C on
a domain Ω ⊆ H1 belongs to HW 1,p(Ω), then it is absolutely continuous on almost
every curve of a fibration determined by a horizontal left invariant vector field, see
[KR95]. It follows that the pointwise derivatives (Re Z)u and (Im Z)u exist almost
everywhere and coincide with the distributional derivatives almost everywhere. We
recall that the Hausdorff dimension of (H1, dH) is 4. It turns out that the correct
regularity assumption in the analytic definition of quasiconformal mappings on the
Heisenberg group is HW 1,p

loc for p = 4.
A mapping f ∈ HW 1,4

loc (Ω,H1) is called weakly contact if it satisfies (34) and (35)
almost everywhere in Ω. For such a mapping, one can define the formal horizontal
differential DHf(p) : HpH

1 → Hf(p)H
1 for almost every p ∈ Ω, see [Dai00]. The

mapping DHf(p) can be extended to a Lie algebra homomorphism, which is called
the formal P-differential D0f(p) of f at p. Using complex notation, we have

‖DHf(p)‖ := max{‖DH(p)V ‖ : ‖V ‖ = 1} = |ZfI(p)|+ |ZfI(p)| a.e.
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and

J(p, f) := det D0f(p) = (det DHf(p))2 = (|ZfI(p)|2 − |ZfI(p)|2)2 a.e.

There are various analytic definitions for quasiconformality on the Heisenberg
group which are equivalent to the metric definition stated in the introduction, see
[Hei95a] and [Vod96]. We use the following definition which appears in [Dai00].

Definition 15. (Analytic definition) A homeomorphism f : Ω → Ω′ between
domains Ω, Ω′ in H1 is K-quasiconformal if f ∈ HW 1,4

loc (Ω,H1) is weakly contact,
and there exists a constant K ≥ 1 such that

(37) ‖DHf(p)‖4 ≤ KJ(p, f) for almost every p ∈ Ω.

A map is quasiconformal, if it is K-quasiconformal for some K.

A homeomorphism is quasiconformal according to this analytic definition if and
only if it is quasiconformal according to the metric definition.

It can be proved that J(p, f) 6= 0 a.e. for a quasiconformal mapping. The above
considerations show for a quasiconformal map f : Ω → Ω′ between two domains in
the Heisenberg group that

(38) K(p, f)2 =
‖DHf(p)‖4

J(p, f)
=

( |ZfI(p)|+ |ZfI(p)|
|ZfI(p)| − |ZfI(p)|

)2

a.e. on Ω. We set K(p, f)2 = 1 at the nonregular points. This defines a measurable
function on Ω which is finite almost everywhere.

A quasiconformal map f : Ω → Ω′ between domains in the Heisenberg group is
called orientation preserving if

det DHf(p) > 0 for almost every p ∈ Ω.

To prove the modulus inequality for quasiconformal mappings on H1, one uses the
absolute continuity of quasiconformal mappings on curves and in measure similarly
as in the Euclidean case. See [Dai00] for the change of variables formula in the case
of quasiconformal mappings on the Heisenberg group which we state below.

Theorem 16. Let f : Ω → Ω′ be a quasiconformal mapping between domains
Ω, Ω′ ⊆ H1. Then the following transformation formula holds: If u : H1 → R is
a measurable nonnegative function, then the function p 7→ (u ◦ f)(p)|J(p, f)| is
measurable and we haveˆ

Ω

(u ◦ f)(p)|J(p, f)| dL3(p) =

ˆ

Ω′
u(q) dL3(q).

5.5. Modulus of curve families.

5.5.1. Curves in the Heisenberg group. By a curve γ on H1 we shall always
mean a continuous map on an interval. The points on a curve γ : [a, b] → H1 are
denoted by

γ(t) = (γI(t), γ3(t)) ∈ C×R.

The curve γ is called rectifiable if its length `(γ) with respect to the Heisenberg metric
dH is finite. In this case it has a uniquely determined 1-Lipschitz parameterization
by arc-length

γ̃ : [0, `(γ)] → (H1, dH).
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We let ρ : H1 → [0,∞] be a non-negative Borel function and write
ˆ

γ

ρ d` :=

ˆ `(γ)

0

γ̃(s) ds

for the curve integral with respect to arc-length.
An absolutely continuous curve γ : [a, b] → H1 (in the Euclidean sense) is called

horizontal if
γ̇(t) ∈ Hγ(t)H

1 for almost every t ∈ [a, b].

A curve γ : [a, b] → H1 is absolutely continuous with respect to the Heisenberg
distance dH if and only if it is a horizontal curve, see [Pan89b]. Moreover, the length
of a smooth rectifiable curve γ = (γI , γ3) with respect to dH is given by the integral
over the norm of the horizontal part of the tangent vector,

`(γ) =

ˆ b

a

|γ̇I(t)| dt,

see [Kor85]. In fact, the same formula holds for arbitrary horizontal curves and for
integrals

´
γ
ρ d`, where not necessarily ρ = 1.

