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ABSTRACT. A complete analysis of the essential spectrum of matrix-differential operators A of the form

_ipi-f-q —ib*-l-c*
“ Y a i L2((0,8)) ® (L((e, )" 1)
ba +c D

singular at 8 € R U {oo} is given; the coefficient functions p, ¢ are scalar real-valued with p > 0, b, ¢ are
vector-valued, and D is Hermitian matrix-valued. The so-called “singular part of the essential spectrum”

08,(A) is investigated systematically. Our main results include an explicit description of o5 (A), criteria for

its absence and presence; an analysis of its topological structure and of the essential spectral radius. Our key
tools are: the asymptotics of the leading coefficient 7(-, A) = p —b*(D — X\) ~1b of the first Schur complement
of , a scalar differential operator but non-linear in \; the Nevanlinna behaviour in A of certain limits
t /B of functions formed out of the coefficients in . The efficacy of our results is demonstrated by
several applications; in particular, we prove a conjecture on the essential spectrum of some symmetric stellar
equilibrium models.

1. INTRODUCTION

The interesting spectral phenomena of matrix differential operators have attracted a lot of attention in
recent years. In particular, the essential spectrum and the different mechanisms giving rise to it were studied
in many papers, see e.g. [7], [18], [I6], [I7], [15], [2I]. Often the motivation for the particular examples studied
therein came from mathematical physics, in particular, magnetohydrodynamics, see [I3]. The first paper
where the essential spectrum of general singular matrix differential operators of the form with scalar
function D was analysed and described explicitly is the recent work [I1]. Nevertheless, the results therein did
not provide the full solution for the essential spectrum of a problem in symmetric stellar equilibrium models;
for the essential spectrum due to the singularity at the boundary of the star only a conjecture was made.

Here we undertake a systematic analysis of the essential spectrum of matrix differential operators (0.1)
for the case of matrix-valued D. Under considerably weaker assumptions than in [I1], we give an explicit
description of the part of the essential spectrum caused by the singularity at 8 which we call singular part
of the essential spectrum and which we denote by o5 (A). Furthermore, we establish criteria that allow us
to give a complete classification and characterization of o5 (A) and we investigate its topological structure.
Our explicit characterization allows to decide when the essential spectrum is bounded and, in this case, to
derive a formula for, or estimate, the essential spectral radius ress(A) := sup {|A| : A € gess(A)}, cf. [20].
Results and particular assumptions in earlier papers on examples of operators are shown to be special
cases of our abstract classification. Moreover, our weaker assumptions allow us to prove the conjecture in
[11] on the singular part of the essential spectrum for the symmetric stellar equilibrium model from [3].

The novelty of this paper is that it characterizes all parts and features of the essential spectrum of general
singular matrix differential operators in terms of the coefficients of the associated first Schur complement
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S(A) which is a scalar differential operator defined for, and depending non-linearly on, A ¢ o(D):

SO = ipjt+qA<§tb*+c*) (D—n)! (bjt+c> in L2((a, ) (1)
= Dl 0) (X (o A)) e N (1.2

see for the precise form of the coefficient functions. It turns out that a particular role is played by the
leading coefficient 7 (¢, \) := p(t) —b(t)*(D(t) — A)~tb(t), t € [, B), of S(A\) and by its asymptotic properties:
1. The regular part ol (A) of the essential spectrum, defined as the closure of the union of the essential
spectra of the restrictions A, g, of A to regular subintervals [a, 8] C [a, ), is identified with the points
for which (-, A) has a zero in [«, ;]
2. The singular part o2 (A) of the essential spectrum, defined as the part that is not present for any
restriction A, 5] to a regular subinterval, is described in terms of limits ¢ ,* 3 of some functions formed
out of the coefficients of the Schur complement; e.g. if 8 = oo,

oD\ L (N
A ssA) = (1 : -1 2 >0 1.3
contn) = (Imey) ~hm e (13)
for points A € R\ (0&s(A) U Ag(D)) where Ag(D) C R is the set of (finite) accumulation points of the
eigenvalues of D(t) as t 7 oc.
3. The absence resp. presence of the singular part ol (A) of the essential spectrum is fully characterized
in terms of the coefficients of the asymptotic expansion of 7(-,\) as t /' f,

w(t, A) = mo(A) + T (A)(E — B) + R(¢, N), (1.4)

provided the latter exists and the remainder has certain asymptotic properties; more precisely,
mo(A) #0, m(A) #0 = o0& (A) \ Ag(D) = 0.
S

4. The topological structure of o2 (A) is classified by means of certain coefficients, some of which naturally
arise from the canonical representation of Nevanlinna functions, obtained from the coefficients of the Schur
complement such as

—72(A) 1 o2

gp = )\h_>ngo A\ ) _772(>\) = _5 th/r% wﬂ'(t, )\)7

2o ( A
= lim —2 = — i .
Yp = lim —==, —(}) lim (t, )

In particular, our classification allows to characterize all cases where the essential spectral radius is finite. If
e.g. gg > 0 and gg + 49 # 0 and the eigenvalues of D(t) have limits of which jy are proper, then the closure
of the solution set of the inequality in (1.3]) consists of

— at most jo 4+ 1 compact intervals if gg + 4y > 0,
— at most jo compact intervals and two unbounded intervals if gg + 41 < 0.

