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Abstract

We calculate the all-loop anomalous dimensions of current operators in λ-deformed σ -models. For the 
isotropic integrable deformation and for a semi-simple group G we compute the anomalous dimensions 
using two different methods. In the first we use the all-loop effective action and in the second we employ 
perturbation theory along with the Callan–Symanzik equation and in conjunction with a duality-type sym-
metry shared by these models. Furthermore, using CFT techniques we compute the all-loop anomalous 
dimension of bilinear currents for the isotropic deformation case and a general G. Finally we work out the 
anomalous dimension matrix for the cases of anisotropic SU(2) and the two couplings, corresponding to 
the symmetric coset G/H and a subgroup H , splitting of a group G.
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1. Introduction and motivation

Our starting point will be the non-Abelian Thirring model action (for a general discussion, see 
[1,2]), namely the WZW two-dimensional conformal field theory (CFT) which will be perturbed 
by a set of classically marginal operators that are bilinear in the currents. Namely the total action 
reads

S = SWZW,k(g) + 1

2π

dim G∑
a,b=1

λab

∫
d2σ J a+J b− , (1.1)

where the WZW action is

SWZW,k(g) = − k

4π

∫
d2σ Tr(g−1∂+gg−1∂−g) + k

12π

∫
B

Tr(g−1dg)3 , (1.2)

which contains a (left) × (right) level k representation of an affine Lie algebra G. The couplings 
are denoted by λab. In what follows we shall need the operator product expansions (OPE) of 
the currents. These are better presented for Euclidean world-sheets with complex coordinates 
z = 1

2 (τ + iσ ) and z̄. Adopting a left/right symmetric scheme these read [3,4]

J a(z)J b(0) = δab

z2
+ fabc√

k z
J c(0) + regular ,

J a(z)J̄ b(0) = regular . (1.3)

In [5] the β-function for a single (isotropic) coupling λ was computed to leading order in the 
1/k expansion but exactly in the λ. This was generalized in [6] for the symmetric couplings. 
The reader should be aware that in [6] a different parametrization for the couplings was adopted, 
see [7] for the notational correspondence.

On the other hand a deformation of the WZW action was introduced by one of the present 
authors in [8] by gauging a common symmetry subgroup of the combined action involving the 
PCM model and the WZW actions. Explicitly this action reads

Sk,λ(g) = k

4π

∫
d2σ J+DJ− + k

24π

∫
fabc La ∧ Lb ∧ Lc

+ k

2π

∫
d2σ J+(λ−1 − DT )−1J− , (1.4)

where the first two terms correspond to the WZW model action appropriately rewritten for our 
purposes. The third term contains the coupling constants λab assembled as elements of a matrix λ. 
For isotropic couplings the deformation is integrable in the group and symmetric coset cases 
[8–11], which are embed as solutions of supergravity [12,13]. Also we have denoted

J a+ = −i Tr(ta∂+gg−1) = Ra
μ∂+Xμ , J a− = −i Tr(tag

−1∂−g) = La
μ∂−Xμ ,

Ra := −i Tr(tadg g−1) = Ra
μ dXμ , La := −i Tr(tag

−1dg) = La
μ dXμ ,

Ra = DabL
b , Dab = Tr(tagtbg

−1) , (1.5)

which obey

dLa = 1
fabc Lb ∧ Lc , dRa = −1

fabc Rb ∧ Rc , dDab = Dac fcbe Le . (1.6)

2 2
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The matrices ta obey the commutation relations [ta, tb] = ifabctc and are normalized as 
Tr(tatb) = δab .

It was conjectured in [7,14] that (1.4) is the all-loop effective action in λ and to leading order 
in the 1/k expansion of the non-Abelian Thirring model (1.1). This was based on the following 
reasoning: First, for small λab the action (1.4) becomes the non-Abelian Thirring. Secondly, both 
actions share two very important symmetries. The more obvious one is the invariance under the 
generalized parity transformation

σ+ ↔ σ− , g �→ g−1 , λ �→ λT . (1.7)

The second and most important for our purposes symmetry is less obvious. The following identity 
for the action (1.4) is obeyed [7,14]

S−k,λ−1(g
−1) = Sk,λ(g) , (1.8)

which reveals a duality-type symmetry. This is proved using the transformations

g �→ g−1 : Dab �→ Dba , J a+ �→ −DbaJ
b+ , J a− �→ −DabJ

b− . (1.9)

The non-Abelian Thirring action (1.1) does not have this symmetry at the classical level. How-
ever, using path integral arguments it was proved by Kutasov [15] that the effective action of 
the non-Abelian Thirring model should be invariant under the above duality-type symmetry 
(λ, k) �→ (λ−1, −k) (for k � 1).

The most compelling reason so far that (1.4) is the all-loop effective action in λ for the non-
Abelian Thirring model (1.1) is the fact that the exact β-function for the couplings λab were 
computed using (1.4) in [7,14] (for symmetric λab, see also [16]) agree with those obtained with 
the all-loop summation of the perturbative result using (1.1) in [6] (for the case of symmetric 
λab = λba , for which results were available in this work). For isotropic λab = λδab there is also 
agreement with the result of [5] as well.

The purpose of this paper is to compute exactly in λ anomalous dimensions of operators using 
the above effective action. Our results will be compared with those arising from perturbation the-
ory using CFT techniques, the Callan–Symanzik equation and the duality-type symmetry (1.8). 
The two approaches are found in perfect agreement. Moreover we compute the all-loop anoma-
lous dimension for bilinear currents for the isotropic case, the anisotropic SU(2) case, as well as 
for the case with two couplings corresponding to the symmetric coset G/H and a subgroup H
splitting of a group G.

2. All-loop anomalous dimension for isotropic couplings

In this section we compute the anomalous dimension of the currents J a for an isotropic cou-
pling for a semi-simple group G via the effective action as well as by using CFT techniques.

