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1 Introduction

Chern-Simons theory [24] has been with us now for about 25 years. The Chern-Simons
path integral, at every level k € Z and for Lie group G,

ZosIM, G = /

exp <zk/ TrAdA+2A3> (1.1)
A 4 3

7r
gives us a (framed) invariant of the 3-manifold M. Witten [24] and Reshetikhin and
Turaev [21] gave surgery prescriptions for these invariants (the first based on conformal
field theory, the second on quantum groups).

Very early on Freed and Gompf [10] expressed the invariant for Seifert 3-manifolds
and the group G = SU(2) in terms of the S and T matrices of conformal field theory.
Jeffrey [12] obtained rather more explicit formulae for Lens spaces. Lawrence and Rozan-
sky [15] obtained just as explicit results for Seifert rational homology spheres (QHS’s).
Marino [16] extended the results of [15] to compact simply-laced G. Interestingly enough
Lawrence and Rozansky and Marifio were predominantly interested in obtaining asymptotic
formulae around the (isolated) trivial connection from the exact result.

Unlike the surgery prescription, strategies for the exact evaluation of the path inte-
gral formulation of Chern-Simons theory are few and far between. There have been many



studies of the perturbative aspects of the theory from the path integral view point, un-
fortunately far too many to review here. But, as already mentioned, there is a dearth of
exact evaluations based directly on the path integral. There are some exceptions to this
however. One such exception is due to Jeffrey [12] who evaluated the partition function
of Chern-Simons in the semi-classical approximation for mapping tori (at least formally).
Another is our evaluation of the path integral on 3-manifolds of the form 3 x S! for ¥ a
genus g Riemann surface [5].

Somewhat more recently Beasley and Witten [3] have developed a localisation pro-
cedure for the path integral that extracts the contribution around isolated connections.
This method, based on non-Abelian localisation [23], requires a contact structure to be
chosen on the 3-manifold and, for calculations, a U(1) action is also required. The two
requirements essentially fix one to Seifert QHS’s. Beasley [2] has extended the approach
to include the expectation value of Wilson loops along the U(1) fibre.

In [7] we were able to extend the diagonalisation techniques introduced in [5] to man-
ifolds which are circle bundles over smooth Riemann surfaces, in particular to the Lens
spaces L(p,1). This work has some similarity to [2, 3] but perhaps the biggest difference is
that while these authors obtain contributions about particular connections our technique
evaluates the complete path integral. Furthermore, the formulae obtained, unlike those
that come from a semi-classical approximation, do not involve complicated integrals over
moduli spaces of flat connections but rather integrals over the Cartan subalgebra of the
gauge group.

The present paper is a continuation of [7] to 3-manifolds which are U(1) bundles
over orbifolds. One motivation for the present study is, then, to apply the procedure
of Abelianisation in the case that the smooth 3-manifold is a circle V-bundle over an
orbifold. Understanding the correct condition when diagonalising in this context is the
main technical difficulty.

Apart from the intrinsic importance of being able to evaluate the path integral for the
Chern-Simons partition function, there is also the benefit from the possibility to use the
techniques in other situations. In particular if there is no obvious, or perhaps obviously
practical, surgery prescription, then other means are needed to glean non-perturbative
information. There are a number of such situations which we will address elsewhere.
These include:

e Three dimensional BF theory which is an example of a theory for which there is no
known surgery prescription and to which our methods apply. Such theories are of
interest because of their relation to gravity [25].

e The Ny = 2 topological supersymmetric extension of BF theory on Seifert QHS’s.
These theories are presentations of the Casson invariant and its generalisations [8].

e Yang-Mills theories on 2-dimensional orbifolds. Even though these are related to
Yang-Mills theories on smooth surfaces with ‘parabolic points’ [9] they may be of
independent interest.



Another motivation comes from the fact that the Chern-Simons partition function
on particular Seifert manifolds is the same as certain intersection pairings on spaces of
connections on a Riemann surface. This relationship then gives a geometric meaning
to the Chern-Simons invariants of these manifolds (and of knots in them). Certainly
one application is a slightly different geometric understanding of the partition function as
intersection pairings on the infinite dimensional space of connections modulo the gauge
group. This can be established by making use of the topological supersymmetric extension
of Chern-Simons introduced in [22].

There is another use for the toplogical supersymmetric extension of [22]. Namely,
Kallén [14] views the Chern-Simons action as an observable within the topologically twisted
Yang-Mills theory and then uses cohomological localisation to reproduce [3] around the triv-
ial connection. Ohta and Yoshida [20] combine the topologically twisted Yang-Mills theory
of [14] and diagonalisation [5, 7] to evaluate the path integral for various supersymmetric
Yang-Mills Chern-Simons theories.

The contents of this paper are as follows:

We begin with the formula, due to Lawrence and Rozansky [15], for the partition
function of SU(2) Chern-Simons theory on a Seifert QHS and its generalisation due to
Marino [16]. We show how these formulae can be written in various suggestive ways as
integrals over the Cartan subalgebra of the group in question. Such a formulation is a
preparation for formulae that arise on evaluating the path integral by diagonalisation.

Then we turn to a brief description of Seifert 3-manifolds as S' V-bundles over 2-
dimensional orbifolds. In particular we introduce the conditions that a Seifert manifold be
a Q[g]HS which has, apart from an extra Z?9 summand in Hy (M), the homology of a QHS.
We are able to evalute the Chern-Simons path integral on this class of Seifert manifolds.

Next we come to the crux of the matter, namely diagonalising a component of the
gauge connection so that it lies in the Cartan subalgebra of the Lie algebra of the gauge
group. On doing this we are left with a sequence of Gaussian integrals to perform and
a price to be paid. That price is that the abelianised field is correctly thought of as a
section of certain line bundles over the orbifold and part of our task is to determine which
line bundles.

Once the bundles that arise on Abelianisation are clear, apart from some arithmetic the
evaluation of the Chern-Simons path integral is almost identical to that presented in [7] and
so we will be rather brief about the details. As noted above, we are basically evaluating
some Gaussian path integrals which give rise to determinants. The evaluation proceeds
in a sequence of steps. Firstly we split the functional determinants into their absolute
value and the phase. Then we give a zeta function and eta function type regularisation of
these. An application of the Riemann-Roch-Kawasaki index theorem [13] (the extension of
the Riemann-Roch theorem to V-manifolds or orbifolds) allows us to push the calculation
down to the orbifold. Finally, we can make use of an orbifold version of Hodge theory [1]
to evaluate the resulting Abelian theory.