There are three crucial differences compared to earlier papers such as [7], [18], [16], [15], and [13], [3].
First we do not only consider special classes or examples of matrix differential operators ; secondly we
do not only consider them under particular assumptions which rule out possibilities for the singular part
of the essential spectrum; and thirdly our methodology is based on the analysis of Schur complement. The
latter allows us to use results from the theory of scalar differential operators and distinguishes our paper
also from the recent paper [2I] for the special case of scalar D. While [2I] shows how to determine gegs(A)
by a transformation to a Hamiltonian system and relies on a limit-point/circle classification, our method
provides an explicit formula for cess(A) in terms of the original coefficient functions and is not restricted to
the limit-circle case at f3.

There are also essential differences to the earlier paper [I1] in at least three respects. Firstly, we cover the
more general case of matrix-valued and not only scalar-valued coefficients D. Secondly, and more importantly,
we prove all results under much weaker assumptions than in [1I]; major improvements include that e.g.
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— the eigenvalues of D(t) are no longer assumed to have (proper or improper) limits as ¢t 3,
~ (D = X)71|| and ||(D — X\)~!c|| no longer need to be bounded near §3,

1

- ﬂ—(" >‘)ﬂ m
Thirdly, the weaker assumptions required the use of new techniques to prove e.g. the relation between the
essential spectra of the matrix operator and its Schur complement. Fourthly, the weaker assumptions
enabled us to cope with the singularity at the boundary of the star in the symmetric stellar equilibrium
model for which only a conjecture was made in [I1]. Finally, we give the first comprehensive and systematic
analysis for the singular part of the essential spectrum in terms of the asymptotic coefficients of the leading
coefficient 7(-, A) as t / 3 of the Schur complement.

The paper is organized as follows. Section 2 contains the operator theoretic framework for the singular
matrix differential operator and its Schur complement . Section 3 is dedicated to the characteri-
zation of the regular and singular part or the essential spectrum in terms of the Schur complement. Section
4 provides criteria for o2 ,(A) to be empty and, if it is not empty, an explicit description in terms of certain
limits of functions formed out of the coefficients of the Schur complement. Section 5 contains some useful
sufficient conditions for the assumptions in our main results and a more elegant formula for o5, (A). Section
6 deals with the topological structure of oS (A). Section 7 shows that the problems considered in earlier
works concern special examples of our general operators and special cases of our abstract classification
in terms of mo(A), m1(A). In Section 8, we prove the conjecture that the singular part of the essential spectrum
for the symmetric stellar equilibrium model is empty.

, 7(-s A), and (-, \) no longer need to be bounded near .

2. SINGULAR MATRIX DIFFERENTIAL OPERATORS AND ASSOCIATED SCHUR COMPLEMENT

In this section, we introduce the operator setting for matrix differential operators of the form and
the associated Schur complement , together with some basic assumptions. To this end, let « € R and
B € RU{oco} with @ < 8. On the interval [«, 3), we introduce the scalar, vector, and matrix differential
expressions

_d d+ o
TAETgPy Tt BT Ty

d
Tg = ba +c, 0 =D,

with coefficient functions p, ¢:[a, 8) = R, b= (b;)i;, c=(ci)j; [, B) = C" and D=(d;5)} ;= : [or, B) = C*"
satisfying the following assumptions; here b* and ¢* denote the (pointwise) row vector adjoints of b and c.

Assumption (A). Let p € C'([o,8),R) with p > 0, ¢ € C([o, 8),R), b,c € C'(|a, 3),C") and D €
Cl([a, B),C™™™) with D(t)* = D(t) for t € [a, B3).

The differential expressions 74,7, 74, and 7p, respectively, induce operators Ao LQ(( ,B)) = L*((o, B)),
By : (L*((@,8)))" = L*((@. B)), Co = L*((a, B)) = (L*((e, 8)))", and Dy : (L*((, 8)))" = (L*((ev, )"
on the domains

D(Ao) == Ci((e, ), D(Bo) := (Co((er, 8)))",  D(Co) := Cy((e, B)), D(Do) := (Col(ex, 5)))",
where C§((a, B)), k € Ny, denotes the space of all functions f € C*((a, 8)) with compact support in («, 3).
In the Hilbert space H := L?((«, 8)) ® (L*((cx, B)))n, we define the matrix differential operator

S e
at’at T Tt T o T
d
L Ay By _ b1— 4+ di1 e din
‘AO o <CO DO) B dt- . . . (2.1)
d
bna +cn dnl s dnn

with domain D(Ag) := D(Ag) ® D(By) = C3((a, B)) ® (C&((aa,@)))n~
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Proposition 2.1. The operator matriz Ay in (2.1) is symmetric in H with

’3(*‘3){@ € 3¢ 1, pyl + b € ACue([as B),

— (pyy +0%y2) + qy1 + c*yo € L((a, B)), by} + cyr + Dys € (LQ((O«B)))"},

. <y1) (—(pyi + % y2) 4 qur + c*yz>
'AO == 9

Y2 by + cy1 + Dy
and dimker(A§ — A) <2 for A € C.

Proof. The proof is similar to the proof of [11] Proposition 2.3] in the case n = 1 where D is a scalar function,
and is thus left to the reader. (]

For a densely defined closed linear operator T, we use the following definition of essential spectrum
Oess(T) :={A € C: T — X is not Fredholm},

which is the set o.3(T") in [0, Sections 1.3 and IX.1]. Note that all definitions of the essential spectrum in [6l
Sections 1.3 and IX.1] are equivalent for self-adjoint operators.

