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Abstract

Based on recent work by Futer, Kalfagianni and Purcell, we prove that the volume of
sufficiently complicated positive braid links is proportional to the signature defect �σ =
2g − σ .

1. Introduction

A positive braid on n strings is a product of positive standard generators of the braid group
Bn . The canonical closure of a positive braid β ∈ Bn is a link β̂ with at most n components.
Let b1 be the first Betti number of the canonical fibre surface of the link β̂. Furthermore, let σ

be the signature invariant of the link β̂. The quantity �σ(β̂) = b1 −σ is called the signature
defect of the link β̂. In the case of knots, this is simply 2g −σ , where g is the minimal genus
of β̂. The main result of this note is a volume estimate in terms of the signature defect.

THEOREM 1. Let β̂ ⊂ S3 be a hyperbolic link associated with a sufficiently complicated
positive braid β. Then

1

3
v8 �σ(β̂) � vol(S3 \ β̂) < 105v3 �σ(β̂),

where v3 = 1.0149... and v8 = 3.6638... are the volumes of a regular ideal tetrahedron and
octahedron, respectively.

Here a positive braid is sufficiently complicated, if it is a product of powers σ k
i , with

k � 3. The twist number t (β) of a sufficiently complicated braid β is the minimal number of
factors in such a product. As shown in [3], the link β̂ is hyperbolic, if and only if β is prime.
Equivalently, β contains at least two non-consecutive factors of the form σ k

i , for all i � n−1.
In the recent monograph [2], Futer, Kalfagianni and Purcell determined tight bounds for the
volume of various families of hyperbolic links, in terms of the twist number. In particular,
they proved the following volume estimates for sufficiently complicated positive braid links.

THEOREM 2 ([2, theorem 9·7]). Let β̂ ⊂ S3 be a hyperbolic link associated with a suffi-
ciently complicated positive braid β. Then

2

3
v8 t (β) � vol(S3 \ β̂) < 10v3 (t (β) − 1).

Theorem 1 is an immediate consequence of this and the following estimates for the twist
number, which we will prove in the next section.

at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S0305004114000474
Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 11 Jul 2017 at 11:49:25, subject to the Cambridge Core terms of use, available

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004114000474
https:/www.cambridge.org/core


544 SEBASTIAN BAADER

THEOREM 3. Let β̂ ⊂ S3 be a hyperbolic link associated with a sufficiently complicated
positive braid β. Then

1

2
�σ(β̂) � t (β) � 21

2
�σ(β̂).

The lower and upper bounds of Theorems 1 and 3 differ by a factor of about 88 and 21,
respectively. The actual values of the ratios vol/�σ and 2t/�σ can vary quite a bit and lie
somewhere in the middle between the predicted bounds. Among the examples we were able
to compute, the following two knots realise the smallest and largest ratios:

(i) the closure of the braid σ 3
1 σ 3

2 σ 3
1 σ 3

2 with �σ = 2, vol ≈ 13.6, t = 4, thus

vol

�σ
≈ 6.8 and

2t

�σ
= 4;

(ii) the closure of the braid (σ 3
1 σ 3

2 σ 3
3 σ 3

4 σ 3
5 σ 3

6 )2 with �σ = 4, vol ≈ 63.2, t = 12, thus

vol

�σ
≈ 15.8 and

2t

�σ
= 6.

2. Twist number and signature defect

The signature σ(L) of a link L is defined as the signature of any symmetrised Seifert
matrix V + V T associated with L . Let b1 be the first Betti number of a minimal genus
Seifert surface for L . Then

−b1 � σ(L) � b1.

In particular, the signature defect �σ = b1 − σ is positive. The proof of Theorem 3 relies
on three elementary facts about the signature invariant.

(1) The signature defect of the closure of σ n
1 is zero.

(2) The signature defect of the closure of σ
k1
1 σ

k2
2 σ

k3
1 σ

k4
2 is two, provided all ki � 2 (this

fact is a central ingredient in the classification of positive braids with �σ = 0,
see [1]).

(3) Let � ⊂ ˜� be an inclusion of Seifert surfaces which induces an injection on the level
of first homology groups. Then

�σ(∂˜�) � �σ(∂�) + 2(b1(˜�) − b1(�)).

Proof of Theorem 3. Let β be a sufficiently complicated positive braid with twist number
t (β); let ˜� ⊂ S3 be the canonical fibre surface of the link β̂ (see Stallings [4]). By cutting
the surface ˜� along an arc on the left of every twist region σ k

i , as sketched in Figure 1, we
obtain a subsurface � ⊂ ˜�.

The boundary of � is a disjoint union of connected sums of torus links on two strings.
According to fact (1), the signature defect �σ(∂�) is zero. Using fact (3), we conclude

�σ(β̂) = �σ(∂˜�) � 2(b1(˜�) − b1(�)) � 2t (β).

This is the first inequality of Theorem 3.
For the second inequality, we first consider the case of 3-string braids. Let β ∈ B3 be a

sufficiently complicated positive braid with hyperbolic closure. Then t (β) � 4. Moreover,
β contains at least t (β)/7 consecutive subwords of the form

σ
k1
1 σ

k2
2 σ

k3
1 σ

k4
2
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−→

Fig. 1. Cutting along an arc.

(a better estimate would be (t (β) − 3)/4, but this is not linear). By fact (2), every such sub-
word contributes two to the signature defect. More precisely, the fibre surface of β̂ contains
at least t (β)/7 disjoint subsurfaces whose homology groups are orthogonal with respect to
the symmetrised Seifert form. All these contribute two to the signature defect. In particular,

2

7
t (β) � �σ(β̂).

Now let us turn to the case of higher braid indices. Our goal is to find a large number of
non-interfering subwords of the form σ

k1
i σ

k2
i+1σ

k3
i σ

k4
i+1 in β. For this purpose, let us partition

the strings of the braid β ∈ Bn into three subsets S1, S2, S3, according to their index modulo
3. A simple counting argument shows that one of the subsets Sj carries at least t (β)/21
disjoint subwords of the desired form. Here ‘carrying’ means that the central string i + 1 of
the word σ

k1
i σ

k2
i+1σ

k3
i σ

k4
i+1 belongs to Sj . Indeed, let us put dots on the strings of the closed

braid β̂, one between each pair of adjacent twist regions, as in σ k
i σ l

i+1 or σ k
i σ l

i−1. Altogether,
there are at least t (β) dots, otherwise the number of factors σ k

i would not be minimal. One
of the subsets Sj carries at least t (β)/3 dots, thus at least t (β)/3 · 7 disjoint subwords of
the form σ

k1
i σ

k2
i+1σ

k3
i σ

k4
i+1. Here it is important that neighbouring strings of Sj are at distance

three. As before, we conclude
2

21
t (β) � �σ(β̂).
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