The last section deals with the evaluation of the expectation value of particular Wil-
son loops. These are the lines that wrap around the S' fibration of M. This is quite



straightforward to do as these Wilson loops do not interfere with the previous method of
evaluation as the Gaussian nature of the model is maintained.

There are two appendices. The first gives an example of diagonalisation of a smooth
section of a (smooth) SU(2) bundle over M and what that means for summing bundles
over the orbifold base of M. This is intended to motivate the choices made in the body
of the paper. In the second appendix we give the generators and relations for (M)
and explicit forms for their abelianisation. Along the way we also give an example of an
irreducible non-Abelian connection of the type that we do not have to take into account
in our evaluation of the path integral.

2 The formulae of Lawrence-Rozansky and Marino

The formula found by Lawrence and Rozansky [15] for the partition function of Chern-
Simons theory of a Seifert QHS M, up to an overall constant, is

Pkg ind 2 T _imr 2-N N i _amr
Zos(M, SU(2 Z e 2Pk (e ko —e ko ) H <e aiky — e “i’“s) (2.1)
_ i=1
where the a; for ¢ = 1,..., N are part of the data of a Seifert manifold M (see section 3

for more details) and P = Hf\il a;, while |d| is the order of Hi(M,Q) (with d = +|d|
corresponding to the two choices of orientation). We generally denote kg = k + ¢4 where
¢g is the dual Coxetor number for the group G. In this formula, and its generalisation to
other simply-laced groups G (see [16] and the discussion just after (4.9) there), there are
restrictions on the summation. Here we see that for N > 2

i _amr 2-N
<e kg ~ kg >

diverges whenever kg|r and it is these points which are discarded in the sum. This is the
analogue of a similar issue that arose in the path integral derivation of the Verlinde formula
for the dimension of the space of conformal blocks [5] and we deal with it in the same way
here, as we describe below.

As in [7] we introduce a gauge invariant partition function

Zq,P,d(

d
|W|V Z /f exp <2Tr<b2+qurs¢> (2.2)

sezrk

Here W is the Weyl group which acts by permutation on the Cartan elements, rk is the rank
of the group G, ¢ is an integer (later to be identified with ky), f(¢) is any function which
is invariant under both the shift ¢ — ¢ + 27 P and the action of W and V = Vol(dZ¥).
We have set ¢ = Y, ¢'a; and s = >, s'a; where «; are simple roots of a group G (for
simplicity in the following we consider G to be simply-laced). The gauge symmetry that
is enjoyed by this partition function is, with n =), n'a; and the n’ € Z,

o — ¢+ 2mnP, s—s—dn (2.3)



Note that this says that we may shift ¢/P by elements of the integral lattice I. The discrete
group that acts is then the affine Weyl group T'" =1 x W.

Now, using I we can either gauge fix ¢ to lie between —7mP < ¢ < mP or we can gauge
fix s so that s € Zg, or we can use the whole affine Weyl group to restrict ¢ to t/T'".
Therefore we arrive at the equalities

/ / f(o/q) exp <Tr¢ +zTrs¢)
scZrk —7qu —mPq

= G X [ 1/a) e (dTr¢2+zTrs¢)

Zq,P,d(f) =

\W\

SEZLq
d
= Z /t/l"W f(@) exp <’L4P Tr ¢? + iq Tr sgb) (2.4)
sezrk

The sum over s in the first of the equalities of (2.4) fixes ¢ = r7 for r € Z'X, while the range
of integration restricts each of the possible integers r to lie in —Pg < r < Pq. Consequently
we have

Zgpalf) = “;,, > f(xr/q) exp (zz]fq Tr r2> (2.5)

reZrk /2Pq7rk

A suitable choice of the function f then reproduces the formula (2.1) on taking ¢ = ky =
k + cg. More generally, we let f = \/Ta(¢, a1,...,an) (the positive root) where

N
T (¢; a1, .. an) = Tar(¢)* 2N ][ Tor (6/as) (2.6)

i=1

to reproduce the formulae of Marifio [16]. This formula relates the Ray-Singer torsion of
M, Ty(¢, a1, ...,an) to Tq1(¢/a) which is the Ray-Singer torsion on the circle (modulo
Z,) evaluated at a flat connection (¢/a) df.

Our evaluation of the Chern-Simons path integral will eventually lead us to an expres-
sion of the form (2.2), with f(¢) precisely as above, and at that point we can appeal to
the above discussion to establish the connection with the results of [15, 16].

3 Seifert 3-manifolds

We will consider Chern-Simons theory on 3-manifolds M which are themselves principal
U(1) V-bundles U(1) — M 5 ¥ over 2-dimensional orbifolds ¥ of genus g. We suppose
that there are N orbifold points on ¥ which are modeled on C/Z,,. A line V-bundle,
away from orbifold points is characterised as an ordinary line bundle but is given, in the
neighbourhood of the i-th orbifold point, by the identification on D x C,

(z,w) = (C.z, ("w), ¢ =exp(2mi/a;)

where D C C is a disc centred at the orbifold point.



M = S(L) is then a circle V-bundle associated to a line V-bundle £. The data which
goes into specifying M is [deg (L), g, (a1,b1),...,(an,bn)].
The Seifert manifold M is smooth if

ged(ag, b)) =1, fori=1,...,N

which means, in particular, that the b; # 0. The Seifert manifold will be an ZHS (integral
homology sphere) iff the line bundle Ly that defines it satisfies

g:O, Cl(ﬁo) ::EH; (3.1)

1

The last condition implies that the numbers a; be pairwise relatively prime* so that one

has the arithmetic condition

ng(ai7aj) = 17 7’7é ]

As an example the Poincaré ZHS M = X(2,3,5) has the two possible descrip-
tions [—1,0,(2,1),(3,1),(5,1)] with ¢1(Lop) = 1/(2.3.5) and [-2,0, (2,1), (3,2), (5,4)] with
c1(Lo) = —1/(2.3.5). Quite generally, if [deg (L), g, (a1,b1),...,(an,bn)] is a manifold
with ¢1(Lo) = £1/(ay...an), then [—deg (L) — N, g, (a1,a1 — b1),...,(an,an — bn)] is
one with ¢1(Lo) = F1/(ay ...ayn) (we are taking the inverse line bundle).?

