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We introduce a new boundary layer formalism on the basis of which a class of exact
solutions to the Navier–Stokes equations is derived. These solutions describe laminar
boundary layer flows past a flat plate under the assumption of one homogeneous
direction, such as the classical swept Hiemenz boundary layer (SHBL), the asymptotic
suction boundary layer (ASBL) and the oblique impingement boundary layer. The
linear stability of these new solutions is investigated, uncovering new results for
the SHBL and the ASBL. Previously, each of these flows had been described
with its own formalism and coordinate system, such that the solutions could not
be transformed into each other. Using a new compound formalism, we are able
to show that the ASBL is the physical limit of the SHBL with wall suction
when the chordwise velocity component vanishes while the homogeneous sweep
velocity is maintained. A corresponding non-dimensionalization is proposed, which
allows conversion of the new Reynolds number definition to the classical ones.
Linear stability analysis for the new class of solutions reveals a compound neutral
surface which contains the classical neutral curves of the SHBL and the ASBL. It
is shown that the linearly most unstable Görtler–Hämmerlin modes of the SHBL
smoothly transform into Tollmien–Schlichting modes as the chordwise velocity
vanishes. These results are useful for transition prediction of the attachment-line
instability, especially concerning the use of suction to stabilize boundary layers of
swept-wing aircraft.
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1. Introduction
Exact solutions to the Navier–Stokes equations (NSE) are useful for drawing

conclusions about fundamental properties of flow fields, for validating numerical
simulations and for supporting experimental investigations. Because no straightforward
method for deriving them exists, new solutions were often formulated without any
connection to similar known solutions (Drazin & Riley 2006), and sometimes identical
solutions have been derived independently a number of times. In the first part of the
present work, we combine several known exact solutions for boundary layer flows
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FIGURE 1. Sketch of (a) the ASBL flow and (b) the SHBL flow, along with the
coordinate system. The dashed lines show wall skin friction lines.

into a single solution by introducing a new definition of the boundary layer similarity
variable. In the second part, the linear stability of the new, compound solution is
analysed, unveiling new findings for the stability of the classical, known solutions.

We study the incompressible laminar flow past a flat plate with one homogeneous
direction. A variety of seemingly unrelated solutions exists in this setting, for example
the plane stagnation (Hiemenz) boundary layer (HBL, Hiemenz 1911), where the
axis of homogeneity z is perpendicular to the plane of the flow (x, y), or the
two-dimensional asymptotic suction boundary layer (ASBL, Preston 1948) depicted
in figure 1(a), where the axis of homogeneity z is parallel to the plane of the
flow (y, z). Later it was realized that both belong to the class of Falkner–Skan
(FS) boundary layers (Rosenhead 1963). Still, to date their stability properties have
not been investigated in a common framework. Additionally, various modifications
of the HBL exist, such as the three-dimensional swept Hiemenz boundary layer
(SHBL), which belongs to the class of Falkner–Skan–Cooke (FSC) boundary layers
(Cooke 1950). The SHBL is depicted in figure 1(b), with wall-normal coordinate y,
chordwise direction x and homogeneous sweep direction z. It serves as a model for
the attachment-line flow of swept-wing configurations (Pfenninger 1965; Gaster 1967;
Poll 1979).

Another closely related boundary layer is the oblique impingement boundary layer
(OIBL), which is found when the direction of impingement is tilted by an angle of
attack within the plane of the HBL flow, as has been derived independently by Stuart
(1959), Tamada (1979) and Dorrepaal (1986). Minor differences in the governing
equations due to different choices of the pressure gradients have been clarified by
Drazin & Riley (2006) and Tooke & Blyth (2008). Finally, even more adaptations
have been realized, e.g. time-varying stagnation flow by Kolomenskiy & Moffatt
(2012) and stretching walls by Lok, Amin & Pop (2006). Porous boundaries may
easily be accounted for by allowing for a wall-normal suction velocity (Wang 1991).

Despite their variety, two common features of all the above flows are the presence
of a flat plate and a homogeneous direction z parallel to the plate, along which the
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boundary layer thickness remains constant. In this work, we present a compound
formalism that unifies these solutions (ASBL, SHBL and OIBL). It has already been
briefly introduced in John, Obrist & Kleiser (2012), and we extend it in the present
paper. In the first part of this work, concerning the exact solution, there are two main
findings: first, the physically sensible limit of a SHBL with vanishing chordwise
velocity u is the ASBL, provided there is wall suction (see figure 1); second, an
exact solution is presented which may depend explicitly on both an angle of attack
and a sweep angle. This gives rise to the swept OIBL, a combination of the classical
SHBL and OIBL, which serves as an exact Navier–Stokes solution describing the
flow close to the leading edge of an airplane wing with or without wall suction and
under any angle of attack or any angle of sweep, including the limits 0 and π/2.

The second part of this work consists of a linear stability investigation of the new
class of solutions. The stability of the particular class of solutions presented here gives
further insight into the attachment-line instability (Pfenninger 1965; Gaster 1967; Poll
1979; Saric, Reed & White 2003) found on swept airplane wings. This subcritical
instability, which may cause turbulence immediately downstream of the leading edge,
occurs independently of the classical Tollmien–Schlichting (TS) and cross-flow bypass
transition scenarios (Owen & Randall 1952; Saric et al. 2003). Understanding the
transition processes of this boundary layer at the leading-edge of a swept wing is a
crucial step towards delaying or inhibiting the onset of turbulence along the wing, and
thus towards a reduction of airplane drag and fuel consumption (Arnal et al. 1997).
As yet, these processes are not fully understood and attempts to explain the transition
comprise elaborate linear biglobal stability analyses (Theofilis et al. 2003; Robitaillié-
Montané 2005) and numerical simulations of secondary instability phenomena (Obrist,
Henniger & Kleiser 2012). Therefore, the combination of the linear stability results of
all of the above classical solutions and the presentation of a compound neutral surface
appears useful.

In the case of the ASBL, the critical Reynolds number of the TS mode is
ReAS

class, crit ≈ 54 370 (Hocking 1975), and large portions of the neutral curve have
been reported by Herron, Von Kerczek & Tozzi (1985). For the SHBL, the instability
mode is named after Görtler (1955) and Hämmerlin (1955) (GH), and the critical
Reynolds number is ReSH

crit ≈ 583.1; this was determined experimentally by Poll (1979)
and by means of stability theory by Hall, Malik & Poll (1984), who also included
wall suction in their analysis. Extensions of the GH mode to higher-order chordwise
ansatz functions have been carried out by Obrist & Schmid (2003) and Theofilis et al.
(2003), who confirmed the results for the critical values of Hall et al. (1984).