Throughout this paper, A denotes an arbitrary closed symmetric extension of Ag. Since the deficiency
indices of Ag are finite, A is a finite-dimensional extension of Ay and hence (see e.g. [7, Section IX.4])

Jess(\A) = Uess(ZO) C R.

As in [11], we employ Glazman’s decomposition principle to determine oess(A) (see [8]). To this end, for an
open subinterval J C [, 8), we denote by A the closure of the symmetric operator Ag_; in L2(J) @ (L*(J))"
generated by the restriction of Ag to CZ(J) & (C§(J))", i.e.

Ay =AHoy=HAo [ C3(J) & (CA(I))". (2.2)
Then, for arbitrary tg € (o, 3), the operator A in L?((«, 8)) @ (L?((r, 8)))™ is a finite-dimensional extension
of the orthogonal sum A4 ¢,) © A(t,,) and hence (see e.g. [6, Section 1X.5.2])

Uess(A) = Uess(-A(a,tO)) ) Uess(A(to,ﬂ))- (23)

The first Schur complement So(A) of the operator matrix A in (2.1)) which is defined for all A € C\ o(Dy)
and acts in the first space component L?((«, 3)) (see [24, Section 2.2]) is induced by the scalar second order
differential expression

_ d d d., B d
Ts(A\) =74 — A —78(TD — \) 17§ :7ap&+q7)\f <dtb +e > (D —X\)! (bdt+0)'
The differential expression 75(A) can be rewritten in the standard symmetric form as
0 o . 0o 0
(V) = = N g +i(r( N 5+ () 454 ) (2.4)

where, for A € C \ o(Dy),
(-, A) == p—b"(D — \) "D,
r(-,A) == Im(b*(D — \)"te), (2.5)

0
w(A)i=q—A—c(D—N"te+ 5 Re(b*(D — \)"te).
Note that we use partial derivatives here and in the sequel since the coefficients now also depend on the
spectral parameter A € C.
For an open subinterval J C [a, ), let Dy ; denote the multiplication operator by the matrix function D
in (L2(J))n with domain D(Dg y) = (Co(J))™. Then, for A € R\o(Dy, ), the formally symmetric differential
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expression 7g(\) induces a symmetric operator So ;(A) in L?(J) with domain CZ(.J); we denote the closure

Of SO’J()\) by S]()\),
D(So,s(N)) == c3(J), So,0(Mu = T1(N)u, Sy(A) == So,7(N). (2.6)

To describe the resolvent sets of matrix multiplication operators such as Dy, we introduce the following
notation. For a subinterval J C [«, 8) and a matrix function M : [a, ) — C™*™ we have

Ay(M):={X€C: 3ty € J, det(M(to) — \) =0} = | J o(M(2)); (2.7)
teJ

notice that A;(M) = o(M) if M is viewed as a matrix multiplication operator acting in (L?(J))", see [10].
In the limiting case, we set

As(M) :=C\{A € C:3tre(o, B) IR\ >0 VEE(tr, B) AEa (ML) A(ME) =X)L < Ryl (2.8)

since Ag(M) is the complement of the region of boundedness of the matrix family (M (t));c[a,p), it is closed
in C (see [14, Theorem VIII.1.1]). If the matrices M (¢), t € J, are Hermitian, then the property
1

104() =N = S mr®)”

ted, (2.9)

implies that
Ag(M)={reR: ligr}iélf dist(\, (M (t))) = 0}.

Throughout this paper, for the Hermitian matrix-valued function D = (d;;)};—; : [, 8) — C™*™ in the
operator matrix (2.1]), we denote by Ax(t) € R, k =1,2,...,n, the eigenvalues of D(t) for t € [a, 5). Then

AyD)=]J {mt):k=1,2,...,n} CR;
teJ
in Section @ we will assume that the possibly improper limits Ax g := lim; »g A () € R U {—00, 00} exist,
see Assumption (T1), in which case we will have

AB(D) = {Al’g,...,/\n)g}ﬂR. (2.10)

3. ESSENTIAL SPECTRUM AND SCHUR COMPLEMENT

The essential spectrum of singular matrix differential operators consists of two parts, one due to the
matrix structure which persists even when the operator is restricted to compact subintervals [a, 8] C [«, 5)
and one due to the singularity at 5. Our main tool to describe both the regular part and the singular part
of the essential spectrum of A is the first Schur complement S(A) introduced in Section [2| and in particular
its leading coefficient 7 (-, A), see (2.4).

3.1. The regular part of the essential spectrum. For points A € R\ Ay, g)(D) for which 7(t,\) =0
for some ¢ € [a, 3), the leading coefficient of the differential expression 7¢(A) vanishes. Below we show that
these points give rise to essential spectrum of a restriction A, ¢,) to some finite interval (o, t9) C (a, )
with ty < 5.