If one takes M to be the total space of the circle bundle of Ef)@d, rather than that of
Lo, then M is a QHS (rational homology sphere) with

|d| = [Hy (M, Z))|

In both of these cases, as the a; are mutually coprime, all line V-bundles on ¥ are some
tensor power of L.

The Gysin sequence played an important role in our previous evaluation of the path
integral on U(1) bundles over smooth curves allowing us to count U(1) bundles over the
total space which are pullbacks from the base. Likewise, we would like to know the image
of the pullback map

Pic(X) -, [Line bundles over M| - H?(M, Z)

Fortunately there is a Gysin sequence for U(1) V-bundles over 2-dimensional orbifolds [11]
which gives us the required information. The required result is part of Theorem 2.3 in [11]
(see also Remark 2.0.20 in [18]) for M smooth,

H?(M,7) = Pic(X)/Z[L] & 7% (3.2)

'From (3.4) and (3.1) we have that for M to be a ZHS that ([], a;).(n + >_;bj/a;) = £1 where n is the
degree of the bundle that defines M. Now suppose that the greatest common divisor of two of the a; is not
unity and, by re-ordering if required, let those two be a1 and az and such that az = ta1 (¢t € Z>o). The
equation to be solved becomes a1.m = £1 with m = ([ ;55 a;)[tar(n + 32,553 bi/a:) + tby + b2] and clearly
m € Z so there is no solution. Consequently, for M to be a ZHS the a; must be pairwise relatively prime.

2That the degree in the examples is always negative is not an accident. The equation to solve is
n([]; a;) +s = £1 with s = ([, a;). >, bi/a: a positive integer so that n < 0 given that the a; > 2 and




where M = S(L). Tt is the subgroup Pic(X)/Z[L] € H?(M,Z) which is the image of the
pullback map and when ¢;(£) # 0 this is finite and Abelian. When M is a QHS, then
£ = L£Z? and Pic(X) = Z[Lo] so that Pic(X)/Z[L] = Zqg.

Choice of manifold. The technique that we make use of is Abelianisation. In particular,
we diagonalise sections ¢ : M — ad G of the adjoint bundle which are constant along
the fibres of M, in the sense of conjugating them into maps into the Cartan sublagebra.
For reasons disucssed below we consider the case that G is simply-connected, so that
adG = M x g.

However, even in this case there are topological obstructions to Abelianisation and, if
one insists on diagonalising anyway, the price to be paid is the ‘liberation’ of non-trivial
line bundles on the base of the fibration S' — M — ¥. An important part of the
technique, then, is to be able to determine which line bundles we will need to count. In the
case of trivial bundles M = S x ¥ over a smooth Riemann surface we find that we must
count all possible line bundles on Y. In the case of nontrivial bundles, the circle bundle of
a non-trivial line bundle £, over a smooth Riemann surface one counts the ¢; (L) available
torsion bundles (these arise as 7*(£L21(£)) = O).

Hence, we need to be able to follow the line bundles which are available. This is most
easily done if there is only one generator that pulls back to the 3-manifold. This is the
case in the examples of the previous paragraph. Other examples include particular smooth
Seifert manifolds which are constructed as follows. Let ¥ be a genus ¢ Riemann surface
with N orbifold points {p;} such that the isotropy data a; at the points p; are relatively
prime ged (a;, aj) = 1 for i # j. As the line bundle £y with ¢1(Lo) = [[(a;)~! generates
the Picard group of orbifold line bundles on ¥ (3.2) the pullback to S(Lp) of any orbifold
line bundle is trivial. (This is the orbifold analogue of the fact that the pullback of any line
bundle on S? to S is trivial.) However, there is an important caveat. The G bundle that
we started with is a smooth bundle and can be thought of as the pullback of an honest
G bundle on ¥, i.e. one with trivial isotropy data at the orbifold points. Consequently
the line bundles that appear on diagonalisation must be honest line bundles (there is no
special discrete action over the orbifold points). All such line bundles on ¥ are powers of
Lp= E(?P where

N
P=]]a (3.3)
=1

and it is these line bundles, if we are to sum, that we should sum over (though they all
pullback to the trivial line bundle).

Notice, in the above discussion, that for diagonalisation we do not need the extra
condition that the genus of the Riemann surface vanish, so we are not only dealing with
ZHS’s (3.1). For brevity we will denote those M = S(Lg) by Z[g|HS’s when we relax the
condition on the genus.

On the other hand the manifold § (E(?d) is such that there are d torsion bundles avail-
able and, on diagonalising, we would have to count these (the S (ﬁ?d) having the same
relationship to S(Lg) as the Lens spaces have to S3). As we have seen, in order to keep



track of the fact that our G bundle is smooth we should consider the torsion bundles to be
of the form £%m for m € Zg4. Once more we may also consider that g # 0 and we denote
such manifolds as Q[g]HS’s.

Degree and first Chern number. There is some disparity in the literature regarding
the nomenclature used with regards to Chern classes, degree and so on. We adopt the
notation that

c1(L) =deg (L

(3.4)

\\Mz

where the degree deg (£) is an integer and the isotropy weights b;(L) each satisfy
0<y; ([,) < a;

for every line bundle £. Hence, with our definition, ¢;(£) € Q. Note that deg(L) =
c1(|L]) € Z where |L] is the associated (smooth) line bundle on the smooth curve |X| (by
smoothing the orbifold points and taking no isotropy there, b;(£) = 0).

One way to think about this is as follows: A line bundle is equivalent to a divisor,
which in this case is a (smooth) point on 3. Each smooth point comes with weight one.
A degree n line bundle is the same as the sum of n divisors (say n times one divisor).
The orbifold points {p;} have weight 1/a; and so they correspond to line V-bundles with
‘degree’ 1/a;. If one considers the divisor a;.{p;} (which is now like a smooth point) then
the associated line V-bundle is a line bundle and its degree feeds into deg.