With our new compound solution formalism, it is possible to analyse the stability of
the SHBL and the ASBL in a unified framework as a function of a single Reynolds
number and wavenumber. Our results provide a smooth neutral surface which contains
the results for the SHBL and the ASBL. In particular, both the three-dimensional GH
and the two-dimensional TS modes are shown to be parametric variations of the same
linear instability. They merge smoothly when the base flow is varied from a three-
dimensional to a two-dimensional one.

The remainder of this paper is structured as follows. In § 2 the governing
equations of the classical and new boundary layer formalisms are introduced. A
non-dimensionalization for the new class of solutions is presented in § 3. The linear
stability analysis of these solutions is carried out in § 4. Section 5 concludes the
paper.
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2. Derivation of the new set of compound boundary layer solutions
2.1. The classical similarity solutions

2.1.1. The SHBL
The new formalism is inspired by the three-dimensional swept stagnation flow

illustrated in figure 1(b), which is obtained from superposition of a plane stagnation
flow (Hiemenz 1911) and a uniform sweep velocity. Using the assumption of a swept
plate of infinite extent (∂/∂z = 0), the classical SHBL formalism (e.g. Schlichting
1979, p. 95) reads

U(x, y)= ax, V(x, y)=−ay, W(x, y)=W∞, (2.1a)

ηSH :=√a/ν · y, (2.1b)

u(x, η)= axf ′(η), v(η)=−√aνf (η), w(η) :=W∞g(η), (2.1c)

where u, v and w are the velocity components in the x, y and z directions, respectively,
with capital letters referring to the outer velocity field and lowercase letters to the full
velocity field, a is a strain rate and W∞ is a wall-parallel far-field velocity component.
The self-similar functions f and g are determined from the set of ordinary differential
equations (ODEs)

f ′′′ + f f ′′ − f ′2 + 1= 0, (2.2a)
g′′ + fg′ = 0 (2.2b)

(Hiemenz 1911), subject to the boundary conditions

f (0)= κSH, f ′(0)= 0, f ′(∞)= 1, (2.3a)
g(0)= 0, g(∞)= 1, (2.3b)

which allow for the wall-normal suction velocity −V0 at the wall,

κSH = V0/
√
νa. (2.4)

The non-dimensionalization associated with this ansatz is based on the reference
velocity W∞ and the reference length scale ∆SH = √ν/a, listed in table 1. The
superscript (·)SH is used to mark quantities which depend on this non-dimen-
sionalization. Owing to the self-similarity of the flow, the strain rate a may be
expressed in terms of two arbitrary (dependent) parameters as a = USH

l /l
SH , where

USH
l is a velocity scale in the x direction and lSH is a length scale related to the y

direction. This will be of importance for the comparison with the ASBL and for the
derivation of a new formalism.

2.1.2. The ASBL
The ASBL, which also satisfies the condition ∂/∂z=0, is depicted in figure 1(a) and

given by w(y)=W∞[1− exp(−yV0/ν)], v =−V0 (e.g. Preston 1948). Here, we also
formally express it as a FS boundary layer (Rosenhead 1963) with z as the streamwise
direction, using the following (arbitrary) representation of the streamwise velocity W∞
as a function of a length scale lAS and a strain rate γ AS:

W∞ = γ AS · lAS. (2.5)
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Formalism Uref ∆ Re κ

(·)SH , (2.1) W∞
√
ν/a W∞/

√
νa V0/

√
νa

(·)AS, (2.6) W∞
√
ν/γ W∞/

√
νγ V0/

√
νγ

Compound, (2.12) Ql
√
ν/γ Ql/

√
νγ V0/

√
νγ

TABLE 1. Reference quantities Uref and ∆ used for non-dimensionalization, along with
the resulting Reynolds number Re and dimensionless suction κ for the three different
formalisms.

This allows us (see Rosenhead 1963, p. 245) to write the ASBL as

U(x, y)= 0, V(x, y)=−V0, W(x, y)=W∞, (2.6a)

ηAS :=
√
γ AS/ν · y, (2.6b)

u(η)= 0, v(η)=−
√
γ ASν · κAS, w(η) :=W∞g(η), (2.6c)

where the non-dimensional suction is expressed as κAS = V0/
√
νγ AS. Again, a

superscript (·)AS is introduced to indicate those quantities which depend on this
non-dimensionalization. The self-similar function g is determined from the ODE

g′′ + κASg′ = 0, (2.7a)
g(0)= 0, g(∞)= 1. (2.7b)

The Reynolds number associated with the formalism (2.6) is listed in table 1. It
is based on a non-dimensionalization with the standard reference velocity W∞
and the non-standard reference length scale ∆AS = √ν/γ AS. The more familiar
classical Reynolds number ReAS

class = W∞/V0 is obtained for the particular choice of
lAS = lAS

class ≡ W∞ν/V2
0 , which leads to ∆AS

class = ν/V0. This is, however, not the only
admissible choice. Later, a different value for lAS will be chosen in order to define
a Reynolds number which may be transformed smoothly to the Reynolds number of
the new formalism.

2.1.3. Singularity of the swept Hiemenz formalism
The motivation for our derivation of a new class of solutions is the fact that the

SHBL formalism (2.1) becomes singular in a limiting case which is nevertheless
physically meaningful. Whereas (2.1) describes a three-dimensional flow generated
by two independent far-field velocities (W∞ and USH

l = a · lSH), the similarity
coordinate ηSH depends only on the velocity component USH

l ; see (2.1b). Therefore,
this formalism only allows for the two-dimensional parametric limit of no sweep
(W∞ = 0), for which it describes the HBL. It becomes singular in the parametric
limit of full sweep where a→ 0 and USH

l → 0, because then ηSH→ 0. Nevertheless,
we will show in the next section that this full-sweep limit is sensible because it is
described by the ASBL, (2.6), which is the homogeneous flow in the z direction past
a flat plate, in the absence of any flow in the x direction, for wall suction κSH > 0.

The fact that the two flow configurations are so closely related physically but are
treated so differently mathematically (with different rescaled coordinates ηSH and ηAS

and different ansatz functions f and g) is a limitation which we will overcome by
introducing a new compound formalism in the next subsection.
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FIGURE 2. Flow fields for three different angles ϕ, displaying Ql, ϕ, Ul, W∞ and l (with
α =π/2).

