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CONVOLUTION ROOTS AND DIFFERENTIABILITY OF
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ABSTRACT. We prove that any isotropic positive definite function on the sphere
can be written as the spherical self-convolution of an isotropic real-valued func-
tion. It is known that isotropic positive definite functions on d-dimensional
Euclidean space admit a continuous derivative of order [(d — 1)/2]. We show
that the same holds true for isotropic positive definite functions on spheres
and prove that this result is optimal for all odd dimensions.

1. INTRODUCTION

For an integer d € N we denote the d-dimensional unit sphere by S = {z €
R+ | ||z|| = 1}, where ||-|| denotes the Euclidean norm on Rl A function
f:S% xS — R is positive definite if

(1.1) DD ciciflusug) >0
i=1j=1
for all uq,...,u, € % and coefficients ¢y, ..., ¢, € R. The function f is isotropic if
there exists a function f : [0, 7] — R that fulfills
(1.2) f(u,v) = f(O(u,v)) for all u,v € S%,

where the geodesic distance on S¢ is given by  : SIxS? — R, 6(u,v) =arccos((u, v)).
Here, (-,-) denotes the standard scalar product on R4*1,

Isotropic positive definite functions on spheres occur in statistics as correlation
functions of homogeneous random fields on spheres or of star-shaped random par-
ticles. They also have applications in approximation theory where they are used as
radial basis functions for interpolating scattered data on spherical domains. Recent
applications in spatial statistics can be found in [ILI2I[I3]; application examples in
approximation theory are given in [4[01[26].

The class ¥, consists of all continuous functions # : [0, 7] — R with ¢(0) = 1,
such that the isotropic function (6(-,-)) is positive definite. The classes ¥, are
nonincreasing in d,

oo
Uy DUy D--- DU, = ﬂ\I/d,
d=1
with the inclusions being strict; see [I1, Corollary 1].
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We define the spherical convolution of two isotropic functions f,g: S¢ x S¢ — R
as

(f®g)(u,v) = /Sd F(0(u,w)g(0(w,v))dw, for all u,v € S,

where the integration is with respect to the d-dimensional Hausdorff measure on
S?. The total measure of S¢ is denoted by oq = 2w(+1)/2/T((d + 1)/2). Tt is easy
to see that the spherical self-convolution of any isotropic L?-function f on S% x S¢
is positive definite. A function ¢ : [0,7] — R has a spherical convolution root if
there exists an isotropic function g : S x S — R such that ¢(0(-,-)) = g ® g.
Spherical convolution has been used by several authors [8[121211[25] as a tool
to construct spherical positive definite functions. It is natural to ask the reverse
question: Which functions can be obtained through this construction principle?
We can give the following general positive answer, which we prove in Section [3

Theorem 1.1. Any ) € Uy has a spherical convolution root which can be taken to
be real-valued and isotropic.

The techniques used to show the convolution representation theorem have led to
the solution of a further interesting problem concerning positive definite functions
on spheres.

A positive definite function f on R? is defined analogously to (LI). The func-
tion f is called radial if f(x,y) = f(||z — y||) for some function f : [0,00) — R.
Schoenberg [19, Lemma 4] showed that radial positive definite functions on R? have
a continuous derivative of order [(d — 1)/2], where [¢] denotes the greatest integer
less than or equal to c. The following theorem, which will be shown in Section 1]
confirms the conjecture of Gneiting [I1] that the same holds true on spheres.

Theorem 1.2. The functions in the class ¥4 admit a continuous derivative of
order [(d — 1)/2] on the open interval (0,7).

The derivatives at the point ¥ = 0 can be infinite or can take finite values. We
believe that the same holds true at 1 = w. However, we are currently not able to
provide simple examples for the latter claim. The powered exponential family

Y(9) :exp(— (g)a), 9 € [0, ],

with parameters ¢ > 0 and « € (0,1] belongs to ¥y, [II]. For a < 1 the first
derivative at zero is —oo, whereas for aw = 1 it takes the value —1/c. The sine
power function

() =1— (sin g)a, 9 e (0,7,

as in [22] is a member of ¥y, for « € [0,2]. For v € (0, 1), the first derivative at
zero is —oo; for a = 1, we obtain ¢’ (0) = —1/2. If o € (1, 2], the derivative at zero
is zero.