Proposition 17. If γ : [a, b] → H1 is horizontal (equivalently: absolutely contin-
uous with respect to dH), then, for any non-negative Borel function ρ : H1 → [0,∞]
we have ˆ

γ

ρ d` =

ˆ b

a

ρ(γ(t))|γ̇I(t)| dt.

5.5.2. Modulus of a curve family. The definition for the conformally invariant
4-modulus of a family Γ of curves in H1 has been given in the introduction, see (5).
In the case of curves γ : (a, b) → H1 the notion of rectifiability is replaced by local
rectifiability. The curve γ is said to be locally rectifiable if all its closed subcurves γ′

are rectifiable. In this case we setˆ

γ

ρ d` = sup
γ′

ˆ

γ′
ρ d`.

Note that a family which consists merely of curves that are not locally rectifi-
able has modulus zero. Similarly to the Euclidean result in [Fug57], quasiconformal
mappings of the Heisenberg group are absolutely continuous on almost every curve,
[Sha00, HKST01]. Thus, given a quasiconformal map f : Ω → Ω′ between domains
in the Heisenberg group and given a family Γ of closed rectifiable curves in Ω, one
has

M4({γ ∈ Γ: f ◦ γ̃ not absolutely continuous}) = 0.

Notice that if γ : [a, b] → (H1, dH) is absolutely continuous and f is absolutely con-
tinuous on γ, then also f ◦ γ : [a, b] → (H1, dH) is absolutely continuous.

5.5.3. Modulus inequality. It is well known that quasiconformal mappings
in the complex plane satisfy a modulus inequality [Ahl66], see [LV73] for a proof in
the non-smooth case. Tang proved in [Tan96] a modulus inequality for C2 maps on
compact, smooth and strongly pseudoconvex CR 3-manifolds. Pansu established in
[Pan89a] the quasi-invariance of the so-called “module grossier”, see also [Pan89b] and
[KR95] for the analogous inequality for the capacity of a condenser. More recently, the
equivalence of the metric definition of quasiconformality with a geometric condition
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involving the modulus of curve families has been proved in [HKST01] for a large class
of metric measure spaces with bounded geometry.

We use a formulation of the modulus inequality in terms of a mean distortion
functional. This type of inequality can essentially be derived from the proof of a
result in the more general setting of quasimeromorphic mappings on H-type Carnot
groups in [MV06]. For clarity, we will include here the simpler proof in the case
of quasiconformal mappings on the Heisenberg group. The second half of the proof
can be simplified in our situation since quasiconformal maps have quasiconformal
inverses.

Theorem 18. Suppose that f : Ω → Ω′ is a quasiconformal map between two
domains in H1 and Γ is a family of curves in Ω. Then

(39) M4(Γ) ≤
ˆ

Ω′
K(f−1(ζ, τ), f)2ρ̃ 4(ζ, τ) dL3(ζ, τ) for all ρ̃ ∈ adm(f(Γ)),

(40) M4(f(Γ)) ≤
ˆ

Ω

K((z, t), f)2ρ4(z, t) dL3(z, t) for all ρ ∈ adm(Γ),

and thus

(41)
1

K2
f

M4(Γ) ≤ M4(f(Γ)) ≤ K2
fM4(Γ).

If the map f is conformal, then it is a smooth map with ZfI = 0 and M4(f(Γ)) =
M4(Γ).

Proof. We start by proving (39), from where (40) and (41) follow easily.
Without loss of generality we may assume that the curves in Γ are defined on

a closed interval [a, b]. If a curve γ : (a, b) → Ω is defined on an open interval, we
consider its closed subcurves γ′ and the proof reduces to the case of closed curves.

Let Γ0 be the family of all rectifiable curves in Γ on which f is absolutely contin-
uous (the non-rectifiable curves have modulus zero). Since f is quasiconformal, we
have M4(Γ) = M4(Γ0). Moreover, f is P-differentiable, that is, differentiable in the
sense of Pansu [Pan89b], almost everywhere. For the P-differential we have versions
of the chain rule which we will use in the following. Take now an arbitrary density
ρ̃ which is admissible for f(Γ) and let E0 be the set of points (z, t) ∈ Ω on which f
is not P-differentiable. Using the quasiconformality of f , it follows that L3(E0) = 0.
Since L3 is a Borel measure, there exists a Borel set E ⊇ E0 with L3(E) = 0. To ρ̃
we can now assign a pull-back density ρρ̃ defined by

ρρ̃(z, t) :=





ρ̃(f(z, t))(|ZfI(z, t)|+ |Z̄fI(z, t)|), (z, t) ∈ Ω \ E,

∞, (z, t) ∈ E,

0, (z, t) ∈ H1 \ Ω.