2.1. Effective action

On general grounds we have the relation J a
± bare = Z1/2J a±, where J a

± bare are the bare (un-
renormalized) currents, with Z being the wavefunction renormalization. To identify this we shall 
first consider the group element parametrized as g = eixata , where xa will be the coordinates of 
the deformed σ -model action (1.4). In the limit of small xa’s this effective action can be written 
as
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Sk,λ(g) =
∫

d2σ ∂+xa
bare∂−xa

bare + · · · =
∫

d2σ Z∂+xa∂−xa + . . . , (2.1)

where ∂±xa
bare := Z

1/2∂±xa are the bare (unrenormalized) world-sheet derivatives of the coordi-
nates and the dots refer to higher interaction terms.

In order to find the anomalous dimension of the currents one should determine Z. It is easily 
seen using (1.4) that

Z = k

4π

1 + λ

1 − λ
. (2.2)

The anomalous dimension for the currents is by definition given by

γJ := μ
∂ lnZ

1/2

∂μ
= β

∂ lnZ

∂λ
, (2.3)

where the expression for the β-function is β(λ) = dλ/dt , with t = lnμ2 and μ the RG energy 
scale. Plugging the expression for the β-function for the case at hand [5,6,14]

β = − 1

2k

cG λ2

(1 + λ)2
, (2.4)

into (2.3) we find that the all-loop anomalous dimension of the current is given by

γJ = − cGλ2

k(1 − λ)(1 + λ)3
� 0 , (2.5)

where cG is the second Casimir of the adjoint representation and is related to the structure con-
stants through facdfbcd = cG δab .

Some important comments are in order:

1. The above result is invariant under the duality-type symmetry (λ, k) �→ (λ−1, −k) inherited 
by the corresponding invariance of the action (1.8).

2. We prove below that a three-loop in λ perturbative computation results at

γ FT
J = −cG

k

(
λ2 − 2λ3 +O(λ4)

)
, (2.6)

which is perfect agreement with (2.5). In addition, we shall show that the latter is also con-
sistent with the Callan–Symanzik equation.

3. It is interesting to consider the k → ∞ limit in the correlated way [8,17]

g = I+ i
v

k
, λ = 1 − κ2

k
, k → ∞ . (2.7)

In that limit the action (1.4) becomes [17]

S = 1

2π

∫
d2σ ∂+va(κ2

I+ f )−1
ab ∂−vb , fab = fabcvc , (2.8)

which is the well known non-Abelian T-dual of the PCM for a group G. The anomalous 
dimension (2.5) is well defined in that limit becoming

γJ = − cG
. (2.9)
8κ2
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This must be the anomalous dimension of the operators ∂±v one obtains by considering the 
non-Abelian limit (2.7) for the currents k∂+gg−1 and kg−1∂−g, computed in the 1/κ2 ex-
pansion since this is now the parameter controlling the perturbative expansion. It is possible 
to directly verify (2.9) by using (2.8) after expanding it for large κ2 and keeping the first 
interaction term

S = 1

2πκ2

∫
d2σ

(
∂+va∂−va − fab

κ2
∂+va∂−vb + . . .

)
. (2.10)

This is the pseudochiral σ -model action of [18]. The corresponding RG-flow equation for 

κ2 is β = cG

8
and the wavefunction renormalization factor is Z = 1

2πκ2
. Then applying 

(2.3) one obtains (2.9). This result is in agreement with [18] in which the β-function and 
anomalous dimension were computed for the group case G = O(N).

4. It was recently established that the λ-deformed models introduced by [8] for group and 
coset spaces and generalized by [10,11] for semi-symmetric coset spaces, are closely re-
lated [19–24] to the so-called η-deformed models for group and coset spaces introduced in 
[19,20] and in [25–27] respectively. The relation is via Poisson–Lie T-duality and analytic 
continuation of coordinates as well as of the parameters of the σ -models. Following the 
correspondence established in [22,23] we have for the parameters the analytic continuation

λ �→ i − η

i + η
, k �→ i

4tη
. (2.11)

We easily see that the anomalous dimensions (2.5) remain real and become

γJ = −1

4
cG (tη)

(1 + η2)2

η
. (2.12)

We believe that these are the anomalous dimensions of operators in the η-deformed models. 
They are perturbative in the (tη)-expansion (like k, the product tη is a RG-flow invari-
ant [23]), but exact in the parameter η. Unlike the case of the non-Abelian T-duality limit we 
considered above it is not straightforward to establish which operators have these anomalous 
dimensions.

Note that the above simple-minded background expansion around the identity for the group 
element cannot cope with a general matrix λ, i.e. not proportional to the identity. In that case 
the background expansion point will depend non-trivially on λ. To isolate the field independent 
part we have to ascertain the proper vacuum. An analysis in that spirit was performed recently, 
again for λ proportional to the identity, in [28] where the expansion of the group element was 
done around a non-trivial, albeit associated to two commuting generators, group element. The 
choice of these generators has to be arbitrary and this enforces, from Schur’s lemma, λ to be 
proportional to the identity, as it has to be invariant under a rotation with respect to an arbitrary 
constant group element.

2.2. Field theory

In this subsection we compute the 2- and 3-loop anomalous dimension of the currents J a

by deriving (2.6), which as mentioned is in perfect agreement with the all-loop expression (2.5)
obtained from the effective action (1.4). Based on this perturbative calculation one can actually 
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argue that under very mild assumptions the all-loop result has to be given by (2.5). We shall 
present this line of argument at the end of this section.

In order to find the anomalous dimensions of the currents J a in the interacting theory one 
should calculate the correlator of two currents. On general grounds this correlator will take the 
form

Gab(x1, x2) = 〈J a(x1)J
b(x2)〉 = G0(λ, k)

δab

x2
12

(
1 + γJ ln

ε2

|x12|2
)

+ . . . , (2.13)

where ε is a small distance cut-off regulating the integrals and xij = xi − xj . Notice that the 
2-point correlator (2.13) can be rewritten as

Gab(x1, x2) = G0(λ, k)
δabε

2γJ

x
2(1+γJ /2)

12 x̄
2γJ /2
12

+ . . .