A fact which will be important for us later is that while the first Chern class behaves
well under tensor product,

(LK) = a(L) +alk)

the degree does not. Rather, one has from this formula and the definition,

(Le®K
e1(L @ K) = deg (£ @ K) +27®)
i=1 i
with 0 < b;(£L ® K) < a; that
N bi(L) + b (K)
deg (L ® K) =deg (L) + deg (K) + Z {zalJ (3.5)
i=1 ¢
where |z] is the floor function
|z] =max{n € Z|z > n} (3.6)

and is such that

) -1—-[z] zeR\Z
[—z] = {_m e (3.7)



and where the isotropy weights satisfy
Introduce the symbol ((.)) defined by
r—|z] -1 zeR\Z
((z)) = ’
0, r e

which has unit period ((z + 1)) = ((x)) and is odd under change of sign ((—z)) = —((z)).
For any line bundle £, as 0 < b;(£) < a;,

“1y _ Jai = bi(L), bi(L)#0
bi(L7h) = {07 bi(L) = 0 (3.8)
so that
bl(ﬁ)—bl(ﬁ_l) B 2bi(£)/ai71, bz(ﬁ) 750 B 4 a
a; - { 0, bl(ﬁ) 0 =2 ((bz(‘c)/ ’L))
since |b;(£)/a;| = 0. Consequently,
deg (L) —deg (L71) =2¢1(L —22 L)/a;))

This trick we took from [19].
Likewise, providing that ged (a;, bi(£)) = 1,

N
deg (LZ™) + deg (L™%") = —N + Z ¢, (n)

where

s (n) = { Lif ailn (3.9)

0 otherwise

is a function introduced in [3]. Notice that the function ¢4, (n) does not depend on the line
bundle £ but just on the requirement that ged (a;, b;(£)) = 1.

For ‘honest’ line bundles K (i.e. having isotropy data b; () = 0 Vi) the degree and first
Chern class agree

c1(K) = deg (K)
Moreover, if £ is a V-line bundle and K a line bundle, we have
deg (K ® L) = deg (K) + deg (L)

so that

N
deg (LE" @ K) + deg (L™*" @ K™') = =N + > ¢q,(n) (3.10)

is independent of K and
N
deg (LK) —deg (L' @K™ =2deg(K)+2¢1(L) —2 Z((bl(ﬁ)/a@)) (3.11)
i=1



The principal bundle structure on M. Let k be a connection on the principal U(1)
V-bundle £ that defines our 3-manifold M = S(L£). We think of k as a globally defined
real-valued 1-form on the total space of the bundle, and denote by & the fundamental (or
Reeb) vector field on M, i.e. the generator of the U(1)-action. A U(1) connection k is
characterised by the two conditions

k=1, L¢x=0 (3.12)

where Lg = {d, t¢} is the Lie derivative in the £ direction which imply that teds = 0, so
that the curvature 2-form dk of x is horizontal, as behoves the curvature of a connection.
In local coordinates one has

k=do+8 (3.13)

where 6 is a fibre coordinate, 0 < 6 < 1, and 3 = 3, dz" is a local representative on X of
the connection x on M.

Our orientation conventions [7] are such that dk is minus the Euler class or first Chern
class of the bundle over X,

(L) = /E dr

and since M has ¢;(£) = (n + Y, bi(£)/a;), we choose § so that the curvature 2-form
satisfies

dk = —(n+ Z bilL) )7 (w) (3.14)

for w a unit normalised symplectic form on 3.
For ¢1(L) # 0 a choice of k equips M with a contact structure, such that x A dk is
nowhere vanishing on M. Indeed,

N
mAdn:—(n—i-Z
i=1

bi(£)

a;

)df A 7 (w) (3.15)

is nowhere vanishing as required providing that the U(1) V-bundle is non-trivial. We also
note that

_ o bi(L)
/M/i/\d/i— _(”+Z m

i=1

)/sz —c1(L) . (3.16)

4 Chern-Simons theory on Seifert 3-manifolds

Much of the construction that we use has been explained in great detail in [7] so we will
be very brief about it here. We fix the gauge group G to be compact, semi-simple, and
simply connected so that the principal G-bundle on the 3-manifold M and all its associated
vector bundles are trivial. In principle the extension to trivial bundles for non-simply

,10,



connected groups is reasonably straightforward (and will mainly lead to a few extra signs
in the formulae), while the extension to non-trivial bundles of non-simply connected groups
requires some more thought in relation with diagonalisation and the argument based on
the Gysin sequence.

Given that  is nowhere vanishing, any one-form 3 € Q!'(M,R) may be decomposed

as 8 = B + By with
Be=kAeBEQ(MR), By=(1-rA)B€Qy(MR). (4.1)
One may also decompose connections, thought of as elements of Q'(M, g),
A=A, +Ag=dK+ Ap. (4.2)

and as ¢ € Q°(M, g) it is correctly thought of as a section of the adjoint bundle E = M x g.
The level k& Chern-Simons action is

k 2
kScs[A] = el AL (AdA - 3A3>
M

k
= Tr (Ag AR ALy Ay + 20k Nd Ay + ¢* K Adk) . (4.3)
™ JMm
We have changed notation from [7] for the Lie derivative to L¢ = {i¢, d} and for the
covariant Lie derivative to Ly = L¢ + [¢, from L¢ and Ly in order to avoid conflict with

our notation for bundles.
Gauge conditions. We impose the gauge condition
LSA,{ZO@LEQb:LSdQZ):O . (4.4)

This gauge condition, L¢¢ = 0, tells us that ¢ is a U(1)-invariant section of E. Equivalently,
it can therefore be regarded as a section of the (trivial) adjoint V-bundle V' over ¥. Having
pushed down ¢ to ¥ in this manner, we can now proceed to the diagonalisation of ¢ as
in [5]. Thus let T' be some maximal torus of G and t the corresponding Cartan subalgebra,
with g =t ® € and set

¢t =0. (4.5)

As shown in [5, 6], and discussed previously, there is a price to pay for diagonalising sections
of V' (in the sense of conjugating them into maps taking values in the Cartan subalgebra t).

Up to this point we have not imposed any particular conditions on M. However,
in order to determine the obstructions in a simple way we ask that M = S(Ly) with
ged (ai,aj) = 1 (for i # j) and that ¢;(Lo) = ([[;a:)~" or that M = S(LF?). With
the condition that M = S (E%Z)d) we must sum over all T-bundles on M that one gets by
pullback of certain 7" bundles from 3. The line bundles on ¥ are generated by Ly (by
Theorem 2.3 of [11]), and as we have already explained, the ones of interest to us are
powers of Lp = ESQP (3.3). The pull-backs of the Lp from ¥ to M are of finite order and
all torsion bundles on M arise in this way, so that it is precisely these bundles that we
should sum over in the path integral.