To see this, we first relate the zeros of 7(-, A) to the spectrum of the Hermitian matrix-valued function
Ao, ) = C™*™ given by

A(t) = D(t) - mb(t)b(t)*, tela, ), (3.1)
which was used in [2] to characterize the essential spectrum of operator matrices such as A(q ¢,)-

Lemma 3.1. For every A € R\ Ay, (D),

det(A — X)

(-, A) = pm on |a,pB). (3.2)
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Moreover, for every open subinterval J C [, B) and every A € R\ (Aj(D)UA;(A)),

1
w(-,A)

1 1

V*(D-)\) c= %b*(A—)\)i ¢ onJ. (3.3)

Proof. Sylvester’s determinant theorem states that, for matrices M; € C**™ and M, € C™*F,
det([k — MlMg) = det(Im — Mng);

here I, € CF** and I,, € C™*™ are the identity matrices. Applying this equality with k = 1, m = n,
M; = p~1b* and My = (D — \)~1b, we can rewrite (-, \) defined in (2.5)) as

-3 = deb(L 8D~ 2)71) = p de( — (D~ A~
=pdet((D—=A) "1 (D =A—=bp~'b")) = pdet((D —A)"!) det(D — A —bp~'b")
det(A — X)

:pm on J.

To prove the second claim, let A€ R\(A;(D)UA;(A)). By the second resolvent identity and (3.1]), we have
1
V'(A—=N)"le=b"(D—=XN)"te+ =b* (DNt (A —AN)"te on J
b
Hence, by the definition of 7(-, A) in (2.5)),

1
(-, A)lb*(A A7 le=b" (A= N"te— =" (D= AT (A= N)Tte=b"(D -\ "te on J. O
p p

Remark 3.2. If Assumption is satisfied, then, for every open subinterval J C [, ) and every X €
R\ (A;(D)UA;(A)), the differential expression 7s()) satisfies the conditions [6, II1.(10.3)], i.e.

(1) 7T('7 >‘) 7é 0, ﬁ € Llloc(‘])a
(i) 27:(( ;)) _ Hml (i VD L) KA = e A) () € L),

Here the identity in (ii) follows from (3.3)). Since, in addition, r(-,A) € ACjec(J), the symmetric operator
So,7(A) for A € R\ (Ay(D) U A;(A)) also satisfies the conditions of [6, Theorem II1.10.7] and hence the
deficiency numbers of Sp j(A) are < 2.

On compact intervals, the essential spectrum of top-dominant matrix differential operators was charac-
terized in [2]. As a consequence of this and Glazman’s decomposition principle (2.3), the closure A;(A) of
the range of eigenvalues of the matrix function A on any open subinterval J C (¢, 8) belongs to the essential
spectrum of A ;. This part of the essential spectrum of A ; is called the regular part and denoted by oL (As).

€ess

Proposition 3.3. Let Assumption be satisfied and let J be an open interval such that J C [, B). If Ay
is the closed symmetric operator defined in (2.2)), then

Uess(AJ) = o, (‘AJ) = AJ(A> = Aj(A)7

if J = («a, ) and A is any closed symmetric extension of the operator Ao defined in (2.1)), then
Oess (A) o Ucrss(‘A) = A[a,B)(A)§
in particular, Aj,, 3)(A) = R implies that 0ess(A) = R.

Proof. The reasoning is completely analogous to the proof of [I1, Proposition 3.3] in the case n = 1; it uses
Glazman’s decomposition principle (2.3 and [2] Theorem 4.5]. O
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3.2. The singular part of the essential spectrum. While for intervals J such that J C [a,3) the
essential spectrum of A; is exhausted by its regular part, the singular endpoint 8 may give rise to an
additional part of oess(A). This part of the essential spectrum of A is referred to as the singular part and
denoted by o2,(A) (not to be confused with the singular continuous spectrum).

In the following, we characterize the essential spectrum of the restrictions A, gy for suitably large to €
(v, B) in terms of the Schur complement. The following results generalize those in [I1] not only to the more
general case n > 1. More importantly, we develop a different proof that allows us to weaken the assumptions
on the coefficient functions in considerably (cf. [I1, Assumption (B)]).

The new Assumption below contains a weight function 7, which enables us to cover a larger set of
operators; particular weights have already been used in the method of [I5]. The choice of a suitable 5
depends on the behaviour of other coefficients in the Schur complement (see the proof of Theorem for
examples).

Lemma 3.4. Let Assumption be satisfied. Then, for every A € R\ (04s(A) U Ag(D)), there exists
ty € (o, B) such that

(i) A ¢ Ag, 5)(D) and sup,cz, g) [1(D(t) = A) 71 < oo;

(i) 7(-,\) # 0 on [tx, B), hence either (-, \) >0 or w(-, ) <0 on [ty, ).
Proof. The existence of ty for which [(i)| holds is immediate from the definition of Ag(D), see ([2.8). The
function 7 (-, ) is non-zero on [ty, 8) since p > 0 on [a, B), A € R\ (Afa,8)(A)UA3(D)) and the relation (3.2
holds. Because 7(-, A) is continuous on [fy, 3), it cannot change sign on [y, ). O
Assumption (B). For every A € R\ (¢2,(A) U Ag(D)), there is a t) € [tx, 8) with ) as in Lemma
such that

(B1) there exists a constant k; > 0 with

1,02
(- 1> F[(D = 2) 718l om [, B); (34)
(B2) there exists a constant ks > 0 and a positive-valued function n € C?([ty, 8)) with

V(5 A) = Ko |[(D = M)t [(1;((”?\)) + Z})b + c} ;bounded from below on [ty, 3) (3.5)
where
Voo A) = 5 (;{(-, e :r(&T,AA)) - ;’(W(.,A)\%)) (3.6)
and

o . B 1 ifw(-,A) >0 on [ty fF),
Sp = sgn(m(-, M) t,,8)) = {_1 if 7(-,\) < 0 on [ty, ).