Clearly, ρρ̃ is Borel since E is a Borel set, ρ̃ a Borel function and the continuity
of f implies that the directional derivatives ZfI , ZfI are Borel functions on the
domain where they exist. We will show that ρρ̃ is admissible for Γ0. To this end,
let γ : [a, b] → Ω be an arbitrary curve in Γ0. By definition of Γ0, it is rectifiable
and therefore has a parameterization by arc-length, γ̃ : [0, `(γ)] → Ω. We have to
distinguish two cases:
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Case 1. If L1({s ∈ [0, `(γ)] : γ̃(s) ∈ E}) > 0, then
ˆ

γ

ρρ̃ d` =

ˆ `(γ)

0

ρρ̃(γ̃(s)) ds = ∞.

Case 2. If L1({s ∈ [0, `(γ)] : γ̃(s) ∈ E}) = 0, then the image curves have nice
differentiability properties. Indeed, γ̃(s) /∈ E for almost every s ∈ [0, `(γ)], which is
equivalent to say that f is P-differentiable on γ̃(s) for almost every s ∈ [0, `(γ)]. In
this context, we recall from [Pan89b] that if γ̃ : [0, `(γ)] → (H1, dH) is Lipschitz, then
γ̃ is P-differentiable almost everywhere with

lim
c→0

δ 1
c
(γ̃(s)−1 ∗ γ̃(s + c)) = ( ˙̃γI(s), 0) ∈ C×R = H1

for almost every s ∈ [0, `(γ)]. By the chain rule for the P-differential we get
( ˙fI ◦ γ̃)(s) = ZfI(γ̃(s)) ˙̃γI(s) + Z̄fI(γ̃(s)) ˙̃γI(s) for almost every s ∈ [0, `(γ)], and
therefore,

|( ˙fI ◦ γ̃)(s)| ≤ (|ZfI(γ̃(s))|+ |Z̄fI(γ̃(s))|)| ˙̃γI(s)| a.e. s ∈ [0, `(γ)].

Now γ̃ is absolutely continuous on (H1, dH) (since it is Lipschitz). Moreover, f ◦ γ̃ is
absolutely continuous with respect to dH by assumption and Proposition 17 applies.
Altogether, this yields

ˆ

γ

ρρ̃ d` =

ˆ `(γ)

0

ρρ̃(γ̃(s))| ˙̃γI(s)| ds

=

ˆ `(γ)

0

ρ̃(f(γ̃(s)))(|ZfI(γ̃(s))|+ |Z̄fI(γ̃(s))|)| ˙̃γI(s)| ds

≥
ˆ `(γ)

0

ρ̃(f(γ̃(s)))|( ˙fI ◦ γ̃)(s)| ds =

ˆ

f◦γ̃
ρ̃ d` =

ˆ

f◦γ
ρ̃ d` ≥ 1.

Combining the two cases, we deduce that ρρ̃ ∈ adm(Γ0). This allows us to conclude
as follows:

M4(Γ0) = inf
ρ∈adm(Γ0)

ˆ

Ω

ρ4(z, t) dL3(z, t)

≤
ˆ

Ω

ρ4
ρ̃(z, t) dL3(z, t) =

ˆ

Ω

ρ̃ 4(f(z, t))(|ZfI(z, t)|+ |Z̄fI(z, t)|)4 dL3(z, t)

=

ˆ

Ω

ρ̃ 4(f(z, t))

( |ZfI(z, t)|+ |Z̄fI(z, t)|
|ZfI(z, t)| − |Z̄fI(z, t)|

)2

(|ZfI(z, t)|2 − |Z̄fI(z, t)|2)2 dL3(z, t)

=

ˆ

Ω

ρ̃ 4(f(z, t))K((z, t), f)2J((z, t), f) dL3(z, t)

=

ˆ

Ω′
ρ̃ 4(ζ, τ)K(f−1(ζ, τ), f)2 dL3(ζ, τ)

for all ρ̃ ∈ adm(f(Γ)). Here, we have applied in the last step the transformation
formula for quasiconformal mappings, see Theorem 16.

This reasoning yields

M4(Γ) = M4(Γ0) ≤ K2
fM4(f(Γ)),

which concludes the proof of the first half of the theorem.
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Since the inverse of the quasiconformal map f is again quasiconformal, we may
apply (39) to the map f−1 and the curve family f(Γ). Thus

(42) M4(f(Γ)) ≤
ˆ

Ω

K(f(z, t), f−1)2ρ(z, t)4 dL3(z, t)

for all ρ ∈ adm(Γ). We note that

(43) K((z, t), f) = K(f(z, t), f−1) almost everywhere.
This follows by the chain rule, see also [KR95, p. 64]. Combining (42) and (43) we
obtain the desired result. ¤
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