— 11 —



More conditions on ¢. Those AY}; which are U(1) invariant, L¢ A}, = 0, do not appear
in the kinetic term Ay A LyAp and so they can only appear in the mixed kinetic term
2¢x A dAp. The path integral over such A% then imposes the condition ted(k @) = 0.
This delta function constraint on ¢ together with the gauge condition (4.4) imply that ¢
is actually constant,

d¢ = 0. (4.6)
Now with ¢ constant we have, with M = S(ﬁ?d),

d

/ kANdk Tr ¢? = —— Tr ¢° (4.7)
M P

5 Reduction to an abelian theory on X

Having discussed the effect of integrating out the U(1)-invariant modes of AY;, we now keep
these and investigate what happens upon integrating out the other modes and fields, with
the understanding that ¢ will ultimately turn out to be constant. All these fields appear
quadratically in the action, and therefore will give rise to ratios of determinants. The
definition and regularisation of these determinants for ¥ smooth were specified in detail in
appendix B of [7] we will take that for granted but augment that discussion here to take
the orbifold points into account.
Given the choice of metric

gM =T ge DR K (5.1)
the operator * Kk A Ly acts on the space of horizontal £-valued 1-forms,
¥ KA Ly : Qi (M, €) — QL (M, £). (5.2)

—t

Hence integrating over the £-components of the ghosts ghosts (cf,2") and the connection

A%, one obtains the following ratio of determinants:

\/Det (x K A iL¢)Q}I(M,3)

(5.3)

Integration over the ghosts (c!,¢') and those A%, modes which are not U(1) invariant
give the following ratio of determinants:

\/Det' (x Kk A iLg)Q}{(M,t)

(5.4)

The notation Det’ indicates that the zero mode of the operator is not included.
To evaluate these ratios of determinants we expand all the fields in their Fourier modes

in the ¢ direction. In particular for the connection we set Ay = > o2 A, where the
eigenmodes satisfy L¢ A, = —2min A,, and tx A, = 0 and likewise for the ghosts ¢ and e.
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These eigenmodes can equivalently be regarded as sections of line bundles £&" (where £
defines M) over ¥ (which pull back to the trivial line bundle on M). Hence we have that

0°(M,C) = P Q°(z, L), (5.5)

As we have singled out the Cartan subalgebra, the bundles that we are working with
effectively ‘split’ so we think of the charged Lie algebra valued forms on M as sections of
the trivial bundle M x ¢. In order to make a Fourier decomposition of such sections we
understand each mode to be a section of a trivial bundle V; on ¥ which pulls back to M x €.
Consequently, on tensoring (5.5) with the trivial bundles V¢ below and 7*(V;) = M x € above
we have

QM. e) =P (=, LE @ V) (5.6)

A similar discussion shows that each mode n of a horizontal 1-form on M is one to one
with a section on 3, consequently one has

Qp(M,6) =P Q1S L @ ). (5.7)

Now, as explained in [7], the ratio of determinants (5.3) and (5.4) need a definition (and
regularisation). We set

Ve @ = Vet @l exp 7 (@) (5.8)

where 7(Q) = %Z)\espec(@ sign(A) and the root is the positive root for either of the op-
erators that appear in (5.3) and (5.4). We regularise the absolute value and the phase
(assuming that zero is not an eigenvalue) by setting

DetQ[(s) =exp > e In|)l (5.9)
A€spec(Q)
1 sign(\)
n(Q, s) = 5 Z G exp sA (5.10)
A€spec(Q)

for A an appropriate negative definite operator. As explained in [5] an appropriate choice
of A is the Laplacian of the twisted Dolbeault operator on X.

In order to state the results that we borrow from [5, 7] we need to introduce some
notation. Each charged section contributes to the determinant but its contribution depends
on the charge, so we decompose the charge space into roots

Ve = @aVa (5.11)

The regularisation that we have chosen then leads us to considering the index of the
Dolbeault operator (how this comes about can be found around (6.14) of [5]). Now the
Riemann-Roch-Kawasaki index theorem for a line V-bundle £ on an orbifold [13] states that

Index(9;) = x(2, £) = dime H(X, £) — dimc HY(Z, £) =deg (L) +1—g (5.12)

and one should note that it is the degree that enters and not the first Chern class.
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Returning to the determinants, we find that as far as the norm is concerned it reduces to

\/H [(2rn + ia(§)NELomaVa X2 KsaLomeV:) (5.13)

with Ky the canonical bundle of 3. By Serre duality we have that x (3, Ky ® L2 ®@V,,) =
—x(%, L% " ® V_,) so the exponent in the previous expression is

X L@ Vo) + X(5, L2 @ Vog) = 2—29+ Y [deg (£L%") + deg (£L7°")] (5.14)
n
where we have made use of (3.10). By inspection of (5.14) one sees that the absolute value
of the determinants is the same for S(£) and S(£1).
The eta invariant of the phase of the determinant is by (B.26) of [7]

1Ly, 8) = 77(0 1) (1Lg)(8) +101,0) (=i Lg) ()

== Z (L5 ® Va) + (K © L5 @ V,)) SERZmn Tia(0))

[27mn + i) ]*

sign(2mn + i (¢))
|27mn + ia(@)|®

= —= Z (LE" @ Vo) — x(LET" @ Viy)) (5.15)
the last line following by Serre duality. The subscripts on the 7’s in (B.26) of [7] are there
to indicate whether we are using the index of 0 or of 0.

Without loss of generality we choose ¢ such that 0 < ia(¢) < 27 for the positive roots,
so that

N(Lg,s) = — Y _[deg (Vo) — deg (V_o)] lic(¢)]

a>0

=) [deg (£8" @ Vo) — deg (LZ7" @ V)] (270 + iax(¢)) ~*

n>1a>0

=) [deg (L5 @ V) — deg (L7 @ Va)] (27 — icx(¢)) ™

n>1a>0

By (3.11) we can split the phase as

77(L¢, S) = U(L¢, Ve, S) + ’)/(L¢, L, S)

where
o(Lg, Vi, 8) = —QZdeg )ic(¢p - QZdeg Z 2mn 4 ia(¢))~°
a>0 a>0 n>1
42 deg (Vo) > (2mn — ia(¢))~* (5.16)
a>0 n>1
and
Y(Lg, L, s Z Z deg (L%") — deg (£%7™)] [(2mn + ia(¢)) ™ + (2mn — ia(¢))~°]
n>1a>0
(5.17)
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Now o (Lg, Vi, s) does not depend explicitly on £ so, in particular, we would find the same
result had we used any other line V-bundle. However, v(Lg, £, s) is quite a different object
depending explicitly on the line V-bundle defining M and in fact we have

WLg, £718) = =y(Lg, L, ) (5.18)
This is as far as we can go in this generality.

