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Abstract. We give natural descriptions of the homology and cohomology algebras of regu-
lar quotient ring spectra of even Eso-ring spectra. We show that the homology is a Clifford
algebra with respect to a certain bilinear form naturally associated to the quotient ring spec-
trum F. To identify the cohomology algebra, we first determine the derivations of F and then
prove that the cohomology is isomorphic to the exterior algebra on the module of derivations.
We treat the example of the Morava K -theories in detail.

1. Introduction

It has long been a difficult problem to realize quotient constructions in stable
homotopy theory. The situation changed completely with the introduction of point-
set categories of spectra endowed with monoidal structures, for instance in [ 7]. Since
then, the definition of a large class of quotient constructions has become a pure for-
mality. Namely, suppose that R is an E,-ring spectrum and that I € m,(R) = R,
is an ideal of the homotopy ring of R generated by a regular sequence. Then there
is a spectrum F equipped with a map R — F which induces an isomorphism
Fi« = R./I1. Moreover, F' is unique up to equivalence, see Remark 2.3.

Such regular quotients of R arise naturally as objects in the derived category
of R-module spectra 2. Working in this category makes it much easier to study
multiplicative structures. Partly, this is due to the fact that Py is equipped with
a monoidal structure, induced by the smash product Ag. In particular, Strickland
[14] showed that a regular quotient can always be realized as an R-ring spectrum,
i.e. as a monoid in Py, if R, forms a domain and R is even, meaning that R, is
trivial in odd degrees.

A fundamental problem is to compute the homology and cohomology algebras
of regular quotients Ff (F) = m(F AR F)and F{(F) = % (F, F), respectively.
Whereas the underlying graded F,,-modules are trivial to determine if R is even, the
multiplicative structures have only been identified in special cases up to now, see
[1-3,10] and [14]. The main goal of this article is to determine the homology and
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cohomology algebras in general. Our descriptions are valid for arbitary products
on F and functorial in nature. In particular, they are independent on any choices,
such as the fixing of generators of /. This is important in [8], where the results
proved here are used to solve the classification problem of R-ring structures on
regular quotients.

We do not restrict to regular quotient rings, but consider arbitrary quotient
rings of an even Eo-ring R, i.e. R-rings F with F, = R, /I for some ideal I C
R.. We write F = R/I for such an F. We study the homology and cohomology
of F with respect to any quotient R-ring spectrum k which comes with a unital
map 7w: F — k. We call (F, k, m) with these properties an admissible pair. An
important example of an admissible pair is given by (F, k, i), where F is a quotient
ring, k = F as an R-module, but endowed with a possibly different product, and
where 7 is the identity map 1.

Our arguments are based on a canonical homomorphism of k,-modules, the
characteristic homomorphism

@ ks ®p, 1/1°[1] — kR(F).

Here, 1/1?[1] denotes the graded F,-module //1? with degrees raised by one. We
show that ¢ is independent of the products on F and k and functorial in both F and
k. We then use ¢ to define the characteristic bilinear form

bi (ke @p, 1/17011) @, (ke @ 1/12[1]) —> ki,

Letting g: ky« ®F, 1/1 2[1] — ky be the associated quadratic form and writing
Cl(ky ®F, 1/1 2111, q) for the Clifford algebra with respect to g, we prove:

Theorem. For an admissible pair (F = R/1, k, 1), the characteristic homomor-
phism lifts to a natural homomorphism of k.-algebras

®: Cl(ky ®F, 1/1%[1], q) —> kR (F).
If F is a regular quotient, then ® is an isomorphism.

We show that the characteristic bilinear form of (F, F°P, 1) is trivial, where
F°P denote the opposite ring of F. This leads to a new proof of the fact that
Ff(FOP) = A(I/I?[1])) is an exterior algebra [10]. If F is a diagonal regular
quotient, i.e. the smash product of quotient rings of the form R/x; with x; € R,
the characteristic bilinear form of F is diagonal. We prove that the diagonal elements
are determined by the commutativity obstructions of R/x; introduced in [14].

In the second part of the article, we consider the cohomology modules k7 (F'),
endowed with the profinite topology. We first show:

Proposition. For an admissible pair (F = R/1, k, ), there exists a natural con-
tinuous homomorphism of k.-modules

W ky(F) — Hom, (A(I/I?(1]), ky).

If F is a regular quotient ring, V is a homeomorphism.
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For the determination of the cohomology algebra of a regular quotient ring
F, we consider the group of derivations Zery (F, F). More generally, we study
Dery(F, k) for any multiplicative admissible pair (F, k, ), i.e. one for which 7
is multiplicative. It inherits from k7% (F') a linear topology.

Proposition. For a multiplicative admissible pair (F = R/I,k, ) such that F
and k are regular quotients, there is a natural homeomorphism

Y Dery(F, k) — Hom, (I/I°[1], ky).

We then describe the cohomology algebra of F in terms of its derivations. Let
A(@er} (F, F)) denote the completed exterior algebra on @er} (F, F).

Theorem. For a regular quotient ring F = R/I, there is a canonical homeomor-
phism of F*-algebras Fj(F) = A(Zery(F, F)).

These two statements are generalizations of results of Strickland [14]. He con-
sidered the special case where F is a diagonal quotient ring of R.

In the last section, we discuss the case of the Morava K -theories K (n). We
determine explicitly the bilinear form b (,). The reader will find in [8] more exam-
ples of computations of characteristic bilinear forms.

Here is an overview over the contents of this article. In Sect. 2, we recall some
background material from [14], construct the characteristic homomorphism and
characteristic bilinear form of admissible pairs and compute them in special cases.
In Sect. 3, we consider the homology of admissible pairs. In Sect. 4, we study
derivations and the cohomology of admissible pairs. Finally, in Sect. 5, we discuss
the example of Morava K -theories.

1.1. Notation and conventions

For definiteness, we work in the framework of S-modules of [7]. In this setting,
E-ring spectra correspond to commutative S-algebras. Throughout the paper,
R denotes an even commutative S-algebra. We also assume that the coefficient
ring R, of R is a domain (see Remark 2.11 for an explanation). Associated to
R is the homotopy category Zr of R-module spectra. For simplicity, we refer to
its objects as R-modules. The smash product Ag endows Zg with a symmetric
monoidal structure. We will abbreviate Ag by A throughout the paper.

Monoids in P are called R-ring spectra or just R-rings. Unless otherwise spec-
ified, we use the generic notation nr: R — Fandur: FAF — F forthe unitand
the multiplication maps of an R-ring F. Mostly, nr will be clear from the context,
in which case we call amap ur: F A F — F which gives F the structure of an
R-ring an R-product or just a product. We denote the opposite of an R-ring F by
FOP_1ts product is given by wpo = pup o1, where 7: F A F — F A F is the
switch map. An R-ring (F, ur, nr) determines multiplicative homology and coho-
mology theories FX (=) = m.(FA—) = Pr* (R, FA=)and Fj(—) = Z{(—, F),
respectively, on Zg.
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Since we are working with non-commutative R-rings, we must carefully
describe the various module structures involved. For an R-ring k and an R-module
M, the homology kR (M) is a k,-bimodule in a natural way. Even if k, is commuta-
tive, the left and right k,.-actions may well be different. However, if we assume that
k is a quotient of R, by which we mean that the unit map n; : R — k induces a sur-
jection on homotopy groups (see Definition 2.1 below), the left and right k..-actions
agree. In this case, we can refer to kX (M) as a k,-module without any ambiguity.
A similar discussion applies to cohomology k' (M).

We will assume that k is a quotient of R for the rest of this section.

For R-modules M and N, we write

ki : kKR (M) @, kR(N) — kR(M A N)

for the Kiinneth homomorphism, a homomorphism of k,-modules. Note that & is
not required to be commutative for the definition of « (see [15, §2]). If kf (M) or
kf (N) is ky-flat, then «y is an isomorphism of k,-modules.

Let F be a second R-ring. The composition

kR
mh: kR(F) @, kR(F) 5 kR(F A F) B Ry

defines a (central) k.-algebra structure on kf (F), where the unit is given by (1x A
NF)x: ke — kf(F). In unambiguous situations, we will write a - b for m';(a ®b).

To relate the homology kf (M) and cohomology ky (M), we will use the Kro-
necker duality morphism

d: k(M) — Homj (kX (M), k).
which associates to f: M — k the homomorphism of k*-modules d(f) =

(uk)*kf(f). If kf (M) is ky-free, d is an isomorphism. This implies that the Hur-
ewicz homomorphism

kE(=): k(M) — Homj (kX (M), k£ (k)

is injective whenever kf (M) is k.-free. See e.g. [15, Lemma 6.2] for a detailed
discussion, which covers in particular the case where k is non-commutative.