2.2. Compound boundary layer formalism
First, we describe the far-field flow; then we present the inner boundary layer flow
and, finally, take the formal parametric limits to recover the classical solutions.

2.2.1. Far-field flow
The steady far field for the three velocity components {U,V,W} and pressure P at

constant density ρ (figure 2) consists of an impingement component (γ cos ϕ sin α)
and a chordwise shear component (γ cos α):

U(x, y) = (x sin α cos ϕ + y cos α) · γ +U0, (2.8a)
V(x, y) = −y sin α cos ϕ · γ , (2.8b)
W(x, y) := W∞, (2.8c)

(1/ρ) · (P0 − P(x, y)) = (x2 + y2)/2 · γ 2 sin2 α cos2 ϕ +U0γ x sin α cos ϕ, (2.8d)

where α is the impingement angle in the (x, y)-plane (i.e. the complement of the
angle of attack, π/2−α), ϕ is the sweep angle of the infinite plate in the (y, z)-plane,
P0 denotes the reference pressure and U0 is some constant additional shear flow in
the chordwise x direction. The pressure equation is explicitly included in the analysis
because its implicit treatment in different ways by previous authors (Stuart 1959;
Tamada 1979; Dorrepaal 1986) has caused confusion, which was later clarified by
Drazin & Riley (2006). The angle ϕ is spanned by the far-field velocity components
in the sweep direction (W∞) and the x direction (USH

l ), taken at some height l above
the plane:

tan ϕ =W∞/USH
l . (2.9)

Analogously to §§ 2.1.1 and 2.1.2, the global far-field velocity magnitude

Ql ≡
√
(USH

l )
2 +W2∞ (2.10)
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at height l above the plate (figure 2) may be represented by a length scale l and a
strain rate γ in the direction of the free stream according to

Ql = γ · l. (2.11)

This representation renders Ql a generalized velocity and γ a generalized strain rate,
which are not necessarily oriented in the x and z directions. Rather, Ql impinges on
the plate at an angle ϕ measured in a plane parallel to the wall at distance l above
the plate (figure 2). The relation between γ and a, used for the SHBL formalism
(2.1), is a ≡ γ cos ϕ. The non-dimensionalization of the NSE used for the present
formulation takes Ql as the reference velocity and ∆=√ν/γ as the reference length
scale for calculating the Reynolds number (table 1). The absence of a superscript
indicates quantities for the new, compound formalism.

2.2.2. The boundary layer
The full velocity field satisfies the boundary conditions at the wall and matches the

far-field flow. It is found by introducing the compound formalism for the near-field
solution {u, v,w, p}, based on a rescaling of η:

η :=
√

Ql/(νl) · y=√γ /ν · y, (2.12a)
u(x, η)= γ xf ′(η)+√γ νh(η), (2.12b)

v(η)=−√γ νf (η), (2.12c)
w(η) :=Ql sin ϕg(η), (2.12d)

p(x, η) :=−ρ
2
[γ 2 cos2 ϕ sin2 α(x2 + 2x ·C)+ 2νγ (f 2/2+ f ′)] + p0, (2.12e)

where p0 is some reference pressure, h is a function describing the shear flow in the x
direction, with H′(η)= h(η), and C is some constant. The solutions to the formalism,
f , g and h, are obtained from the ODEs

f ′′′ + f f ′′ − f ′2 + cos2 ϕ sin2 α = 0, (2.13a)
h′′ + f h′ − f ′h= const., (2.13b)

g′′ + fg′ = 0. (2.13c)

The boundary conditions are

f (0)= κ, f ′(0)= 0, f ′(∞)= cos ϕ sin α, (2.14a)
g(0)= 0, g(∞)= 1, (2.14b)

h(0)= 0, h′(∞)= cos α, (2.14c)

where κ := V0/
√
νγ is the dimensionless wall-normal velocity at the wall, such that

v(0)=−V0.
The solutions to these equations depend on the three parameters α, ϕ and κ , which

provide the necessary additional degree of freedom to explore the whole range of
solutions from the HBL (ϕ = 0, α = π/2) via the SHBL (0< ϕ < π/2, α = π/2) to
the ASBL (ϕ=π/2, α=π/2). Also, the OIBL (ϕ= 0, 0<α<π/2) and swept OIBL
(0 < ϕ < π/2, 0 < α < π/2) are described by (2.13). A summary of the parameter
space of the solutions to (2.13) is given in table 2, and a graphical representation can
be found in figure 3.
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FIGURE 3. Schematic of the parameter space (angle of impingement α, sweep angle of
the flat plate ϕ, wall suction κ) and location of the cases 1–4 in table 2. The filled circle
represents the classical plane HBL, and the open circle represents the location of the
Blasius boundary layer (not contained in (2.15)).

Boundary layer flow α ϕ

The general case (0,π/2] [0,π/2]
1. (Suction) Hiemenz/plane stagnation π/2 0
2. (Suction) swept Hiemenz/swept stagnation π/2 [0,π/2)
3. Asymptotic suction π/2 π/2
4. (Suction) oblique impingement (0,π/2] 0

TABLE 2. The parameter ranges for (2.13) in the general case and in the classical limits.

At this point it is of interest to compare the present scaling (2.12a) of the
wall-normal coordinate η with other formalisms from the literature. While there
are various ways of obtaining exact solutions to stagnation flows, they are all limited
by at least one restriction that does not apply here. The class of two-dimensional
FS boundary layers, as discussed by Schlichting (1979) and Rosenhead (1963), is
distinctly different because it inherently depends on only one velocity component.
Even if the flows are extended to three-dimensional FSC boundary layers, the
one-dimensional scaling of the similarity coordinate η remains (as shown above for the
SHBL). Other approaches to describing three-dimensional stagnation flow solutions
fall into two categories. One group assumes axisymmetry (e.g. Rosenhead 1963,
p. 417). Schlichting (1979, p. 100) even refers to the three-dimensional case as ‘the’
axisymmetrical case. This assumption clearly contradicts the homogeneity assumption,
∂/∂z = 0, made here. The other group of solutions obtain their three-dimensionality
through two independent ansatz functions for the chordwise and streamwise velocity
components, which are both linked to the wall-normal component (e.g. Howarth
1951; Wang 1991; Weidman 2012). These flows obtain their three-dimensionality
from a quasi-axisymmetric flow where the chordwise and streamwise axes are
merely rescaled in different ways. However, they do not overcome the singularity
discussed above either. In summary, to the best of our knowledge, so far there is no
other three-dimensional boundary layer formalism which allows for a homogeneous
direction and which contains both of the limiting cases found when either one of the
independent velocity components USH

l and W∞ vanishes.
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2.2.3. Recovering the classical limits
Here it is very briefly shown that the formalism (2.12) contains the classical

boundary layers as parametric limits of the parameter space {ϕ, κ, α}. First, normal
impingement (α=π/2) is considered, for which no sweep (ϕ = 0 in (2.13)) recovers
the HBL of (2.2). At the same time, W∞ ≡ Ql sin ϕ = 0 and γ = a, so that η of
(2.12a) becomes ηSH of (2.1b).