In the Euclidean case it is known that Theorem is the best possible [10].
Hence, there are radial positive definite functions on R¢ whose derivative of order
[(d—1)/2] + 1 is not continuous. The optimality of Theorem ford =1,3,5,7
follows from the results in [2]. In Section €2l we introduce a turning bands operator
for isotropic positive definite functions on spheres to show the optimality of The-
orem for all odd dimensions. In even dimensions it remains an open problem.
However, once the optimality can be shown for d = 2, the turning bands operator
immediately yields the assertion in all even dimensions as well.
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SPHERICAL CONVOLUTION ROOTS 2065

The convolution representation result, Theorem [[LT] also has consequences that
are of interest in statistical applications. Firstly, it shows that any isotropic co-
variance function on the sphere can be obtained by the Lévy based approach to
modelling star-shaped random particles introduced in [12]. Secondly, the proof
of Theorem [[T] reveals a way to resolve the identifiability issues associated with
these models. It is possible to distinguish one specific convolution root amongst all
possible convolution roots of a given covariance function. This is the basis of the
inference procedure described in [27].

2. CONVOLUTION OF ISOTROPIC FUNCTIONS ON SPHERES

Let L%(S? x S?) be the space of square-integrable functions on S¢ x S¢ with
the Hausdorfl measure. By (-,-)rz and ||-||z2 we denote the scalar product and
the norm of the Hilbert space L?(S? x S9), respectively. We consider the subspace
Li;cCL? (S? x §%) of functions that are isotropic as defined at (L2)). For f € Lz
it holds for all d + 1-dimensional orthogonal matrices R that

f(Ru, Rv) = f(6(Ru, Rv)) = f(0(u,v)) = f(u,v), u,ve S
This property characterizes the functions in L?t,r
Proposition 2.1. The convolution f ® g of f,g € L3 1 is in Ly 1 and

(2.1) If ®glizz < oq sup |(f @®g)(u,0)l < [ fllzallgllze-
u,vES

The convolution is bilinear, commutative and

(22) If®glli: = (f® f.g®g)Le.

Proof. 1t is easy to check that f®g is isotropic. Furthermore, by Holder’s inequality,

(F® 0w < [ 1700 0)g(0w, )l

<{ [ st} { [ oo )

& i f(O(u 2 u : i g v))2 v :
G {Ud [, 76w v } {Ud [, 00w, 0)Pdud }

1
= —[IFllz2llgllz2
gd

2

for u,v € S% The equality at () holds true because the integrals on the left
hand side do not depend on u, v, respectively. Therefore, we obtain (Z1]), and,
in particular, f ® g € L?(S? x S?). Bilinearity and commutativity are clear, and
equation ([222) is an application of Fubini’s theorem. |

Schoenberg [20] characterized the functions of the classes ¥, using Gegenbauer
(or ultraspherical) polynomials. Let A > 0. The Gegenbauer polynomials C for
n € Ny are defined by the expansion

1
(1472 —2rcosd)*

= Z r"Cy(cos?), for 9 € [0,7];

n=0
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2066 J. ZIEGEL
see [0, 18.12.4]. Note that we use N to denote the positive integers and Ny = NU{0}.
We will repeatedly use the fact that
I'(n+2X\)
nlT(2))

If A =0 we set C2(cosd) = cos(nd) for ¥ € [0, 7] as in [20]. We need the following
important property of the Gegenbauer polynomials with A\ = (d — 1)/2; see for
example [I8, Corollary 4.9]. For d > 2, k,n € Ny and u,v € S¢, we have

d—1 _
mcr(ld 1)/2(<uuv>)7

where Jj, ,, denotes the Kronecker delta. If A = 0 it holds that

(2.3) Ch(1) =

(2.4) / CEAD2 (o)) O/ (1, v))dw = G moa
Sd

| RO o ) = GG )

for n € No, k € N, u,v € §%, and [, CF ((u, w))CY((w, v))dw = 2.

