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Abstract

Using the low-energy effective field theory for hole-doped antiferro-
magnets on the honeycomb lattice, we study the localization of holes on
Skyrmions, as a potential mechanism for the preformation of Cooper pairs.
In contrast to the square lattice case, for the standard radial profile of the
Skyrmion on the honeycomb lattice, only holes residing in one of the two
hole pockets can get localized. This differs qualitatively from hole pairs
bound by magnon exchange, which is most attractive between holes re-
siding in different momentum space pockets. On the honeycomb lattice,
magnon exchange unambiguously leads to f -wave pairing, which is also
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observed experimentally. Using the collective-mode quantization of the
Skyrmion, we determine the quantum numbers of the localized hole pairs.
Again, f -wave symmetry is possible, but other competing pairing symme-
tries cannot be ruled out.

1 Introduction

Understanding the mechanism underlying high-temperature superconductivity has
remained a major challenge in condensed matter physics. Since high-temperature
cuprate superconductors are insulating antiferromagnets before doping, it is natural
to also investigate their antiferromagnetic precursors. In particular, one may hope to
identify potential mechanisms for Cooper pair preformation in the antiferromagnetic
phase. While we do not necessarily expect to unravel the relevant mechanism in this
way, it motivates a careful systematic study. In previous work we have investigated the
interactions between holes in lightly doped antiferromagnets, using a systematic low-
energy effective field theory approach, both on the square [1] and on the honeycomb
lattice [2].

The effective theory is formulated in terms of the staggered magnetization or-
der parameter field, whose fluctuations correspond to spinwaves (magnons), and in
terms of fermionic hole fields. This is in complete analogy to baryon chiral perturba-
tion theory in particle physics, where the fluctuations in the chiral order parameter
manifest themselves as pions, while baryons (protons and neutrons) are analogous
to the doped holes [3–6]. Based on microscopic Hubbard and t-J models, and us-
ing a systematic low-energy expansion, we have constructed effective field theories
for magnons and holes, both on the square and on the honeycomb lattice [1, 2, 7–
11]. In both cases, one-magnon exchange mediates weak attractive forces between
doped holes. As doping is increased, antiferromagnetism is weakened, and ultimately
disappears as a long-range order phenomenon, when one enters the superconducting
phase. Still, intermediate-range antiferromagnetic correlations persist even in the su-
perconductor, and it is interesting to ask which objects form when one is about to
leave the antiferromagnetic phase. At the edge of this phase, the spin stiffness ρs de-
creases and the energy 4πρs of Skyrmion excitations in the staggered magnetization
order parameter is thus reduced. In addition, doped holes can gain energy when they
localize on a topological Skyrmion defect. We have systematically investigated this
phenomenon as a potential mechanism for Cooper pair preformation for antiferromag-
nets on the square lattice [12]. Interestingly, in this case, both one-magnon exchange
and Skyrmion localization lead to bound states in the same symmetry channel. The
role of Skyrmions in quantum antiferromagnets has been investigated in [13–31].

The main purpose of the present paper is to extend the study of hole localization
on a Skyrmion to antiferromagnets on the honeycomb lattice, which underlies certain
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high-temperature superconductors, including the dehydrated version of Na2CoO2 ×
yH2O. In this case, experiments suggest that the pairing symmetry is f -wave [32].
F -wave pairing has also been found for other strongly correlated systems on the
honeycomb lattice [33–35]. As we studied earlier [2], in contrast to the square lattice
case, on the honeycomb lattice, leading order one-magnon exchange gives rise to long-
range attraction only between holes residing in different hole pockets (characterized
by the “flavors” α and β). As an unambiguous prediction of the effective theory, the
binding occurs in the f -wave channel, and is thus indeed consistent with experiment
[32]. As we will show here, unlike in the square lattice case, on the honeycomb lattice
the symmetry channels favored by hole localization on Skyrmions are not in one-to-one
correspondence with the symmetry channels resulting from one-magnon exchange. In
particular, a Skyrmion with the standard radial profile can only localize holes residing
in the α-pocket, while an anti-Skyrmion can only localize β-holes. While f -wave
symmetry still arises, other competing pairing symmetries are possible as well. Only
detailed energetic considerations, which we leave for future work, can unambiguously
decide which pairing mechanism is favored by Skyrmion localization. In this paper,
we concentrate entirely on the systematic symmetry analysis of the various hole states
localized on a Skyrmion.

The rest of the paper is organized as follows. In Section 2 we review the effective
field theory formulation of antiferromagnetic magnons on the honeycomb lattice and
discuss Skyrmions as classical solutions. We also comment on the Hopf term and on
the collective modes of a rotating Skyrmion which we then quantize. In Section 3,
the effective field theory description is extended by introducing holes doped into the
system. Section 4 is devoted to the symmetry analysis of states of single holes as well
as hole pairs of the same flavor, localized on a static or a rotating Skyrmion. While
our main focus is the symmetry analysis, some simple energetic considerations are
also discussed. While Section 6 contains our conclusions, the localization of two holes
with different flavor on a Skyrmion is investigated in the Appendix.

2 Skyrmions in Magnon Effective Field Theory

In this section, we consider the effective description of magnons and Skyrmions, i.e.,
we restrict ourselves to the undoped honeycomb lattice antiferromagnet.

2.1 Symmetries of the Effective Action

Magnons are the Goldstone bosons which result from the spontaneously broken spin
symmetry SU(2)s → U(1)s. They are described by a 3-component unit-vector field
~e(x) ∈ S2, living in the coset space S2 = SU(2)s/U(1)s. The coordinate x = (x1, x2, t)
represents a point in (2 + 1)-dimensional Euclidean space-time, while the vector ~e(x)
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points into the direction of the local staggered magnetization, i.e., into the direction
of the order parameter of the spontaneously broken spin rotation symmetry. The Eu-
clidean effective action for the magnons, at leading order in the systematic derivative
expansion, takes the form

S[~e] =

∫
d2x dt

ρs
2

(
∂i~e · ∂i~e+

1

c2
∂t~e · ∂t~e

)
. (2.1)

The low-energy couplings ρs and c are the spin stiffness and the spinwave velocity,
respectively. The ground state of the system is described by a constant staggered
magnetization vector which we choose to point in the 3-direction: ~e(x) = (0, 0, 1).
The spin waves or magnons then correspond to small fluctuations around the vector
~e(x) = (0, 0, 1). Unlike for ferromagnetic magnons which follow a quadratic dispersion
law, antiferromagnetic magnons obey a linear, i.e., “relativistic” dispersion relation.
Note that the leading-order effective action for the magnons on the honeycomb lattice,
Eq. (2.1), is identical with the one on the square lattice. In general, lattice anisotropies
only start manifesting themselves at subleading orders.

Note that the SU(2)s spin symmetry corresponds to an internal symmetry, much
like chiral symmetry in particle physics. Hence its unbroken U(1)s subgroup (which
in particle physics corresponds to isospin) also represents an internal symmetry. In
view of this analogy, transformations in the unbroken subgroup U(1)s are denoted by
I(γ). In the construction of the effective field theory, the spontaneously broken spin
symmetry SU(2)s → U(1)s plays an essential role. In particular, global transforma-
tions in the unbroken subgroup U(1)s will be important. We parametrize the order
parameter vector as

~e(x) = (sin θ(x) cosϕ(x), sin θ(x) sinϕ(x), cos θ(x)). (2.2)

Under the global transformations, this vector transforms as

I(γ)~e(x) = (sin θ(x) cos(ϕ(x) + γ), sin θ(x) sin(ϕ(x) + γ), cos θ(x)). (2.3)

Apart from the spontaneously broken spin symmetry SU(2)s, the effective action
exhibits further symmetries, both continuous and discrete. First of all, the leading-
order expression of the effective action, Eq. (2.1), is Poincaré invariant. Note that we
are dealing with an accidental symmetry on the effective level, which is not shared
by the underlying Hubbard or t-J models. It only emerges at leading order of the
effective action. The discrete symmetries are translations, rotations, and reflections
of the underlying honeycomb lattice, which we have depicted in Fig. 1 with its two
translation vectors a1 and a2. The displacements Di along these primitive lattice
vectors leave the staggered magnetization invariant, such that the field ~e(x) transforms
trivially,

Di~e(x) = ~e(x). (2.4)
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Figure 1: The bipartite non-Bravais honeycomb lattice consists of two triangular Bra-
vais sublattices. The quantities a1 and a2 are the two independent primitive lattice
vectors.

Rotations by 60 degrees around an axis located at the center of a hexagon act on the
staggered magnetization vector as

O~e(x) = −~e(Ox). (2.5)

Note that, on the honeycomb lattice the discrete rotation O by 60 degrees is spon-
taneously broken, while on the square lattice rotations by 90 degrees are not. It is
convenient to also introduce the modified rotation symmetry, O′, which is a combi-
nation of the simple rotation O and the SU(2)s spin rotation g = iσ2. In contrast to
O, the combined symmetry O′ is not spontaneously broken. Under O′ the staggered
magnetization vector transforms as

O′

~e(x) = (e1(Ox),−e2(Ox), e3(Ox)). (2.6)

Finally, we have to consider spatial reflections at the x1-axis (see Fig. 1) which act as

R~e(x) = ~e(Rx), Rx = (x1,−x2, t) = (r cosχ,−r sinχ, t), (2.7)

as well as time reversal, which changes the direction of a spin, and is represented by

T~e(x) = −~e(Tx), Tx = (x1, x2,−t) = (r cosχ, r sinχ,−t). (2.8)

The effective action, Eq. (2.1), respects all these symmetries which (except for the
accidental Poincaré invariance) are inherited from the underlying Hubbard or t-J
models.
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2.2 Skyrmion Solutions

Skyrmions are topologically non-trivial classical solutions of the magnon effective field
theory. Their integer winding number

n[~e] =
1

8π

∫
d2x εij~e · [∂i~e× ∂j~e] ∈ Π2[S

2] = Z, (2.9)

takes values in the second homotopy group of the order parameter sphere S2. The
topological current

jµ(x) =
1

8π
εµνρ~e(x) · [∂ν~e(x)× ∂ρ~e(x)] , (2.10)

represents a conserved quantity, i.e. ∂µjµ(x) = 0. The time component of the topolog-
ical current is related to the winding number by n[~e] =

∫
d2x jt(x) and thus represents

the integrated topological charge density. The transformation properties of the topo-
logical charge density with respect to the relevant symmetries are

U(1)s :
I(γ)jt(x) = jt(x),

Di :
Dijt(x) = jt(x),

O : Ojt(x) = −jt(Ox),
O′ : O′

jt(x) = −jt(Ox),
R : Rjt(x) = −jt(Rx),
T : T jt(x) = −jt(Tx). (2.11)

The winding number thus picks up a sign under the rotations O and O′, as well as
under the reflection R and time reversal T . Note that, in the case of the square lattice
antiferromagnet, the displacements by one lattice spacing induce a sign change, while
under 90 degrees rotations the winding number is invariant.