The SHBL is obtained for 0 < ϕ < π/2, in which case the governing equations,
the boundary conditions and all non-dimensional parameters change according to the
rescaling (see table 1), which is discussed in more detail alongside the physical scaling
presented in § 3.2.

The full-sweep situation recovers the ASBL by setting ϕ=π/2 in (2.13a) to obtain
f = const.= κ from (2.14a). Substituting this into (2.13c) recovers (2.7a). At the same
time, USH

l ≡Ql cos ϕ = 0, and η of (2.12a) becomes ηAS of (2.6b).
Oblique impingement is obtained upon inserting ϕ= 0 and 0<α<π/2 into (2.13),

which reduces (2.13) to the classical OIBL, where η depends only on USH
l ≡Ql cosϕ=

Ql. For brevity, these steps are not repeated here and the reader is referred to the
works of Stuart (1959), Tamada (1979) and Dorrepaal (1986) for details.

In the remainder of this paper we omit non-zero angles of attack and restrict
ourselves to the case of α =π/2. This leads to the simplified set of equations

f ′′′ + f f ′′ − f ′2 + cos2 ϕ = 0, (2.15a)
g′′ + fg′ = 0, (2.15b)

f (0)= κ, f ′(0)= 0, f ′(∞)= cos ϕ, (2.15c)
g(0)= 0, g(∞)= 1. (2.15d)

This covers the boundary layers depicted in figure 2, for which some example
solutions are shown in figure 4. At this point, transformations between the Reynolds
numbers and non-dimensional wall-suction velocities of the three formalisms (2.1),
(2.6) and (2.12) may already be formulated, as the reference velocities and reference
length scales have been defined (see table 1):

ReSH

Re|κ=0
= W∞

Ql

√
γ |κ=0

a
= sin ϕ√

cos ϕ
, (2.16)

ReAS

Re|ϕ=π/2
= W∞

Ql|ϕ=π/2
= 1, (2.17)

κSH

κ
=
√
γ

a
= 1√

cos ϕ
, (2.18)

κAS

κ
= 1. (2.19)

Note that the classical Reynolds number ReSH does not depend on κ and that ReAS is
independent of ϕ. Furthermore, the transformation (2.16) illustrates that ReSH→∞ in
the full-sweep limit (ϕ→ 90◦) when a vanishes, even if W∞ remains finite.

3. Physical scaling
This section aims to provide precise physical meaning to the quantities, such as l

or ϕ, introduced during the derivation of the compound formalism in § 2.2. While the
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FIGURE 4. Example solutions of (2.15) at (a) constant suction κ = 1 for sweep angles
ϕ = {0◦, 10◦, . . . , 90◦} and (b) constant angle ϕ = 30◦ for suction values κ = {0, 1, 2, 3}.
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mathematical solution is complete at this point, a sound non-dimensionalization and
physical scaling using the reference velocity Uref and length scale ∆ for (2.15) are
indispensable for practical applications, as well as for the stability theory of § 4.

This section is structured as follows. First, we choose a length scale l in § 3.1,
which allows explicit computation of the reference quantities and the Reynolds
number in § 3.2. For this choice of l, explicit transformations to the classical Reynolds
numbers are presented in § 3.3.

3.1. Choice of the length scale l
One admissible choice for the length scale l is the dimensional boundary layer
momentum thickness θ of the w velocity component in the z direction. The
physical momentum thickness θ and its non-dimensional counterpart θ̄ are, by
definition, related by the reference length scale ∆, which itself depends on the
non-dimensionalization (table 1):

θ̄ (ϕ, κ) ·∆≡ θ(ϕ, κ). (3.1)

The dependence of θ̄ on ϕ and κ is easily seen from its definition,

θ̄ (ϕ, κ) :=
∫ ∞

0
g(ϕ, κ)(1− g(ϕ, κ)) dη. (3.2)

The choice l= θ is beneficial for the following two reasons. First, it is measured in
the wall-normal direction, in which all solutions of (2.15) have a non-zero velocity
component, so that l never vanishes. It is bounded in the entire parameter space
(ϕ, κ), because it is a function of both the wall suction and the strain of the far field
due to stagnation flow. In contrast, lSH = USH/a of the classical SHBL formalism
simultaneously measures a distance in the x and y directions; so, for vanishing
USH

l , the classical length scale lSH becomes undefined. Second, the choice l = θ
is advantageous because θ does not explicitly depend on only one of the physical
parameters (a or V0). Rather, it depends on the solution to the NSE. Naturally, this
invokes a dependence on the Reynolds number itself and incorporates the influence
of the far field and of the boundary conditions into a single length scale. Lew (1956)
already stated that the most significant Reynolds number for flows over a porous
cylinder ‘appears to be composed of the magnitude of the suction velocity at the
wall and the radius of the cylinder’. Therefore, the dependence of Re on θ , which
depends implicitly on both the strain rate a and the suction V0, is consistent with
Lew’s statement.