Proposition 2.2. Let d > 2. The family Cq = {Ein}nen,, where Eq, :=
canO V2, )) € L2 with

. 1 2n+d—1
dn — 0 — )
TV @-nctha)

is an orthonormal basis of LZZ. Furthermore, for k,n € Ny,

Eir®Eqn = 0k nCinEan,

where

_ d—1
Cd,n = — .
@2n+d—1)CP2(1)
Proof. By 2.4

[ G R DO (o) e
SdxSd

d—1
— e = (d-1)/2
5k,n0d2n+d_ 1 /sd Cy ((v,v))dv

d—1
=0kn 2_ 77 - od=1)/2(7).
k, Ud2n+d_1 n ( )’

hence C; is an orthonormal system. It is also a Hilbert space basis, because poly-
nomials are dense in L?([—1,1]). The second assertion is a direct consequence of

4. O

The following proposition complements Proposition [Z.21 and is not hard to prove.
Proposition 2.3. Proposition also holds for d = 1 with

o 1/(2mw),  forn=0, I
Ln = \/5/(271'), forn>1,’ Ln =

1, forn =0,
V2/2, forn >1.
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SPHERICAL CONVOLUTION ROOTS 2067

Propositions and 2.3 imply that, for any function f € Lg)z, we have

FE S Uf Ban) 12 Eans

n&ENp

2
where = means that the series on the right hand side converges unconditionally in
L? to the left hand side. We call the basis Cq the Gegenbauer basis of LZ,I' The
coefficients (f, Eq )12 are termed the Gegenbauer coefficients of f.

Proposition 2.4. For any f € L?l,I? n € Ny, we have
f ® Ed,n = Ed,n<fa Ed,n>L2Ed,n-

Proof. For N € N we set fy = Zg:()(f, Eqk)r2Eqk. Then fx converges to f in
L?. We obtain

Hf ® Ed,n - 5d,n<fa Ed,n>L2Ed,n |L2
<|Nf®Eqgn—fn®Eqnlr2 + v ® Ean —Can(f, Ein)r2Eanl L2

The last summand on the right hand side is zero by the definition of fy and
Proposition By Proposition 2.I] we obtain

If ® Ein— N ® Eanlle: = |(f — fN) ® Egnllze < |If — fnllzz|Eanllzz — 0,

as N — oo. O

Corollary 2.5. For any f € L?l,I? n € Ng we have

<f ® fa Ed,n>L2 = Ed,n<f; Ed,n>%2 .
Proof. We have

<f ® fv Ed,n>L2 = (Ed,n)71<f @ fv Ed,n ® Ed,n>L2 = (Ed,n)71‘|f @ Ed,nH%?
= (Can) |Canlf, Ean)r2Eanlli2 = Canlf, Ean)te,

where we used Propositions and 23] equation (2.2]), and Proposition 24]in this
order. ]

The following theorem gives a necessary condition for the existence of convolution
roots in L¢2i,I' In the interesting special case of nonnegative Gegenbauer coefficients
this condition is also sufficient.

Theorem 2.6. If a function f € L?LI can be represented as f = g ® g for some
g € L]z, then

o0

(2.5) Z(Ed,n)ilev Egn)r2| < oo.

n=0

If @3 holds and (f, Eqn)r2 > 0 for all n € Ny, then there exists a g € qu such
that f = g ® g. The coefficients of g in the Gegenbauer basis can be chosen to be
nonnegative.

Proof. The Hilbert space L?z,z is isometric to the space ¢ [24, Corollary V.4.13].
Therefore ZnENo anEqn € Lg)z if and only if (an)nen, € £2 or, equivalently,
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2068 J. ZIEGEL

p Oa% < 00. Suppose now that f is given by f = g ® g for some g € Lil'
By Corollary we have that
1 1
<gaEd,n>L2 - :l:(éd,n) 2 ‘<fa Ed,n>L2|27

hence
oo

S @an) NS Ean) 1] < oc.

n=0
For the reverse implication set g = ZneNo(Ed,n)_1/2<f7 Ed,n>1L/22Ed’n. By assump-
tion g € L?LI and by Corollary we have for any n € Ny that
<g ® g, Ed7n>L2 = Ed7"<ga Ed;”)%ﬁ = <f7 Edﬂl)L?-
With Parseval’s equality [24] Theorem V.4.9] this yields the claim. O

We conclude this section with a proposition that shows that convolution products
can be uniformly approximated with respect to the Gegenbauer basis Cg.

Proposition 2.7. If f € L?t,z is given by f = g®g for some g € L?t,z’ then for every
permutation o : N — N, the sequence (fn)nen with fn = Eszo (f, Bd,o(k)) 12 Ea,o (k)
converges uniformly to f.