Static classical solutions minimize the energy functional given by

E[~e] =

∫
d2x

ρs
2
∂i~e · ∂i~e. (2.12)

Simple vector algebra,

0 ≤
∫
d2x (∂i~e± εij∂j~e× ~e)2

=

∫
d2x (2∂i~e · ∂i~e± 2εij~e · (∂i~e× ∂j~e)) =

4

ρs
E[~e]± 16πn[~e], (2.13)

leads to the Schwarz inequality

E[~e] ≥ 4πρs|n[~e]|. (2.14)
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One distinguishes between Skyrmions that minimize the energy in the topological
sector with winding number n[~e] = 1, and anti-Skyrmions where n[~e] = −1. Classi-
cally both configurations have a rest energy of Mc2 = 4πρs. According to Eq. (2.13),
(anti-)Skyrmions satisfy the inequality Eq. (2.14) as an equality, provided that they
obey the (anti-)self-duality equation

∂i~e + σεij∂j~e× ~e = 0. (2.15)

Note that the quantity σ refers to either Skyrmions (σ = 1) or anti-Skyrmions
(σ = −1). A particular (anti-)Skyrmion configuration, in polar coordinates (x1, x2) =
r(cosχ, sinχ), is

~eσ,n,ρ(r, χ) =

(
2rnρn

r2n + ρ2n
cos(nχ),

2rnρnσ

r2n + ρ2n
sin(nχ),

r2n − ρ2n

r2n + ρ2n

)
. (2.16)

In either case, the winding number is given by n[~e] = σn, where n ∈ N>0. The
(anti-)Skyrmion is centered at the origin and has size ρ.

It should be pointed out that the radial profile of the Skyrmion gets modified,
when holes localize on a Skyrmion or anti-Skyrmion. In order to take this effect
related to the details of the hole-Skyrmion interaction into account, we will allow for
a general radial profile function f(r) ∈ [−1, 1] in our ansatz for the (anti-)Skyrmion
configurations,

~eσ,n,ρ(r, χ) =
(√

1− f 2(r) cos(nχ), σ
√

1− f 2(r) sin(nχ), f(r)
)
, (2.17)

as we discuss in Sec. 4. The behavior of the profile function f(r) at the origin and at
infinity is the same as for the standard radial profile, i.e., f(0) = −1 and f(∞) = 1.

The Skyrmion configurations defined in Eq. (2.16) are characterized by a number
of zero-modes. A shift to an arbitrary position x, spatial rotations

O(β)x = (r cos(χ+ β), r sin(χ+ β), t), (2.18)

(where x = (r cosχ, r sinχ, t)) by an arbitrary angle β, or a U(1)s spin-rotation by
an arbitrary angle γ, do not alter the Skyrmion’s energy. As for the square lattice,
also in the present case of the honeycomb lattice, spatial rotations and U(1)s spin
rotations acting on a Skyrmion configuration are related by

O(β)~eσ,n,ρ(r, χ) =

(
2rnρn

r2n + ρ2n
cos(n(χ + β)),

2rnρnσ

r2n + ρ2n
sin(n(χ+ β)),

r2n − ρ2n

r2n + ρ2n

)
,

I(σγ)~eσ,n,ρ(r, χ) =

(
2rnρn

r2n + ρ2n
cos(nχ + γ),

2rnρnσ

r2n + ρ2n
sin(nχ + γ),

r2n − ρ2n

r2n + ρ2n

)
,

(2.19)

such that
I(σγ)~eσ,n,ρ(r, χ) =

O(γ/n)~eσ,n,ρ(r, χ). (2.20)
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Yet another zero-mode concerns dilations: under changes of the scale parameter ρ, the
Skyrmion energy is not altered. We can create a family of Skyrmion configurations
from the original Skyrmion defined in Eq. (2.16) by applying a spin rotation by an
angle σγ and then performing a shift by a distance vector x,

~eσ,n,ρ,x,γ(r, χ) =
D(x)

[
I(σγ)~eσ,n,ρ(r, χ)

]
. (2.21)

The transformation properties of these more general configurations under the various
unbroken symmetry transformations are

U(1)s :
I(σγ0)~eσ,n,ρ,x,γ(r, χ) = ~eσ,n,ρ,x,γ+γ0(r, χ),

D : D(x0)~eσ,n,ρ,x,γ(r, χ) = ~eσ,n,ρ,x+x0,γ(r, χ),

O(β) : O(β)~eσ,n,ρ,x,γ(r, χ) = ~eσ,n,ρ,O(β)x,γ+nβ(r, χ),

O′ : O′

~eσ,n,ρ,x,γ(r, χ) = ~e−σ,n,ρ,Ox,γ+πn
3
(r, χ),

R : R~eσ,n,ρ,x,γ(r, χ) = ~e−σ,n,ρ,Rx,−γ(r, χ). (2.22)

It is worth pointing out that, unlike in particle physics where Skyrmions correspond
to baryons, in antiferromagnets the Skyrmion number is not associated with the con-
served fermion number in the underlying Hubbard model.

As we have discussed in detail for the square lattice case [12], apart from the integer
winding number n[~e], there is another topological invariant: the Hopf number H [~e].
While the former is defined at any instant of time, the latter describes the topology of
the order parameter vector field ~e(x) as a function of both time and space. The Hopf
number H [~e] ∈ Π3[S

2] = Z takes integer values and is related to the third homotopy
group of the sphere S2. The transformation properties of the Hopf number under the
various relevant symmetries are

U(1)s : H [I(γ)~e] = H [~e],

Di : H [Di~e] = H [~e],

O : H [O~e] = H [~e],

O′ : H [O
′

~e] = H [~e],

R : H [R~e] = −H [~e],

T : H [T~e] = −H [~e]. (2.23)

The Euclidean path integral picks up an additional factor exp(iΘH [~e]) when the
Hopf term is included in the dynamics. The values of the anyon statistics angle
Θ are restricted to 0 or π for systems which are invariant under reflection or time-
reversal symmetry. Accordingly, the Skyrmions are quantized as bosons or fermions.
If reflection and time-reversal do not represent symmetries of the systems, then Θ
may take arbitrary values, and the spin of the Skyrmions need not be integer or half-
integer. While it is expected that the Hopf term is not present in doped cuprates
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[13, 14, 36–38], in the present study we include it, because we want to keep the
discussion as general as possible.

In Ref. [12] we have performed the collective mode quantization of the Skyrmion
in the undoped square lattice antiferromagnet, where the standard profile of the
Skyrmion is relevant. In the present case of the honeycomb lattice, the analysis
for the undoped system is exactly the same, and the interested reader may consult
Section 2.4 of our earlier study for details. Here we just list some essential results of
that analysis.

The quantum mechanical Hamiltonian describing Skyrmions on the honeycomb
lattice takes the form

H = Mc2 − 1

2M∂2xi
− 1√

2D(ρ)

(
∂2ρ +

1

ρ
∂ρ

)
1√

2D(ρ)
− n2

2D(ρ)ρ2

(
∂γ + in

Θ

2π

)2

.

(2.24)
The explicit expressions for the rest energy, Mc2, and the inertia of the Skyrmion
with respect to dilations, D(ρ), can be found in Ref. [12]. It should be pointed out
that for the standard profile, where the quantity D(ρ) is related to the moment of
inertia I(ρ) of the Skyrmion by

I(ρ) = D(ρ)ρ2

n2
, (2.25)

these two quantities are logarithmically divergent in the infrared for n = 1. As
described in Ref. [12], one may introduce an infrared cutoff to cure the problem.

The collective mode wave function referring to a Skyrmion or anti-Skyrmion char-
acterized by its winding number σn, momentum pi, and spin pγ = σm ∈ Z amounts
to

Ψp,σ,n,m(x, ρ, γ) = exp(ipixi) exp(iσmγ)ψ(ρ). (2.26)

Including the Hopf term in our analysis, the spin operator of the Skyrmion (i.e., the
analog of isospin in particle physics) is given by

I = σ

(
pγ + n

Θ

2π

)
= σ

(
−i∂γ + n

Θ

2π

)
. (2.27)

The state Ψp,σ,n,m(x, ρ, γ) thus corresponds to the “isospin”

IΨp,σ,n,m(x, ρ, γ) =

(
m+ σn

Θ

2π

)
Ψp,σ,n,m(x, ρ, γ). (2.28)

Note that for Θ = 0 the “isospin” takes integer values, whereas for Θ = π it is a
half-integer for odd n.

Finally, according to Eq. (2.20), the angular momentum J of a Skyrmion or anti-
Skyrmion turns out to be

J = σnI = n

(
pγ + n

Θ

2π

)
= n

(
−i∂γ + n

Θ

2π

)
, (2.29)

9



such that

JΨp,σ,n,m(x, ρ, γ) = n

(
σm+ n

Θ

2π

)
Ψp,σ,n,m(x, ρ, γ). (2.30)

For Θ = 0 the Skyrmion has integer angular momentum and hence represents a
boson, while for Θ = π the angular momentum takes half-odd-integer values and the
Skyrmion hence is a fermion. If the anyon statistics angle Θ is different from 0 or π,
then we are dealing with anyons in (2+1) dimensions, i.e., particles with any (neither
integer nor half-integer) angular momentum.

3 Effective Action for Hole-Doped Antiferromag-

nets on the Honeycomb Lattice

The effective Lagrangian for hole-doped antiferromagnets on the honeycomb lattice
has been established in Ref. [2]. In this section we review some basic aspects of that
systematic construction.

3.1 Nonlinear Realization of the SU(2)s Symmetry

One essential ingredient of the effective field theory analysis is the nonlinear realization
of the spontaneously broken SU(2)s symmetry, which allows one to couple holes to
the staggered magnetization order parameter [7]. The global SU(2)s symmetry then
appears as a local U(1)s symmetry in the unbroken subgroup.

Let us parametrize the unit-vector order parameter field ~eϕ(x) as

~eϕ(x) = (− sinϕ(x), cosϕ(x), 0) . (3.1)

The nonlinear realization of the SU(2)s symmetry is based on the matrix

u(x) =
1√

2(1 + e3(x))

(
1 + e3(x) e1(x)− ie2(x)

−e1(x)− ie2(x) 1 + e3(x)

)

=

(
cos
(
1
2
θ(x)

)
sin
(
1
2
θ(x)

)
exp(−iϕ(x))

− sin
(
1
2
θ(x)

)
exp(iϕ(x)) cos

(
1
2
θ(x)

)
)

= cos

(
1

2
θ(x)

)
+ i sin

(
1

2
θ(x)

)
~eϕ(x) · ~σ. (3.2)

Applying a global SU(2)s transformation g, the field u(x) turns into

u(x)′ = h(x)u(x)g†, u11(x)
′ ≥ 0. (3.3)

By the above equation, the nonlinear symmetry transformation,

h(x) = exp(iα(x)σ3) =

(
exp(iα(x)) 0

0 exp(−iα(x))

)
∈ U(1)s, (3.4)
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is implicitly defined. We thus see that the global transformations g ∈ SU(2)s, related
to the spontaneously broken non-Abelian spin symmetry, manifest themselves as local
transformations h(x) ∈ U(1)s in the unbroken Abelian subgroup. Note that the global
subgroup transformations I(γ), defined in Eq. (2.3), take the simple form α(x) =
−γ/2.