Lemma 3.5. Let Assumptions|(A)][(B)| be satisfied and suppose ol (A) # R. Let X € R\ (04 (A)UAg(D))
and let ty € |a, ) be as in Assumption |(B)| Further, let S, gy(A) be defined as in (2.6) with J = (tx, ).
Then

A€ Oess(A(ty,8) <= 0 € 0ess(Sit,,)(N); (3.8)
moreover,
AE O'ess(.A) <— 0¢€ Uess(S(t)”g)()\)). (3.9)
Proof. We fix A € R\ (65, (A) UAg(D)) and abbreviate J := (ty, 8), Hy := L?*(J), and Hy:= (LQ(J))n. We
equip Hy = H} with the norm

3
1 llses = (Wall3e, + 1F2le, + o+ 1l ) s f = (s S fu)t € 3 = 9
By definitions (2.2) and (2.6)), we have Ay = Ag,; and S;(A\) = Sp,;(A). Thus we have to prove that

A€ UeSS(AQ7J) < 0e Oess (S(]’J()\)) (310)

-
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Note that, by Lemma D(t) — X is invertible for t € [ty, 8) and sup,c(,, gy [I(D(t) —A) 7| <oo. Moreover,
since D € C*([a, 3), C™ ™) by Assumption we have (D — \)~1C} ([, B),C™) C C¢ ([, B),C™).
“«="in : The proof of this implication is completely analogous to the corresponding part of the
proof of [I1 Lemma 3.7].
“—=" in : In order to delete the first order derivative in Sy ;, we apply the unitary transformation

t
U:L2(J) = L2(J), (Uf)(t) = e “EVF@), with w(t,\) ;:/ WCTIPN (3.11)
ta W(S’)\)
note that ;((’;)) € C*(J). Then the transformed operator is again symmetric and has the form
_ 0 0 r(-,\)?
To(\) = MU= ——7a(, A= GA) = —2 D(To(N) = .
N) = USo U™ = = Zrl ) g+ ) = 250 D(TH(N) = UD(S6,4(N)
It is not difficult to check that, with V;, defined as in (3.6),
1 0 0 1
ToN) =8 | ———= A . A2
0 = 5= (— =gl VI == + Vol ) (3.12)

Since V,, is bounded from below by ([3.5) in Assumption |(B)| . there is a § > 0 such that V,(-,A\) + > 0 on
[t)\vﬁ) and7 for f € .D(TO(A))a

(B0 + 250017 £, = 5 (= (35 (ot >—(7f)) T8 e (b D), + 20171, )
— oo ([VARCIZ (2N + IV 78713, + 0113, )
ot NI K,

Thus Ty (A) 42570 is uniformly positive if s, = 1 and uniformly negative if s, = —1 with s =sgn(7(-, \)[}, 5))-
Hence the quadratic form generated by Tp(\) is closable. We denote its closure by tg(A) and by T (A) the
self-adjoint operator associated with tp, i.e. the Friedrichs extension of Tp(A) (cf. [I4, VI.§ 2]). Note that
the domain of ¢x () is the closure of D(Tp(\)) with respect to the norm

(e at( )H Vo +0 - 13, +1- ||g{1)

Now we suppose that 0 ¢ oess(So,7(A)). Since U is unitary and Sp s has finite deficiency indices, we have
0 ¢ 0ess(Tr(N)). Let Py be the spectral projection onto the eigenspace of Tp(\) corresponding to 0 which is
{0} if 0 is not an eigenvalue of T%(A). Since 0 is not an eigenvalue of infinite multiplicity, Py is of finite rank
and thus compact. Hence 0 ¢ 0egs(Tr(X) — Pp); note that 0 ¢ o, (Tr(A) — Py) by definition of Py. Then the
operator
Ko O1xn
K= . Ky:=U"'PRyU,
0n><1 Onxn
is compact. It is not difficult to check that A € o,(Ag; — K) implies that 0 € o, (SOJ()\) — Kg) C
op(Tr(X) — Py), a contradiction to the choice of Py. Hence A ¢ oy, (Ag,y — K).
The claim is proved if we show that (Ao y—K —\)~! is bounded on ran(Ag ;— K —\). In fact, we will show
that the latter implies that A ¢ o,(Ay — K), and thus, by [II, Lemma 2.4], A ¢ 0ess(Ay — K) = Tess(A ).
To see why the boundedness of (Ag ; — K —\)~! on ran(Ag s — K — \) implies A ¢ o,,(A; — K), suppose
to the contrary that A; — K — X is not injective. Then there exists an z € D(Aj), ||z||s, @2, = 1, such
that (A; — K — A\)x = 0. Since A; = Ag s, there exists a sequence (2,,)neny C D(Ag,s) with z,, — x and
(Ao, s — K — Nxy = 0, n — oo. Letting y,, := (Ao,;s — K — Nz, € ran(Ag s — K — A), we obtain

H(‘AO,J - K — A)_lynHi}fl@ﬂ’fz _ Hanﬂfl@ﬂfz
[y ll3t, @3¢, [(Ao,s — K = Nan|lsc, a9,

a contradiction to the boundedness of (Ag ; — K — X\)~! on ran(Ag s — K — A).