5.1 Absolute value of the determinant

In order to determine the absolute value of the determinants we use
X(E, L97) 4+ X(2,L977) = x(Z, L5™) + x(Z, Ly @)

N
=2-290— N+ ¢q,(dn)
i=1
The last line follows from the index theorem as all our assumptions about the bundles for
which ¢g,(dn) is defined hold as we will now see.

We demand that the line bundle £ = 589‘1 which defines our 3-manifold M = S(L)
has isotropy invariants such that ged (a;, b;(£)) = 1. However, we also have that b;(£5?) =
db;(Ly) mod a; so that neither d nor b;(Ly) are divisible by a; otherwise ged (a;, bi(L)) # 1.
We can do a bit better. Let bz-(ﬁgad) = db;(Ly) + ma; for some m. Suppose that y # +1
divides a; then y cannot divide db;(Lp) as that would conflict with our assumption that
ged (aq,b;(L£)) = 1. In particular y cannot divide either d or b;(Lo), so we have that
ged (ag,bi(Lo)) = 1 and ged (a4, d) = 1. Consequently, we do indeed have that

deg (L®™) + deg (L¥™™) = deg (E%z’d") + deg (£a®d”)

N
= —-N+ Z(l)az(dn) (5'19)

i=1

Are there non zero values of ¢4, (dn) and if so what form do they take? Since ¢, (dn) is
non-zero only if a;|dn and we know that a; does not divide d it must divide n. Whence
only those n = ma; for m € Z yield non-zero ¢, (dn).

Now, up to normalisation,

[TT1@mn +ia(e)) ~ Tsi(¢) (5.20)

where

To1(¢) = dete(1— Ade?) = T] (1 — (@)1 — e ~(9))

a>0

= ] 4sin® (ia(¢)/2) (5.21)

a>0

is the Ray-Singer torsion of S! (with respect to the flat connection i¢d6).
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We still need to determine

TTTI@mn + ia(g))?e:t* (5.22)

« n

As argued above, the function ¢, (dn) vanishes except when n = ma; for m € Z so that

[TT]@mn+ia(é)? @) = [ (@)= [[@rm + ia(¢))/a:)

«

— [I 1T rm + ia(4))/a:)

~ Tei((p/a;) (5.23)

where we have used the fact that the zeta function regularisation of >~>° 1 is zero.
Putting the pieces together for the absolute value of the determinant we find it is just
what we called /T at the end of section 2, namely

N
VTu($, ar,... an) = Tar (@) 9 N2 [ Ter(¢/ai)'/? (5.24)

i=1

Notice that this does not depend on the weights b;(£5?) (and seemingly nor on d, but as
we will see ¢ depends on d). So, in particular, (5.24) does not depend on the orientation
of M which we explained, in a slightly different way, just after (5.14).

5.2 Phase of the determinant

Nicolaescu [19] has done some of the work for us. In particular the trick of passing from
|z]| to () we took from him and this allows us to write certain terms as Dedekind sums
later on. We will need to make use of the Hurwitz zeta function

1
C(s,2) = Z m,

m>0

which for negative integral s is related to the Bernoulli functions. In particular,

€(0,z) == —x, and ¢(—1,z) = R
whence
@m =5~ 5.a(¢) +0(s)
" I S SN
7;(27m+ia(¢))5 19 87r2a(¢) + O(s)

Clearly for (5.16) as s — 0,

(L, Ve,s) = —2 Z deg (V) (1 + iia(é)) + O(s) (5.25)

a>0
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In order to determine the phase of (5.17) we make use of the difference of degrees

formula
»)

We have two types of terms to compute, those proportional to ¢;(£) and those pro-

portional to the symbol ((z)). We start with the ones proportional to ¢i(£), namely,
from (5.17),

N
deg (L5") — deg (L") = 2n.e1(L) =2 ((”b
i=1

—2a(£ Og) (Z; [ 2mn + ia(@))* * (2mn — ioz(d)))s})
—a(OF (5 + gaale?) 106 (6:20)

a>0

Now the terms in (5.17) proportional to ((.)) are, with b; = b;(L),
232 (((%) wrrawr]

One can allow the sum over n to include n = 0 since the two contributions cancel (as s
goes to zero). Furthermore, the periodicity ((z + 1)) = ((x)) allows us to write

;]((nb» M 5 ((‘”)) - - (svkiz‘O;(jﬁ)/%r)

k=
a

,_.o

() ) o

- () (G) = =5 vee

B
,_.o

@

ol

as 1/2 —k/a; = —((k/a;)) for 0 < k < a;. We have that

S5 () a2 5 () (4)) o

The Dedekind sum s(b, a) is defined by

wo-E(#)(©)

; <<7jzb)> (27mj:1wz(<b)) = —2s(bi; ai) + O(s)

whence

n>0
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Putting the pieces together, thus far we have

200) = 3 (=20 + 25 4 Yoo+ 21 ia(s))

272 T
a>0

N
—4) > s(biyar) (5.27)

i=1 a>0

We also have to consider the contribution from the fields lying in the Cartan subalgebra
and these couple neither to the bundles V,, nor to the ¢. They contribute,

L
Cl( ) — 2s(b,-,ai)> (5.28)
Collecting all the contributions we find that the total n(s) = n(Lg, s)+n(L¢, s), as s — 01is

n(0) = (—2c1<va) + C;ff?) o(9)” + Wm(é))

n(Le,0) = dim T (

a>0 &
N
: c1(£)
+dim G (6 — Z; s(bs, ai)> (5.29)
so that in this case we have
T ic d ic
- = 4Amid(L) — 2 — Tr¢? 2 [ TroF .
217(0) Ti®(L) 47T/Z<P r o w)+277/2 r ¢F o (5.30)
where
1 N d
®(L) = 2 dimG (12 ; s(bs, a;) — P) (5.31)

As stated at the beginning of section 4, we consider the case that G is simply-connected.
For such groups one has ), c1(Va) € 2Z (the Weyl vector is integral), so that this term
does not contribute to the phase.

It is important to notice that had we used the line V-bundle £~! rather than £ to
construct M then the Chern class of M would change sign c1(£) — ¢1(£7!) = —¢1(£) and
so too the Dedekind sum s(b;, a;) — s(a; — b;, a;) = —s(b;, a;) as required by (5.18).