To construct the nonlinear realization of the SU(2)s symmetry, one proceeds with
the diagonalizing matrix u(x) defined in Eq. (3.2). The magnon field which then
couples to the holes is the traceless anti-Hermitean field vµ(x). It is obtained from
the matrix u(x) by

vµ(x) = u(x)∂µu(x)
†. (3.5)

Under the various symmetries, identified in the underlying microscopic t-J model,
this effective field transforms as

SU(2)s : vµ(x)
′ = h(x)(vµ(x) + ∂µ)h(x)

†,

Di :
Divµ(x) = vµ(x),

O : Ov1(x) = τ(Ox)
{

1
2
v1(Ox) +

√
3
2
v2(Ox) +

1
2
∂1 +

√
3
2
∂2

}
τ(Ox)†,

Ov2(x) = τ(Ox)
{
−

√
3
2
v1(Ox) +

1
2
v2(Ox)−

√
3
2
∂1 +

1
2
∂2

}
τ(Ox)†,

Ovt(x) = τ(Ox)
{
vt(Ox) + ∂t

}
τ(Ox)†,

O′ : O′

v1(x) =
1
2

(
v1(Ox)

∗ +
√
3v2(Ox)

∗
)
,

O′

v2(x) =
1
2

(
−

√
3v1(Ox)

∗ + v2(Ox)
∗
)
,

O′

vt(x) = vt(Ox)
∗,

R : Rv1(x) = v1(Rx),
Rv2(x) = −v2(Rx),

Rvt(x) = vt(Rx),

T : Tvi(x) = τ(Tx)(vi(Tx) + ∂i)τ(Tx)
†,

Tvt(x) = −τ(Tx)(vt(Tx) + ∂t)τ(Tx)
†. (3.6)

Note that the matrix τ(x) is defined in Eq. (3.20) of Ref. [2]. It is convenient to
decompose vµ(x) into an Abelian “gauge” field v3µ(x) and two “charged” vector fields
v±µ (x),

vµ(x) = ivaµ(x)σa, v±µ (x) = v1µ(x)∓ iv2µ(x). (3.7)

Now for a Skyrmion ~eσ,n,ρ,0,γ(r, χ) centered at x = 0, according to Eq. (2.21), one
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ends up with

v31(r, χ) = −σn
2r

(1− f(r)) sinχ,

v32(r, χ) =
σn

2r
(1− f(r)) cosχ,

v3t (r, χ) =
σ

2
(1− f(r))γ̇,

v±1 (r, χ) =
1

2

(
∓ if ′(r)√

1− f 2(r)
cosχ− σn

r

√
1− f 2(r) sinχ

)
exp(∓iσ [nχ+ γ]),

v±2 (r, χ) =
1

2

(
∓ if ′(r)√

1− f 2(r)
sinχ+

σn

r

√
1− f 2(r) cosχ

)
exp(∓iσ [nχ + γ]),

v±t (r, χ) =
σ

2

√
1− f 2(r) exp(∓iσ(nχ + γ))γ̇. (3.8)

Remember that the quantity f(r), introduced in Eq. (2.17), describes a general radial
profile function of the Skyrmion. It has to be pointed out that holes, when they get
localized on a Skyrmion, do affect its radial profile. In the present study, we mainly
focus on symmetry considerations, which are not affected by the actual form of the
profile f(r).

3.2 Hole Fields and Transformation Properties

In the effective field theory description, the holes are represented by Grassmann-valued
fields ψf

±(x) [1]. The index f ∈ {α, β} denotes the flavor of the momentum space
pockets in which the holes reside. The subscript ±, on the other hand, refers to the
spin of the hole with respect to the direction of the local staggered magnetization. The
transformation properties of the hole fields under the symmetries of the underlying
honeycomb lattice antiferromagnet are as follows:

SU(2)s : ψf
±(x)

′ = exp(±iα(x))ψf
±(x),

U(1)Q : Qψf
±(x) = exp(iω)ψf

±(x),

Di :
Diψf

±(x) = exp(ikfai)ψ
f
±(x),

O : Oψα
±(x) = ∓ exp(±i2π

3
∓ iϕ(Ox))ψβ

∓(Ox),
Oψβ

±(x) = ∓ exp(∓i2π
3
∓ iϕ(Ox))ψα

∓(Ox),

O′ : O′

ψα
±(x) = ± exp(±i2π

3
)ψβ

∓(Ox),
O′

ψβ
±(x) = ± exp(∓i2π

3
)ψα

∓(Ox),

R : Rψf
±(x) = ψf ′

± (Rx). (3.9)

While the U(1)Q symmetry refers to fermion number conservation, the quantities
kα = −kβ = (0, 4π

3
√
3a
) represent the lattice momenta of the pockets where doped holes
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Figure 2: Dispersion relation E(k)/t of a single hole doped into a honeycomb-lattice
antiferromagnet, obtained from a simulation of the t-J model for J/t = 2 [39].

of flavor α and β reside. As illustrated in Fig. 2, holes indeed occupy spherically
shaped hole pockets characterized by lattice momenta (±2π

3a
,± 2π

3
√
3a
) and (0,± 4π

3
√
3a
).

3.3 Effective Action

Using the nonlinear realization of the magnon fields and the effective Grassmann
field representation for the holes, it is straightforward to write down the leading
and subleading terms of the effective action for a hole-doped antiferromagnet on the
honeycomb lattice [2]. As in our earlier study of hole localization on a Skyrmion in
a square-lattice antiferromagnet, here we also restrict ourselves to the leading terms
in the effective action. Note however, that on the square lattice hole pockets are
elliptically shaped. In Ref. [2] we considered the idealized case of circular hole pockets,
in order to be able to perform large parts of the calculation analytically. Here, on the
honeycomb lattice, hole pockets have a circular shape and we do not have to make
any idealizations.

The action for hole-doped antiferromagnets on the honeycomb lattice then takes
the form

S
[
ψf†
± , ψ

f
±, ~e
]

=

∫
d2x dt

{
ρs
2

(
∂i~e · ∂i~e +

1

c2
∂t~e · ∂t~e

)
+
∑

f=α,β
s=+,−

[
Mψf†

s ψ
f
s

+ ψf†
s Dtψ

f
s +

1

2M ′Di ψ
f†
s Diψ

f
s + Λψf†

s (isvs1 + σfv
s
2)ψ

f
−s

]}
.(3.10)
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The quantitiesM andM ′ are the rest mass and the kinetic mass of a hole, respectively.
The low-energy effective coupling constant Λ represents a hole-one-magnon coupling
which, along with all other low-energy constants, takes real values. The sign σf is +
for f = α and − for f = β. The covariant derivatives are

Dtψ
f
±(x) =

[
∂t ± iv3t (x)− µ

]
ψf
±(x),

Diψ
f
±(x) =

[
∂i ± iv3i (x)

]
ψf
±(x). (3.11)

Note that the chemical potential µ appears as an imaginary constant vector potential
for fermion number U(1)Q in the covariant time derivative.

Remarkably, the Λ-term which contains just a single (uncontracted) spatial deriva-
tive is invariant under all the symmetries listed in Eq. (3.9). As it involves just one
derivative, it represents the leading contribution to the low-energy dynamics of a
lightly hole-doped honeycomb antiferromagnet. Note that for holed-doped square lat-
tice antiferromagnets, such a term — the so-called Shraiman-Siggia term — is also
present [1], whereas it is not allowed by symmetry reasons in the case of electron-doped
square lattice antiferromagnets [10].

3.4 Implications of the Shraiman-Siggia Term

The Shraiman-Siggia term dominates the dynamics of the system at low energies.
The explicit structure of this term depends both on the lattice geometry and on the
localization of the hole pockets [1, 2]. In the case of the honeycomb lattice it takes
the form Λψf†

s (isvs1 + σfv
s
2)ψ

f
−s, while for the square lattice it is given by Λψf†

s (vs1 +

σfv
s
2)ψ

f
−s. As pointed out in Ref. [2], the Λ-term on the honeycomb lattice is invariant

under an accidental global rotation symmetry by an arbitrary angle γ. For the square
lattice, on the other hand, the Λ-term is only invariant under discrete rotations by 90
degrees.

This accidental rotation symmetry emerging on the honeycomb lattice has several
important implications. First, the combination of magnon “gauge” fields in the Λ-
term, according to Eqs. (3.8), implies

iv+1 (x) + σfv
+
2 (x) =

1

2

[ f ′(r)√
1− f 2(r)

+
σσfn

r

√
1− f(r)2

]

× exp
(
− iσ(nχ + γ)− iσfχ

)
,

−iv−1 (x) + σfv
−
2 (x) =

1

2

[ f ′(r)√
1− f 2(r)

+
σσfn

r

√
1− f(r)2

]

× exp
(
iσ(nχ + γ) + iσfχ

)
, (3.12)

and leads to the following interesting effect. The (anti-)Skyrmion standard profile,
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defined in Eq. (2.16), satisfies the differential equation

f ′(r)√
1− f 2(r)

− n

r

√
1− f 2(r) = 0, f(r) =

r2n − ρ2n

r2n + ρ2n
. (3.13)

Accordingly, for the standard profile, a Skyrmion can only localize a hole with flavor
α, while an anti-Skyrmion can only localize a hole of flavor β. For a general profile
f(r) on the honeycomb lattice, there is no such restriction. Note that on the square
lattice, holes of flavor α and β can localize both on Skyrmions and anti-Skyrmions for
a general Skyrmion profile, including the standard one.

Another advantage of the honeycomb geometry is that the wave function of a single
hole or of two holes localized on a (anti-)Skyrmion, factorizes into a radial and an
angular part for an arbitrary profile function f(r). As we will see in the next section,
large parts of our calculations can thus be performed analytically. In the case of the
square lattice, where an accidental rotation symmetry is absent, the factorization only
occurs for the standard profile.

4 Hole Localization on a Skyrmion

This section deals with the application of the effective theory established in the pre-
vious section to the localization of holes on a Skyrmion. First, we consider the local-
ization of a single hole, both on a static and on a rotating Skyrmion. Afterwards we
investigate the localization of two holes of the same flavor on the same (anti-)Skyrmi-
on, and analyze the symmetry properties of the emerging two-hole bound states.

4.1 Single Hole Localized on a Static Skyrmion

As it was shown in [12], the Skyrmion’s moment of inertia I(ρ) is logarithmically
divergent in the infrared for n = 1 and for the standard profile. In this case, unless
the divergence is regularized, the Skyrmion cannot rotate. Since in this study we focus
on symmetry aspects and not on the details of the Skyrmion dynamics, we neglect the
Skyrmion’s translational and dilational motion, and fix the center of the Skyrmion at
the origin x = 0. We also fix the size of the Skyrmion to a constant radius ρ. If holes
are incorporated, the energy of the Skyrmion-hole bound states takes a minimum for
a particular value of ρ, as we will see later on.