Thus, the engineering dimensions, holomorphic and anti-holomorphic of our currents are (1, 0)

and (0, 1) respectively when we are at the conformal point. However, as soon as we turn on in-
teractions the holomorphic dimension becomes (1 + γJ /2, γJ /2). Of course the total anomalous 
dimension the operator acquires is the sum of the two and is γJ . Furthermore, notice that the 
approach of the previous section, based on the all-loop effective action provides us directly with 
the full anomalous dimension γJ .

Thus, one has to evaluate the coefficient of the logarithmic term, as well as the finite term 
G0(λ). We are seeking the leading and the next-to-leading term in the 1/k expansion of the 
anomalous dimension. The leading term corresponds to the Abelian part of G0(λ). This is calcu-
lated in the Appendix A.1 where we obtain

G0(λ) = 1

1 − λ2
. (2.14)

This expression will also receive 1/k corrections each one of which will be multiplied by a func-

tion of λ. We shall show below that the O(1/k)-correction will be of the form 
1

k
(λ3 +O(λ4)), 

up to a numerical coefficient which we shall compute below.
We now proceed to identify the logarithmic part of the 2-point function. We shall need the 

very basic integrals given by∫
d2z

(x1 − z)(z̄ − x̄2)
= π ln |x12|2 , (2.15)

∫
d2z

(x1 − z)2(z̄ − x̄2)
= − π

x12
,

∫
d2z

(x1 − z)(z̄ − x̄2)2
= − π

x̄12
, (2.16)

and ∫
d2z

(x1 − z)2(z̄ − x̄2)2
= π2δ(2)(x12) . (2.17)

We shall also encounter several times the integral

I (x1;x2) =
∫

d2z = − π
ln

ε2

2
. (2.18)
(z − x1)(z − x2)(z̄ − x̄1) x12 |x12|
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This can be computed by writing 
1

(z − x1)(z − x2)
= 1

x12

(
1

z − x1
− 1

z − x2

)
and then using 

(2.15).
In order to simplify the calculation we shall adopt the regularization scheme of [29] in which 

the integrals are regularized by a short distance cut-off ε. Due to this the integration domain 
becomes

Dn = {(z1, z2, . . . , zn) ∈ C
n :| zi − x1 |> ε, | zi − x2 |> ε, | zi − zj |> ε} , (2.19)

that is all distances between any two points cannot be smaller than ε. In such a case the integral 
(2.17) is simply replaced by∫

D1

d2z1

(x1 − z1)2(z̄1 − x̄2)2
= 0 , (2.20)

since the δ-function has non-zero support only outside the region of integration. In the rest of the 
main part of the paper all of the integrals will be performed in the domain (2.19). For notational 
convenience we shall omit the subscript Dn, as in (2.20), from the integration symbol. Let us 
point out that the derivation of (2.14) performed in Appendix A.1 is done in the entire complex 
plane, since in that case no regularization is required.

Since we shall use CFT techniques, we shall be working with a Euclidean world-sheet with 
complex coordinates z and z̄, i.e. z = 1

2 (τ + iσ ). Then the perturbation to the WZW action will 

be 
λ

π

∫
d2z J aJ̄ a . In the Euclidean regime in the path integral the action appears as e−S . This 

implies that the factors of λ will contribute as 
1

n!
(

− λ

π

)n

to the n-point function.

Obviously the 1-loop contribution to the correlator is vanishing since 〈J̄ a1(z̄)〉 = 0. Hence the 
first non-vanishing contribution to the anomalous dimension may come from the 2-loop compu-
tation to which we turn now.

2.2.1. Calculation at 2-loops
The 2-loop contribution to the correlator is given by

G
(2)
ab = 1

2!
(

λ

π

)2 ∫ 2∏
i=1

d2zi〈J a(x1)J
a1(z1)J

a2(z2)J
b(x2)〉〈J̄ a1(z̄1)J̄

a2(z̄2)〉 . (2.21)

All the correlators involved in this integral as well as in similar ones through this paper will be 
computed at the CFT point for λ = 0. Hence

〈J̄ a1(z̄1)J̄
a2(z̄2)〉 = δa1a2

z̄2
12

. (2.22)

The next step is to evaluate the 4-point correlator appearing in (2.21). Bearing in mind that 
we need, within our approximation, at most two factors involving the non-Abelian part of the 
current-current OPE we obtain

〈J a(x1)J
a1(z1)J

a2(z2)J
b(x2)〉 = 1√

k

fa1ac

z1 − x1
〈J c(x1)J

a2(z2)J
b(x2)〉

+ 1√
k

fa2ac

z2 − x1
〈J c(x1)J

a1(z1)J
b(x2)〉 + 1√

k

fabc

x12
〈J c(x2)J

a1(z1)J
a2(z2)〉 + . . . .

(2.23)
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Before we proceed with the evaluation of the above three terms we point out that we have not 
displayed terms of order one coming from the double pole in (1.3) as they correspond to either 
bubble diagrams or they will provide contributions proportional to the vanishing, in our regular-
ization scheme, integral (2.20). In general, the 3-point function for the currents is1

〈J a1(x1)J
a2(x2)J

a3(x3)〉 = 1√
k

fa1a2a3

x12x13x23
. (2.24)

Bearing in mind that a1 = a2 due to (2.22) we see that the last term in (2.23) does not contribute 
to the integral in (2.21). In addition, we easily see that the first two terms in (2.23) contribute 
equally. Hence

G
(2)
ab = λ2

π2k

cGδab

x12

∫
d2z1d2z2

(z1 − x1)(x1 − z2)(z2 − x2)z̄
2
12

= λ2

πk

cGδab

x12
I (x1;x2) , (2.25)

where in order to perform the integral over z1 we have used (2.16) and the remaining z2 integra-
tion gave the integral defined in (2.18). Hence, we eventually find that the 2-loop contribution to 
the correlator