— 00, N — 00,
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It remains to be shown that (Ag; — K — A\)~! is bounded on ran(Ag; — K — A). To this end, let
(f,9)" €ran(Ag,s — K — N),

(Ao — Ko — Mu+ Bov = f, (3.13)
Cou+ (Dy — Nv =g, (3.14)
with (u,v)* € D(Ag,s) = C3(J)@ (C§(J))". Then Assumption |(A)|implies that (Do —\)"*Cou € (C(J))",

and (3.14) shows that (Do — A\)"lg = (Do — A\)"'Cou +v € (CO( ))n Solving (3.14)) for v, we can thus
substitute v = —(Do — A\) "*Cou + (Do — X) g € (C§(J ) into ) to obtain
(Ao — Ko = A)u — Bo(Do — A) " 'Cou = f — BO(DO -7y
Since the left-hand side equals (So,7(A\) — Ko)u = U~ (Tp(X) — Py)Uu and U~ (Tp(X) — Py)U is boundedly
invertible, it follows that
w=UYTr(\) = Py) ' Uf = U Y (Tr(\) — Py) ' UBo(Do — \)'g.

Inserting this back into the above formula for v, we find that

—(Dog—N)"tCoU (TF()\)—Po)_lUf+(D0—A)‘lg+(D0—)\)_1OOU_1(TF()\)—PO)_lUBO(DO—)\)_lg.

Now define the auxiliary operator

L:=10(, )\fa7+12( JA),

D(L) = {f e L2(J): (i

1
i)

L), VIS ) €P), VT TS € 120}

where
iw(-,A) 1 () n
_ alw(, _ - . _ 1w (. o
(o A) = e“CN (D = N1, (-, A) (D—A)" [(m(,x)+2n)b+c},

and w(-, A) is defined as in (3.11). Further, we introduce the operators
F(A) = L|Tr(\) +25:6] 7%, G(A) := |Tr(A) + 25:0]% (Tr(\) + Bo) ™~ |Tr(A) + 25:6]3.

Then F()) is an extension of (Do—A)"1CoU ! Tr(\)+25.6| "2 since L is an extension of (Do —\)~1CoU 1.

Moreover, it can be verified directly from the definition of the adjoint that L* D UBy(Dg — X\)~1. Thus
F(A)* D |Tp(A) + 25:6|"2UBy(Dy — A) ™"

Hence the above relations for u and v show that (¥) = (Ag s — K — \)~* (]gc) is given by

U Ufl(TF()\)fPo)ilU fol(TF()\)7P0)71|TF(/\)+257T5|%F()\)* f
o) \=FO)[Tr(N)+25:0]3 (Tr (N~ Po) U (Do=A) 7 +F(N)G) F(A)* g
The operator (Tp(A) — Po)_1|TF (A) + 25.6|2 has a bounded extension to H;. If we show that G(\) has
a bounded extension on H; and F'()\) is bounded on Hs, then all entries in the above operator matrix are

bounded and hence (Ao ; — K — A)~! is bounded on ran(Ag j — K — \).
Since G(A) can be written as an orthogonal sum of bounded operators

G(A) = sz [(I +26(I — Py)((I — Po)Tr(N)(I — PO))‘l) @ 2§P0} ,

the existence of a bounded extension of G(\) follows.
Next we prove the boundedness of F'(A). It can be shown that D(¢z())) is contained in D(L). Thus F(\)
is everywhere defined. For arbitrary f € H; and g := |Tr(\) + 25,.0| Y2 f € D(tr()\)), we obtain

I (N £1I5e, ILgl3e,

£, NTr(N) + 2526]*/2g]l5,
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Hence the second representation theorem [I4, Theorem VI1.2.23] yields

1 1 N\/2 2
IFO)fI, _ ILglI2,, < Hlerzht Vlier (0729) lae, + 22l Vliergllae, o o

1£13¢, sw(trelg) +2sx0l9l3,) ~ Iv/nlw (5 NI~ 2gl3e, + I1v/Va + 3913, +lgl3e,
Now (3.5 in Assumption implies the boundedness of F'(A) on H; which completes the proof of (3.10)

and hence of (3.8).
In order to prove (3.9)), we use that by Glazman’s decomposition principle ([2.3))

A€ Jess(A) = A€ (o'ess(-A(a,tA)> U Uess(A(tx,B)))'

By Proposition Oess(A(atr)) = Maytn) C Aja,g) = 0oss(A). Since X & o5 (A) by assumption, it follows
that A & 0ess(A(a,ty)). Now (3.9) follows from (3.8). O

4. SINGULAR PART OF ESSENTIAL SPECTRUM

In this section, we analyse the singular part o5 (A) = 0ess(A) \ 0L(A) of the essential spectrum. To-
gether with Proposition describing the regular part of the essential spectrum, we thus obtain a full
characterization of oess(A) up to the exceptional set Ag(D).

First we provide conditions for o2 (A) \ Ag(D) = 0. If 05 (A) \ Ag(D) # 0, we establish an analytic

description of this set in terms of the coefficients of the given operator matrix Ag in (2.1)).

4.1. Criteria for o5 (A)\Ag(D) = 0. By Lemma we know that o5 (A)\Ag(D)=0if 0ess(S(t,,5)(A) =0
for all A € R\ (0&(A) UAg(D)). The latter holds for instance if S(;, )(\) is in limit-circle case at 3, see
[25, Theorem 10.12.1(2)]. The possibility of employing the limit-point/circle classification was mentioned
in [I5] and used (for a Hamiltonian system) in [2I]. While this provides only an implicit characteriza-
tion, our conditions on the coefficient functions are explicit and not restricted to the limit-circle case at (.