If a single hole is localized on a Skyrmion, the corresponding wave function
amounts to

Ψf
σ,n(r, χ) =

(
Ψf

σ,n,+(r, χ)

Ψf
σ,n,−(r, χ)

)
. (4.1)
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Since the rest energy M of the holes just corresponds to a constant energy shift, this
term can be neglected. The Hamiltonian resulting from the action of Eq.(3.10) thus
takes the form

Hf =

(
Hf

++ Hf
+−

Hf
−+ Hf

−−

)
,

Hf
++ = − 1

2M ′

[
∂i + iv3i (x)

]2
= − 1

2M ′

[
∂2r +

1

r
∂r +

1

r2

(
∂χ + i

σn

2
(1− f(r))

)2]
,

Hf
+− = Λ(iv+1 (x) + σfv

+
2 (x))

=
Λ

2

[ f ′(r)√
1− f 2(r)

+
σσfn

r

√
1− f 2(r)

]
exp

(
− iσ

[
(n + σσf )χ+ γ

])
,

Hf
−+ = Λ(−iv−1 (x) + σfv

−
2 (x))

=
Λ

2

[ f ′(r)√
1− f 2(r)

+
σσfn

r

√
1− f 2(r)

]
exp

(
iσ
[
(n+ σσf )χ+ γ

])
,

Hf
−− = − 1

2M ′

[
∂i − iv3i (x)

]2
= − 1

2M ′

[
∂2r +

1

r
∂r +

1

r2

(
∂χ − i

σn

2
(1− f(r))

)2]
.(4.2)

With the explicit expressions for v3i (x) and v
±
i (x) of the Skyrmion provided in Eq.(3.8),

and making the ansatz

Ψf

σ,mf
+
,mf

−

(r, χ) =




ψf

σ,mf
+,mf

−
,+
(r) exp

(
iσ[mf

+χ− γ
2
]
)

ψf

σ,mf
+
,mf

−
,−
(r) exp

(
iσ[mf

−χ+ γ
2
]
)

 , (4.3)

with mf
− −mf

+ = n + σσf , one readily derives the radial Schrödinger equation

Hf
r ψ

f

σ,mf
+
,mf

−

(r) =

(
Hf

r++ Hf
r+−

Hf
r−+ Hf

r−−

)


ψf

σ,mf
+
,mf

−
,+
(r)

ψf

σ,mf
+
,mf

−
,−
(r)



 = Emf
+,mf

−

ψf

σ,mf
+
,mf

−

(r),

(4.4)
with

Hf
r++ = − 1

2M ′

[
∂2r +

1

r
∂r −

1

r2

(
mf

+ +
n

2
(1− f(r))

)2]
,

Hf
r+− = Hf

r−+ =
Λ

2

[ f ′(r)√
1− f 2(r)

+
σσfn

r

√
1− f 2(r)

]
,

Hf
r−− = − 1

2M ′

[
∂2r +

1

r
∂r −

1

r2

(
mf

− − n

2
(1− f(r))

)2]
. (4.5)

It should be pointed out that the emerging radial Schrödinger equation is not the same
for Skyrmions and anti-Skyrmions, and neither is it identical for flavors f = α, β. In
the case of the square lattice, on the other hand, the resulting radial Schrödinger
equation is the same for both flavors as well as for Skyrmions and anti-Skyrmions

16



[12]. Interestingly, if n is odd and if mf
− = −mf

+ = (n + σσf )/2, the two equations
decouple, and the equation that describes a localized hole amounts to

{
− 1

2M ′

(
∂2r +

1

r
∂r −

1

r2

(
n + σσf

2
− n

2
(1− f(r))

)2
)

−

Λ

2

(
f ′(r)√
1− f 2(r)

+
σσfn

r

√
1− f 2(r)

)}
ψf (r) = Eψf (r), (4.6)

where ψf (r) corresponds to the linear combination

ψf(r) =
1√
2

(
ψf

σ,mf
+
,mf

−
,+
(r)− ψf

σ,mf
+
,mf

−
,−
(r)

)
. (4.7)

In the present study, we will be most interested in (anti-)Skyrmions with winding
number σn = ±1. For a Skyrmion or an anti-Skyrmion with n = 1, the two equations
decouple, but are still different for different flavors. For the Skyrmion (with n = 1
and σ = 1) the radial Schrödinger equation amounts to

[
− 1

2M ′

(
∂2r +

1

r
∂r

)
+ V f(r)

]
ψf(r) = Eψf (r), (4.8)

V α(r) =
1

8M ′r2
(1 + f(r))2 − Λ

2

(
f ′(r)√
1− f 2(r)

+
1

r

√
1− f 2(r)

)
, (4.9)

V β(r) =
1

8M ′r2
(1− f(r))2 − Λ

2

(
f ′(r)√
1− f 2(r)

− 1

r

√
1− f 2(r)

)
. (4.10)

For the standard radial profile of the Skyrmion, given by f(r) = (r2n − ρ2n)/(r2n + ρ2n),
only α-holes can be localized on the Skyrmion, since β-holes have a repulsive poten-
tial. Vice versa, α-holes can not be localized on the anti-Skyrmion, but β-holes can
be attracted by an anti-Skyrmion.

Although the main focus of the present study is a careful symmetry analysis, we
still want to get a rough idea on the energy scales involved. Let us consider the
standard Skyrmion profile and the situation where only one hole is localized. Here an
attractive potential only emerges for an α-hole localized on a Skyrmion (or a β-hole
localized on an anti-Skyrmion), while the potential is repulsive in the other channel.
Both the attractive and the repulsive potential are illustrated in Fig. 3. For n = 1,
the radial Schrödinger equation reduces to

[
− 1

2M ′

(
∂2r +

1

r
∂r

)
+ V α(r)

]
ψα(r) = Eψα(r), (4.11)

with the potential

V α(r) =
1

2M ′
r2

(r2 + ρ2)2
− 2Λ

ρ

r2 + ρ2
. (4.12)
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Figure 3: (Color online) The potentials V α(r) and V β(r) related to the standard
Skyrmion profile for n = 1.

We now use the harmonic oscillator approximation, where at short distances the
potential takes the form

V α
approx(r) = −2Λ

ρ
+
M ′

2

(
1

M ′2ρ4
+

4Λ

M ′ρ3

)
r2 +O(r4). (4.13)

In this rather crude approximation, the ground state energy amounts to

E0 = −2Λ

ρ
+

√
1

M ′2ρ4
+

4Λ

M ′ρ3
=M ′Λ2x

(√
x2 + 4x− 2

)
, x =

1

M ′Λρ
. (4.14)

In terms of the parameter x, the minimization of the energy yields

x =
2√
3




(
3
√
3

4
+

√
11

4

)1/3

+

(
3
√
3

4
+

√
11

4

)−1/3


− 2 ≈ 0.383 ⇒

ρ ≈ 1

0.383M ′Λ
. (4.15)

The emerging bound state with the strongest binding energy is characterized by

E0 =M ′Λ2x
(√

x2 + 4x− 2
)
≈ −0.270M ′Λ2. (4.16)

In Fig. 4 we have plotted the potential V α(r) along with its harmonic approximation
and the ground state energy E0. According to this figure, the true energy of the
ground state seems to be smaller than the harmonic approximation suggests.
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Figure 4: (Color online) The potential V α(r) (solid line) along with its harmonic
approximation (dashed line) and the resulting ground-state energy (dotted line).

4.2 Single Hole Localized on a Rotating Skyrmion

The Lagrange function for the rotational motion that involves γ is given by

L =
D(ρ)ρ2

2n2
γ̇2 − n

Θ

2π
γ̇ +

∫
d2x

∑

f=α,β
s=+,−

sψf†
s v

3
tψ

f
s . (4.17)

The momentum canonically conjugate to γ, using Eq.(3.8), hence amounts to

pγ =
D(ρ)ρ2γ̇

n2
− n

Θ

2π
+

∫
d2x

σ

2
(1− f(r))

∑

f=α,β
s=+,−

sψf†
s ψ

f
s , (4.18)

leading to the Hamiltonian

Hγ =
1

2I(ρ) (−i∂γ − Aγ)
2 , (4.19)

where Aγ is the Berry gauge field given by

Aγ =

∫
d2x

∑

f=α,β
s=+,−

Ψf†
s

σ

2
(1− f(r))sΨf

s − n
Θ

2π
. (4.20)
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Combining the above results, one notices that the off-diagonal elements of the Hamil-
tonian (4.2) remain the same, whereas the diagonal elements involve additional con-
tributions:

Hf =

(
Hf

++ Hf
+−

Hf
−+ Hf

−−

)
,

Hf
++ = − 1

2M ′

[
∂2r +

1

r
∂r +

1

r2

(
∂χ + i

σn

2
(1− f(r))

)2]

− n2

2D(ρ)ρ2

(
∂γ + in

Θ

2π
− i

σ

2
(1− f(r))

)2

,

Hf
+− =

Λ

2

[ f ′(r)√
1− f 2(r)

+
σσfn

r

√
1− f 2(r)

]
exp

(
− iσ

[
(n + σσf)χ + γ

])
,

Hf
−+ =

Λ

2

[ f ′(r)√
1− f 2(r)

+
σσfn

r

√
1− f 2(r)

]
exp

(
iσ
[
(n + σσf )χ+ γ

])
,

Hf
−− = − 1

2M ′

[
∂2r +

1

r
∂r +

1

r2

(
∂χ − i

σn

2
(1− f(r))

)2]

− n2

2D(ρ)ρ2

(
∂γ + in

Θ

2π
+ i

σ

2
(1− f(r))

)2

.

(4.21)

Our ansatz for the wave function is

Ψf

σ,mf
+
,mf

−
,m
(r, χ, γ)=




ψf

σ,mf
+
,mf

−
,m,+

(r) exp(iσmf
+χ) exp

(
iσ(m− 1

2
)γ
)

ψf

σ,mf
+
,mf

−
,m,−

(r) exp(iσmf
−χ) exp

(
iσ(m+ 1

2
)γ
)



 , (4.22)

with mf
−−mf

+ = n+σσf . Since the wave function must be 2π-periodic in the variable
γ, the quantum number m must now be one half of some odd integer. Note that in the
case of the rotating Skyrmion without a hole, discussed in Subsection 2.2 (collective
mode quantization), m was an integer. The radial Schrödinger equation then takes
the form

Hf
r ψ

f

σ,mf
+
,mf

−
,m
(r) =

(
Hf

r++ Hf
r+−

Hf
r−+ Hf

r−−

)


ψf

σ,mf
+
,mf

−
,m,+

(r)

ψf

σ,mf
+
,mf

−
,m,−

(r)




= Eσ,mf
+
,mf

−
,mψ

f

σ,mf
+
,mf

−
,m
(r), (4.23)
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where the four matrix elements of the radial Hamiltonian Hf
r are

Hf
r++ = − 1

2M ′

[
∂2r +

1

r
∂r −

1

r2

(
mf

+ +
n

2
(1− f(r))

)2]

+
n2

2D(ρ)ρ2

(
m− 1

2
+ σn

Θ

2π
− 1

2
(1− f(r))

)2

,

Hf
r+− = Hf

r−+ =
Λ

2

[ f ′(r)√
1− f 2(r)

+
σσfn

r

√
1− f 2(r)

]
,

Hf
r−− = − 1

2M ′

[
∂2r +

1

r
∂r −

1

r2

(
mf

− − n

2
(1− f(r))

)2]

+
n2

2D(ρ)ρ2

(
m+

1

2
+ σn

Θ

2π
+

1

2
(1− f(r))

)2

. (4.24)

4.3 Single Hole Localized on a Rotating Skyrmion: Symme-

try Properties

Recall that the spin operator (which is related to an internal symmetry transformation
and hence is analogous to isospin in particle physics)

I =

(
−iσ∂γ + σn Θ

2π
+ 1

2
0

0 −iσ∂γ + σn Θ
2π

− 1
2

)
, (4.25)

commutes with the Hamiltonian: [Hf , I] = 0. The wave function Ψf

σ,mf
+
,mf

−
,m

is then

an eigenstate of I, i.e.