For R-modules M and N, we write £ : M, ®g, Nx —> (M AN), for the canon-
ical map, which is natural in the following graded sense. Two maps of R-modules
f: kM — M’ and g: !N — N’ induce commutative diagrams

¢
M,, ® N, —>(M/\N)m+n
f*®g*l \L(_l)m'lf/\g (11)
¢
Mty ® Ny —— (M’ AN )itmyln-

We write M.[d] for the d-fold suspension of a graded abelian group M., so
(M, [d))x = Mj_gq. With this convention, we have (X¢M), = M,[d] for an
R-module M. We denote the image of some element« € M} under the shift isomor-
phism M, = M,[d] by a[d] € (My[d])k+q4. We use the convention M* = M_,. If

the ground ring is clear from the context, we omit it from the tensor product symbol
® from now on.
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2. The characteristic bilinear form
2.1. Quotient modules, quotient rings

The point of this subsection is to introduce some convenient terminology and to
recall some basic constructions in the category P, mainly from [14].

Definition 2.1. A quotient module of R is an R-module F' with a map of R-modules
nr: R — F which induces a surjection on homotopy groups, that is F, = R, /I
where I € R, is an ideal. A morphism f: F — G of quotient modules of R is a
map of R-modules such that f o nfr = n¢.

Let F be a quotient module of R with F, = R, /I and let X be the homotopy
fibre of np: R — F. As the canonical map X — R induces an isomorphism

~

X« =1 C Ry, we write [ for X. So we have a cofibre sequence of the form

ISR FPL s @.1)
We will write F = R/I in the sequel.
Recall that a graded R.-module F is said to be a (finite) regular quotient of R,
if itis isomorphic to R, /(x1, x2, . ..) for some (finite) regular sequence (x1, x3, ...)
in R,. There is the following analogous topological notion.

Definition 2.2. A quotient module F' = R/ of R is a (finite) regular quotient mod-
ule of R if the ideal I is generated by some (finite) regular sequence (xp, x2, .. .)
in R,.

We now recall the definition of the building blocks of regular quotients of R.
The coefficient ring R, may be canonically identified with the graded endomor-
phisms of R in Zg. If x is a given element of R4, we write R/x for the homotopy
cofibre of x: 4R — R. As R, lies in even degrees, R/x is well defined up to
canonical homotopy equivalence. By construction, R/x fits into a cofibre sequence
of the form

2R S RIS R/x B wd+ip, 2.2)
Since R, is a domain, (R/x)s« = R./(x).

Remark 2.3. If F = R/I is aregular quotient and (x1, X3, .. .) is aregular sequence
generating I, then F is isomorphic in g to

R/x1 AR/xy A ---:=hocolimg R/x1 A--- A R/xg.

Due to the lack of a specific reference, we give a brief outline of the argument
underlying the proof. We construct by induction, using [7, V.1, Lemma 1.5] fac-
torizations R/xy A --+ A R/x; — F of the unit n: R — F and from these a map
n: hocolimy R/x1 A---AR/xx — F.By construction, 7 induces an isomorphism
on homotopy groups and is thus an isomorphism in Zg.
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Definition 2.4. A (regular) quotient ring of R is an R-ring (F, ur, nr) such that
(F, nr) is a (regular) quotient module of R.

Products on regular quotients of the form R/x have been studied in [14,
Sect. 3].

Proposition 2.5. Let x € Ry. If u is in Ryg42/x and w is a product on R/x, then
w+uo(Bx A Bx) is another product. This construction gives a free transitive action
of the group Ryg4+2/x on the set of products on R/x.

Proposition 2.6. There is a natural map c from the set of products on R/x to
Rog42/x such that c(i) = 0 if and only if p is commutative.

Recall that R-ring maps f: A — C and g: B — C are said to commute if
uco(frAng)=pucoto(fAg):ANB— C.

Remark 2.7. Let F = R/I be a regular quotient of R and (x1, x2,...) a regu-
lar sequence generating the ideal /. For any products u; on R/x;, i > 1, [14,
Prop. 4.8] implies that there is a unique product on F = R/I such that the natu-
ral maps R/x; — F are multiplicative and commute. See Proposition 2.27 for a
generalization.

Definition 2.8. We call F, endowed with the product described in Remark 2.7, the
smash ring spectrum of the R/x;. If we need to be more precise, we refer to the
product map wr on F as the smash ring product of the p;.

For the next definition, recall that two R-ring spectra F' and G are called equiv-
alent if there is an isomorphism f: F — G in Y which is multiplicative.

Definition 2.9. We call a regular quotient ring F' of R diagonal if it is the smash
ring spectrum of ring spectra R/x;, where (x1, x3, ...) is a regular sequence. We
say that F is diagonalizable if it is equivalent to a diagonal regular quotient ring.

Corollary 2.10. Any regular quotient ring of Ry can be realized as the coefficient
ring of a diagonal R-ring.

Proof. Let F, = R,/(x1, x2, ...) be aregular quotient of R,. By Remark 2.3, the
R-module F = R/x{ AR/x2 A-- - satisfies m,(F) = F,. By Proposition 2.5, every
R /x; admits a product. Finally, endow F with the induced smash ring product. O

Remark 2.11. Note that the proof requires each of the elements x; of the regular
sequence to be a non-zero divisor. This is guaranteed by our assumption that R is
a domain.

Let (R/x, i, n) be a regular quotient ring, x € Ry, and A an even R-ring.
Clearly, there is a unital map j: R/x — A if and only if x maps to zero in A, and
J is unique if it exists. We will extensively use the following fact:

Proposition 2.12. Let A and x be as above and assume that A is a quotient ring
of R. Then there exists a product on R /x such that the canonicalmap j: R/x — A
is multiplicative.
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Proof. Choose an arbitrary product u on F = R/x. By Proposition 2.5, any other
product on F is of the form u - p := p 4+ u(B A B), for some u € Ryy42/x. By
Proposition [14, Prop. 3.15], there is an obstruction dr (u - &) € Az442 which van-
ishes if and only if j is multiplicative for u - u. Furthermore, dr (u - u) is related to
dr(n) by dr(u- ) = dr () + j«(u). Thus, on choosing u with j,(u) = —dr (1),
J is multiplicative with respect to u - xt. O

Corollary 2.13. Let F = R/I be a commutative regular quotient ring of R. Then
F is diagonalizable.

Proof. Let (x1,x2,...) be a regular sequence which generates /. By Proposi-
tion 2.12, there are products 1¢; on R /x; such that the canonical maps j;: R/x; — F
are multiplicative. By commutativity of F, the j; commute with each other.
By [14, Prop. 4.8], they therefore induce a multiplicative equivalence j: A i>1
R/x;i — F. O

2.2. Admissible pairs

In this subsection we introduce the category of admissible pairs. It will play a central
role in the sequel.

Definition 2.14. An admissible pair is a triple (F, k, ) consisting of two quotient
R-rings (F, wr, nr), (k, ik, nk) and a unital map of R-modules 7: F — k, i.e.
an R-morphism such that 7 o ng = ng. If 7 is a map of R-ring spectra, we call
(F, k, ) a multiplicative admissible pair.

Note that . : Fy, — ki is always a ring homomorphism, even for non-multipli-
cative admissible pairs, as (nf),: Ry — Fj is surjective. We may therefore view
ks as an Fy-module.

Remark 2.15. If F = R/I and k are quotient R-rings, a necessary condition for the
existence of a map 7 making (F, k, ) into an admissible pair is that (1z). (1) = 0.
If F is a regular quotient ring, this condition is sufficient, by [14, Lemma 4.7]. If
F = R/x, the map 7 is unique.

Admissible pairs (F, k, ) form the objects of a category. The morphisms
between two admissible pairs (F = R/I,k, ) and (G = R/J,1, n) are pairs
of R-ringmaps (f: F — G, g: k — [) which make the diagram

F 4>k
lf lg 2.3)
Hl

commutative. Observe that in this case I C J.If we say that a certain construction is
“natural in F and k”, we mean that it is a functor on this category. Similarly, we refer
to a morphism as being “natural in F and k” if it defines a natural transformation
of functors defined on this category.
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Example 2.16. An important example of an admissible pair (F, k, ) is the special
case where k coincides with F as an R-module and 7 = 1, the identity on F, but
where we distinguish two products u and v on F.

2.3. The characteristic homomorphism

Let (F = R/I,k,m) be an admissible pair. We define a homomorphism of
F,-modules

ok 11 — kR(F), (2.4)

which is natural in F and k. Here, we view kf(F ) as an F,-module via the ring
homomorphism m,.: Fy — k, and the k,-module structure on kf (F) as discussed
in Sect. 1.1.