Moreover, we refute the suspicion raised in [I5, p. 137] that limit-point case is crucial for o5 (A) # 0 (see
Example [4.2] below).

Assumption (C). Suppose that, for every A € R\ (05 (A) UAg(D)), there exists ¢, € [ty, 3) with ¢, as in
Assumption such that one of the following holds.

(C1) nh(-,A)* € LY((tx, B)) with

p ds %, 1 1
(A‘n@)ﬂak)> ey S )

h(t,\) := (4.1)
</t ds >2 otherwise
_ wise;
7 1(s)|m(s, M|
(C2) (a) w(-,N), Y are bounded on (ty, 3);
r(-, A2 . ~
(b) sal »(-,A) — Y is bounded from below on (ty, 3);
(-,
moreover, if 8 = oo, for all d > 0,
ct+d 2
: r(t,\) _
Clggo - S (%(t, A) — Y > dt = oc. (4.2)

The next theorem shows that if one of the conditions |(C1)|or [(C2)[in Assumption |[(C)|above is satisfied,
the singular part of the essential spectrum of A outside of Ag(D) is empty.

Theorem 4.1. Let Assumptions|(A)| and be satisfied. Then, for every closed symmetric extension
A of Ay defined in [2.1), o5 (A) \ Ag(D) =0, i.e.

Gess(A) \ A3 (D) = 0 (A) \ Aa(D). (4.3)
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Proof. Let ty € [ta, ) be as in Assumption The claim in follows from Lemma if we verify that
ess(S(7, 5)(A)) = 0. Let Tr(A) be the Friedrichs extension of Ty(A) as in the proof of Lemma Since Tp(A)
is a finite dimensional extension of US;, g (MU and U is unitary, we have oess(Tr(N)) = ess(S(7y,8) (N)-
First consider the case when Assumption holds. Since the operator
1

U77 : LQ((?MB)) — LQ((?M»B)JI)’ Unf = ﬁf

is unitary, we have oess(Tr(N)) = Oess(UnyTr(A)U,; ') Hence it suffices to show that

oess(UnTF()\)Un_l) - @ (44)
With § as in the proof of the Lemma [3.5] it is not hard to see that the operator
-1 s 9 w2
UyTr(NU, ! + 528 = 7 ( ST Nl 5+ (v + 5)), (4.5)

acting in the weighted Hilbert space L?((ty, 3),7), coincides with the operator T' (up to the inessential overall
sign sr € {—1,1}) in [23] with m = n, po = n(V;,+0), and p1 = |7 (-, A)|. By Assumptionsand the
differential operator in satisfies all conditions of Theorem in [23], and therefore, has compact resolvent,
ie. holds (cf. [6l, Theorem IX.3.1]).

Now consider the case when Assumption holds. If 5 < oo, then the form domain D(tp(N)) of Tr(N)
with 7 = 1 is a subset of W'2((ty,3)) which is compactly embedded in L?((ty,3)) (cf. [I, Theorem 6.3]).
Hence 0ess(Tr(N)) = 0 by [22, Theorem XIII.64].

If B = oo, then Assumption guarantees that the assumptions of Molcanov’s criterion are satisfied
(cf. [6, Theorem VIII.4.2]) and the latter yields oess(Tr(N)) = 0. O

Example 4.2. One of the main results of [15] implies that, for the operator Ay considered in (7.1)), see
Example A below, o5 (A) # () if the Schur complement is in limit-point case at 8 = 0, see [15, Theorem 6.1].
The suspicion raised in [I5, p. 137] that this may be true in general is disproved by the following simple
example.
Consider (2.1)) on L*((1,00)) with n = 1 and coefficient functions p=c =1, b= 0, ¢(t) = %, D(t) = 1,
t€[1,00). Then A(t) = 1, t € [1,00), Ag(D) = {0} and the Schur complement is given by
S(A)——d—z—kV(t A), V(A '—tQ—)\—L A ¢ [0,1]
- dt2 ) ) b A 1 _ )\t’ ) -
It is easy to see that Assumptions|(A)| and [(C2)| are satisfied. In particular, there is a ¢t > 1 such that
V' (-, A) is bounded from below on [ty, 00). Consequently, Theorem applies and yields
oos(A) =10, 0ess(A) =0,

ess €ss

(A) = [0,1].
However, since ¢y is a regular endpoint and V (-, A) is bounded from below on [ty, c0), S(A) is in limit-point

case at 0o, see [4, Proposition 4.8.9], but o5 (A) = 0.

4.2. Description of 05 (A)\Ag(D) # 0. The following result characterizes the singular part of the essential

ess
spectrum in terms of the limits of some functions formed out of the coefficients of the original operator matrix
Ag at the singular endpoint 5. For the proof, we need the following assumptions.

Assumption (D). Suppose that
(D1) p € C*([a, B),R), b € C*([ar, B),C™) and D € C?([ax, B), C"*™);
(D2) for every A € R\ (0%(A) UAg(D)), there exists £, € [, 3) with ¢, as in Assumption such that

FoN), —

——— are bounded on (£, 8), (4.6)
7T( " )‘)
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where

FN) = B—t)? (@.7)

(D3) for every A € R\ (0l (A) UAg(D)), the limits

r3(A) == tl% r(t, A), 7g(N) = th/n% 2(t, \)
exist and are finite where
r(t, \ x(t, ) .
(B-1) ((M)) if 8 < oo, (8 —1)? (<M§ if 8 < oo,
F(t, ) = j(t’ A (L, \) = Z@’ N
B =o0, 2 if B = oo;
Tl'(t, A) ﬂ-(t7>‘)
moreover, assume that the functions
O (t, A Dt N)
(-02TY g <o, (-0 it <o
Dy (t,\) = ’t A\ Dy(t, N) = 9 ’t A\
a7 (h ) if B =00 EAGEY if B =00
(t, A) ’ 7(t, A) ’

have finite limits as ¢t ' 3.