I Ψf

σ,mf
+
,mf

−
,m
(r, χ, γ) =

(
m+ σn

Θ

2π

)
Ψf

σ,mf
+
,mf

−
,m
(r, χ, γ). (4.26)

Because m is half of an odd integer, the rotating Skyrmion with one hole localized on
it carries half-integer spin (or “isospin”), provided that the anyon statistics parameter
vanishes: Θ = 0.

Under the various discrete symmetries — the displacements D1 and D2, the rota-
tion O′, and the reflection R — the wave function

Ψf
σ,n(r, χ, γ) =

(
Ψf

σ,n,+(r, χ, γ)

Ψf
σ,n,−(r, χ, γ)

)
, (4.27)

describing a single hole localized on a rotating (anti-)Skyrmion with winding number
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σn, transforms as

DiΨf
σ,n(r, χ, γ) = exp(ikfai)

(
Ψf

σ,n,+(r, χ, γ)

Ψf
σ,n,−(r, χ, γ)

)
,

O′

Ψf
σ,n(r, χ, γ) =

(
exp(−σf 2πi

3
)Ψf

σ,n,−(r, χ+ π
3
, γ − nπ

3
)

− exp(σf
2πi
3
)Ψf

σ,n,+(r, χ+ π
3
, γ − nπ

3
)

)
,

RΨf
σ,n(r, χ, γ) =

(
Ψf

σ,n,+(r,−χ,−γ)
Ψf

σ,n,−(r,−χ,−γ)

)
. (4.28)

Accordingly, the energy eigenstates transform as

DiΨf

σ,mf
+
,mf

−
,m
(r, χ, γ) = exp(ikfai)Ψ

f

σ,mf
+
,mf

−
,m
(r, χ, γ),

O′

Ψα
σ,mα

+,mα
−
,m(r, χ, γ) = exp

(
iσ[mα

+ +
n

2
− σ −mn]

π

3

)
Ψβ

−σ,−mα
−
,−mα

+
,−m(r, χ, γ),

O′

Ψβ

σ,mβ
+
,mβ

−
,m
(r, χ, γ) = exp

(
iσ[mβ

+ +
n

2
+ σ −mn]

π

3

)
Ψα

−σ,−mβ
−
,−mβ

+
,−m

(r, χ, γ),

RΨα
σ,mα

+
,mα

−
,m(r, χ, γ) = Ψβ

−σ,mα
+
,mα

−
,m(r, χ, γ),

RΨβ

σ,mβ
+
,mβ

−
,m
(r, χ, γ) = Ψα

−σ,mβ
+
,mβ

−
,m
(r, χ, γ). (4.29)

Note that for Θ 6= 0 or π, the Hopf term explicitly breaks the reflection symmetry R.
Deriving these equations, we have used appropriate phase conventions for the radial
wave functions. For the rotation symmetry O′, we have used α′ = β, β ′ = α, as well
as

ψf

σ,mf
+
,mf

−
,m,∓

(r) = ψf ′

−σ,−mf
−
,−mf

+
,−m,±

(r), (4.30)

which results from the behavior of Eq.(4.24) by making the replacements mf
+ → mf ′

+ =

−mf
−, m

f
− → mf ′

− = −mf
+, and m→ m′ = −m. For the reflection R we have used

ψf

σ,mf
+
,mf

−
,m,±

(r) = ψf ′

−σ,mf
+
,mf

−
,m,±

(r). (4.31)

Note that after these replacements the constraint

mf
− −mf

+ = n + σσf (4.32)

is still satisfied.

4.4 Schrödinger Equation for a Hole Pair with the Same Fla-

vor Localized on a Rotating Skyrmion

As we discussed before, a Skyrmion with the standard radial profile can only localize
α-holes, while an anti-Skyrmion can localize β-holes. Here we consider a general radial
profile and study an αα pair localized on a rotating Skyrmion, or a ββ pair localized
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on a rotating anti-Skyrmion. It should be noted that the following symmetry analysis
even applies to an αα pair localized on an anti-Skyrmion or a ββ pair localized on a
Skyrmion, but these configurations are not energetically favorable.

If bound states of two holes of the same flavor f localize on a rotating Skyrmion,
due to the Pauli principle, the holes cannot occupy the same state. Let us therefore
distinguish the holes by an unphysical label 1 or 2. If the wave function is antisym-
metric under the exchange of these labels, the Pauli principle is satisfied. In this
subsection we consider two holes of the same flavor which is most relevant at low en-
ergies and relegate the localization of two holes with different flavor to the Appendix.

The Hamiltonian describing two holes of the same flavor f then reads

H = H1 +H2 +Hγ, (4.33)

where

H1 =




Hf
++ 0 Hf

+− 0

0 Hf
++ 0 Hf

+−
Hf

−+ 0 Hf
−− 0

0 Hf
−+ 0 Hf

−−


 , H2 =




Hf
++ Hf

+− 0 0

Hf
−+ Hf

−− 0 0

0 0 Hf
++ Hf

+−
0 0 Hf

−+ Hf
−−


 ,

Hγ =




Hγ
++++ 0 0 0
0 Hγ

+−+− 0 0
0 0 Hγ

−+−+ 0
0 0 0 Hγ

−−−−


 , (4.34)

with

Hα
++ = − 1

2M ′ (∂i + iv3i (x))
2, Hα

+− = Λ(iv+1 (x) + v+2 (x)),

Hα
−− = − 1

2M ′ (∂i − iv3i (x))
2, Hα

−+ = Λ(−iv−1 (x) + v−2 (x)),

Hβ
++ = − 1

2M ′ (∂i + iv3i (x))
2, Hβ

+− = Λ(iv+1 (x)− v+2 (x)),

Hβ
−− = − 1

2M ′ (∂i − iv3i (x))
2, Hβ

−+ = Λ(−iv−1 (x)− v−2 (x)),

Hγ
++++ = − n2

2D(ρ)ρ2

(
∂γ + in

Θ

2π
− i

σ

2
(1− f(rα))− i

σ

2
(1− f(rβ))

)2

,

Hγ
+−+− = − n2

2D(ρ)ρ2

(
∂γ + in

Θ

2π
− i

σ

2
(1− f(rα)) + i

σ

2
(1− f(rβ))

)2

,

Hγ
−+−+ = − n2

2D(ρ)ρ2

(
∂γ + in

Θ

2π
+ i

σ

2
(1− f(rα))− i

σ

2
(1− f(rβ))

)2

,

Hγ
−−−− = − n2

2D(ρ)ρ2

(
∂γ + in

Θ

2π
+ i

σ

2
(1− f(rα)) + i

σ

2
(1− f(rβ))

)2

.(4.35)
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We first ignore the Pauli principle, and relegate the antisymmetrization of the
wave function in the labels 1 and 2 to the next section. This leads us to the following
ansatz for an energy eigenstate of two holes, which we have distinguished by their
labels,

Ψff
σ,m1

+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ) =




ψff
σ,m1

+
,m1

−
,m2

+
,m2

−
,m,++

(r1, r2) exp
(
iσ
[
m1

+χ1 +m2
+χ2

])
exp(iσ(m− 1)γ)

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,+−(r1, r2) exp

(
iσ
[
m1

+χ1 +m2
−χ2

])
exp(iσmγ)

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,−+

(r1, r2) exp
(
iσ
[
m1

−χ1 +m2
+χ2

])
exp(iσmγ)

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,−−(r1, r2) exp

(
iσ
[
m1

−χ1 +m2
−χ2

])
exp(iσ(m+ 1)γ)



.

(4.36)

This ansatz solves the Schrödinger equation, provided that mif
− − mif

+ = n + σσf ,
i = 1, 2. In this case, m takes integer values and the radial Schrödinger equation
amounts to

Hrψ
ff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, r2) = Eσ,m1

+
,m1

−
,m2

+
,m2

−
,mψ

ff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, r2), (4.37)

with

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, r2) =




ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,++

(r1, r2)

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,+−(r1, r2)

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,−+

(r1, r2)

ψff
σ,m1

+
,m1

−
,m2

+
,m2

−
,m,−−(r1, r2)



. (4.38)

The radial Hamiltonian is
Hr = H1

r +H2
r +Hγ

r , (4.39)

with

H1
r =




H1
r++ 0 H1

r+− 0
0 H1

r++ 0 H1
r+−

H1
r−+ 0 H1

r−− 0
0 H1

r−+ 0 H1
r−−


 ,

H2
r =




H2
r++ H2

r+− 0 0
H2

r−+ H2
r−− 0 0

0 0 H2
r++ H2

r+−
0 0 H2

r−+ H2
r−−


 ,

Hγ
r =




Hγ
r++++ 0 0 0
0 Hγ

r+−+− 0 0
0 0 Hγ

r−+−+ 0
0 0 0 Hγ

r−−−−


 . (4.40)
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While the matrix elements related to the fermionic part of the radial Hamiltonian are

H i
r++ = − 1

2M ′

[
∂2ri +

1

ri
∂ri −

1

r2i

(
mif

+ +
nρ2n

r2ni + ρ2n

)2
]
,

H i
r+− = H i

r−+ = 2Λ
nrn−1

i ρn

r2ni + ρ2n
,

H i
r−− = − 1

2M ′

[
∂2ri +

1

ri
∂ri −

1

r2i

(
mif

− − nρ2n

r2ni + ρ2n

)2
]
, (4.41)

the contributions referring to the rotational Skyrmion read

Hγ
r++++ =

n2

2D(ρ)ρ2

(
m− 1 + σn

Θ

2π
− ρ2n

r2n1 + ρ2n
− ρ2n

r2n2 + ρ2n

)2

,

Hγ
r+−+− =

n2

2D(ρ)ρ2

(
m+ σn

Θ

2π
− ρ2n

r2n1 + ρ2n
+

ρ2n

r2n2 + ρ2n

)2

,

Hγ
r−+−+ =

n2

2D(ρ)ρ2

(
m+ σn

Θ

2π
+

ρ2n

r2n1 + ρ2n
− ρ2n

r2n2 + ρ2n

)2

,

Hγ
r−−−− =

n2

2D(ρ)ρ2

(
m+ 1 + σn

Θ

2π
+

ρ2n

r2n1 + ρ2n
+

ρ2n

r2n2 + ρ2n

)2

. (4.42)

4.5 Hole Pair of the Same Flavor Localized on a Skyrmion:

Symmetry Properties

The spin operator I, which commutes with the two-hole Hamiltonian H , amounts to

I =




−iσ∂γ + σn Θ
2π

+ 1 0 0 0
0 −iσ∂γ + σn Θ

2π
0 0

0 0 −iσ∂γ + σn Θ
2π

0
0 0 0 −iσ∂γ + σn Θ

2π
− 1


 ,

(4.43)
such that

IΨff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ) =

(
m+ σn

Θ

2π

)
Ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ). (4.44)