G
(2)
ab = −λ2

k

cGδab

x2
12

ln
ε2

|x12|2 . (2.26)

2.2.2. Calculation at 3-loops
The 3-loop contribution to the two-point function takes the form

G
(3)
ab = − 1

3!
(

λ

π

)3 ∫ 3∏
i=1

d2zi〈J a(x1)J
a1(z1)J

a2(z2)J
a3(z3)J

b(x2)〉

× 〈J̄ a1(z̄1)J̄
a2(z̄2)J̄

a3(z̄3)〉 . (2.27)

The 3-point barred correlator is given by the analogue of (2.22) for anti-holomorphic currents.
Subsequently, one has to make the contractions of the unbarred J ’s. Taking into account that 

the current J a can be contracted with J a1 through a δ- or through an f -term we obtain the 
following expression for the 5-point correlator

〈J a(x1)J
a1(z1)J

a2(z2)J
a3(z3)J

b(x2)〉 = 1√
k

δa1a

(x1 − z1)2

fa2a3b

z23(z2 − x2)(z3 − x2)

+ 1√
k

faa1c

x1 − z1

(
δa2cδa3b

z2
12(z3 − x2)2

+ δca3δa2b

z2
13(z2 − x2)2

)
+ . . . . (2.28)

In the above we have omitted several terms denoted by the dots. Firstly, since there is a factor 
of 1/

√
kfa1a2a3 coming from the anti-holomorphic 3-point function we have not written terms 

with two f ’s in the 4-point function in the second line above since that would be subleading 
in the 1/k expansion. In addition, we have omitted a possible third term in the second line of 
(2.28) proportional to δa2a3δbc . This term will not contribute to the integral when multiplied by 
the factor of fa1a2a3 originating from the anti-holomorphic currents. The dots stand also for two 
terms involving the singular part of the OPE of the current J a with J a2 and J a3 . Because our 
integral is invariant under the permutation of the interaction vertices each of these two terms 

1 Notice that this expression is fully consistent with the 3-point function of primary operators [30].
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will give a contribution which is identical to the explicitly written contribution coming from the 
contraction of the J a and J a1 currents above. Finally, the contraction involving the two external 
currents will be zero since when this is through a δ-term it will correspond to a bubble diagram 
and should be, thus, omitted, while when it is through an f -term it will result into a 4-point 
correlator proportional either to δa1a2 , or δa2a3 or δa1a3 which when multiplied by fa1a2a3 , coming 
from the 3-point function of the anti-holomorphic currents, will give zero.

We now proceed to evaluate the corresponding triple integrals. The first line of (2.28) results 
into

G
(3)
1,ab = − λ3

2π3

cGδab

k

∫
d2z1d2z2d2z3

z̄12z̄23z̄13z23(x1 − z1)2(z2 − x2)(z3 − x2)
. (2.29)

Using the identity 
1

z̄12z̄13
= 1

z̄23

(
1

z̄12
− 1

z̄13

)
we split the last integral into two. Subsequently, 

we perform the z1 integral and notice that the two integrals which result are equal to each other 

under the exchange z2 ←→ z3. Then we rewrite 
1

z23(z3 − x2)
= 1

z2 − x2

(
1

z23
+ 1

z3 − x2

)
to 

obtain

G
(3)
1,ab = − λ3

π2

cGδab

k

∫
d2z2d2z3

( 1

z23z̄
2
23(z2 − x1)(z2 − x2)2

+ 1

z̄2
23(z2 − x1)(z2 − x2)2(z3 − x2)

)
. (2.30)

The first integral of (2.30) is zero,2 while the second one will give after performing the z3 inte-
gration

G
(3)
1,ab = −λ3

π

cGδab

k

∫
d2z2

(x̄2 − z̄2)(z2 − x1)(z2 − x2)2
= λ3

π

cGδab

k
∂x2I (x2;x1)

= λ3

k

cGδab

x2
12

ln
e ε2

|x12|2 , (2.31)

where we note the presence of e, i.e. the basis of the natural logarithm. This will contribute to 
the overall normalization of the 3-point function (2.13).

Next we turn to the second line of (2.28). The two terms in it give equal contributions to the 
integral in (2.27). This is the case because the triple integral is symmetric under the relabelling 
of a2 ←→ a3 and z2 ←→ z3. Thus the result reads

G
(3)
2,ab = − λ3

π3

cGδab

k

∫
d2z1d2z2d2z3

z̄12z̄23z̄13z
2
12(x1 − z1)(z3 − x2)2

. (2.32)

2 The zero comes from the z3 integral. This z3 integration can be written as

∫
d2z3

1

z23z̄2
23

= −
∫

d2z z
1

| z |4 = 0, z = z23.

In order to see that the last integral is zero just write z = x + iy. Then the integrand is odd in x and y and is thus zero 
when x and y are integrated from −∞ to ∞.
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By using the identity 
1

z̄12z̄23
= 1

z̄13

(
1

z̄12
+ 1

z̄23

)
one obtains two integrals. The first contributes 

zero since the z3 integration gives δ(2)(x2 − z1) which vanishes inside our integration domain. 
To evaluate the second integral we first perform the z2 integral and obtain

G
(3)
2,ab = − λ3

π2

cGδab

k

∫
d2z1d2z3

z31z̄
2
13(x1 − z1)(z3 − x2)2

. (2.33)

Subsequently, we employ the identity 
1

z31(x1 − z1)
= 1

x1 − z3

(
1

z31
− 1

x1 − z1

)
to rewrite it as 

the difference of two integrals. The first integral will be zero once we perform the z1 integration. 
After performing the z1 integration, the second integral becomes

G
(3)
2,ab = −λ3

π

cGδab

k

∫
d2z3

(x̄1 − z̄3)(x1 − z3)(z3 − x2)2

= −λ3

π

cGδab

k
∂x2I (x1;x2) (2.34)