Applying k A — to the cofibre sequence (2.1) yields

1AnE 1AL

PN NS BN Sy i Y 2.5)

We consider the map ¢ : k A F — k, defined as ¢ = puy o (1 A ), and we note
that ¥ is a retraction of 1 A np, natural in F' and k. Observe that if k = F as
R-modules (Example 2.16), then 1 is just the second product v of F.

The cofibre sequence (2.5) induces a short exact sequence of k,-modules:

Vs

O—>k*—>kR( F)

KRz —o0 (2.6)
kR(1r) kR(B) « (2D

The retraction ., which is easily seen to be a k,-homomorphism, induces a
ky-linear section oy : kf(ZI ) — kf(F ), which is natural in F and k as well.
So there is a natural isomorphism of k,-modules

kKR(Fy =k, @ kR(zD),

given by b —— (¥ (b), kf (B) (b)), with inverse (¢, a) —> kf(np)(c) + o (a).
We define ga'; to be the composite

o= FRoeI == Ol e @ I[1] > (kA ST, 2> kR (F),

where ¢ is the map as considered in (1.1). Observe that (p]; is a homomorphism of
F,-modules.

Definition 2.17. We call (p]; the characteristic homomorphism of the admissible
pair (F, k, ). If k and F are understood, we just write ¢.

For another description of ¢ based on a Kiinneth spectral sequence compare
Remark 3.6.
We defer the proof of the following fact to Sect. 2.5:
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Proposition 2.18. The characteristic homomorphism (pll‘T does not depend on the
products on F and k.

Recall that any regular quotient module F' of R can be realized as a regular
quotient ring (Proposition 2.10). The following definition is meaningful by Propo-
sition 2.18:

Definition 2.19. The characteristic homomorphism of a regular quotient module
F = R/ is the characteristic homomorphism (pf;7 : I/1*[1] — ER(F) of the multi-
plicative admissible pair (F, F, 1), where F is endowed with an arbitrary product.
We will denote it by ¢ or simply by ¢ if F is understood.

2.4. The characteristic bilinear form

Assume that (F, k, ) is an admissible pair. For brevity, we write " ¢ for the com-
position of the following k,-homomorphisms

1® ~
T ke ®p, 1/T°[1] —> ky @i, kR (F) = kR(F).

Recall the R-module map ¥ : k A F — k from Sect. 2.3 and the algebra structure
on kR (F) from Sect. 1.1.
We define b’} to be the composite of k.-homomorphisms

T, Q2 mk .
b (ke @, T/TP[1)®? 2 kR (F)®2 =5 kR(F) Y k.

Definition 2.20. We call b’; the characteristic bilinear form associated to the admis-
sible pair (F, k, 7).

Observe that bl} preserves the gradings and is natural in F and k.

In the following, we write x for either of the elements (x + / Hl1rel yai 211]
or 1 @ (x + I*)[1] € k4 QF, I/12[1] associated to some x € I. The context will
make it clear which element is meant.

Associated to b]; is the quadratic form qlfp t ki ®F, I/1 2[1] — ky, defined by
qﬁ‘: x) = b]} (x ® x) for x € 1. Note that qlkp doubles the degrees.

In the special situation of Example 2.16 (k = F as R-modules and 7 = 1p),
we write b), and g,, instead of bg and ¢ 5 , to keep track of the products. If © = v,
we simply write bp and gp. If © = v°P, we write bﬁnp and ¢ I{fop. Whenever no
confusion can be caused, we simply write b and ¢.

If (F, k, m) is multiplicative, its bilinear form b/; is determined by bp as well
as by by. To describe the relationship, let k, ® bp denote the bilinear form on the
ki-module ky ®, 1/1%[1] determined by

(ky @bp)(1Q®X) (1 ®Y)) =mu(br(x ® y)).
Let moreover 7 *(by) be the bilinear form on k, ®F, /1 2[1] determined by
7 b) (1 ®@%) @ (1 ®)) = bi(T+(X) @ T«()),

where 7, : I/I> — J/J? is the canonical homomorphism and where k = R/J.
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Proposition 2.21. The characteristic bilinear form of a multiplicative admissible
pair (F, k, ) is given by b’; = ke @ bp = ¥ (by).

Proof. This follows from naturality, by considering the admissible pairs (F, F, 1r),
(F,k,m) and (k, k, 1). O

The bilinear form b’} will be determined for various k and F in the next sub-
section. At this point, we can offer the following general statement, which will be
useful in the sequel.

Proposition 2.22. Let (F, k, ) be a multiplicative admissible pair. Then the char-
acteristic bilinear form bkF,,p of the admissible pair (FP, k, ) is trivial. In partic-
ular, bgo,, = 0 for a quotient ring F.

Proof. We first show that bg(,p = 0 for a quotient ring F. The natural left and right
actions of F on F A F and F induce left actions of F A F°P. The product map
w: F AN F — F respects these actions, and so [ty : F*R(F) — F is a map of left
FR(F°P)-modules. On FR(F°P), the FR(F°P)-action is the same as the one given
by left multiplication in the algebra Ff (F°P). As a consequence, we have for any
x,y € I withresidue classes X,y € ks ®Fp, /] 2[1] (where -°P denotes the product
in FR(FOP)):

birop(X ® 7) = V(@) -® 9(3)) = pa(p(®) - 9(5))
= @(X) - px(@(y)) =0,

because V. = w4 (second equality), [y 1S Ff (F°P)-linear (third equality) and F
is concentrated in even degrees (fourth equality).

The statement for arbitrary multiplicative admissible pairs (F, k, ) now fol-
lows directly from Proposition 2.21. O

Corollary 2.23. For a commutative quotient ring F, we have br = 0.

2.5. The test case F = R/x

Assume that (R/x, k, ) is an admissible pair, where x € R;. We will first deter-
mine its characteristic homomorphism and bilinear form.

We need some preparations. Applying kf (—) to the cofibre sequence (2.2) gives
the short exact sequence of k,-modules

R kR g KRB R ocdtl
0 — kX(R) == kB(R/x) =5 kR(z?HR) — 0. 2.7)

Because of kogq = 0, kR (29T R) = k,[d + 1] and because d is even, there exists
a unique class a, € kR (R/x) with kR ()« (ay) = 1[d + 1]. Therefore

KR(R/x) = ky @ kld + 1], (2.8)

where 1 € kR (R/x) corresponds to (1,0) and a, € kR(R/x) to (0, 1[d + 1]).
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Remark 2.24. By (2.8), the k.-module kf (R/x) is k.-free. As a consequence,
kf (F) is ky-free for any regular quotient . Namely, by Remark 2.3 and a Kiinneth
isomorphism, kf (F) = colimy kf (R/x1N)®---® kf (R/xy) is ky-free. For another
argument based on a Kiinneth spectral sequence, see Remark 3.6.

The k.-module k. ®F, 1/1 2[1] is freely generated by x. Therefore, b = b’,‘e Jx
and g = qﬁ /x are determined by the single element b(Xx ® x) = g(x).

Lemma 2.25. We have ‘p];e/x (x) = ay and qg/x x)-1= af.

Proof. The first equality is a direct consequence of the definition of ¢. For the
second one, notice that by definition of ¢ and by the first equality, we have

q(®) = Yk () (k(ax ® ay))) = Yulmp(ax ® ax)) = Yulax - ax).
This implies the statement for dimensional reasons. O
We can now prove Proposition 2.18:

Proof of Proposition 2.18. Observe first that go]fF is obviously independent on the
product on F, since the latter does not enter into its definition.

To show independence on i, we let x € I be arbitrary and show that (p’lf- (x)
can be expressed without reference to ui. Let nr: R/x — F be the unique fac-
torization of ng: R — F. Choose a product on R/x such that i is multiplicative
(Proposition 2.12). Then the pair (77, 1 r) is a morphism between the admissible
pairs (R/x, k,wnF) and (F, k, ). Therefore, by naturality of the characteristic
homomorphism, the following diagram commutes:

k

PR/x
@)/ (D[] — 2> kR (R /x)

.

1121 —2— kR (F).

Now (,0’1‘e Jx (x¥) = a, by Lemma 2.25, which is defined independently of the product
on k. Hence so is (p’; (x). |

We now aim to relate gg/x to Strickland’s commutativity obstruction c(/4g,/x)
(Proposition 2.6).

Proposition 2.26. For a regular quotient ring F = R/x with product u, we have
qr(¥) = —c(i) € Ry/x.