Since m takes integer values, at least for Θ = 0, the state containing two holes of the
same flavor localized on a Skyrmion has integer spin as well.
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Under the symmetries Di, O
′, and R the two-hole wave function

Ψff
σ,n(r1, χ1, r2, χ2, γ) =




Ψff
σ,n,++(r1, χ1, r2, χ2, γ)

Ψff
σ,n,+−(r1, χ1, r2, χ2, γ)

Ψff
σ,n,−+(r1, χ1, r2, χ2, γ)

Ψff
σ,n,−−(r1, χ1, r2, χ2, γ)


 (4.45)

transforms as

DiΨff
σ,n(r1, χ1, r2, χ2, γ) = exp(2ikfai)




Ψff
σ,n,++(r1, χ1, r2, χ2, γ)

Ψff
σ,n,+−(r1, χ1, r2, χ2, γ)

Ψff
σ,n,−+(r1, χ1, r2, χ2, γ)

Ψff
σ,n,−−(r1, χ1, r2, χ2, γ)


 ,

O′

Ψff
σ,n(r1, χ1, r2, χ2, γ) =




exp(−σf 4πi
3
)Ψff

σ,n,−−(r1, χ1 +
π
3
, r2, χ2 +

π
3
, γ − nπ

3
)

−Ψff
σ,n,−+(r1, χ1 +

π
3
, r2, χ2 +

π
3
, γ − nπ

3
)

−Ψff
σ,n,+−(r1, χ1 +

π
3
, r2, χ2 +

π
3
, γ − nπ

3
)

exp(σf
4πi
3
)Ψff

σ,n,++(r1, χ1 +
π
3
, r2, χ2 +

π
3
, γ − nπ

3
)


 ,

RΨff
σ,n(r1, χ1, r2, χ2, γ) =




Ψff
σ,n,++(r1,−χ1, r2,−χ2,−γ)

Ψff
σ,n,+−(r1,−χ1, r2,−χ2,−γ)

Ψff
σ,n,−+(r1,−χ1, r2,−χ2,−γ)

Ψff
σ,n,−−(r1,−χ1, r2,−χ2,−γ)


 . (4.46)

Accordingly, the two-hole energy eigenstates transform as

DiΨff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ) = exp(2ikfai)Ψ

ff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ),

O′

Ψαα
σ,m1

+
,m1

−
,m2

+
,m2

−
,m(r1, χ1, r2, χ2, γ) =− exp

(
iσ[m1

+ +m2
+ + n+ σ −mn]

π

3

)

×Ψββ

−σ,−m1
−
,−m1

+
,−m2

−
,−m2

+
,−m

(r1, χ1, r2, χ2, γ),

O′

Ψββ

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ) =− exp

(
iσ[m1

+ +m2
+ + n− σ −mn]

π

3

)

×Ψαα
−σ,−m1

−
,−m1

+
,−m2

−
,−m2

+
,−m(r1, χ1, r2, χ2, γ),

RΨαα
σ,m1

+
,m1

−
,m2

+
,m2

−
,m(r1, χ1, r2, χ2, γ) =Ψββ

−σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ),

RΨββ

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ) =Ψαα

−σ,m1
+
,m1

−
,m2

+
,m2

−
,m(r1, χ1, r2, χ2, γ). (4.47)

Note that we have again used appropriate phase conventions for the radial wave
function ψσ,m1

+
,m1

−
,m2

+
,m2

−
,m(r1, r2). Regarding the rotation symmetries O′, we have

used

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,−−(r1, r2) = ψf ′f ′

−σ,−m1
−
,−m1

+
,−m2

−
,−m2

+
,−m,++

(r1, r2),

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,−+

(r1, r2) = ψf ′f ′

−σ,−m1
−
,−m1

+
,−m2

−
,−m2

+
,−m,+−(r1, r2),

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,+−(r1, r2) = ψf ′f ′

−σ,−m1
−
,−m1

+
,−m2

−
,−m2

+
,−m,−+

(r1, r2),

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,++

(r1, r2) = ψf ′f ′

−σ,−m1
−
,−m1

+
,−m2

−
,−m2

+
,−m,−−(r1, r2). (4.48)
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These relations are a consequence of the symmetries of the radial Schrödinger equation
(4.37). With respect to the reflections R, we have used

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,++

(r1, r2) = ψf ′f ′

−σ,m1
+
,m1

−
,m2

+
,m2

−
,m,++

(r1, r2),

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,+−(r1, r2) = ψf ′f ′

−σ,m1
+
,m1

−
,m2

+
,m2

−
,m,+−(r1, r2),

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,−+

(r1, r2) = ψf ′f ′

−σ,m1
+
,m1

−
,m2

+
,m2

−
,m,−+

(r1, r2),

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,−−(r1, r2) = ψf ′f ′

−σ,m1
+
,m1

−
,m2

+
,m2

−
,m,−−(r1, r2). (4.49)

The relations in Eq. (4.49) are a consequence of the symmetries of the radial Schrödinger
equation (4.37) with Θ = 0. As before, in the case of Θ 6= 0 or π, the reflection sym-
metry is explicitly broken by the Hopf term.

We now incorporate the Pauli principle and explicitly antisymmetrize the wave
function in the artificial indices 1 and 2, by acting with the pair permutation P ,

PΨff
σ,n(r1, χ1, r2, χ2, γ) =




Ψff
σ,n,++(r2, χ2, r1, χ1, γ)

Ψff
σ,n,−+(r2, χ2, r1, χ1, γ)

Ψff
σ,n,+−(r2, χ2, r1, χ1, γ)

Ψff
σ,n,−−(r2, χ2, r1, χ1, γ)


 . (4.50)

For an energy eigenstate, we then have

PΨff
σ,m1

+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ) = Ψff

σ,m2
+
,m2

−
,m1

+
,m1

−
,m
(r1, χ1, r2, χ2, γ), (4.51)

assuming a symmetric radial wave function,

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,++

(r2, r1) = ψff

σ,m2
+
,m2

−
,m1

+
,m1

−
,m,++

(r1, r2),

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,−+

(r2, r1) = ψff

σ,m2
+
,m2

−
,m1

+
,m1

−
,m,+−(r1, r2),

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,+−(r2, r1) = ψff

σ,m2
+
,m2

−
,m1

+
,m1

−
,m,−+

(r1, r2),

ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m,−−(r2, r1) = ψff

σ,m2
+
,m2

−
,m1

+
,m1

−
,m,−−(r1, r2). (4.52)

The properly antisymmetrized wave function then amounts to

Ψ̃ff
σ,n(r1, χ1, r2, χ2, γ) =

1√
2

[
Ψff

σ,n(r1, χ1, r2, χ2, γ)−P Ψff
σ,n(r1, χ1, r2, χ2, γ)

]
, (4.53)

implying that for an energy eigenstate, we have

Ψ̃ff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ) =

1√
2

[
Ψff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ)−Ψff

σ,m2
+
,m2

−
,m1

+
,m1

−
,m
(r1, χ1, r2, χ2, γ)

]
. (4.54)
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Note that the two sets of quantum numbers m1
+, m

1
− and m2

+, m
2
− must be different, in

order to have a non-vanishing wave function. In the case of an antisymmetric radial
wave function, one could allow m1

+ = m2
+ and m1

− = m2
−.

Using Eq. (4.47), the transformation properties of the antisymmetrized two-hole
energy eigenstates turn out to be

DiΨ̃ff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ) = exp(2ikfai)Ψ̃

ff

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ),

O′

Ψ̃αα
σ,m1

+
,m1

−
,m2

+
,m2

−
,m(r1, χ1, r2, χ2, γ) =− exp

(
iσ[m1

+ +m2
+ + n+ σ −mn]

π

3

)

× Ψ̃ββ

−σ,−m1
−
,−m1

+,−m2
−
,−m2

+,−m
(r1, χ1, r2, χ2, γ),

O′

Ψ̃ββ

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ) =− exp

(
iσ[m1

+ +m2
+ + n− σ −mn]

π

3

)

× Ψ̃αα
−σ,−m1

−
,−m1

+,−m2
−
,−m2

+,−m(r1, χ1, r2, χ2, γ),

RΨ̃αα
σ,m1

+,m1
−
,m2

+,m2
−
,m(r1, χ1, r2, χ2, γ) = Ψ̃ββ

−σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ),

RΨ̃ββ

σ,m1
+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ) = Ψ̃αα

−σ,m1
+
,m1

−
,m2

+
,m2

−
,m(r1, χ1, r2, χ2, γ). (4.55)

Finally, we take appropriate linear combinations of the states with flavors αα and
ββ in order to obtain eigenstates of O′,

Ψ̃±
σ,m1

+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2, γ) =

1√
2

[
Ψ̃αα

σ,m1
+
,m1

−
,m2

+
,m2

−
,m(r1, χ1, r2, χ2, γ)

±Ψ̃ββ

−σ,−m1
−
,−m1

+
,−m2

−
,−m2

+
,−m

(r1, χ1, r2, χ2, γ)
]
,

(4.56)

which transform as

O′

Ψ̃±
σ,m1

+
,m1

−
,m2

+
,m2

−
,m
(r1, χ1, r2, χ2γ) =∓ exp

(
iσ[m1

+ +m2
− −mn]

π

3

)
(4.57)

× Ψ̃±
σ,m1

+,m1
−
,m2

+,m2
−
,m
(r1, χ1, r2, χ2, γ).