Using (2.18) we get the final result

G
(3)
2,ab = λ3

k

cGδab

x2
12

ln
e ε2

|x12|2 , (2.35)

which is the same expression as that in (2.31).
Putting together the results of the 2-loop and 3-loop calculations (2.26), (2.31) and (2.35), we 

obtain the final result for the 2-point function which up to 3-loops reads

Gab(x1, x2) = δab

x2
12

(
1 + λ2 + 2

cG

k
λ3 − cG

k
(λ2 − 2λ3) ln

ε2

|x12|2 +O(λ4)
)
. (2.36)

Comparing with the general form of the 2-point function (2.13) we can now straightforwardly 
read off the anomalous dimension of the currents J a and J̄ a and the 1/k correction to the overall 
normalization. The anomalous dimension is given by (2.6) mentioned at the beginning of this 
section. For the wavefunction normalization it is easily found that

G0(λ, k) = 1

1 − λ2
+ 1

k

(
2cGλ3 +O(λ4)

)
+O

(
1

k2

)
. (2.37)

2.2.3. All-loop expression
One can actually use the perturbative result (2.6), in fact the 2-loop result will be enough, to 

argue that the all-loop expression for the anomalous dimension should be given by (2.5). Recall 
the symmetry of the effective action (1.8) argued also in [15] from the path integral view point 
for the non-Abelian Thirring model. Thus the anomalous dimensions we are after should be 
invariant under the simultaneous transformation of the two couplings λ → 1/λ and k → −k for 
large values of k.

Motivated by the expression for the wavefunction renormalization (2.2) that followed from 
the effective action (1.4) we shall make the mild assumption that the only points in the complex 
λ-plane where the anomalous dimension can have poles are at λ = ±1. This assumption can also 
be further justified by the fact that, as discussed in [5], the 2-point correlators can be expressed 
as covariant derivatives of the effective potential calculated in the same work. The only points 
where the effective potential has poles are at λ = ±1. This implies that the same holds true for 
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the 2-point functions. As a consequence the anomalous dimension should acquire the following 
form

γ FT
J = − cGλ2f (λ)

k(1 − λ)m(1 + λ)n
, (2.38)

where the function f (λ) should be everywhere analytic and also f (0) = 1 so that (2.38) agrees 
with the leading term in (2.6). We shall now argue that the form of the Callan–Symanzik equation 
for the 2-point function G2

μ
∂G2

∂μ
+ β(λ)

∂G2

∂λ
+ 2γJ (λ)G2 = 0 (2.39)

implies that m = 1 and n = 3. On general grounds, the expression for the all-loop 2-point func-
tion will acquire the following form

G2 = g(λ,μ2x2
12, γJ (λ))

(1 + λ)a(1 − λ)b

1

x2
12

. (2.40)

Notice that we have factorized the poles of the 2-point function at λ = ±1 with some exponents 
a and b. The numerator g(λ, μ2x2

12, γJ (λ)) depends on λ both explicitly, as well as implicitly 
through the anomalous dimension γJ . Plugging (2.40) into (2.39) we obtain

μ
∂g

∂μ
+ β

∂g

∂λ
+ β

∂γJ

∂λ

∂g

∂γJ

+ βg
b − a + (b + a)λ

(1 + λ)(1 − λ)
+ 2γJ g = 0 , (2.41)

where we have omitted a common overall factor corresponding to the inverse of (1 + λ)a ×
(1 − λ)bx2

12. Since β and γJ are of order 1/k, all terms in the above expression are of order 1/k

except for the third term which is of order 1/k2 and hence it can be safely ignored. For generic 
values of a and b the leading behaviour of (2.41) close to the λ = ±1 poles come solely from 
the last two terms of (2.41), that is all other terms of (2.41) can be ignored. Then the only way to 
satisfy (2.41) is to demand that γJ ∼ 1

(1−λ)(1+λ)3 . This is so because the β-function behaves as 

β ∼ 1
(1+λ)2 around λ = −1 and is analytic around λ = 1. In conclusion we have found that m = 1

and n = 3.
Subsequently, we employ invariance of γJ under the aforementioned duality-type transforma-

tion of the couplings. This leads to a constraint on the function f appearing in (2.38), namely 
that f (1/λ) = f (λ). Taking into account that f (λ) is analytic in the complex λ-plane and that 
f (0) = 1 we have that f (∞) = 1. Hence, according to Cauchy–Liouville’s theorem, that every 
bounded entire function must be constant, we conclude that f (λ) = 1.

We conclude that the expression for the all-loop anomalous dimension that is consistent with 
our perturbative result and with the symmetries of the theory is given by (2.5).3

3 This result assumes that b − a + (b + a)λ �= 1 ± λ. However, if a = 0 and b = 1 we may have the plus sign. Then, it 
turns out that in that case

γJ = − cG λ2f (λ)

k (1 − λ)(1 + λ)2
.

Imposing invariance under the duality-type transformation for the couplings we find that f (1/λ) = λf (λ), which since 
f (0) = 1 implies that f (∞) = 0. This is not the same constant as its should be according to Liouville’s theorem. Hence, 
this expression for the anomalous dimension should be rejected. With similar considerations we may disregard the minus 
sign.
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3. Anomalous dimension of the bilinear current

In this section we derive the all-loop in λ anomalous dimension matrix of the composite 
current-bilinear operator perturbing the WZW model in (1.1). For notational convenience let us 
denote this set of operators by Oi and the couplings by λi . In that way we shall avoid a double 
index notation and we shall keep the discussion general.

Knowing the anomalous dimension will allow us to determine whether the classically 
marginal operators Oi become relevant or irrelevant as soon as the deformations λi are turned 
on. Furthermore, it might give us insights into the behaviour of the theory as it flows towards 
the IR towards the point λ = 1. To this end, one should evaluate the 2-point correlation func-
tions gij = 〈Oi (x1)Oj (x2)〉|x12|4, i.e. the Zamolodchikov metric. As discussed in [5] the 2-point 
function Gij = 〈OiOj 〉 and the Zamolodchikov metric gij take the following form

Gij ∼ G0|ij (λi, k) |x12|−2(2+γ ) = G0|ij (λi, k)|x12|−4
(

1 + γ ln
ε2

|x12|2 + . . .