The expression (5.30) agrees with that obtained in [7] for the Lens spaces L(p,1) on
setting dci(Ly) = —p, which can be achieved by taking the a; = 1 and b; = 0 for all i (so
that P =1), deg Lo =1 and then d = —p.

6 Evaluating the path integral on ¥

Now that we have integrated over all the £-valued fields as well as all the t-valued modes
which are not constant along the S fibres in M, the Chern-Simons partition function, up
to the phase (5.31), reduces to a path integral of an Abelian 2-dimensional gauge theory
on X with action

SM — SE[AH,gf)] = k—l_Cg /ZTI" (2¢FH - i¢2w> s (6.1)

47
where Ay = Al and ¢ = ¢*.
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The curvature 2-form Fp includes the contribution of non-trivial line bundles (but not
line V-bundles) on ¥. To incorporate those we let

FH—>FH(A)+27['T‘O.)

with r € Z'™. Ap is now understood to be a t valued 1-form on ¥. It might appear to
be more natural to have chosen that r € Z; as we did in [7]. However, as we have seen
previously [7] and as is also evident from the various equalities in (2.4), the net effect is
the same, so for the sake of variety here we choose r € Z'%.

Baily [1] tells us that on an orbifold ¥ the Hodge decomposition is still available where
all sections are understood in the appropriate sense. Locally around an orbifold point (the
conic point of D/Z,) any p-form « is understood to be a Z, invariant p-form on D. Then,
for two such 1-forms

1
/ alp=— aAp
D2/Z4 la| Jp2

and so on.

The Hodge decomposition tells us that the harmonic modes of AY; only contribute to
the normalisation of the path integral. The exact components are in the gauge directions
of the residual U(1)™® gauge symmetry and so may be set to zero by a gauge choice. The
co-exact parts of A}J are the only pieces that appear in the action and integrating over
those imposes the condition

dp' =0 .

so that the ¢ are constant. With ¢ constant, the partition function reduces to the finite-
dimensional integral over the Cartan subalgebra

Zy[M, G ~ e4Ti®(L) 3 /{JTT@ exp (Zk Iﬂcg Tr <—]Ci ¢ + dmr ¢>)> (6.2)

reZrk

However, this is not the final form of the partition function as there is still a discrete
symmetry that we should mod out by. The partition function (6.2) has the form of the
gauge invariant partition function (2.2) and so is invariant under the action of the affine
Weyl group T'"'. How does this symmetry arise in the present situation?

e Invariance under the integral lattice I is there since, as we have already noted, the
pullback of any multiple of Eéj to M is trivial so all such multiples are equivalent.
Explicitly we made the substitution

P
A:AH—i—(bn—i—Qm’Em
which obviously has the symmetry

¢—¢d—27Ps, r—r+ds
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e The Weyl group makes an appearance since it was part of the original G symmetry.
It acts, therefore, by conjugation and on t this becomes permutation of the (diagonal)
matrix entries. Permutation of both the ¢ and r entries in the same way leaves Tr (¢?)
and Tr (r.¢) invariant. The Ray-Singer torsion of the circle is also invariant under W
so we have that theory posses the symmetry that we claimed.

The partition function is, therefore,

Z1[M, G] = Aedmi®(L Z \/7 ) exp ( bt < L 62 1 4y ¢>> (6.3)

Zrk

where TW = I x W is the affine Weyl group and A is a real normalisation constant that
remains to be determined.

As the Ray-Singer torsion has zeros at the boundary of the Weyl chamber the inte-
grals (6.2), (6.3) diverge when g + N/2 > 1. As shown in [5] for the smooth case one
ought to regularise by giving a small mass term to the connection, while preserving the
residual U(1)™ invariance. The same regularisation is applicable when ¥ is an orbifold and
guarantees the vanishing of the ghost determinant at the boundary while the inverse of the
determinant coming from the connection remains finite. The net effect of this procedure is
to exclude the boundaries of the Weyl chamber. As the contributions to the path integral
are at discrete points this regularisation prescription renders the integrals finite.

Witten [24] shows how at one loop level the Chern-Simons partition function becomes
an integral over the moduli space of flat connections with measure the square root of the
Ray-Singer Torsion. There is also a phase factor coming from the Chern-Simons function
and a framing correction. We note that (6.3) has precisely the form just described with
Tr(¢,; a1...,an) being the Ray-Singer Torsion of a Seifert Q[g]HS but with a crucial
difference. Rather than the moduli space of flat connections on M we have instead the
integral over t/T'"" coming from the vertical part of the connection. This is a much simpler
integral to perform.

7 The inclusion of Wilson loops along the fibre

We can also easily evaluate Wilson lines which are in the fibre direction of M thought of
as a principal bundle. Such Wilson lines only depend on the representation and on the k¢
part of the connection. Since they do not depend on Ay the inclusion of Wilson loops does
not change any of the arguments in the evaluation of the path integral. In particular one
may just as well take ¢ to be constant and to take values in t.

The expectation value (normalised or not) of such a Wilson loop Trg; (P exp ( ¢ A))
then is the same as evaluating (6.3) with

e, (o () .

inserted in the integral (or products of these). Now providing the fibre is not exceptional
(i-e. it is based at a regular point on the orbifold) the Wilson loop (7.1) is Trg; (exp (¢)).
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The path integral including such Wilson lines becomes,

ATi®(L Z / VT (9) exp ( k+eo, <_]Ci¢2 + 4dnr ¢>) HTer (exp (¢))

lek /FW

Had any of the Wilson loops been along an exceptional fibre (one which is based at an orb-
ifold point of weight a; on X)), in the Wilson loops ¢ would have to be replaced by ¢ — ¢/a;.
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A An example of diagonalisation

In this appendix we wish to explain in some more detail the appearance of non-trivial
T-bundles on diagonalisation. This is both a summary and an extension to the orbifold
case of one of the arguments given in [6] for this phenomenon.

Let M = S(L) be the circle bundle of a V-line bundle over an orbifold ¥ and consider
the (trivialised) vector bundle ad G = M x g over M. We equip M with an induced contact
structure and let £ be the Reeb vector field on M. Now with ¢ a section of ad G we mean
s : M — M x g such that on M it is the identity map. In this case a section is the
combination s = (Ids, ¢) where ¢ : M — g. Now restrict attention to those sections
which satisfy ted¢ = 0. Such ¢ are still just maps to g. Or put another way, s is still a
section of the trivial bundle ad G on M.