We now systematically list all two-hole-Skyrmion wave functions (n = 1, m = 0)
that can be constructed with quantum numbers mi

± up to ±2. States with s-wave
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symmetry are

Ψ̃+
−,2,2,1,1,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,1,1,2,2,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,−2,−2,−1,−1,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,−1,−1,−2,−2,0(r1, χ1, r2, χ2, γ),

Ψ̃−
+,−2,0,0,2,0(r1, χ1, r2, χ2, γ),

Ψ̃−
+,0,2,−2,0,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,1,1,−1,−1,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,−1,−1,1,1,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,2,2,−2,−2,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,−2,−2,2,2,0(r1, χ1, r2, χ2, γ). (4.58)

States with p-wave symmetry read

Ψ̃−
+,−1,1,−2,0,0(r1, χ1, r2, χ2, γ),

Ψ̃−
+,−2,0,−1,1,0(r1, χ1, r2, χ2, γ),

Ψ̃−
+,−1,1,0,2,0(r1, χ1, r2, χ2, γ),

Ψ̃−
+,0,2,−1,1,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,0,0,−1,−1,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,0,0,1,1,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,−1,−1,0,0,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,1,1,0,0,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,−1,−1,2,2,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,2,2,−1,−1,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,−2,−2,1,1,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,1,1,−2,−2,0(r1, χ1, r2, χ2, γ). (4.59)
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States with d-wave symmetry correspond to

Ψ̃+
+,−1,1,−2,0,0(r1, χ1, r2, χ2, γ),

Ψ̃+
+,−2,0,−1,1,0(r1, χ1, r2, χ2, γ),

Ψ̃+
+,−1,1,0,2,0(r1, χ1, r2, χ2, γ),

Ψ̃+
+,0,2,−1,1,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,0,0,−1,−1,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,0,0,1,1,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,−1,−1,0,0,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,1,1,0,0,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,−1,−1,2,2,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,2,2,−1,−1,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,−2,−2,1,1,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,1,1,−2,−2,0(r1, χ1, r2, χ2, γ). (4.60)

Finally, states with f -wave symmetry read

Ψ̃+
+,−2,0,0,2,0(r1, χ1, r2, χ2, γ),

Ψ̃+
+,0,2,−2,0,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,1,1,−1,−1,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,−1,−1,1,1,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,2,2,−2,−2,0(r1, χ1, r2, χ2, γ),

Ψ̃+
−,−2,−2,2,2,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,2,2,1,1,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,1,1,2,2,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,−2,−2,−1,−1,0(r1, χ1, r2, χ2, γ),

Ψ̃−
−,−1,−1,−2,−2,0(r1, χ1, r2, χ2, γ). (4.61)

Interestingly, as we have shown in Ref. [2], if one restricts oneself to the leading
potentials that involve the Λ-term, one-magnon exchange can only occur between
two holes of different flavor. In the same flavor case, this term merely leads to a
contact interaction. Therefore there is nothing to be compared with on the magnon-
mediated bound-state side. It remains to be seen whether magnon-mediated binding
is indeed possible if one goes beyond the leading Λ-term and how the symmetries of
these bound states are related to those corresponding to the localization of two holes
on a Skyrmion. Note that on the square lattice, the analogous Λ-term does lead to
one-magnon exchange between holes of different as well as of the same flavor. Hence
the formation of magnon-mediated two-hole bound states is possible in either case, in
contrast to the honeycomb lattice.
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5 Conclusions

We have performed a careful symmetry analysis of the localization of doped holes on
a topological Skyrmion defect in the staggered magnetization order parameter for an
antiferromagnet on the honeycomb lattice. Our previous analysis for the square lattice
had shown that two holes residing in two different hole pockets (and thus with different
“flavors” α and β) naturally form a bound pair, which may qualify as a preformed
Cooper pair candidate for high-temperature superconductivity. In the square lattice
case, the most attractive channel for hole pair formation turned out to have the same
quantum numbers as hole pairs bound by one-magnon exchange. In this work, we have
seen that on the honeycomb lattice the situation is qualitatively different than on the
square lattice. In particular, assuming the standard radial profile, a Skyrmion (anti-
Skyrmion) can only bind holes of flavor α (β). Hence, unlike on the square lattice, the
formation of αβ-pairs is possible only for non-standard radial Skyrmion profiles. The
question whether such profiles are energetically favorable, requires detailed numerical
investigations of the dynamics. This goes beyond the symmetry analysis performed
here, but provides an interesting topic for future studies. While understanding the
dynamical mechanism responsible for high-temperature superconductivity remains
extremely challenging, it seems promising to further investigate hole pair localization
on topological Skyrmion defects. Our symmetry analysis, based on the systematic
effective field theory for magnons and doped holes, provides a solid theoretical basis
for future investigations.
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A Schrödinger Equation for Hole Pair with Differ-

ent Flavor Localized on a Rotating Skyrmion

In this appendix, we consider the analysis of bound states of two holes of different
flavor localized on the same (anti-)Skyrmion. In contrast to two holes of the same
flavor, the localization of a hole of flavor α and a second hole of flavor β on the same
(anti-)Skyrmion is not excluded by the Pauli principle.
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In the case of two holes of different flavor α and β, the Hamiltonian takes the form

H = Hα +Hβ +Hγ. (A.1)

Here Hα and Hβ are the Hamiltonians for a hole of flavor α and β, respectively, given
by

Hα =




Hα
++ 0 Hα

+− 0
0 Hα

++ 0 Hα
+−

Hα
−+ 0 Hα

−− 0
0 Hα

−+ 0 Hα
−−


 , Hβ =




Hβ
++ Hβ

+− 0 0

Hβ
−+ Hβ

−− 0 0

0 0 Hβ
++ Hβ

+−
0 0 Hβ

−+ Hβ
−−


 ,

Hγ =




Hγ
++++ 0 0 0
0 Hγ

+−+− 0 0
0 0 Hγ

−+−+ 0
0 0 0 Hγ

−−−−


 , (A.2)

with Hf
±± and Hγ

±±±± given in Eq.(4.35). For the two-hole energy eigenstate we make
the ansatz

Ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ) =




ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,++

(rα, rβ) exp
(
iσ
[
mα

+χα +mβ
+χβ

])
exp(iσ(m− 1)γ)

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,+−

(rα, rβ) exp
(
iσ
[
mα

+χα +mβ
−χβ

])
exp(iσmγ)

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,−+

(rα, rβ) exp
(
iσ
[
mα

−χα +mβ
+χβ

])
exp(iσmγ)

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,−−

(rα, rβ) exp
(
iσ
[
mα

−χα +mβ
−χβ

])
exp(iσ(m+ 1)γ)




.

(A.3)

Recall that the Schrödinger equation is only satisfied if mf
− −mf

+ = n + σσf . As for
the Skyrmion with no holes localized on it, here m is again an integer. Accordingly,
the radial Schrödinger equation amounts to

Hrψ
αβ

σ,mα
+,mα

−
,mβ

+,mβ
−
,m
(rα, rβ) = Eσ,mα

+,mα
−
,mβ

+,mβ
−
,mψ

αβ

σ,mα
+,mα

−
,mβ

+,mβ
−
,m
(rα, rβ), (A.4)

with

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m
(rα, rβ) =




ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,++

(rα, rβ)

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,+−

(rα, rβ)

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,−+

(rα, rβ)

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,−−

(rα, rβ)



. (A.5)

The various terms in the radial Hamiltonian

Hr = Hα
r +Hβ

r +Hγ
r , (A.6)
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take the explicit form

Hα
r =




Hα
r++ 0 Hα

r+− 0
0 Hα

r++ 0 Hα
r+−

Hα
r−+ 0 Hα

r−− 0
0 Hα

r−+ 0 Hα
r−−


 ,

Hβ
r =




Hβ
r++ Hβ

r+− 0 0

Hβ
r−+ Hβ

r−− 0 0

0 0 Hβ
r++ Hβ

r+−
0 0 Hβ

r−+ Hβ
r−−


 ,

Hγ
r =




Hγ
r++++ 0 0 0
0 Hγ

r+−+− 0 0
0 0 Hγ

r−+−+ 0
0 0 0 Hγ

r−−−−


 . (A.7)

The corresponding matrix elements of the fermionic part of the radial Hamiltonian
read

Hf
r++ = − 1

2M ′

[
∂2rf +

1

rf
∂rf −

1

r2f

(
mf

+ +
n

2
(1− f(rf))

)2
]
,

Hf
r+− = Hf

r−+ =
Λ

2

[ f ′(rf)√
1− f 2(rf )

+
σσfn

rf

√
1− f 2(rf)

]
,

Hf
r−− = − 1

2M ′

[
∂2rf +

1

rf
∂rf −

1

r2f

(
mf

− − n

2
(1− f(rf))

)2
]
, (A.8)

while the contributions describing the rotating Skyrmion amount to

Hγ
r++++ =

n2

2D(ρ)ρ2

(
m− 1 + σn

Θ

2π
− 1

2
(1− f(rα))−

1

2
(1− f(rβ))

)2

,

Hγ
r+−+− =

n2

2D(ρ)ρ2

(
m+ σn

Θ

2π
− 1

2
(1− f(rα)) +

1

2
(1− f(rβ))

)2

,

Hγ
r−+−+ =

n2

2D(ρ)ρ2

(
m+ σn

Θ

2π
+

1

2
(1− f(rα))−

1

2
(1− f(rβ))

)2

,

Hγ
r−−−− =

n2

2D(ρ)ρ2

(
m+ 1 + σn

Θ

2π
+

1

2
(1− f(rα)) +

1

2
(1− f(rβ))

)2

. (A.9)

33



B Hole Pair of Different Flavor Localized on a

Skyrmion: Symmetry Properties

The spin operator I, Eq. (4.43), satisfies

IΨαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ) =

(
m+ σn

Θ

2π

)
Ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ). (B.1)

Since m takes integer values, at least for Θ = 0, the state containing two holes of
different flavor localized on a Skyrmion has integer spin as well.

Under the symmetries Di, O
′, and R, the general two-hole wave function

Ψαβ
σ,n(rα, χα, rβ, χβ, γ) =




Ψαβ
σ,n,++(rα, χα, rβ, χβ, γ)

Ψαβ
σ,n,+−(rα, χα, rβ, χβ, γ)

Ψαβ
σ,n,−+(rα, χα, rβ, χβ, γ)

Ψαβ
σ,n,−−(rα, χα, rβ, χβ, γ)


 (B.2)

transforms as

DiΨαβ
σ,n(rα, χα, rβ, χβ, γ) = exp(i(kα + kβ)ai)




Ψαβ
σ,n,++(rα, χα, rβ, χβ, γ)

Ψαβ
σ,n,+−(rα, χα, rβ, χβ, γ)

Ψαβ
σ,n,−+(rα, χα, rβ, χβ, γ)

Ψαβ
σ,n,−−(rα, χα, rβ, χβ, γ)


 ,

O′

Ψαβ
σ,n(rα, χα, rβ, χβ, γ) =




Ψαβ
σ,n,−−(rβ, χβ +

π
3
, rα, χα + π

3
, γ − nπ

3
)

− exp
(

4πi
3

)
Ψαβ

σ,n,+−(rβ, χβ +
π
3
, rα, χα + π

3
, γ − nπ

3
)

− exp
(
− 4πi

3

)
Ψαβ

σ,n,−+(rβ, χβ +
π
3
, rα, χα + π

3
, γ − nπ

3
)

Ψαβ
σ,n,++(rβ, χβ +

π
3
, rα, χα + π

3
, γ − nπ

3
)



,

RΨαβ
σ,n(rα, χα, rβ, χβ, γ) =




Ψαβ
σ,n,++(rβ,−χβ , rα,−χα,−γ)

Ψαβ
σ,n,−+(rβ,−χβ , rα,−χα,−γ)

Ψαβ
σ,n,+−(rβ,−χβ , rα,−χα,−γ)

Ψαβ
σ,n,−−(rβ,−χβ , rα,−χα,−γ)


 . (B.3)

One readily derives the following transformation properties of the two-hole energy
eigenstates,

DiΨαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ) =Ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ),

O′

Ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ) = exp

(
iσ[mα

+ +mβ
− + σ −mn]

π

3

)

×Ψαβ

−σ,−mβ
−
,−mβ

+
,−mα

−
,−mα

+
,−m

(rα, χα, rβ, χβ, γ),

RΨαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ) =Ψαβ

−σ,mβ
+
,mβ

−
,mα

+
,mα

−
,m
(rα, χα, rβ, χβ, γ). (B.4)
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Note that we have assumed appropriate phase conventions for the radial wave function
ψσ,mα