Proof. Let gy = Ziv:()(g, Eq6(k)) 12 Ed,0(r). By Corollary and Proposition 2.4]

we have
N
f—In=g®g— Z Ca,0(6)(9> Bao(k)) 12 Ed,o (i)
k=0
N
=g®9g— Y (9. Baot)r29® EBaoy =9®g—g®gn =g ® (g — gn)-
k=0

Now, we can apply Proposition 2] to the last term and use the unconditional
L?-convergence of gy to g in order to obtain the claim. |

3. CONVOLUTION ROOTS

Schoenberg’s characterization of the classes W, is summarized in the following
theorem; cf. [20].

Theorem 3.1 (Schoenberg). The class ¥y consists of all functions of the form

i 1)/2(00519)
Z dn~— (1 _1\/o0, . (d 1) /2( ) ) forﬂe [0777];

with nonnegative coefficients by, such that > o~ ban =1. If d =1, then
2 ™
(3.1) b= —/ Y()dY and by, = —/ cos(n?)Y(¥)dy, forn > 1.
T Jo T Jo

If d > 2, then, for n € Ny,

_ d=1)\? =
(3.2) bd,n—%;_‘fiﬁl(igd{ )1)) /0 {4172 (cos ) } (sin 9) Lo (9)dY
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SPHERICAL CONVOLUTION ROOTS 2069

For a function ¢ € ¥4, we call the associated coefficients bq,,, as given by (B.1))
or ([B2), respectively, the d-dimensional Schoenberg coefficients of ).

A function ¢ € Uy is strictly positive definite if the inequality in ([IT]) is strict for
all systems of pairwise distinct points, unless all the coefficients are zero. A function
1 € Uy for d > 2 is strictly positive definite if and only if its Schoenberg coeflicients
ba,n are strictly positive for infinitely many even and infinitely many odd integers n
[5]. The corresponding result for W, was derived in [I5]. Characterizations of the
strictly positive definite functions in ¥y in terms of nonzero Schoenberg coefficients
are available in [I6][17].

We prove the following result, which is slightly more detailed than Theorem [L[1]

Theorem 3.2. For any v € Uy there exists a function g € Lgl such that
Y(0(u,v)) = (9 ® g)(u,v), for all u,v € S,
and g has nonnegative Gegenbauer coefficients.

Proof. First, let d > 2, ¢ € ¥,;. The nonnegative Schoenberg coefficients of ¢ are
connected to the Gegenbauer coefficients of ¥(0(-,-)) via

2n+d—1( (d—1)/2 d—1
3. T d / C) (cos ) (sin ) (¥ dd

on+d—1(T(42))2 — [T
= n;’:—dw (F dQ—)l)) (271'0,11_[/0 (sinﬂ)klcw)
k=2
x / CUD2((u, 0))b(8(u, v)) dudo
Sd x§d

I'(% T d—1
_(I‘((d_l)))24(dﬂ)-((d+1)/2)( 2) "N Ban, (00, ) 2.

bd,n

-1

The quotient in the previous line is positive and depends only on d. We denote it
by ag. In particular, (Eg,,¥(6(-,-)))r2 > 0 for all n € Ny. We have

v V()

— = 04CdnFin,
ol 1)/2(1)

hence

P(0(,) = @aoa Y (Ban, ¥(0( )12 Ban.

n=0
By Theorem B.1]

I_Zb d—adz Can) (Ean, (0(-,)) 12

—adz an) (B, 0(0(-,)) r2];

hence Theorem yields the claim. For d =1 we have

bl — 1/(27T)<E1,n7 1/)(9(, '))>L27 lf n = O,
T \V2/@r) (B 0 (0(, )z, ifn > 1

hence we can apply the same arguments as above. (Il

)
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2070 J. ZIEGEL

Remark 3.3. For a function ¢ € Wy, C Wy for some k > 1, Theorem yields
spherical convolution roots g4+ € Lfl k7 and gqg € LEZ,I with respect to the con-
volution in S¥** and S?, respectively. The associated functions ggyx, gq are both
defined on [0, 7], and one would hope for a simple functional relationship between
them, but it remains elusive thus far. However, on the level of Schoenberg coeffi-
cients, the functions gq442 and g4 are easily put in relation using [11l Corollary 3].