Proof. The quadratic form g on (x)/ (x3)[1] Z R,/x - X on the one hand is deter-
minedby g = gr(xX) = [« (a)%) (we are in the situation where ¢ = w). The obstruc-
tion ¢ = c(u) on the other hand is characterized by the identity c(BAB) = u—ut,
where 8 = B, : F — 1R is taken from the cofibre sequence (2.2). Therefore
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we need to show that the maps fi1 = —q(B A B) and f> = u — ut coincide. We
prove this using the isomorphism of F,-modules

dc*: Fi(F A F) — Homg, (FX(F) ® FR(F), F,) 2.9)

given by composing the duality isomorphism d from Sect. 1.1 with the one induced
by the Kiinneth isomorphism « = «,.

First consider (dx*)(f1). Observe that by definition kf (B)(1) = 0 and
kf (B)(ay) = 1. From this, we easily deduce that

@) (MA@ D = @dc™)(fi)lax ® 1) = (de™)(fH ®ay) =0

and that

@) (fi)(ay ® ay) = —qkR(B) @ kR (B))(ay ® ax) = ¢

A sign is arising here according to (1.1), because we let commute an odd degree
map, kf (B), with an odd degree element, a.
Now consider (dk*)( f2). As both p and T = pu°P are products on F, we have

0= (dc")()A® D) = [@dc™)(fo)(ax ® 1) = (dx™)(f2)(1 ® ax).

By definition of ¢, we have (dx™)(u)(ay ® ay) = ux(ay - ay) = g and moreover,
as ay -? a, = 0 € FR(FP) by Lemma 2.25 and Proposition 2.22,

(de™)(uP)(ay ® ay) = ps(ax P ax) = 0.

It follows that (dx*)(f2) = (dk*)(f1), which concludes the proof. O

2.6. Diagonal ring spectra

The main aim of this subsection is to determine the characteristic bilinear form of
a diagonal regular quotient ring. More generally, we consider R-rings F which are
obtained by smashing together an arbitrary family of quotient R-ring spectra F;.
We specify conditions on the F; which imply that F is a quotient ring and that the
characteristic bilinear form b is determined by those of the F;.

Suppose that (F;, (i, ni)i>1 is a family of R-ring spectra. There is an obvi-
ous way to endow a finite smash product F; A --- A F,, with a product structure,
by mimicking the construction of the tensor product of finitely many algebras.
We now show that this construction extends to infinitely many smash factors. Let
F = FiAFyA---andlet j; : F; — F be the natural maps. The following statement
generalizes [14, Prop. 4.8]:

Proposition 2.27. There is a unique R-ring structure on F such that ji commutes
with ji ifk # 1.
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Proof. There is an obvious right action of F,, on F(n) = F1 A - - - A Fy,. It extends
in an evident way to compatible F;,-actions on F (i) for all i > n, which induce an
actionyr,: FAF, — F.Weclaimthatthe natural maps,: [BAF,, F] — [B, F]
induced by the units 1,: R — F), are surjective for any R-module B. In fact,
we obtain a section of m, by associating to a map o: B — F the composition
Yn(@ A 1): BAF, — F,because the diagram

BAF, 2 FAr - Vsp

.

B——m—F

commutes. As a consequence, we find that [F", F] = lim,[F (n)"", F]forr > 1,
by Milnor’s exact sequence. For the rest of the argument, we follow the proof of
[14, Prop. 4.8]. O

Definition 2.28. We call F' with the product from Proposition 2.27 the smash ring
spectrum of the F;.

Suppose now that (F; = R/I;, j;, ni)i>1 is a family of quotient rings. Let
(F, u,n) be the smash ring spectrum of the F; (Definition 2.28) and let I =

Iy + I + - - -. We aim to express b in terms of the br, under conditions on the
ideals I; which guarantee that F, = R, /I and that

1/1P =D R/I @k, 1/ 17
i

To begin with, note that the canonical homomorphisms
Ri/(h+--+ 1) =E(F)e® - Q@ (Fi)x —> (F1 A~ A Fr)s

induce on passing to colimitsamap6: R/l = R,/(I1+1>+---) — F,.Consider
the following hypotheses:

(i) @ is an isomorphism;
i) (h+-4+h—) Lr=U1+---+L—1) NI forall k > 1.

Remark 2.29. It may be interesting to note that in the case where I = (xi) for all &,
hypothesis (ii) is equivalent to the condition that (x1, x7, . ..) is a regular sequence.
This is easy to verify. The assumption that R, is a domain is essential here.
Proposition 2.30. Hypotheses (i) and (ii) are both satisfied if for k > 1

Torls (Ry/(Iy + -+ + Ii—1), Re/Ix) =0 Vi > 0.

In particular, (i) and (ii) hold if I} is generated by a sequence which is regular on
R./(I1 +-- 4 Ir—1), forallk > 1.
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Proof. To show (i), we prove by induction that
Ro/Uy + -+ L) EF1LA--- A Fr)s
For the inductive step, it suffices to consider the Kiinneth spectral sequence
E},=Torf (Fi Ao A Fio)s (FOw) = (FL A A F)s,

(see [7, IV.4]), which degenerates by assumption.
For (ii), recall that for ideals J, K C R,, we have [6, Exercise A3.17]

Tor("(Ry/J, Re/K) = (J N K)/(J - K).
The last statement can be easily verified by using Koszul complexes. O

The following fact must be well known. For lack of a reference, we indicate its
proof in Appendix A.

Proposition 2.31. Suppose that (ii) is satisfied. Then there is a canonical isomor-
phism of R../I-modules

11 =D R/I @k, /17 (2.10)
i>1

We record the following immediate, well-known consequence:

Corollary 2.32. Let I < R, be an ideal generated by a regular sequence
(x1,x2,...) and let x; € I/I2 denote the residue classes of the xi. Then there
is an isomorphism of Ry I-modules I /1> = D, R./1 x;.

The next proposition describes the characteristic bilinear form associated to
a smash ring spectrum. For the definition of the bilinear forms F, ® b, see the
paragraph preceding Proposition 2.21.

Proposition 2.33. Let F' be the smash ring spectrum of quotient rings F; and sup-
pose that conditions (i) and (ii) above are satisfied. Then the bilinear form b is
isomorphic to the direct sum of the F, ® b..

Proof. LetV; = Ii/Iiz[l], V = 1/12[1] and let j;: F; — F be the natural maps.
As a consequence of naturality, the diagonal terms of the bilinear form by with
respect to the decomposition in condition (ii) are given by F, ® br,. Hence we need
to show that the off-diagonal terms of b vanish. More precisely, we must have
br(xr @ x1) = 0fork # I, x; € Iy and x; € I;. By definition, this means that the
composition
F

VioV, — VeV XL pRpyg FR(F) 25 FR(F) 5 B, 2.11)
has to be trivial, where the first map is induced by the inclusions of I; and [; into 1.
By naturality, the composition of the first two morphisms of (2.11) coincides with

FRGO®FR (i)
—_—

F F
$F, ®YF,
Vi ® Vi ——5 FR(F) @ FR(F) FR(F)® FR(F).
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Because ji: Fr — F and j;: F; — F commute, the composition of the last two
morphisms of (2.11) with FR(jx) ® FR(ji) coincides with

FRjn®FR () Mo .
=2 FRPy @ FRP) 5 FR(F) &5 F..

FR(F) © FR(R)
Note that mgop can be viewed as the left action map of FX(F°P) on itself which
is induced by the left action of F A F°P on itself. Now g, : Ff(F) — F, is left
Ff (F°P)-linear, as we have noted earlier. Because V; and V; are concentrated in
odd degrees, an argument as in the proof of Proposition 2.22 shows that (2.11) is
Zero. O

We close this section by determining the characteristic bilinear form br of a
diagonal regular quotient ring F'.

Proposition 2.34. Let (x1, x2,...) be a regular sequence in R, generating an
ideal I < R,. Suppose that pu; are products on R/x; and let F = R/I =
R/x1 AN R/x3 A --- be the induced diagonal regular quotient ring. Then the char-
acteristic bilinear form b : 1/12[1] QF, 1/12[1] — F is diagonal with respect
to the basis X1, X2, ...and bp(X; @ X;) = —c(u;) mod 1.

Proof. Combine Propositions 2.26 and 2.33. O

3. The homology algebra

The aim of this section is to study the homology algebra kX (F) for an admissible
pair (F, k, ), with its natural product mI; from Sect. 2.4.

3.1. The main result and some consequences

Before stating the main result, we recall the definition and the universal property
of Clifford algebras.

Let M, be a graded quadratic module, i.e. a graded module over a graded com-
mutative ring k., endowed with a quadratic form g : M, — k, which doubles degrees
(for instance the quadratic form associated to a degree-preserving bilinear form).
Let T(M,.) denote the tensor algebra over k., with its natural grading. The Clifford
algebra CL(M,, q) is defined as

ClMy,q) =T(M,)/(x®x —q(x)-1; x € My).