)
,

gij (λ
i, t) = g

(0)
ij (λi) + 2πt∇i∇jV +O(t2) = g

(0)
ij (λi) + t∇(iβj) +O(t2) , (3.1)

where t = ln
(|x12|2μ2

)
, π∇iV = βi and A(ij) := Aij + Aji . In (3.1) μ is an arbitrary renormal-

ization scale, g(0)
ij is the finite part of the 2-point correlator and V is the effective potential. Also, 

the connections appearing in the covariant derivatives are calculated with respect to the metric 
g

(0)
ij and ∂i = ∂

∂λi . Thus, we see that the 2-point functions have the geometrical interpretation of a 

metric in the curved space whose coordinates are the couplings of the theory λi . We should also 
mention that we raise and lower the indices of the β-functions βi(λi) = dλi

dt
with the metric g(0)

ij , 

that is βi = g
(0)
ij βj .

From (3.1) one can straightforwardly read the anomalous dimension matrix γi
j . It is given by 

the coefficient of the logarithmic term after one factorizes the finite part g(0)
ij . In conclusion we 

get

γi
j (λi) = −∇(iβk)g

(0)kj = −∇iβ
j − ∇jβi

= −∂iβ
j − g(0)jm

(
g

(0)
in ∂mβn + βn∂ng

(0)
im

)
, (3.2)

transforming as a mixed tensor under diffeomorphisms of λi . Hence the anomalous dimension 
matrix for the closed set of operators Oi is given by the covariant derivatives of the corresponding 
β-functions with respect to the couplings λi . For the theories at hand (1.1), the leading in k
term of the beta-function is proportional to 1/k and are known to all-orders in the coupling 
constants λi . Since our aim is to calculate the leading in k anomalous dimension matrix it is 
enough to know the part of g(0)

ij which is independent of k, but to all orders in the couplings λi . 
This fact amounts to performing all contractions of the currents by completely ignoring the term 
proportional to fabc in the first equation of (1.3) and integrating over the entire complex plane, 
since there is no need for regularization.

3.1. Isotropic case

As an important example, we shall apply the general formalism for the calculation of the 
all-loop anomalous dimension when the perturbing operator is J aJ̄ a , that is for the case of the 
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isotropic non-Abelian Thirring model. In such a case the matrix γi
j becomes a single (scalar) 

function of λ. Using (3.2) we easily find

γ = −2β ′(λ) − β
g

(0)′
11

g
(0)
11

, (3.3)

where the prime denotes differentiation with respect to λ. Using the beta-function for the 
isotropic non-Abelian Thirring model (2.4) as well as the k-independent part of the metric

g
(0)
11 = dimG

(1 − λ2)2
, (3.4)

proven in Appendix A.2, we easily obtain that

γ = 2cG

k

λ(1 − λ(1 − λ))

(1 − λ)(1 + λ)3
� 0 . (3.5)

Unlike the anomalous dimension for the currents which is of O(λ2), for the composite current-
bilinear operator the first correction is of O(λ). The expression (3.5) is indeed invariant under 
the duality-type transformation λ → 1/λ, k → −k. In addition, in the correlated k → ∞ limit 

(2.7) we find γ → 4cG

κ2
. This should be the anomalous dimension of the bilinear ∂+v∂−v in the 

1/κ2 expansion for the non-Abelian T-dual action (2.8).
Finally, we include the leading 1-loop contribution to the anomalous dimension. We have that 

the contribution to the two-point function (3.1) reads

G(1) = − λ

π

∫
d2z 〈J a(x1)J

c(z)J b(x2)〉〈J̄ a(x̄1)J̄
c(z̄)J̄ b(x̄2)〉

= −1

k

λ

π

dimG

|x12|2
∫

d2z

(x1 − z)(x2 − z)(x̄1 − z̄)(x̄2 − z̄)
, (3.6)

where we have used (2.24). To compute the integral we write

1

(x1 − z)(x2 − z)(x̄1 − z̄)(x̄2 − z̄)
= 1

|x12|2
(

1

x1 − z
− 1

x2 − z

)(
1

x̄1 − z̄
− 1

x̄2 − z̄

)

and then use (2.15). We finally find that

G(1) = 2

k

cG dimGλ

|x12|4 ln
ε2

|x12|2 . (3.7)

Comparing with (3.1) we find that γ = 2cG

k
λ, which is consistent with (3.5) to that order in the 

small λ expansion.

3.2. Beyond the isotropic case

In this section we shall generalize the treatment of previous subsection for cases with 
anisotropy. We are going to derive the anomalous dimension matrix for the cases of the: 
i) anisotropic non-Abelian Thirring model with group G = SU(2) and ii) two coupling corre-
sponding to the symmetric coset G/H and a subgroup H splitting of a group G.
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3.3. The SU(2) case

We shall assume that the three operators Oi , i = 1, 2, 3 which perturb the CFT enter in the 
combination 

∑
i

λi/π Oi , where Oi (z, ̄z) = J i(z)J̄ i (z̄) i = 1, 2, 3 (no summations). The crucial 

observation is the leading in k part of the 2-point correlator g(0)
ij is a diagonal matrix with the 

following entries

g
(0)
ij = δij

(1 − (λi)2)2
, (3.8)

generalizing the result of the Appendix A.2. All non-diagonal elements are zero because it is 
impossible to have any connected diagram contributing to the 2-point function 〈OiOj 〉 when 
i �= j . This is no longer true when the non-Abelian terms proportional to fabc in the current OPE 
are taken into account when performing the contractions of the currents. But these terms bring 
additional suppression in powers of 1/