Let ¢p € Uy, The construction in the proofs of Theorems and shows
that the class G4(v) of all spherical convolution roots g € Lﬁ,z of 1 is given by all
functions g € L?I’I, whose Gegenbauer coeflicients are given by

(3.3) (g onb3 ) peny

where (bgn)nen, are the Schoenberg coefficients of ¢ and (o,)nen, is a sequence
with o, € {—1,1}; cf. Figure[[l In Theorem we identify a unique convolution
root by setting o, = 1 for all n € Ny. This choice resolves the identifiability issue
when inferring the kernel of Lévy based models for star-shaped random particles
from their covariance or correlation structure as mentioned in Section[Il See also
[1227].

We conclude the section by using the convolution representation to calculate the
Schoenberg coefficients of the function

1
(0] R, 9 +— ——T1g(. y<r Lo < (D),
ta :[0,7] = R, ) Lo @ (6 <ry (V)

where r € (0, 7/2] and v, is the normalizing constant ensuring that ¢4(0) = 1. Here,
1 4 denotes the indicator function of a set A. The convolution is taken in S% x S%. Tt
is a short calculation to show that v (r) = 2r. For d > 2 the normalizing constant
is given by

(3.4) va(r) = o4q-1 /Or(sin 9)Ldy.

The function ¢s has been calculated explicitly in [23]. Estrade and Istas [§] provide
a recursive formula for the functions ¢4, d > 2.

Lemma 3.4. Let r € (0,7/2]. The function 1. )<y} € L1 has Gegenbauer

coefficients {wqn tnen, given, forn >1, by

d—1
Wd,n = Cd,n0d0d—1 n(

m(Sin(T))dC T2 (cos(r)),  ford > 2,

n—

and wy , = (2v/2/n)sin(nr). Finally, wao = va(r), where vg(r) is given in (B4).
Proof. Suppose first that d > 2. We have

(Tgo(.)<r}s Ed7">L§ = Cdn /Sd /Sd 1{o(u,v)gr}0,(ld_1)/2(<u,v>)dudv
™ —1 T
= Cdn04 (/ (Sinﬁ)d_ldﬁ> / ]l{ﬁgr}cr(ld_l)/z(cosﬂ)(sinﬁ)d_ldﬁ
0 0

1
= Cin0d0d—1 / Cﬁd_l)/Q(u)(l _ u2)(d_2)/2du.
C

os(r)
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FIGURE 1. Different convolution roots g of to(r) for r = 1.2. The
solid lines display the function Vd(1.2)_1/2]l{19§1.2} and its approx-
imation by the first 32 Gegenbauer polynomials. The dashed line
is the convolution root with nonnegative Gegenbauer coefficients.
The dotted line represents the convolution root with o, = (—1)",
whereas the dash-dotted line has o,, = (—=1)I"/2, with (¢,,)nen, as

in (B3).

Using cq,0 = 051, the formula for n = 0 follows. By [0, 18.9.20] we have for n > 1

d d—1
(35) (1 - a2yl w)) = MO () peyanagoniag,
which implies the lemma. The case d = 1 is a simple calculation. (I

Using the relation between the Gegenbauer and the Schoenberg coefficients cal-
culated in the proof of Theorem we obtain the following corollary.

Corollary 3.5. The function tq is in Uq. For d > 2 its Schoenberg coefficients are
given by
va(r) T(42)T(4)(d - 1)

02 T'(d— 1)24-dg(d+1)/2”

bao =

and, form > 1,

2
C(d+1)/2(cos r)
bam = va(r)(2n+d—1)CYV/2(1) [ L _———= ] |
a5 )
where
1 T(dz1l)29d—2,(d—1)/2
va(r) = () T (sinr)?d,

va(r) d*T'(3)
For d =1, we have by o = r/(47%) and by, = V/2sin?(nr)/(rn72) for n > 1.
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2072 J. ZIEGEL

This example illustrates that the convolution root constructed in Theorem
may not be the most natural one. The Gegenbauer coefficients of vg(r)~1/2x
Lig(.,)<r} take both positive and negative signs; cf. Lemma[3.4l Hence, it is not the
convolution root of ¢y that results from the construction in Theorem B2} cf. Fig-
ure I The function tgq is an example of a member of ¥, that is supported on
a spherical cap of radius 2r. If we would like to have a convolution root that is
supported on a spherical cap of radius r, such as I/d(’f')_l/QJ].{g(.’.)Sr} for ¢g4, it may
not be suitable to choose all coefficients of the convolution root nonnegative. In the
Euclidean case, the existence of convolution roots with half-support, the so-called
Boas-Kac roots, is discussed in [7], building on the classical result of Boas and Kac
[3]. It remains an open problem whether Boas-Kac roots always exist for functions
in \I/d.