3.2. New Reynolds number as a function of ϕ and κ

With l = θ(ϕ, κ), the value of θ̄ can be determined as a function of ϕ and κ . We
exploit the fact that θ is related to θ̄ through (3.1) and use the definition of γ in
(2.11) to obtain

θ̄ (ϕ, κ)= θ

∆
= θ
√
γ√
ν
= θ
√

Ql√
θν
=
√

Qlθ

ν
= Ql√

γ ν
= Re(ϕ, κ). (3.3)

The Reynolds number Re of the compound formalism (2.12) is thus identical to the
non-dimensional boundary layer thickness θ̄ . This is due to the self-similarity of the
governing equations (2.15) and the choice of l= θ .
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While one could obtain an impression of Re by simply solving (3.2) numerically for
various values of ϕ and κ , the dependencies along the axes κ = 0 and ϕ = π/2 may
also be derived analytically as follows. Integration of (3.2) at the point {ϕ= 0, κ = 0}
results in

θ̄0 := θ̄ (ϕ = 0, κ = 0)=
∫ ∞

0
g(0, 0)(1− g(0, 0)) dη≈ 0.4042, (3.4)

which is the non-dimensional momentum thickness of the HBL (Rosenhead 1963,
p. 471). An expression for Re(ϕ)|κ=0 may also be found analytically by using the
non-dimensional thickness θ̄ SH of the classical formalism (2.1):

Re(ϕ)|κ=0 = θ̄ (ϕ)κ=0 = θ(ϕ, κ = 0)
∆(ϕ, κ = 0)

= θ̄ SH∆SH

∆(ϕ, κ = 0)
= θ̄0√

cos ϕ
. (3.5a)

The first equality is (3.3), the second is (3.1), and the third holds because θ of the
SHBL is the product of θ̄ SH and the length scale ∆SH of the classical formalism. The
classical result is θ̄ SH ≡ θ̄0 ≈ 0.4042, which is known from the literature for (2.2).
Finally, ∆SH/∆ is evaluated from table 1.

Following the same reasoning, Re(κ)|ϕ=π/2 is obtained from

Re(κ)|ϕ=π/2 = θ̄ (κ)ϕ=π/2 =
θ
(
ϕ = π

2
, κ
)

∆
(
ϕ = π

2
, κ
) = ν

2V0

√
γ

ν
=
√
νγ

2V0
= 1

2κ
, (3.5b)

where the momentum thickness of the ASBL, θ(ϕ=π/2, κ)= ν/(2V0), has been used.
A contour plot of Re(ϕ, κ) is obtained by numerically solving (3.2) with shooting

integration (figure 5) and summarizes (3.2)–(3.5). It is interesting to see that Re is
bounded within the entire parameter space depicted in figure 3, except for the singular
limit of the Blasius boundary layer, {α =π/2, ϕ→ 90◦, κ→ 0}.

3.3. Transformation to the classical Reynolds numbers ReSH and ReAS

The Reynolds number Re, which has been computed for the entire (ϕ, κ) parameter
space, may be transformed explicitly to the classical definitions ReSH and ReAS (see
table 1) by employing the transformations (2.16) and (2.17) together with (3.5):

ReSH = sin ϕ√
cos ϕ

· θ̄0√
cos ϕ

= θ̄0 · tan ϕ, (3.6a)

ReAS = 1/(2κ). (3.6b)

A SHBL with suction, described by {ReSH, κSH}, may be transformed to the new
parameters by obtaining ϕ from (3.6a) and then κ = κSH√cos ϕ from (2.18). Likewise,
an ASBL, described by ReAS, may be converted to κ by (3.6b).

The fact that the classical Reynolds number ReSH depends only on the single
parameter ϕ, as seen in (3.6a), may easily be verified by dimensional analysis: the
parameters {W∞, ν, a} can form exactly one independent non-dimensional quantity,
but no independent reference length scale is provided. By construction, the angle ϕ
relates W∞ and a in (2.9) via the auxiliary variable lSH =USH/a. Meanwhile, because
no independent length scale exists, lSH must itself be constructed using ν. Thus, the
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FIGURE 5. Surface plot and contour lines of the Reynolds number Re = θ̄ (ϕ, κ) as a
function of the sweep angle ϕ and the wall suction κ , obtained by numerical integration
of (2.15). The explicit dependence along the axis κ=0 follows from (3.5a), and that along
the axis ϕ =π/2 follows from (3.5b).

non-dimensional number ϕ relates all three parameters {W∞, ν, a} and therefore ReSH

must be a function of ϕ alone.
The same reasoning holds for the dependence of ReAS on κ , because the ASBL does

not have an extrinsic length scale.
A direct, explicit relation between Re and ReSH is found by eliminating ϕ from

(3.5a) and (3.6a) altogether:

Re|κ=0 = θ̄0√
cos
[
atan(ReSH/θ̄0)

] = θ̄0

(
1+

(
ReSH

θ̄0

)2
)1/4

. (3.7)

If ReSH � 1, which is usually the case in aerodynamics, this result may be further
simplified to

Re|κ=0 ≈
√
θ̄0 ReSH. (3.8)

The transformation of Re(κ)ϕ=π/2 to the classical, more familiar definition of the
ASBL Reynolds number ReAS

class =W∞/V0 reads

Re(κ)|ϕ=π/2 = Ql|ϕ=π/2√
νγ |ϕ=π/2

=
W∞

√
θ
(
ϕ = π

2

)
√
νW∞

= W∞
√
ν/(2V0)√
νW∞

=
√

ReAS
class

2
, (3.9)
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FIGURE 6. Dependence of Re on the classical Reynolds numbers ReSH (as described by
(3.7) and (3.8)) and Re AS

class (as described by (3.9)). The dashed curve in the inset represents
the asymptote (3.8).

where the second equality follows from (2.11) and the third from (3.5b). Relations
(3.7), (3.5b) and (3.9) are illustrated in figure 6.

Finally, we highlight a duality. A unique pair (ϕ, κ) can be obtained not only by
first calculating ϕ from the strain of a SHBL, using (3.6), upon which some suction
κSH is then superimposed (transformed to κ); alternatively, κ may be computed first,
based on an ASBL upon which far-field strain is then superimposed by letting the
wall-normal velocity exceed the wall-suction velocity. The latter approach requires the
definition of a non-dimensional ‘strain number of the ASBL’, say χ , from which ϕ
may be calculated. With the condition that the strain number be zero in the absence
of strain, it follows from dimensional analysis that

χ :=
√−ν dV/dy

V0
=
√
νγ cos ϕ

V0
=
√

cos ϕ
κ
= 1
κSH

, (3.10)

i.e. χ is the inverse of the classical parameter κSH . Therefore, the suction κSH of a
SHBL may be interpreted as an inverse strain number of the corresponding ASBL,
which determines by how much the ASBL is strained in the chordwise direction.