+
,mα

−
,mβ

+
,mβ

−
,m(rα, rβ), which follow from the symmetries of the radial Schrödinger

equation (A.4). Explicitly, for the rotation symmetry O′ we have used

ψαβ

σ,mα
+,mα

−
,mβ

+,mβ
−
,m,−−

(rβ, rα) = ψαβ

−σ,−mβ
−
,−mβ

+,−mα
−
,−mα

+,−m,++
(rα, rβ),

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,+−

(rβ, rα) = ψαβ

−σ,−mβ
−
,−mβ

+
,−mα

−
,−mα

+
,−m,+−

(rα, rβ),

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,−+

(rβ, rα) = ψαβ

−σ,−mβ
−
,−mβ

+
,−mα

−
,−mα

+
,−m,−+

(rα, rβ),

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,++

(rβ, rα) = ψαβ

−σ,−mα
−
,−mβ

+
,−mα

−
,−mα

+
,−m,−−

(rα, rβ). (B.5)

For the reflection symmetry R we have used

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,++

(rβ , rα) = ψαβ

−σ,mβ
+
,mβ

−
,mα

+
,mα

−
,m,++

(rα, rβ),

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,−+

(rβ , rα) = ψαβ

−σ,mβ
+
,mβ

−
,mα

+
,mα

−
,m,+−

(rα, rβ),

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,+−

(rβ , rα) = ψαβ

−σ,mβ
+
,mβ

−
,mα

+
,mα

−
,m,−+

(rα, rβ),

ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m,−−

(rβ , rα) = ψαβ

−σ,mβ
+
,mβ

−
,mα

+
,mα

−
,m,−−

(rα, rβ). (B.6)

Again, the relations in Eq.(B.6) are a consequence of the symmetries of the radial
Schrödinger equation (A.4) for Θ = 0. For Θ 6= 0 or π, the reflection symmetry is
explicitly broken by the Hopf term.

We now take appropriate linear combinations of Skyrmion and anti-Skyrmion
states which are eigenstates of the combined rotation O′,

Ψ±
σ,mα

+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ) =

1√
2

[
Ψαβ

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ)

±Ψαβ

−σ,−mβ
−
,−mβ

+
,−mα

−
,−mα

+
,−m

(rα, χα, rβ, χβ, γ)
]
.

(B.7)

Under the various symmetries, these states transform as

DiΨ±
σ,mα

+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ) =Ψ±

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ),

O′

Ψ±
σ,mα

+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ) =± exp

(
iσ[mα

+ +mβ
− + σ −mn]

π

3

)

×Ψ±
σ,mα

+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ), (B.8)

RΨ±
σ,mα

+,mα
−
,mβ

+,mβ
−
,m
(rα, χα, rβ, χβ, γ) =±Ψ±

σ,−mα
−
,−mα

+,−mβ
−
,−mβ

+,−m
(rα, χα, rβ, χβ, γ).
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C Comparison with States of Two Holes Bound by

One-Magnon Exchange

While we have considered the localization of two holes of different flavor on a Skyrmion
in the previous section, it is instructive to compare this with the formation of two-
hole bound states mediated by one-magnon exchange, discussed in Ref. [2]. In what
follows, we first summarize these results.

In the rest frame, the Schrödinger equation describing the relative motion of two
holes with different flavors α and β, takes the form

(
− 1

M ′
∆ γ 1

~r 2 exp(−2iϕ)

γ 1
~r 2 exp(2iϕ) − 1

M ′
∆

)(
Ψ1(~r )
Ψ2(~r )

)
= E

(
Ψ1(~r )
Ψ2(~r )

)
, (C.1)

where

γ =
Λ2

2πρs
. (C.2)

The two probability amplitudes Ψ1(~r ) and Ψ2(~r ) refer to the two spin-flavor combi-
nations α+β− and α−β+, respectively, with the distance vector ~r pointing from the
β to the α hole. Note that the holes undergo a spin flip during the one-magnon ex-
change process and that we are dealing with a two-component Schrödinger equation
describing the relative motion of the hole pair.

With the ansatz

Ψ1(r, ϕ) = R1(r) exp(im1ϕ), Ψ2(r, ϕ) = R2(r) exp(im2ϕ), (C.3)

the radial and the angular part can be separated if the angular quantum numbers
obey the condition m2 −m1 = 2. Using the parameter m̃,

m1 = m̃− 1, m2 = m̃+ 1, (C.4)

the radial equations amount to

−
(
d2

dr2
+

1

r

d

dr
− 1

r2
(m̃− 1)2

)
R1(r) + γM ′R2(r)

r2
=M ′ER1(r),

−
(
d2

dr2
+

1

r

d

dr
− 1

r2
(m̃+ 1)2

)
R2(r) + γM ′R1(r)

r2
=M ′ER2(r). (C.5)

In the particular case m̃ = 0, the set of equations reduces to
[
−
(
d2

dr2
+

1

r

d

dr

)
+ (1− γM ′)

1

r2

]
R(r) = −M ′|E|R(r), (C.6)

with R(r) = R1(r)−R2(r), which is solved analytically by a modified Bessel function

R(r) = AKν

(√
M ′|E|r

)
, ν = i

√
γM ′ − 1. (C.7)
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We have modeled the short-range repulsion between the two holes with a hard-core
radius r0 by requiring R(r0) = 0 for r ≤ r0. The potential in the radial equation (C.6)
is negative and thus attractive, provided that the low-energy constants satisfy the
relation

1− M ′Λ2

2πρs
≤ 0. (C.8)

Accordingly, Λ must be larger than the critical value

Λc =

√
2πρs
M ′ , (C.9)

in order for a magnon-mediated bound state to occur. The energy of the n-th excited
bound state amounts to

En ∼ − 1

M ′r20
exp

( −2πn√
γM ′ − 1

)
. (C.10)

On the other hand, the angular part of the ground-state wave equation (m̃ = 0)
of two holes of flavors α and β takes the simple form

Ψ(r, ϕ) =

(
Ψ1(~r )
Ψ2(~r )

)
= R(r)

(
exp(−iϕ )
− exp(iϕ )

)
. (C.11)

While the ground state wave function is invariant under reflections R, shifts Di, and
accidental continuous rotations O(γ), under the combined rotation O′, it picks up a
sign,

O′

Ψ(r, ϕ) = −Ψ(r, ϕ). (C.12)

Although the probability distribution of the ground state seems to imply s-wave sym-
metry (see Ref. [2], Fig.6), we are in fact dealing with f -wave symmetry.

Let us now compare magnon-mediated hole binding with the localization of two
holes on a Skyrmion. In the case of a rotating Skyrmion with n = 1 and m = 0,
it is possible to construct a variety of two-hole-Skyrmion wave functions with small
quantum numbers. In the following we systematically enumerate s-, p-, d- and f -wave
states of the wave function, corresponding to quantum numbers mα

±, m
β
± up to ±2.

We first consider the linear combinations

Ψ+

σ,mα
+
,mα

−
,mβ

+
,mβ

−
,m
(rα, χα, rβ, χβ, γ) (C.13)

defined in Eq. (B.7). States with s-wave symmetry are

Ψ+
+,−1,1,0,0,0(rα, χα, rβ, χβ, γ),

Ψ+
+,0,2,−1,−1,0(rα, χα, rβ, χβ, γ),

Ψ+
+,−2,0,1,1,0(rα, χα, rβ, χβ, γ),

Ψ+
−,0,0,−1,1,0(rα, χα, rβ, χβ, γ),

Ψ+
−,1,1,−2,0,0(rα, χα, rβ, χβ, γ),

Ψ+
−,−1,−1,0,2,0(rα, χα, rβ, χβ, γ). (C.14)
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States with p-wave symmetry read

Ψ+
+,−1,1,1,1,0(rα, χα, rβ, χβ, γ),

Ψ+
+,−1,1,−1,−1,0(rα, χα, rβ, χβγ),

Ψ+
+,0,2,0,0,0(rα, χα, rβ, χβ, γ),

Ψ+
+,−2,0,0,0,0(rα, χα, rβ, χβ, γ),

Ψ+
+,0,2,−2,−2,0(rα, χα, rβ, χβ, γ),

Ψ+
+,−2,0,2,2,0(rα, χα, rβ, χβ, γ),

Ψ+
−,0,0,−2,0,0(rα, χα, rβ, χβ, γ),

Ψ+
−,0,0,0,2,0(rα, χα, rβ, χβ, γ),

Ψ+
−,1,1,−1,1,0(rα, χα, rβ, χβ, γ),

Ψ+
−,−1,−1,−1,1,0(rα, χα, rβ, χβ, γ),

Ψ+
−,2,2,−2,0,0(rα, χα, rβ, χβ, γ),

Ψ+
−,−2,−2,0,2,0(rα, χα, rβ, χβ, γ). (C.15)

States with d-wave symmetry correspond to

Ψ+
+,0,2,1,1,0(rα, χα, rβ, χβ, γ),

Ψ+
+,−2,0,−1,−1,0(rα, χα, rβ, χβ, γ),

Ψ+
+,−1,1,2,2,0(rα, χα, rβ, χβ, γ),

Ψ+
+,−1,1,−2,−2,0(rα, χα, rβ, χβ, γ),

Ψ+
−,1,1,0,2,0(rα, χα, rβ, χβ, γ),

Ψ+
−,−1,−1,−2,0,0(rα, χα, rβ, χβ, γ),

Ψ+
−,2,2,−1,1,0(rα, χα, rβ, χβ, γ),

Ψ+
−,−2,−2,−1,1,0(rα, χα, rβ, χβ, γ). (C.16)

Finally, states with f -wave symmetry read

Ψ+
+,0,2,2,2,0(rα, χα, rβ, χβ, γ),

Ψ+
+,−2,0,−2,−2,0(rα, χα, rβ, χβ, γ),

Ψ+
−,2,2,0,2,0(rα, χα, rβ, χβ, γ),

Ψ+
−,−2,−2,−2,0,0(rα, χα, rβ, χβ, γ). (C.17)

As far as the other linear combinations

Ψ−
σ,mα

+,mα
−
,mβ

+,mβ
−
,m
(rα, χα, rβ, χβ, γ) (C.18)

are concerned, due to the extra minus sign under the transformation O′ in Eq. (B.8),
the above classification is still valid, provided one makes the replacements s ⇐⇒ f
and p⇐⇒ d.

Note that the f -wave states differ in their transformation properties under R with
respect to the magnon-mediated two-hole ground states Ψ(r, ϕ) which are invariant
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under R. Accordingly, in contrast to the square lattice case, there is no one-to-one cor-
respondence between these magnon-mediated two-hole bound states and the f -wave
states formed by two holes localized on a Skyrmion. Still, one of the candidate two-
hole-Skyrmion ground states, and one of the candidate two-hole-anti-Skyrmion ground
states (i.e., those with smallest quantum numbers) correspond to the wave functions
Ψ−

+,−1,1,0,0,0(rα, χα, rβ, χβ, γ) and Ψ−
−,0,0,−1,1,0(rα, χα, rβ, χβ, γ), which both have f -wave

symmetry. It should be pointed out again that the pairing symmetry in the dehy-
drated version of Na2CoO2 × yH2O — an experimental realization of a hole-doped
honeycomb lattice antiferromagnet — indeed appears to be f -wave [32].
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