4. DIFFERENTIABILITY

4.1. Proof of Theorem We denote by Uy the space of all continuous func-
tions ¢ : [0,7] — R which are such that the function ¢(0(-,-)) : S x S¢ — R is
positive definite. The difference between the spaces ¥, and U, is that the members
Y € Uy C ¥y are additionally required to fulfill (0) = 1. Theorems B.J] and
also hold for the class U, with the obvious modification that we need to require
Yoo oban < oo instead of > bg, = 1 for the Schoenberg coefficients in the
former.

For the proof of Theorem [[.2]on the differentiability of positive definite functions
on spheres we show the following proposition, which can be applied iteratively to
yield the assertion.

Proposition 4.1. Letd > 1, ¢ € @dJrg. Then 1 is continuously differentiable in
(0,7) and its derivative can be written as

where fi, fa € V.

Proof. By [6l 18.9.19] the derivative of C for a > 0 and n > 1 is given by
(1) L0a(@) = 2005 (@),

* d:L‘ n
We assume first that d > 2. As Uy O \ild+2 we can write i as

= i 1/2(cos19)
=D ban— g R V!
n=0 C ( )

with nonnegative coefficients by ,, such that ZZOZO bg,n < 00; see Theorem 3.1l For
N e N, ¢ € [0, 7] we define

al cli=n /2((30819)
Zbd” d 1)/2( 1)
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SPHERICAL CONVOLUTION ROOTS 2073

By Proposition 2.7 ©¥n converges uniformly to ¢. Let ¢ € (0,7). By (@), the
derivative of ¥y is given by

C’(d+1)/2(cos 9) .
Zbdn C,(dl—/Q()(_ Sll’l’l9)
B -1 1 (n+d—2)(n+d—1) (d 1)/2
= ;bd,n CT(qu)/z(l) ( ot d_1 C, (cos®)

n(n+ 1) (d—1)/2
ntd_1Cm  (osY)
Z n(n+d—1) (c,ﬁil”/ 2(cos) 7Y/ 2(00519))
- i _ _
sm19 2n+d —1 Cr(i11)/2(1) o' 11)/2( 1)

n—

where we used (23] and

CUHD/2(cos9) (sin ¥)? = (ntd—1)(n+d)

_ (d=1)/2 (o089
d—D@n+dsn’r  (cos?)

(n+1)(n+2)

T {d-D)@ntdrl) Gz (cos )
see [0, equation (18.9.8)]. Therefore
(s )y (9) = ~bua
N i (n n+d— 1)% (4 Y(td+ 1) dm) CL D (cos )
Z\ 2n+d—1 n+d+3 Cl D)
+ EN: bass " +22><n +d+1) Cyii P (cos v)
ol n+d+3 Cflill)/Q(l)

The last term in the above equation converges to zero uniformly in ¥ as N —
oo by [II, Corollary 4] and Lemma We will omit it in the sequel. Using
[T, Corollary 3(b)], we obtain

n(n—l—d—l)b _ (n+2)(n+d+1)
mtd—1 " m+d+3
_dn _d2n+d+1)(n+2)
n+d T Qn+d+3)(n+d)
Hence,

C(dfl)/z(cos 9)
(sin )y (V) = dz bat2,n n+z_
ntd Ca2 )

N+2

"s 2n+d—3)n V2 (cos )
(

ba,n
ntd-1)(n+d—2) " D2y

We set ﬁ(()l) =0,
n—1

1) —g—
Bn n+d-1

bit2,n-1, forn=>1,
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and
2n+d—-1)(n+1)

@nt+d+1)(n+d—1

The sequences {/Bﬁf)}neNo, 1 = 1,2, are nonnegative and summable by assumption.
Therefore they are the Schoenberg coefficients of some functions fi, fo € ¥4. By
Proposition 2.7 their partial Gegenbauer sums converge uniformly, which yields the
claim.