4. Linear stability theory
This section is devoted to linear stability analysis of the exact solutions given

by (2.15). In § 4.1 the equations of linear stability of the SHBL with suction and
those of the ASBL are derived. In contrast to the classical equations, the compound
formalism (2.15) is used throughout. Common properties of the sets of equations
are demonstrated analytically in § 4.2 before the compound linear stability problem
is solved numerically in § 4.3. The compound formulation allows us to investigate
the linear stability of the attachment-line boundary layer where the classical SHBL
formulation becomes singular. This includes the cases where the leading-edge radius
R∗ tends to infinity or where the wing sweep angle Λ goes to 90◦.

4.1. Stability of the SHBL and the ASBL in compound formulation
First, the stability partial differential equations (PDEs) for the two base flows are
derived. Then, the compound formulation of the base flows and the classical modal
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stability ansatz functions are substituted into these PDEs. This leads to two ODEs for
the SHBL and two for the ASBL.

The velocity field is decomposed into a base flow UB and disturbances u according
to

U(x, y, z, t)=UB(x, y)+ u(x, y, z, t). (4.1)

All velocity components in this section are expressed in non-dimensional form

UB(x, η)= γ x1 f ′

Q
= xf ′

Re
, VB(η)= −f

Re
, WB(η)= g sin ϕ, (4.2a–c)

with Re=Q/
√
γ ν (cf. table 1).

4.1.1. Linear stability equations of the SHBL
Linearizing the NSE about the SHBL base flow UB(x, y)= (UB(x, y),VB(y),WB(y))T

leads to the governing equations for the wall-normal disturbance velocity component
v and the wall-normal disturbance vorticity ζ = (∇× u) · ey:[(

∂

∂t
+UB

∂

∂x
+ VB

∂

∂y
+ V ′B +WB

∂

∂z

)
∆+

(
−U′′B

∂

∂x
+ V ′′B

∂

∂y
−W ′′B

∂

∂z

)
+ V ′′′B + 2

∂UB

∂x
∂2

∂x2
− ∆

2

Re

]
v = 2

(
∂U′B
∂x

∂

∂x
+ ∂UB

∂x
∂2

∂x∂y

)
u, (4.3a)[(

∂

∂t
+UB

∂

∂x
+ ∂UB

∂x
+ VB

∂

∂y
+WB

∂

∂z

)
− ∆

Re

]
ζ =

[
−U′B

∂

∂z
+W ′B

∂

∂x

]
v.

(4.3b)

This system of PDEs may be reduced to a system of ODEs by introducing the
classical ansatz (Görtler 1955; Hämmerlin 1955)

u= (û(y) · x, v̂(y), ŵ(y))T · exp[i(βz−ωt)], (4.4)

with β ∈R and ω=ωr + iωi ∈C. Together with (4.2), this leads to

[(iωRe+ fD+ f ′ − iβRe g sin ϕ)(D2 − β2)+ (f ′′D+ iβRe g′′ sin ϕ + f ′′′)
+ (D2 − β2)2]v̂ =−2(f ′′ + f ′D)û, (4.5a)
[iωRe− 2f ′ + fD− iβRe g sin ϕ + (D2 − β2)]û= f ′′v̂, (4.5b)

subject to the homogeneous boundary conditions

û= v̂ =Dv̂ = 0 for y= 0,∞. (4.5c)

These classical linear stability equations are formally equivalent to (2.9b,a) of Hall
et al. (1984), except for the factor sin ϕ. The present definition of the Reynolds
number Re differs greatly from that of Hall et al. (1984), who used ReSH instead.
The compound boundary layer formalism used here explicitly allows the chordwise
base flow to vanish in the limit of ϕ = 90◦.
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4.1.2. Linear stability equations of the ASBL
Linearizing the NSE about the particular ASBL base flow UB(y)= (0, VB,WB(y))T

leads to [(
∂

∂t
+ VB

∂

∂y
+WB

∂

∂z

)
∆−W ′′B

∂

∂z
− ∆

2

Re

]
v = 0, (4.6a)[(

∂

∂t
+ VB

∂

∂y
+WB

∂

∂z

)
− ∆

Re

]
ζ =−W ′B

∂v

∂x
. (4.6b)

These equations are the same as those given by Fransson & Alfredsson (2003), but
again with a different definition of Re. Using the usual normal-mode ansatz

u= (û(y), v̂(y), ŵ(y)
)T · exp[i(βz+ σx−ωt)] (4.7)

and the compound boundary layer formalism (4.2), we obtain[
(iωRe+ κD− iβRe g)(D2 − k2)+ iβRe g′′ + (D2 − k2)2

]
v̂ = 0, (4.8a)[

iωRe+ κD− iβRe g+ (D2 − k2)
]
(iβû− iσ ŵ)= iσRe g′v̂, (4.8b)

with k2 := β2 + σ 2, subject to the homogeneous boundary conditions (4.5c). Again,
we have recovered the classical linear stability problem in the compound formulation,
which explicitly takes into account the wall suction κ .

4.2. Convergence of GH modes towards TS modes
One of the principal results of the present work is that the three-dimensional linear
GH mode of the SHBL with suction, given by (4.5), smoothly transforms into a two-
dimensional TS mode of the ASBL, given by (4.8), as the angle of sweep ϕ of the flat
plate goes to 90◦. This finding is potentially of interest in view of the attachment-line
instability, as the properties of the highly stable ASBL may be approached or even
attained by increasing the sweep angle ϕ of the flat plate.

It is not straightforward to conclude this from § 2.2 alone. It was shown there that
the base flow of the SHBL in the limit ϕ = π/2 is identical to the base flow of
the ASBL. This does not automatically mean that the equations of linear stability,
(4.5) and (4.8), become equal in that limit as well, given that they are based on two
different ansatz functions (4.4) and (4.7). However, this can easily be verified by going
to the limit ϕ = π/2, such that f = κ and f ′ = f ′′ = f ′′′ = 0 in the stability equations
(4.5) of the SHBL. This leads to the same set of equations as would be obtained upon
substituting σ =0 into the ASBL stability equations (4.8). Thus, the stability equations
(4.5) of the SHBL, which use the GH ansatz (4.4), are identical in the full-sweep limit
to the modified Orr–Sommerfeld and Squire equations of the ASBL (4.8), derived
under the ansatz (4.7), provided that σ = 0. In brief,

(4.5)|ϕ=π/2 ⇐⇒ (4.8)|σ=0. (4.9)

Fortunately, the constraint that the chordwise wavenumber σ must vanish is of minor
relevance, since the (unique) most unstable mode of the ASBL is the TS mode found
for σ = 0.