√
k. Since the beta functions are already proportional to 

1/k and since we are after the leading in k anomalous dimension matrix we can safely ignore 
all non-diagonal elements of g(0)

ij . Using the same line of argument, it is not difficult to convince 
oneself that the calculation of the diagonal terms boils down to the one we have performed in 
the case of the isotropic non-Abelian Thirring model. This is so because the only interaction 
vertex that can contribute to the 〈OiOi〉 correlator, in the leading in k expansion, is the one 
which involves the operator Oi , that is λi

π
Oi (z, ̄z). The other two interaction vertices will have 

to combine into bubbles since in the Abelian approximation one cannot contract currents with 
different group indices. Consequently, the 2-point correlator will take the form of (3.8). We are 
now in position to write down the final expression for the 3 × 3 anomalous dimension matrix. 
Using (3.2) we easily find

γi
i = −2∂iβ

i − 1

g
(0)
ii

∂ig
(0)
ii βi , no summation in i = 1,2,3 ,

γi
j = −∂iβ

j − (1 − (λj )2)2

(1 − (λi)2)2
∂jβ

i, i �= j . (3.9)

Plugging in (3.9) the values of the exact in λ beta functions given by [6]

β1 = −2

k

(λ2 − λ3λ1)(λ3 − λ1λ2)

(1 − (λ2)2)(1 − (λ3)2)
, cyclic in 1, 2 and 3 , (3.10)

we obtain the all-loop expression for the anomalous dimension matrix

γ1
1 = 4

k

4λ1λ2λ3 − (1 + (λ1)2)((λ2)2 + (λ3)2)

(1 − (λ1)2)(1 − (λ2)2)(1 − (λ3)2)
,

γ1
2 = 4

k

(1 + (λ1)2)(1 + (λ2)2)λ3 − 2λ1λ2(1 + (λ3)2)

(1 − (λ1)2)2(1 − (λ3)2)
,

γ2
1 = 4

k

(1 + (λ1)2)(1 + (λ2)2)λ3 − 2λ1λ2(1 + (λ3)2)

(1 − (λ2)2)2(1 − (λ3)2)
, (3.11)

and cyclic in 1, 2, 3. Note that the matrix (3.11) transforms as a mixed tensor under the diffeo-
morphism endowed by (1.8)

γi
j ((λi)−1,−k) =

(
λi

λj

)2

γi
j (λi, k) . (3.12)
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3.4. The two coupling case using a symmetric coset

Let’s split the group index into a part corresponding to a subgroup H of G and the rest 
belonging to the coset G/H . We shall keep denoting by Latin letters the subgroup indices and 
by Greek letters the coset indices. Consider the case in which the matrix λAB has elements

λab = λ1δab , λαβ = λ2δαβ . (3.13)

It turns out that the above restriction is consistent only for symmetric coset spaces G/H

dλ1

dt
= −cG(λ2)2(1 − (λ1)2)2 + cH ((λ1)2 − (λ2)2)(1 − (λ1)2(λ2)2)

2k(1 + λ1)2(1 − (λ2)2)2
,

dλ2

dt
= − cGλ2(λ1 − (λ2)2)

2k(1 + λ1)(1 − (λ2)2)
. (3.14)

The crucial observation is the leading in k part of the 2-point correlator g(0)
ij (i = 1, 2) is a 

diagonal 2 × 2 matrix with the following entries

g
(0)
11 = dH

(1 − (λ1)2)2
, g

(0)
22 = dG − dH

(1 − (λ2)2)2
, (3.15)

where 1 and 2 correspond to the subgroup and coset respectively; dG := dimG, dH := dimH . 
Plugging in (3.2) the above expressions for the metric and the flow, we find the anomalous di-
mension matrix

γ1
1 = 2

k

cH λ1(1 − (1 − λ1)λ1)(1 + (λ2)4) + (λ2)2(cH (1 − 2λ1 − 2(λ1)3 + (λ1)4) − cG(1 − (λ1)2)2)

(1 − λ1)(1 + λ1)3(1 − (λ2)2)2
,

γ1
2 = 1

2k

(cG(dG + dH ) − 2cH dH )λ2(1 + (λ2)2)

(dG − dH )(1 + λ1)2(1 − (λ2)2)
,

γ2
1 = 1

2k

(cG(dG + dH ) − 2cH dH )(1 − λ1)2λ2(1 + (λ2)2)

dH (1 − (λ2)2)3
,

γ2
2 = cG

k

λ1(1 + 3(λ2)2) − (λ2)2(3 + (λ2)2)

(1 + λ1)(1 − (λ2)2)2
,

which transforms as a mixed tensor under the diffeomorphism endowed by (1.8).

4. Concluding remarks and outlook

We have been able to compute the anomalous dimensions of a class of integrable models 
characterized by two parameters, an integer k and a real parameter λ measuring the deviation 
from the CFT WZW model for a semi-simple group G. Our results are leading order in the 1/k

expansion but exact in λ. We have made this possible by a combination of techniques involv-
ing the Callan–Symanzik equation, a non-trivial duality-type symmetry shared by these models, 
analyticity arguments as well as the leading order result in the loop expansion in powers of λ. 
Our results were shown to be in perfect agreement with perturbation theory beyond the leading 
order. Moreover we derived the all-loop anomalous dimension for the bilinear current operators 
which deform the exact CFT for the cases: i) isotropic case, ii) the anisotropic SU(2) case and 
iii) the two coupling corresponding to the symmetric coset G/H and a subgroup H splitting of 
a group G.
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A natural extension of our work would be to consider cases beyond isotropy, i.e. when the 
matrix λ is not proportional to the identity. Work in that direction is in progress. Our methods 
can be extended for λ-deformations based on symmetric coset spaces. In that case the current 
wavefunction renormalization is still given by (2.2). Using the β-function [7,14,28]

β = −cGλ

4k
, (4.1)

and plugging into (2.3) we find that

γJ = − cGλ

2k(1 − λ2)
� 0 , (4.2)

which is invariant under (1.8) and also under the (λ, η)-duality it assumes a real value as easily 
can be seen by using (2.11). It is important to check this result and in that respect the β-function 
(4.1), against CFT perturbation theory. The novelty in this case is that we shall need a basic 
building blocks correlation function of parafermions because these are driving the perturbation 
in these cases [8]. We note that unlike the current case (2.5) the correction in (4.2) is of O(λ).