Astheideal (x ® x —g(x)-1; x € M,) is homogenous, C{(M,, q) inherits a grad-
ing from T(M,). Up to unique isomorphism, C£(M,, g) is characterized by the
following universal property: Any degree-preserving k,-linear map f: My, — A
into a graded k.-algebra A, such that f (x)?2 = g(x) - 1 forall x € M, lifts to a
unique algebra map C4(M,, g) — A.
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Theorem 3.1. Let (F = R/I, k, ) be an admissible pair. Then the characteristic
homomorphism

T ke @p, 1/1%[1] — kR (F)
lifts to a natural homomorphism of ky-algebras
®: Clky @F, I/1%[1], ¢%) — kR(F).
If F is a regular quotient, then ® is an isomorphism.

We will prove this result in Sect. 3.2 and draw some consequences now. Let us
first spell out the following important special cases:

Corollary 3.2. Let F = R/I be a regular quotient ring. Then there is a natural
Fy-algebra isomorphism

FR(Fy = e/ r* 1, qr).

Corollary 3.3. Let F = R/ 1 be aregular quotient ring. Then there is an Fy-algebra
isomorphism

ER(FoPy = A(1/1711)).

Under this isomorphism, the homomorphism (L)« : Ff (F°Py — F, corresponds
to the canonical augmentation ¢ : A(I/I2[1]) — F,.

Proof. The first statement follows from the fact that g Ifop = 0, by Proposition 2.22.
For the second statement, note that the map (ur), is determined as the unique
FR(F°P)-bilinear map which is trivial on the image of ¢. The augmentation &, in
turn, is a map of algebras, hence A(1/1 2[1])-bilinear, and it is trivial on /1 2[1].
Hence the two maps coincide. O

Remark 3.4. Let (F, k, w) be a multiplicative admissible pair, with F = R/I a
regular quotient ring. From Corollary 3.3 and Proposition 2.21, we deduce that
there is an isomorphism of k,-algebras

kR(FOPy = A(ky @, T/1%(1]).

We can be more explicit in the case of a regular quotient ring F = R/I if we
fix a regular sequence (x1, X2, ...) generating /. By Corollary 2.32, this choice
determines an isomorphism 7 /1 2~ @i F.x;, where x; denote the residue classes,
as usual. Letting @; = ¢(x;) € F*R(F), we have

FR(FP) = A(ay, a2, .. ). (3.1

Assume now that F is diagonal and let ¢c; € R, /x; be the commutativity obstruction
of R/x; of Proposition 2.6 and let ¢; be its residue class in F,. Using the explicit
description of b (and hence gr) from Proposition 2.34, we find:

FRF)=T(a1, a2, ..)/(@? +G -1, arag +agap; i > 1, k #1).  (3.2)

We add an example to illustrate the usefulness of the naturality of the isomor-
phism @ in Theorem 3.1.
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Example 3.5. Let R = HZ and p be a prime. Recall that R, F = HZ/p* and
G = HZ/p? are commutative S-algebras and that the canonical map F — G
corresponding to the inclusion I = ( P — J=p)is multiplicative [7, IV.2].
Multiplication by p* and p? induces isomorphisms Z/p* = I/I? and Z/p> =
J/J?, respectively. Under these identifications, the map I/1> — J/J? corre-
spondsto p: Z/p* — 7/ p>. For any (G, k, ) admissible, the map of k-algebras
kB(F) — kR(G) identifies with Ay, (a) — Ay, (b), a —> p-b.Ifk = HZ/p,
this map is trivial, if k = HZ/p?, it is non-trivial.

Remark 3.6. ! The Kiinneth spectral sequence (see [7, [V.4])

E} , =Torks (ky, F,) = ki, (F) (3.3)

is amultiplicative spectral sequence of k,-algebras, see [3, Lemma 1.3]. By standard
techniques,

Tor®: ks, F,) = A(ks ®F, 1/1°[1])

as k,-algebras (this follows for instance from [11, VIIL.6, Exercise 3]). For dimen-
sional reasons, the elements of k., ®F, 1/1 2[1] are permanent cycles and thus by
multiplicativity, the spectral sequence collapses. As A(ky ®F, 1/1 2[1]) is a free
ks-module, there are no additive extensions and hence kf (F) = Atky®F,1/1 2[l])
as k,-modules. The proof of Theorem 3.1 can be seen as resolving the multiplicative
extensions in the spectral sequence.

The characteristic homomorphism "¢ : ks @f, 1/1 2] —» kf (F) can also be
considered from the point of view of this spectral sequence. Let %y C %) C --- C
kR(F) be the filtration naturally associated to the spectral sequence. Consider the
short exact sequence

0— Y9 — F — Efo* — 0. (3.4)

The retraction v, from (2.6) induces a natural retraction in (3.4). Therefore we
obtain a natural isomorphism %] = %, ® E fo* We can show that the composition

ki ®F, 1/1*[1]1 = Tor (", (ky, Fy) = EY°, € F1 CkR(F)

coincides with 7 ¢.

3.2. Proof of Theorem 3.1

To begin with, suppose that F' = R/x, for some x € R,, and let a, = (pll‘?/x (x).
Then kR (F) = ki @ kyay by (2.8) and a? = ¢¥(¥) - 1 by Lemma 2.25. Hence @
is an isomorphism of algebras

Ty, (ay)/ (@2 — g* (%) - 1) = kR (R/x), (3.5)

which is exactly the statement of the theorem for F = R/x.

! This remark has been suggested by the referee.
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Assume now that F is a quotient ring of R. By the universal property of Clifford
algebras, the lift ® exists if and only if ¢X.(¥)? = gk (x) - 1 forall x € I. Fixx € I
and consider the natural map j: R/x — F. There exists a product ¢, on R/x such
that j is multiplicative by Proposition 2.12. Now the inclusion (x) € [ induces a
commutative diagram of the form

ok
()2 [1] —= kR(R /x)

l J{kf(j)
k

¢
1/1[1] —— kR(F).
As j is multiplicative, kR (j) is a map of algebras. We thus obtain
0p (5 = kX (D) (@ (D) = kL (DGR () - 1) = g () - 1,

by Lemma 2.25 and by naturality of g. It follows that w’} lifts to an algebra map
b = CDkF, as asserted.

Suppose now that F is a regular quotient ring. To show that & is an isomor-
phism, it suffices to prove this for the case where [ is generated by a finite regular
sequence (x1, ..., x,). The general case then follows easily by passing to colimits.
Let i;: (x;) — I denote the inclusions and #;: (x;)/(x;)> — I/I? the induced
maps. As before, we choose products w; on the R/x; such that the natural maps
Jji: R/x; — F are multiplicative. Consider the diagram of k,-modules

n k*® ®<D/;? s n
® ke ® CE)/ () ) ¥)® kR (R/xi)
i= i=1

RU®i;) &k« (i)

Le(@h) 2

R ke ® CLUI /1%, %)

i=1 i

® kE(F)

1

ke @K
ke ® CLI/ T2, qF) .

kR(F).

The two lower vertical maps are given by the multiplication maps of the respective
algebras. The top square commutes because CDII‘, is natural in F and the bottom one
because CIDI; is a morphism of algebras. The top horizontal map is an isomorphism
by (3.5). As [/I*> = '_, F.x; by Corollary 2.32, the composite of the two left
vertical maps is an isomorphism by [5, Chap. VI, §9.3, Cor. 3]. We easily check
that the composite of the two right vertical maps is just the Kiinneth morphism and
therefore an isomorphism. It follows that @’} is an isomorphism, as asserted. O
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3.3. The antipode

Theorem 3.1 allows us to give a neat description of the antipode (or conjugation)
homomorphism z,: FX(F) — FX(F) induced by the switchmap t: F A F —
F A F. For this, we recall a definition from the theory of Clifford algebras. Let
Cl(My, q) be the Clifford algebra on a quadratic graded module M,. Then the
principal automorphism « is the uniquely determined algebra automorphism of
CLl(M,, q) whose restriction to M, is given by «(m) = (=)™l

Proposition 3.7. Let F be a regular quotient ring. Under the isomorphism from
Corollary 3.2, the morphism t.: FR(F) — FR(F) corresponds to the principal
automorphism

a: CL(I/I*1, qF) — Ce(I/1%[11, qF).

Proof. Since the switch map 7: F A F — F A F is a ring isomorphism,
Ty ! F*R(F ) — Ff(F ) is an algebra isomorphism. It therefore suffices to check
that 7, (¢(x)) = —@(x) for x € I. Because there is always a product on R/x such
that the natural map R/x — F is multiplicative (Proposition 2.12) and because ¢
is natural, we may therefore restrict to the case where F = R/x. We setd = |x]|.
Recall that d is even.