The convergence of the GH modes towards TS modes in the full-sweep limit is
interesting because the ansatz functions (4.4) of GH and (4.7) of TS modes are of



478 M. O. John, D. Obrist and L. Kleiser

different polynomial orders in the x direction. While non-trivial solutions are found for
û, v̂ and ŵ, as long as ϕ <π/2, only the two components v̂ and ŵ can be non-zero in
the full-sweep limit. This is best seen by subtracting the continuity equation for the
TS normal-mode ansatz (4.7) from the continuity equation for the GH ansatz (4.4).
The trivial solution û|σ=0 ≡ 0 overcomes the difference in polynomial order of the
ansatz functions. This immediately raises the question of whether other arbitrary three-
dimensional ansatz functions, e.g. GH-like functions, also converge towards û|σ=0 =
0 and become TS waves in the full-sweep limit ϕ = π/2, such as the polynomial
modes investigated by Theofilis et al. (2003) or the Hermite polynomials investigated
by Obrist & Schmid (2003). It turns out that this is not the case, since the stability
equations (4.3a) of the SHBL and (4.6a) of the ASBL become equal only when the
terms containing second derivatives of v with respect to x vanish. Since these terms
do not automatically tend to zero when taking the limit ϕ=π/2 (UB≡ 0, V ′B≡ 0), they
must be zero by construction for any GH-like ansatz, if the modes will become TS
modes in the full-sweep limit. This reduces the chordwise x-dependence of unstable
GH-like ansatz functions to polynomials of at most first order for v or at most second
order for u. Other ansatz functions are not TS modes in the full-sweep limit.

4.3. Numerical solution of the linear stability equations (4.5) for various ϕ and κ
We numerically determine the neutral surface ωi = 0 of the stability equations
(4.5) and thereby also confirm the theoretical results of the preceding subsection.
The transformation of the wavenumber β and phase speed c = ω/β to βSH and
cSH = ωSH/βSH of the SHBL and to βAS

class and cAS
class = ωAS/βAS of the ASBL read (cf.

table 1)

βSH = β/√cos ϕ, cSH = c sin ϕ, (4.10a)

βAS
class = β

√
2ReAS

class, cAS
class = c. (4.10b)

4.3.1. Numerical solution method
The solution of (4.5) requires the base flow (4.2), which is found by a shooting

integration. The wall-normal extent of the computational domain is chosen as Ly =
60 · θ̄ (ϕ, κ). The differential operator D is discretized with a Chebyshev spectral
collocation method following Obrist & Schmid (2003), and the most unstable mode is
found by an implicitly restarted Arnoldi method (Trefethen & Bau 1997). We search
for neutral curves for κ = const., starting from two manually obtained points on the
lower branch and two points on the upper branch of each neutral curve. The neutral
curves are extended by successive extrapolation of ϕ, β and cr, followed by a Newton
iteration to obtain exact values for which |ci|< 10−6. Since a good approximation to
the real part cr is found by extrapolation from known values, the Arnoldi iteration
works robustly and converges very quickly throughout the entire {ϕ, κ, β} parameter
space investigated.

4.3.2. The neutral surface
The neutral surface in the parameter space {ϕ, β, κ} is shown in figure 7(a). The

results for the neutral curve on the plane κ = 0 (SHBL without suction) are almost
in perfect agreement with those of Hall et al. (1984). The point corresponding to the
critical Reynolds number ReSH

crit, denoted by a filled square symbol, is at

ϕcrit|κ=0 ≈ 89.960 286, βcrit ≈ 0.007 58, cr,crit ≈ 0.3825, (4.11a–c)
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FIGURE 7. (Colour online) (a) Neutral surface of the eigenvalue problem (4.5) of the
compound formalism (4.2) as a function of the sweep angle ϕ, boundary suction κ and
disturbance wavenumber β. The two arrows indicate the classical GH solution without
suction and the classical TS solution of the ASBL for the respective critical Reynolds
numbers. Open symbols represent results of Hall et al. (1984) for κSH = 0 (�) and κSH =
0.1 (5) and of Herron et al. (1985) (©) for the ASBL. (b) The same neutral surface in
the classical coordinate system {ReSH, βSH, κSH}; the stability results of the ASBL cannot
be shown in this coordinate system.

ReSH
crit ≈ 583.1, βSH

crit ≈ 0.288, cSH
r,crit ≈ 0.3825. (4.12a–c)

Of particular importance is the fact that the neutral surface remains bounded also
for ϕ = π/2 (ASBL), except in the singular limit of κ → 0. The neutral curve for
ϕ=π/2 is in excellent agreement with the two-dimensional linear stability results for
the ASBL reported by Herron et al. (1985). The point of strongest suction at which
instability may occur corresponds to the classical critical Reynolds number ReAS

class,crit.
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It is denoted by a filled circle in figure 7(a) and is found at

κcrit|ϕ=π/2 ≈ 0.003 024, βcrit ≈ 0.000 4693, cr,crit ≈ 0.150, (4.13a–c)

ReAS
class,crit ≈ 54 677, βAS

class,crit ≈ 0.155, cAS
r,class,crit ≈ 0.150. (4.14a–c)

For nonzero values of the suction κ , we compare our results with those of Hall et al.
(1984) for κSH = 0.1 and find that the neutral surface is in very good agreement.
For ease of comparison, the neutral surface is illustrated again in figure 7(b) in the
classical coordinate system {ReSH, βSH, κSH} used by Hall et al. (1984). Here, an
advantage of the compound boundary layer formalism becomes evident: figure 7(a)
combines the linear stability results for the HBL, SHBL and ASBL on a single plot,
whereas in figure 7(b) the neutral curve of the ASBL is projected to infinity (ReSH→
∞, βSH→∞, κSH→∞).