If d = 1, the proof uses the same arguments with [IT, Corollary 3(a)] instead
of [I1l Corollary 3(b)]. The Schoenberg coefficients of the functions fi, fo are
then given by &(Ll) = ((n —1)/n)bs n-1, ,6’7(12) = b1 p41, for n > 1, and ,6’(()1) =0,
B6” = (1/2)bis. O

Lemma 4.2. Let (an)nen be an increasing sequence converging to 1 such that the
sequence (a)nen is bounded away from 0. Suppose that > | b, < oo for some
sequence (by)nen of nonnegative numbers. If

b, > apbni1, foralln e N,

B =

)bd7n+1, for n > 0.

then nb, — 0 as n — oco.

Proof. Let (al')nen be bounded below by C' > 0. Let ¢ > 0 and choose ng such
that Y"1 bx <& for all m >n > ng. With m = 2n we obtain

2n  2n—1
> 3 nx 3 [Tapnz Y o,
k=n-+1 k=n+1 j=k k=n-+1
> ai”n bon > C?nbsy, > 0.
Using the same argument for m = 2n + 1 yields the claim. |

4.2. Optimality of Theorem In this section we show that Theorem is
optimal for all odd dimensions using similar ideas as in [10].

Proposition 4.3. Let d be an odd integer. Then there exists a function 1 € Uy
whose derivative of order (d — 1)/2 is not continuously differentiable.

We are not aware of a function ¢ € ¥, with discontinuous derivative. If such a
function were available, our method would immediately also yield the optimality of
the differentiability result in even dimensions.

For the proof of Proposition 3] we introduce a turning bands operator for
isotropic positive definite functions on spheres in analogy to the Euclidean case,
where the turning bands operator originates in the work of Matheron [I4]. Let
B = (Bn)nen, be a sequence of real numbers. For an integer k € Z we define the
sequence [ o 1y, as follows. If £ > 0 its members are

0, if n <k,
(/BoTk)n = .
/Bn,k, lfn Z k

for n € No. If K < 0 we put (8o 7g)n = Bn_g for all n € Ng. Let d > 1 be
an integer. For a summable sequence 5 = (8, )nen of nonnegative numbers j3,, we
define 14(8, ) for ¥ € [0, 7] as

ZB it 1)/2((:0519) cd
= AP T
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Proposition 4.4. Let d > 1 be an integer and let B = (Bn)nen be a summable
sequence of nonnegative numbers B,. Then, for all r € [0, 7],

(42)  Ya(Br) = Bo+ cosr digya(Bo1,r) + 5siny Whua(BoT_,7)

and

(43) ) dara(o i) = | (sin ) (a8, 9) — fo)dd

0

Ul

Proof. Suppose first that d > 2. Using Proposition 277, (8], and (23] we obtain

r > r Ci2 (cos )
. d_l _ : d_l n
/0(511119) ¢d(5ﬂ9)d19—25n/0 (sin ) Wdﬁ
d+1)/2 (cosT)
:BO/ (Slnﬁ)d 1d19+ SlnT' Zﬂn C(d+1)/2( ) 9
n=1

which implies (£3)). Differentiating both sides of (3] with respect to r yields ([2]).
The case d = 1 can be shown using the same arguments. (]

Lemma 4.5. Let d > 1 be an integer and let 8 = (By)nen be a summable sequence
of nonnegative numbers fB,. For any k € Z the function 4(BoTk,-) is continuously
differentiable if and only if the same holds true for ¥q(5,-).

Proof. The proof of Theorem shows that the differentiability of a function
Ya(B,-) depends only on the nonnegativity and asymptotic properties of the se-

quence (Bn)neN, - O

Proof of Proposition E3l Let ¢ € (0,7). Then the function

Y(9) = max{(), (1 - g)}, 9 € [0, 7],

belongs to the class ¥; as can be shown by elementary arguments. Its first derivative
does not exist at the point ¥ = ¢. Let 8 = (8, )nen, be the sequence of 1-dimensional
Schoenberg coefficients of 1. Let d > 3 be an odd integer. By ([£3]) and Lemma[£.5]
the function 14(8 o 7_(4-1)/2,V) € ¥4 and its derivative of order 1+ (d —1)/2 do
not exist at ¥ = c. |

The truncated power functions 9 (¥) = max{0, (1 —19/¢)"} were studied in detail
n [2]. The authors were able to show that they belong to ¥4 if 7 > (d 4 1)/2 for
d = 3,5,7 and conjectured the result for all dimensions. Theorem immediately
shows the necessity of the condition for all odd dimensions.
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