Leta, = ¢(x). Then Ff(F) = Fy16& F.a, by (2.8). Clearly, we have 7,.(1) =
1. We therefore need to show that 7, (a,) = —ay.

We prove this by considering the canonical homomorphism

(MATAD)
_

i: FR(F) = (RAF A F), (FAFAF),=FR(FAF)

from the homotopy groups of F' A F to its homology groups. As ¢ is injective (i
induces a retraction), it suffices to prove that Ff (t)(t(ay)) = —t(ay). We do this
by first identifying ¢(a,) and then computing Ff (7)) (t(ay)).

To simplify the notation, we identify FX(F A F) with FR(F) ® r, FR(F) via
the Kiinneth isomorphism and (R A M), as well as (M A R),, with M, for any
R-module M.

To determine t(a,), we start by noting that for dimensional reasons and as
Foqqa = 0, we have

tx(ay)=r-1Qay +s-ay ®1,

where r, s € Fy. Consider the commutative diagram

nAIAL
RANFANF——FAFAF
lAlAﬂi ll/\lAﬁ

nALAL
RAFAR——FAFAR.

The composition of the upper and the right morphisms induces

FRAAB) (@) = 1@ FRBYr-1®ay+5-a, ® 1)
=r-FlP)a) =r-1,
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whereas the composition along the two other edges of the diagram induces
n«(FR(B)(ay)) = n+(1) = 1. Tt follows that r = 1.
The computation of s requires another commutative diagram, namely

nALAL
RAFANF—FAFAF
IAM\L ll/\u
nAl
RAF——FAF.

With the same strategy as above, we obtain that
FRw (@) = Ff( @a +s-a, @ 1) =a, +5-ay

and 74 (u«(ay)) = 0. This implies that s = —1.

We now consider the twomapsi = 1An, j =nAl: F — FAF.Theinduced
morphisms in homology satisfy F*R(i)(ax) =a, ® 1 and Ff(j)(ax) = 1® ay,
respectively. Since T o = j and 72 = 1pAp, we deduce that

FROY(a, @ 1) =1Qay, FRO(1®ay) =a, ® 1. (3.6)
Therefore, we have shown that
FROWa) = F((1®ar—a;® D) =a, ® 1 — 1 @ ay = —t(ay),

which concludes the proof. O

4. The cohomology algebra

The aims of this section are to to give a natural description of the cohomology mod-
ule k% (F) for an admissible pair, to identify the derivations 6 : F' — k in case the
pair is multiplicative and to identify canonically the cohomology algebra Fj (F')
for a regular quotient ring F'.

4.1. The cohomology of admissible pairs

Let (F, k, ) be an admissible pair. Using our identification of homology kR (F)
and Kronecker duality, we derive an analogous expression for cohomology k% (F).
As for homology, we aim for an isomorphism which is natural in both F and k.

For this, we need to modify the category of admissible pairs. We keep the
objects, but declare a morphism (F, k, ) — (G, [, ') in the new category to be
a pair of ring maps f: G — F and g: k — [ such that

T o
g
T

~
Q——"m
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commutes. We refer to this category as the bivariant category of admissible pairs
(this category is also named the twisted arrow category of the category of admissi-
ble pairs). Similarly, we refer to the full subcategory spanned by the multiplicative
admissible pairs as the bivariant category of multiplicative admissible pairs. We
use the expression “natural in F and k” in an analogous sense as for ordinary
admissible pairs.

Cohomology k% (F) defines a functor on the bivariant category of admissi-
ble pairs. Ordinary Kronecker duality d: k} (F') — Dy, (kf (F)) (where Dy, (—) =
Homy, (—, k«)) is not appropriate to study this functor, because Dy, (kf(F )) is
not functorial on the bivariant category. We can get around this inconvenience by
defining a modified version of Kronecker duality, which is of the form

d': kj(F) — Hom}, (FR(F), k). 4.1
It associates to amap f: F — k the homomorphism

FR *
FR(FY 229 Ry 0 Ds Ry W0 g

We leave the easy verification of the fact that d’ is a natural transformation between
functors defined on the bivariant category to the reader.

We will need to work with the profinite topology on k% (M) for R-modules M.
This is discussed in detail in [15, §2], following ideas of [4]. Recall that for any
graded k,-module N, Dy, (N,) carries a natural linear topology, the dual-finite
topology [4, Def. 4.8], which is complete and Hausdorff.

We endow Homp, (M, k), for a graded F,-module M., with the linear topol-
ogy inherited from the dual-finite topology on Dy, (k+«® r, M..) under the adjunction
isomorphism

Hom}, (M, ke) = Dy, (ke ®F, M.). (4.2)
By a slight abuse of terminology, we refer to this topology as the dual-finite
topology, too. By naturality (in the variable M,) of (4.2), the function M, —
Homj;* (M, k) gives rise to a functor from the category of F,-modules to the

category of complete Hausdorff k,-modules. As d’ agrees with the following com-
position (the unlabelled maps are the canonical ones)

d ~
kp(F) = Di, (kf(F)) — Dy, (ks ®F, FR(F)) = Hom, (Ff(F), k), (4.3)
it is continuous, since the Kronecker homomorphism d is continuous.

Proposition 4.1. Let (F = R/1, k, ) be an admissible pair. Then there exists a
natural continuous homomorphism of k,-modules

W: kj(F) —> Homj, (A(I/1%[1]), ks).

If F is a regular quotient ring, V is a homeomorphism.
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Proof. We define W as the composition of continuous homomorphisms
kx(F) L Homj;*(Ff(FOP), ky) 2 Hom*F*(A(I/I2[1]),k*),

where ®* is induced by the homomorphism ®: A(I/I1%?) — FX(F°P) (Theo-
rem 3.1, Proposition 2.22). If F is a regular quotient ring, the Kronecker duality
homomorphism d is a homeomorphism, as kX (F) is free over k. see [15, Prop.
2.5]. Furthermore, it follows from Theorem 3.1 that the canonical homomorphism
ke ®Fp, FR(F) — kX(F) is an isomorphism. Thus all the maps in (4.3) are homeo-
morphisms and hence d’ as well. Moreover, @ is an isomorphism by Theorem 3.1
and hence ®* is a homeomorphism by functoriality. It follows that W is an homeo-
morphism. O

4.2. Derivations of regular quotient rings

Let F be an R-ring and M an F-bimodule. Recall thatamap 6: F — XM in Iy
is called a (homotopy) derivation if the diagram

FAF—20  EASIMYV (SIM A F)
. l (44)
F 4 M

commutes, where the unlabelled map is induced by the left and right actions of F
on M. We write Zer’y (F, M) for the set of all such derivations and Zer’ (F) for
Qer’k (F, F).

Suppose that (F = R/I, k, ) is a multiplicative admissible pair. Then k is
an F-bimodule in a natural way, and so we may consider @er’;(F , k). We endow
Pery (F, k) with the subspace topology induced by the profinite topology on k (F).

We now define a natural transformation

Vi Dery(F, k) — Homj, (I/I%[1], ky)

between functors on the bivariant category of multiplicative admissible pairs with
values in the category of topological k,-modules. We set ¥ to be the composition

Dery(F. k) C ki(F) > Hom®, (A(I/I*[1]), ks) LN Hom, (1/1°[1], k),

where W is the homomorphism from Proposition 4.1 and where ¢ denotes the canon-
ical injection I/1°[1] — A(I/I?[1)).

Proposition 4.2. Suppose that (F, k, ) is a multiplicative admissible pair and that
both F = R/I and k are regular quotient rings.

(i) The homomorphism
y: Perp(F, k) — Hom, (I/I7[1], ky)

is a natural homeomorphism.
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(i1) The composition

-1
Hom, (1/1%[11, ky) v, Dery(F., k) C kx(F).
is independent of the products on F and k.

The proof of Proposition 4.2 requires some preparations and will be given at
the end of this subsection.

To be able to detect derivations, we now relate homotopy derivations with alge-
braic ones. We denote by Der,f* (A, M,) the derivations from a k,-algebra A, to an
A,-bimodule M, and write Derz* (Ay) for DerZ* (Ay, Ay). The grading convention
is that 9 € Derz* (Ax, M) satisfies

da-b) =) b+ (—DIalg . 5b).

Lemma 4.3. Let (F, k, 712 be a multiplicative admissible pair, where F = R/ isa
regular quotient, and let k be k, endowed with a second (not necessarily different)
product. Then the Hurewicz homomorphism

h=kE(=): kj(F) — Hom} (k8 (F), kR (k)) 4.5)
restricts to a monomorphism
h: Dery(F, k) —> Derj (kX (F), kX (K)).