In figure 7(a) a further curve (solid line) is shown, which is the locus of the critical
suction κcrit(ϕ), i.e. the minimum suction κ required to obtain a neutrally stable flow
for a given ϕ. For ϕ / 89.995◦, κcrit(ϕ) is increasing with ϕ. For ϕ ' 89.995◦, the
critical suction κcrit(ϕ) decreases with ϕ, until the local minimum κcrit ≈ 0.003 024 is
reached at ϕ =π/2, which is the location of the TS mode of the ASBL. The dashed
line indicates the largest wavenumbers β(κ) for which unstable modes can be found.
Two-dimensional projections obtained from figure 7 are displayed in figure 8. The
global maximum of the neutral surface, represented by ⊕ in figures 7(a) and 8, occurs
at

κ̂ :=max
ωi=0

κ ≈ 0.003 5489, ϕκ̂ ≈ 89.995 820, βκ̂ ≈ 0.001 9743. (4.15a–c)

This maximum has the following physical interpretation: while in theory an ASBL
may be kept stable at Reynolds numbers close to ReAS

class≈55 000, or κ≈0.003, already
small deviations from the full sweep ϕ= 90◦ may destabilize the flow (see figure 8b).
Such deviations might be due to slight plate curvature (resulting in far-field strain a>
0) or a plate sweep angle different from exactly 90◦. In order for the ASBL to remain
linearly stable despite such imperfections, the suction must be as strong as κ̂ in (4.15).
According to (3.9) and (3.5b), this value may be converted to an ASBL Reynolds
number,

ReAS
class,crit,min :=min

Λ
ReAS

class,crit ≈ 39 700, (4.16)

which can be understood as a lower robust stability limit. Below this value, any ASBL
is linearly stable for all wavenumbers β at any far-field strain rate or sweep angle.

4.3.3. Marginally stable eigenfunctions
The GH or TS eigenfunctions along the solid curve in figure 7(a) are plotted in

figure 9, where the y axis has been normalized by the boundary layer momentum
thickness Re, as given in (3.3). The magnitudes of the real and imaginary parts have
been scaled such that

max
y
(|û|2 + |v̂|2 + |ŵ|2)= 1. (4.17)

The eigenfunctions vary smoothly as one progresses along the curve in figure 7(a)
for the SHBL without suction to the ASBL. The last mode is the two-dimensional
TS wave, which emerges smoothly from the three-dimensional GH mode. As shown
in § 4.2, the magnitude of the chordwise û component goes to zero smoothly when
approaching the ASBL.
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FIGURE 8. Projections of the neutral surface of figure 7 onto the various new (a–c) and
classical (d–f ) coordinates. In the new coordinate system, the region of linear instability
and the neutral curve of the ASBL cover a finite area and are clearly visible in (c). This
region cannot be shown when the classical coordinate system ()SH of (d)–(f ) is employed.
In panels (a)–(f ) the point of maximum suction κ is marked by the symbol ⊕. Open
symbols denote results of Hall et al. (1984) for κSH = 0 (�) and κSH = 0.1 (5) and of
Herron et al. (1985) (©) for the ASBL.

5. Conclusions

We have presented several boundary layer flows along a flat plate which had
classically been regarded as unrelated and have reformulated them as a single,
compound exact solution to the NSE (2.13). In particular, we have shown that the
ASBL may be regarded as the flow found in a SHBL with suction in the limit of
vanishing chordwise velocity. The classical SHBL formalism shows a singularity in
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FIGURE 9. Neutral eigenfunctions along the locus κcrit, depicted by a solid line in
figure 7(a). Solid symbols denote eigenfunctions in the domain where ∂κcrit/∂ϕ > 0 and
open symbols those for which ∂κcrit/∂ϕ < 0. The eigenfuctions are seen to vary smoothly
from the GH mode in the SHBL without suction (•) to the TS mode of the ASBL (◦).

that limit because the definition of the similarity coordinate ηSH is based only on
the chordwise velocity component present in this flow, (2.1). This singularity has
been overcome herein by introducing a new, compound similarity variable η, given in
(2.12). The difference from the similarity variable used in known FS or FSC boundary
layers lies in defining η simultaneously with respect to both the chordwise and sweep
velocity components. This is realized through the introduction of a sweep angle ϕ
as the new non-dimensional parameter (see figure 2), which leads to a different set
of governing equations for the boundary layer flow. As a consequence of this new
approach, the formalism in its most general form describes any flat-plate boundary
layer flow with one homogeneous direction parallel to the plate (figure 3). This
includes the SHBL, plane HBL, ASBL and OIBL (with non-zero angle of attack for
the OIBL). The formalism also describes the swept OIBL, which serves as a model
for the attachment-line flow subject both to an angle of attack and a sweep angle.
Even further flows past a flat plate are contained as long as they are homogeneous
(e.g. time-varying stagnation flow or stretching boundaries).

Owing to the redefinition of η, the classical non-dimensionalization could not be
used. Rather, a new physical scaling (3.3) has been introduced, whose characteristic
length scale is a function of the boundary layer momentum thickness. This
quantity, and thus the Reynolds number Re, remains bounded in particular for both
impingement flows without suction at the boundary and the ASBL without strain
in the far-field (figure 5). Therefore, the new non-dimensionalization quantitatively
describes the SHBL (with or without suction) and the ASBL, as well as the plane
impingement boundary layer.

In the second part of this paper, a linear stability analysis of the new class of
solutions has been carried out. This approach has unified the known results for the
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classical SHBL and ASBL configurations. With this new, compound approach, the
SHBL and ASBL have been shown to be connected through a common neutral surface
(figure 7). In particular, it could be shown that the GH modes smoothly become TS
modes when the parametric limit ϕ = 90◦ of the ASBL is approached (figure 9). The
neutral surface has been reported for the entire parameter ranges of the sweep angle
ϕ (0 to π/2) and the wall-suction κ (0 to very large), starting from the HBL without
suction, moving along the SHBL without and with suction, and ending at the ASBL.
Known classical results were confirmed where data were available (SHBL without
suction and ASBL).

The combination of both the classical base flow solutions and analysis of their
linear stability can be useful in gaining a better understanding of the attachment-line
instability found on swept wings. First, it demonstrates how quantitatively similar
the parallel-flow ASBL and the nearly parallel flow along the leading edge of wings
are. Second, by adjusting the wing parameters (e.g. leading-edge radius, wing sweep
angle) appropriately, the properties of the highly stable ASBL may be quantitatively
recovered. In addition, the transformation presented herein from one classical base
flow to another might allow extension of the nonlinear stability results known from the
ASBL to the SHBL. An example of such concepts is the secondary streak-instability
(Obrist et al. 2012) of the SHBL, which is stabilized by increasing suction (John,
Obrist & Kleiser 2014).

Finally, a lower bound of approximately 39 700 for the classical ASBL Reynolds
number has been found in (4.16), below which the ASBL remains linearly stable even
if subject to an impingement flow component (e.g. due to plate curvature or a sweep
angle).
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