Our analysis should be extendable to semi-symmetric spaces (Z4 grading). Indeed, the com-
putation of the β-function for the semi-symmetric space PSU(2, 2|4)/SO(1, 4) × SO(5), was 
performed in [28]. The result turns out to be proportional to the quadratic Casimir in the ad-
joint representation (to leading order in the 1/k expansion) which vanishes for the supergroup 
PSU(2, 2|4). We expect a similar result to hold for the anomalous dimensions but nevertheless 
the necessary computation should be performed. Finally, it would be interesting to identify the 
operators in the η-deformed models of which the anomalous dimension is given by (2.12).
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Appendix A. Abelian part of the metric

The scope of this appendix is to compute the k-independent (Abelian) part of the metrics for 
the single and composite operator, given by (2.14) and (3.4) respectively. Let us note that the 
integrations within this section are performed in the entire complex plane, since there is no need 
for regularization.

A.1. Single operator

We firstly write the 2-point function G0|ab as a series in the coupling constant λ, i.e. 

G0|ab =
∞∑

λ2n

π2n(2n)!G
(2n)
0|ab . Notice that the sum in the expansion for G0|ab runs only in even 
n=0
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powers of the coupling constant λ since any correlator involving odd number of holomorphic or 
anti-holomorphic currents vanishes. Subsequently, we derive a recursive relation for the G(n)

0|ab’s

G
(n)
0|ab

x2
12

=
∫ n∏

i=1

d2zi〈J a(x1)J
a1(z1) · · ·J an(zn)J

b(x2)〉〈J̄ a1(z̄1) · · · J̄ an(z̄n)〉 . (A.1)

The next step is to perform the integral with respect to z1. Thus we have to find all the possible 
ways to contract the two currents situated at the point z1 with the remaining currents in (A.1)
with the aid of (1.3).

There are, actually, two types of contractions. In the first type we contract both currents at the 
point z1 only with internal ones while in the second type one of the currents at z1 is contracted 
with an external one while the other with an internal one. Thus, in the first type the contraction of 
J a1(z1) is with any of the remaining ‘internal’ currents sitting at z2, z3, . . . , zn. Apparently there 
are n − 1 such possibilities. For convenience let us say that J a1(z1) is paired with J a2(z2). Then 
the second current at the point z1, J̄ a1(z̄1) can be contracted with any of the n −2 currents sitting 
at z3, . . . , zn. Note that J̄ a1(z̄1) cannot be contracted with J̄ a2(z̄2) because this will give rise to 
bubble diagram and as such has to be omitted. We conclude that one has (n − 1)(n − 2) such 
diagrams. In the second type one may contract J a1(z1) with the external holomorphic current 
situated at x1. Then the anti-holomorphic current at z̄1 should be paired only with an internal 
anti-holomorphic one otherwise we shall end up with a disconnected diagram. Since there are 
n −1 such currents there will be 2(n −1) different contractions of this type. The additional factor 
of 2 comes because of the two possibilities: J a1(z1) can be contracted to J a(x1) or with J b(x2). 
Using the identity (2.15) in (A.1) and performing a second z-integration with the help of the 
delta-function in (2.17) it is straightforward to obtain the following recursive relation

G
(n)
0|ab = π2((n − 1)(n − 2) + 2(n − 1)

)
G

(n−2)
0 = π2n(n − 1)G

(n−2)
0|ab . (A.2)

One can show by induction that the n-th term in the expansion takes the form

G
(n)
0|ab = πn n!G(0)

0|ab, n = 2m, m = 1,2,3, . . . (A.3)

where G(0)
0|ab = δab is the free (no interactions) 2-point function. We are now in position to derive 

the Abelian part of the metric for the single operator

G0|ab = δab

(
1 +

∞∑
m=1

λ2m

π2m(2m)!π
2m(2m)!

)
= δab

1 − λ2
, (A.4)

which yields Eq. (2.14), through G0|ab := G0 δab .

A.2. Composite operator

In this case G0 =
∞∑

n=0

λ2n

π2n(2n)!G
(2n)
0 where:

G
(n)
0

|x12|4 =
∫ n∏

i=1

d2zi〈J a(x1)J
a1(z1) · · ·J an(zn)J

b(x2)〉〈J̄ a(x̄1)J̄
a1(z̄1) · · · J̄ an(z̄n)J̄

b(x̄2)〉.

Working in analogy to the single operator case, we find the recursive relation:

G
(n) = π2((n − 1)(n − 2) + 4(n − 1)

)
G(n−2) = π2(n − 1)(n + 2)G

(n−2)
, (A.5)
0 0
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where the additional factor of 4 comes because of the four possibilities: J a1(z1) can be contracted 
to J a(x1) or to J b(x2) (two possibilities) plus another two possibilities arising from the contrac-
tions of the anti-holomorphic current at z1 with one of the external anti-holomorphic current at 
x1 or x2. One can show by induction that the n-th term in the expansion takes the form

G
(n)
0 = πn

2
(n + 2)!!(n − 1)!!G(0)

0 = πn

2
(n + 2)n!G(0)

0 n = 2m, m = 1,2,3, . . . , (A.6)

where G(0)
0 = dimG is the free (no interactions) 2-point function. We are now in position to 

derive the Abelian part of the metric for the composite operator, i.e. Eq. (3.4):

G0 = dimG

(
1 +

∞∑
m=1

λ2m

π2m(2m)!π
2m 1

2
(2m + 2)(2m)!

)
= dimG

(1 − λ2)2
. (A.7)
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