The induced commutative diagram

Dery(F, k) —= Der (KR (F), kR k)

incl l i incl

Ky (F) —"— Homy (kR(F). kR (k))

is a pullback diagram. Explicitly, this means that the derivations are precisely those
maps in ky (F') which induce derivations on applying kf (-).

Proof. Applying the functor 7 = /Ef(—) to the diagram (4.4) and precomposing
with the Kiinneth map «j; : Igf (F) ®x, sz (F) — lEf (F A F) shows that a derivation
6: F — X'k induces a derivation /() on the homology algebra 125 (F). Hence h,
which is monomorphic (see Sect. 1.1), restricts to a monomorphism h, as asserted.
For the second statement, we need to verify, for 6 € kj} (F), the equivalence

0 € Dery(F, k) < h(0) € Der}_ (kX (F), kX (K)). (4.6)

We have shown “="" above and now prove “<=". By definition of Igf (F) and lgf k),
h(0) is a derivation if the diagram obtained by applying 125(—) to (4.4) and pre-
composing with k,, commutes. This implies that (4.4) commutes (see Sect. 1.1),
i.e. that 6 is a derivation. O
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Using Lemma 4.3, we now construct certain derivations in Zery (F). We first
consider the case F = R/x. Recall the maps By, 1, from (2.2). We refer to the
composition

0.: R/x I sd+Ig I, sd+ip )y 47

as the Bockstein operation associated to x.
The following lemma is already known from Strickland [14]. Let y €
Dg, /() ((x)/(x?)[1]) denote the dual of ¥ € (x)/(x)*[1].

Lemma 4.4. The Bockstein operation Q: R/x — SWITIR /x is a derivation for
any product on R/x. It satisfies Y (Qyx) = y.

Proof. We have (R/xP)R(R/x) = A(a) witha = ¢(x), by Corollary 3.3. Apply-
ing (R /xOP)f (—) to the cofibre sequence (2.2), we find that under this isomorphism,
(R/xOP)f(QX) corresponds to % : A(a) = A(a). Therefore, by Lemma 4.3, Q
is a derivation, with ¥ (Q) = y. |
Remark 4.5. The proof shows that Ff(Q x) corresponds to % under the isomor-

phism FX(R/x) = A(a), where a = ¢(%).

Next, we construct derivations in Zery (F) for an arbitrary regular quotient
ring F = R/I. Let (x1, x2, ...) be a regular sequence generating the ideal / and
yi € Dg,(I/1?[1]) be the dual of x; € I/I?[1].

Consider the R,-algebra homomorphisms

Xi: (R/xi)g(R/xi) —> Fg(F)

defined by f +—— f A 1, where 1 denotes the identity map on F/ = A R/x;
and where we identify F with R/x; A F.

Lemma 4.6. Let F = R/I be a regular quotient ring and let (x1,x2,...) be a
regular sequence generating the ideal I. For any products on R/x;, ;i restricts to
an R.-homomorphism

Xi: Derp(R/xij) —> Dery(F).
The derivations Q; = X;(Qy,) satisfy ¥ (Q;) = yi.

Proof. Fix a product on F. To prove the first statement, it suffices to verify that
Xi(0) € Pery(F) for 0 € Perp(R/x;). Choose a product v on R/x; such that the
canonical map j: R/x; — F is multiplicative (Proposition 2.12). By Lemma 4.4,
6 is also a derivation with respect to v. The diagram

R
(FP)R(R/x:) ——% (FOPYR(R/x;)

iF*R(j) lF*R(j)

R .
(FoPYR ()~ 2O (popyR
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commutes by definition of x; (). Since 6 € Per} (R/x;), Lemma 4.3 implies that
FR(6) € Dery, (FP)R(R/x;)). We set as usual ay, = ¢f (%) € (FP)R(R/x;)
and a; = ¢E"(x) € (FP®R(F). Then (F")R(R/x;)) = Apr,(ay) and
(F Op)f(F ) = Apr,/(a1,az,...). Since j is multiplicative and the characteristic
homomorphism ¢ is natural, F*R (j) is an algebra morphism such that F*R ()(ay) =
a;. Via the isomorphism

(FORF) = [ Q) AR (@) | ® Ar (@),
ki

FR(x:(9)) corresponds to 1 ® FR(9). It follows that FR(x;(9)) is a derivation.
By Lemma 4.3, x; () is a derivation as well. In addition, we have ¥ (Q;) = y;, by
naturality of ¢ and by Lemma 4.4. O

Definition 4.7. Let F = R/I be a regular quotient ring. The Bockstein operation
Qq € @er}}(F) associated to « € Hom’;*(l/lz[l], F) is defined to be w_l(oe).
We write Q; for Qy,, where (x1, x2, ...) is a regular sequence generating / and
where y; is dual to X;.

Remark 4.8. Strickland defines in [14] for F = R/I a regular quotient ring a
homomorphism d: Zery(F) — Hom%. (1/1 2, F,) and shows that d is injective.
Moreover, he proves that d is an isomorphism for diagonal F. The homomorphism
d coincides with our ¥, as d(Q;) = y; [14, Corollary 4.19].

Proof of Proposition 4.2. (i) We first show that v is surjective. Choose a regular
sequence (xp, x2, ...) generating /. Let Q; and y; be as above. By Lemma 4.6 and
by naturality of v, we have ¥ (7 o Q;) = 7, o y;. Because Hom’}* (1/12[1], k) is
generated by the elements , o y;, ¥ is surjective.

To show that 1 is injective, suppose that 6 € Zery (F, k) satisfies ¥ (0) = 0.
By Corollary 3.3 (pg)x: (kOP)f (k) — ki, is the augmentation of an exterior algebra
and hence an algebra homomorphism. Therefore, the composition

(T AL«

AU/PD S FRERE) 0 R S ke Lk, 48)
where @ is the isomorphism from Corollary 3.3, is a derivation. By assumption,
its restriction to 1 /1 2[1] is zero. This implies that (4.8) is zero. By duality (see
Sect. 1.1), it follows that 6 is trivial.

It remains to prove that v/ is open. By definition of the topology on Zer (F, k)
and the fact that ¥ is a homeomorphism (Proposition 4.1), it suffices to show that

*: Hom¥, (A(I/1*[1]), ky) —> Hom’, (1/17[1], ky)

is open. By definition of the topologies involved here, this is a consequence of the
fact that an injection of k,-modules V, — W, induces an open map on the duals
with respect to the dual-finite topologies.

(ii) This is clear, because ¥ ( o Q;) = 7y o y; and because Q; = x;(Qy;) is
defined independently on any products. O
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Remark 4.9. It is a consequence of Proposition 4.2 that the x; from Lemma 4.6
induce an isomorphism

H F* @ps/n, Dery(R/xi) = Pery(F).
i>1
We close this section by giving two properties of derivations which we will
need later on.

Lemma 4.10. Any derivation 0 € Per’y(F) satisfies 6% = 0.

Proof. By Proposition 4.2, we may assume that 6 = Q;. By Lemma 4.6, we have
0 = xi(Qy;). Hence 62 is given by smashing Q)%i with the identities on the other
smash factors. But Qii is trivial, by definition. O

Lemma 4.11. For any 6 € Der’y(F), the diagram below commutes:

0
I/1%(1] o ks

wl l(lAn)*
k&)

kR(F) — kR(F).

Proof. Let ¥ e I/I*[1]. Choose a product on R/x such that the canonical map
j: R/x — F is multiplicative (Proposition 2.12). Consider the maps

Derp(F) —> Perg(R/x, F) <— Fy ®g,/x Zerg(R/x)

induced by j. It follows from Proposition 4.2(i) that the second map is an isomor-
phism. Therefore, there is a derivation 0y € PDery (R /x) such that

R/x —2 R/x

Pl

F———F

commutes. By naturality of ¢ and i/, we may therefore assume that F = R/x.
By Proposition 4.2(i) and Lemma 4.4, we can restrict to 6 = Q.. But then, the
statement comes down to the statement in Remark 4.5. m|

4.3. Cohomology of regular quotients

We now determine the cohomology algebra Fj (F) for a regular quotient F.

We need a notation. Let M, be a module over a graded ring F,. The dual-
finite filtration on D(M,) = DF,(M,) induces a filtration of the exterior algebra
A(D(M,)). We write K(D(M*)) for the completion of A(D(M,)) with respect to
this filtration.