However, such a ¢ also defines a section § : ¥ — ¥ x g with the map automorphism
on X being the identity map Idy,. We are still dealing with a trivial bundle albeit over an
orbifold. In this context ¢ is a map from ¥ to g. Notice, that at this point, the information
about the V-line bundle £ (i.e. its isotropy weights b;) no longer appears and so too then
information about M is lost. (This is just as it is in the case of Lens spaces L(p, 1) as for
all of them the base is S2.)

In case that ¥ = & /T the map ¢ is equivalent to a I' invariant map from S to g A
good example of this situation is the orbifold S?/Z, which has two marked points both
with isotropy a. Now a section of the trivial g bundle over S?/Z, is the same as an Z,
invariant section of the trivial g bundle over S2. If, for ( € Z,, the section were simply
equivariant ¢((.z) = (.¢(z) where the action on the Lie algebra is non-trivial, then one
would have a non-trivial g bundle over S?/Z,.

Let ¢ then be a map from S? — g. For simplicity we take g to be su(2). Given a
connection on the bundle we can define an invariant

n(¢, A) = 1/3 r<¢FA—1¢dA¢AdA¢> (A1)
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for those ¢ such that ¢? = —Idawo (these are maps to S2). This invariant exhibits the non-
trivial line bundles that arise on diagonalisation. On the one hand the maps of interest are
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maps from S? to S? and so they fall into homotopy 72 classes. In that case n(¢,0) just
measures the winding number of the map. Upon diagonalisation, with group map g, the
map g~ '¢g is just to a single point and n(g~'¢g,0 + g~ 'dg) is the first Chern class of the
connection A = 0+ g~ 'dg. As n(¢, A) is gauge invariant the winding number of ¢ and the
first Chern class of the liberated line bundles must agree.

We are interested in maps to S? which are Z, invariant. Embed S? in R? so that
it is the solution to x? + y? + 22 = 1. The action of Z, is (.(w,2) = (C.w,z) where
w = x+1y = exp (i0).sin g, z = cos ¢, where 0 < 0 < 2w, —7 < ¢ < 0 and ( = exp (27i/a).
As part of our example let

(0, @) = sinf. sin p.ioy 4 cosb. sin p.ioy + cos @.ios (A.2)

be the identity map. The identity map is not Z, invariant since the action of Z, is

¢ (0.0) — <0+ 2;%) (A.3)

However, it is quite straightforward to create maps which are Z, invariant, these are

#(0, @) = sin (anb). sin @.ioy + cos (anh).sin @.ioe + cos p.io3 (A.4)

It will not come as a surprise that their winding numbers are elements of aZ, indeed

— [ Tr <$da/\ dg) =an (A.5)
8Tt Jg2

On S?/7Z, the maps gg become ‘winding’ number n maps to the 2-sphere. On diagonalis-
ing (A.1) tells us that the first Chern class of the liberated line bundle is integral and it is
over such line bundles that we must sum.

B The fundamental group and representations in SU(2)

Our evaluation of the path integral does not involve the moduli space of non-Abelian
flat connections as diagonalisation forces us to consider Abelian connections. By way of
example we exhibit a non-trivial irreducible SU(2) flat connection on the Poincaré ZHS in
order to convince the reader that such connections are there even though we manage to
sidestep having to face their existence in the course of our evaulation of the path integral.

To do this we start with the presentation of the generators and relations of the funda-
mental group 71 (M) for M a QHS. After the example we move on to determine the first
cohomology group of these manifolds as this is what really enters in the body of the paper.
We use the fact that the first homology group is the abelianisation of the fundamental
group Hy = 7y /[m, m1].

As we are in the situation where g = 0 the generators of m (M) are ¢, j =1,...,N
and h subject to the relations [cj, h] =1 and

N
c?jhbj =1, ch =h" (B.1)
j=1
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where, n is related to the degree of the line V-bundle that defines M and, h is central. If
h = 1 the relations are just those for the fundamental group of the orbifold ¥ so that A is
the generator along the fibre.

We give an example of a representation of 71 for the Poincaré 3-sphere ¥(2,3,5) in
SU(2). The presentation of m is given by

X2=H' vY3=H"' Z2=H' Xyz=H"! (B.2)

and H commutes with X, Y and Z. We take H to be central (indeed one can show
that for an irreducible representation it must be) and for concreteness let H = —I. We
diagonalise Z

Z =exp (imn/5.03), m=1,3,5 (B.3)
(one is quickly led to a contradiction if one takes Z central). If we write
X =aly +ibo, a*+[p* =1 (B.4)

then the condition on X in (B.2) implies a = 0, so X € S?. We may still act by conjugation
by elements in the torus defined by o3 without changing Z and so we may rotate X into
an S! of our choice, i.e. we simply set by = 0, by > 0 and we have that

X = ibyoy + ibzos (B5)

We write Y in the same way as we did X

Y =cl +ido, &+|d*=1 (B.6)
then the fact that Y® = —I implies that ¢ = 1/2. The only relation still to sat-
isfy is XYZ = —Iy. This is straightforward and we find, with A\g = cos(7m/5)
and A\; = —sin (7m/5),

1 Ao
bs = — d3 = ———, di = b1, day = —ba\ B.7
350N © oy, 1T 02, @2 270 (B.7)

We now have a point in the space of flat SU(2) connections on ¥(2,3,5). The matrices
X, Y and Z are essentially the holonomies of the flat connection in question around the
non-trivial cycles of ¥(2,3,5).

As in [3] let ¢y41 = h so that the relations in Hy (M, Z) may be written as

N+1

[ =1 (B.8)
j=1

where
al 0 - bl
A= 0 - 0
0 any by
1 1 —n
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If v € Hy(M,Z) then v? must be trivial (in the multiplicative sense so that v? = 1). An

element w = [ j c;-n] is trivial iff m; = Al and will be of the form v? providing Det A o d.
Calculating, we find that

N
DetA=—P <n + Z Z) (B.9)
=1

We have then that | Det A| = |d| is the order of H;(M). One can be rather more explicit
about this. Going back to (B.1) we have

il =1, el =nm" (B.10)

N
=1

plugging the first into the second gives h¢ = 1. As we have abelianised 7 (M) to pass to
Hi(M) =m(M)/[r1 (M), m1(M)] we may as well represent the generators as

b; P P
cj = exp <2m' aj~'d>’ h = exp (—2m’ d)
J
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