An isomorphism of the form below was constructed by Strickland for diagonal
F [14, Cor. 4.19]. His construction relies upon the choice of a regular sequence
generating /. We show that there is an isomorphism which is independent on any
choices, for any regular quotient ring F.
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Theorem 4.12. For a regular quotient ring F = R/, there is a canonical homeo-
morphism of F*-algebras

©: A(Zer’y(F)) = Fi(F).

Remark 4.13. Proposition 4.2 and Theorem 4.12 imply thatif F = R/I is aregular
quotient module, then

ADU/IP[1]D) & F(F).
Note that on fixing a regular sequence (x1, x3, ...) generating I, we obtain

A(Q1, Q2...) = FR(F),
where the Q; are defined according to Definition 4.7.

Proof. SetV = 1/12[1] and recall that V is a free F,-module with basis x1, x3, .. .,
where (x1, x2, ...) is a regular sequence generating /. We define

8: D(V) — D(A(V))

by d(yi) =¢€o B- where ¢ is the canonical augmentation of A(V) and y; is dual
to x;. We easily check that 8 lifts to a homeomorphism

A: A(D(V)) — D(A(V))

with A(y;, A=+ Ay;,) =¢€o0 39 o- % (for the proof, consider first the case
where V is finitely generated and then pass to limits).

The homeomorphism W : F3(F) — D(A(V)) from Proposition 4.1 is, in the
case we are considering, just the composition of the usual Kronecker homomor-
phism with the dual of the isomorphism ®: A(V)= FR(F). The Kronecker
homomorphism is a homeomorphism, since Ff (F°P) is F,-free.

Lemma 4.6 implies that F*R(Q i) is a derivation of the algebra F*R (F°P). Using
Rernark4 5 and the isomorphism F; R(F°P) = A(V), weeasily check that v(Q;) =
go d- .Since ¥ (Q;) = y; (Lemma 4.6), we have that 54 (Q;) = €o d—- Therefore
the followmg diagram commutes:

Fi(F) —Y > D(A(V))
Fer'y(F) —L = D(V).

As any derivation squares to 0 (Lemma 4.10) and as F(F) is complete, the injec-
tion Zery(F) < Fj(F) lifts to a continuous F,-algebra homomorphism

©: A(Zery(F)) — Fi(F).
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Explicitly, ® is given by ©(Q;; A --- A Qi) = Qi o --- o Q;,. Because of
V(Qj0--r0Q;)=¢€03z-0:--0 %, the diagram below commutes, too:
ll ll

F3(F) —Y—= D(A(V))

(~)T AT
AW

A(Zer’y(F)) —> A(D(V)).

Together with W, A and K(t//), ® is therefore a homeomorphism, too. O

5. Examples

In this section we discuss the example of the Morava K -theories K (n). Their 2-
periodic versions K, can be treated similarly. They are discussed in detail in [8].

5.1. Definition of Morava K -theory

We fix a prime number p. Recall that the p-localization MU, of the spectrum
associated to the complex cobordism MU is a commutative S-algebra (see [7])
satisfying:

(MUp))s = Zpylxt, x2, .1, x| = 2i.
The Hopkins—Miller tﬁeorem [9] has as a consequence that for n > 0, there
exists an M U(p)-algebra E(n) with
E()s Z1im Zp[vr. ... vn-11lvw. v, "1/,

where 1, is the ideal generated by the regular sequence (vo = p, V1, ..., Uy—1)-
Details can be found in [13, Theorem 1.5] and in his unpublished correction “A not
necessarily commutative map”, available on the author’s home page.

The n-th Morava K -theory may be defined as the regular quotient of E (n) by
I,:

K(n) = E(m)/1, = E)/v0 Apy ** Afny EM)/vn1.

Its coefficient ring satisfies K (n)y = IFp[v,, vn_l].

5.2. The case p odd

We first consider the case where p is an odd prime. According to Strickland [14,
Cor. 3.12], there is a commutative E(n)—product L on E(n)/vk forO0 <k <n—1.
Let 1 be the smash ring product of the px on K (n). Since u is commutative, we
have bk ;) = 0 by Corollary 2.23. Therefore if K (n) is endowed with this product
i, then

KmE™ (K ) = ALy /I2[1]) = Aag, - . . an1)

where a; = ¢(v;), as in Sect. 3.1.
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5.3. The case p =2

The case of the prime p = 2 is much more interesting. We use some arguments
and notation from [14, Sect. 7] in the following.
Let wix € MU,(yx_yy denote the bordism class of a smooth hypersurface W

of degree 2 in (CP2k and let J; © (MU())s be the ideal (wpo, ..., wg_1), where
wo = 2. The sequence of the w; is regular, and the image of J; in E(n), is the
ideal Iy = (vg, ..., vk—1), fork = 0, ..., n (see [14]). To simplify the notation,
we write again wy for the image of wy € (MU(2))« in E(n)*.

Proposition 5.1. There is a product i on E(n)/wk with c(ug) = wr41 mod Iy
fork > 0.

Proof. As E (n) is an ,{VI U()-algebra, the functor &: Dyy,, — Qg(n) defined as
EM) = M A MU, En) is strictly rzl\onoidal/.\This can be seen as /f\ollowAs: For
MU @)-modules M and N, M Ayu,,, E(n) = E(n) Amu,, M is an (E(n), E(n))-
bimodule and exactly as in [7, III. 3] there is a natural isomorphism

(M Apugy EM) Agg (E) Ayugy N) = E(n) Anug, (M Apug, N)

of (E (n), E (n))-bimodules. As a consequence, the functor & maps M U )-rings to
E (n)-rings. Strickland constructs a M U z)-product jix on MU o) /wi with c(jix) =
wi4+1 mod Ji fork > 0[14, Sect. 7]. Via the functor &, jix induces an E(n)—prod—
uct it on E(n)/wk. By definition of the obstruction ¢, we check that ¢ () = wi41
mod I. m]

We endow K (n) with the diagonal product u, defined as the smash ring prod-
uct of the pg. As v, = w, mod I,, Propositions 2.34 and 5.1 imply that bg ;) =
U Ya—1 ® Yu—1, Where y,—1 € Dg, (I,/17[1]) is dual to 0,1 € I,/I7[1].
Therefore, 1 is not commutative, see Corollary 2.23.

The opposite product P is the smash ring product of the ,uzp. It follows from
[14, Prop. 3.1 and Lemma 3.11] that c(s¢;") = wi+1 mod I, as 2 € Iy.

Let 1 < k < n. For dimensional reasons, we have (I/Z\(n)/wk,l)z\wklez =
{0, vi}. Therefore, Proposition 2.5 implies that

ety = k-1 0 (L4 vk Quy y A Quy )
The elements wy—_1, vx—1 € Ix/1 ,{2[1] coincide, hence their duals are the same and

so Proposition 4.2 implies that Oy, , = Oy, € Qer%(n)(f(n)/wk,l). As a

consequence, we recover the well known formula:

/,LOp =Muno (1 —+ v, - Qn—l VAN Qn—l)a

where Q,,_1 is defined as in Definition 4.7. Observe that bk ;) = bk (n)or although
w # 1°P. We now compute

KmE™ (K ) = Aao, . ... an—2) ® T(an_1)/(@>_, — v - 1),

where K (n) is endowed with the product p described above and the a; are defined
as in the case where p is odd.
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Appendix A: An algebraic fact

Proposition A.1. Suppose that 11, I3, ... C Ry are ideals which satisfy
i+ +he—) L=+ -+ L—) N Ik

forallk > 1. Let I = I} + I + - - -. Then there is a canonical isomorphism of
R,/ I-modules

11" =R/ @, I;/1}.
i>1

Proof. We prove the statement only for / = I 4 I;. The argument needed for the
inductive step is similar and therefore left to the reader. For infinitely many I;, the
statement follows by passing to colimits.

We begin by showing that 12 =+ 122) N (112 + I»). The inclusion C is trivial. To
show 2, suppose that o € (11 + 122) N (112 + ). Writeexasa =x+w =v + Y,
where x € I, w € 122, yehandv € Ilz.Itfollowsthatx —v=y—welNhh.
By hypothesis, we have Iy N I = I] - I, and therefore « = (x —v) + v+ w €
L -L+ 17 +13=1%

It follows that the canonical homomorphism

/1P — 1JU}+ D@ 1/ + 13) (A.1)
is an isomorphism. Moreover, the canonical map
L/ N L+ 17) — 1/} + D) (A2)

and its symmetric analogue are easily seen to be isomorphisms. Finally, there is a
natural isomorphism

R/l @ Lh/I} = L/(hN L+ 1), (A3)
given by the following composition:
Ro/T @ /I = Re/L@r, 1/1F = (/1) (B - (1/1D)
=1/ L+ I =L/ N L+ ID).

Combining (A.1), (A.2) and (A.3) implies the result. O
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