Assumption @ has the following important consequence. The proof of the following lemma, which is
based on Gronwall’s inequality, is analogous to the proof of [I1, Lemma 4.2] and thus omitted.

Lemma 4.3. Let Assumption be satisfied. Then, for every A € R\ (04 (A) UAg(D)), we have

lim ®, (£, \) = {_2 B0 () = {_F"(A) if B <eo
t B 0 if B=o0, t B 0 if B=oc.

The following theorem does not only generalize [11 Theorem 4.3] to the matrix case n > 1, but it requires
considerably weaker assumptions.

Theorem 4.4. Let Assumptions|(A) and@ be satisfied. Then, for every closed symmetric extension
A of Ay defined in (2.1,
Tess(A) \ Ag(D) = (04(A) Uois(A)) \ Ap(D)

and
02\ As(D) = {A € R\ (05,(4) UAS(D)) : D5(N) = 0}
where
~ ~ 1
Dy(N) = 1"5(/\)27%13()\)—1 if B < oo, (4.8)
Ts(\)? = 325(N) if B=oo.
Proof. The differential expression 7g(\) in can be rewritten as
d? d
Ts(A) = == (,, /\)@ +p(- ) ia +5(5A) (4.9)
where 5 5
K’(7)‘) = %(7A) +1§T(,A), p(7/\) = 2T(7A)+1§W(7A) (410)

Let ty € [t, ) be as in Assumption @ By Lemma
A€ Oess(A) \ (0 (A) UAZ(D)) <= 0¢€ Tess (57,8 (A)- (4.11)
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To analyse when 0 € oess(S7, 5)(A)), we use [6, Corollary IX.9.4]. We distinguish the cases § < co and
B =o0. If B < 0o, we consider the unitary transformation

U:L*((e, ) = L*((@,00)),  (Uf)(@) == () f(e(x)),
with
e(z) = (a — Be” =) 4 3, P(x) = \/Bfae*%(w*a), x € [a, 00).
Then € maps [a, 00) bijectively onto [a, §) and
d 1 d 1 1
Vel S Eaa a0
Now it is not difficult to check that Assumption @ and Lemma ensure that, for fixed A,

mUS@,m(A)U_l

satisfies the assumptions of [0 Corollary IX.9.4]|I| with m = 2, ag = —1, a1 = 273()\), and ag = 3¢5(\) +
Hence [6l, (9.19)] with & = 3 applies and yields

=

0 € Tess(Sz, 5)(A) = Tess (WUS@’@(/\)U1> — JEER:E2+275(N)E +555(\) + i =0,

which is, in turn, equivalent to 4D3(\) = 473(\)? —4323(A\) — 1 > 0. The claim now follows from Lemma
If B = oo, no unitary transform is needed. Our assumptions ensure that Sz, .)()) itself satisfies the
assumptions of [6, Corollary IX.9.4]. The proof can be finished in the same way as above. ([l

5. SUFFICIENT CONDITIONS FOR AssUMPTIONS [(A)] To [(D)]

In this section, we derive sufficient conditions for the assumptions of Lemma Theorem and
Theorem [4.4] that are easier to verify in applications. We restrict ourselves to the case when the singular
endpoint is finite, 8 < oo, since the case 8 = co can be easily transformed to the finite interval case.

To this end, in Assumption below, we will assume that, near the singular endpoint 3, the function
(-, A) has the asymptotic expansion

7(t,N) = 1o(\) + T\t — B) + R(t, ) with Rt \) =o(8 —t), t 7B (5.1)

Since (-, \) € C'([a, B),R) by Assumption we have
mo(A) = th/I‘% w(t,A), m(A) = th/I‘% %W(t, A).
To describe the singular part of the essential spectrum, we distinguish the following possible cases.
Case (I) : mo(A) # 0;
Case (II) :  mo(A\) =0, m1(A) #0; (5.2)
Case (III) : mo(N\) =0, 71 (A) =0.

Assumption (S). Suppose that, for every A € R\ (¢54(A) UAg(D)) and ¢ 7 3,

o(f—1t) in Case (I),
=40 _p-t in Case
R(t,\) = ( Tog (5 — t)|> Case (I1), (5.3)
o((B—1)?) in Case (III),

INote that it is enough to require ay € L2 (I) in [6} p. 445, (iii)] for [6} Corollary IX.9.4], cf. [11} p. 437 top].

loc



14 0. 0. IBROGIMOV, P. SIEGL, AND C. TRETTER

1 .
O(]_) in Case (1)7 (6] (/B—t) in Case (1)7
(D) =N 'b(t)|[2n =4 o(8 — )  in Case (II), r(t,A)=1, ( 1 ) in Case (IT), (5.4)
O((—1)2) in Case (III), | log(5—1)|
OB —1) in Case (III),
and, with s, = sgn(m(-, \)[ ,,8)) defined as in and f_ := (f — |f])/2 denoting the negative part of a
real-valued function f,
o ((6—113)—2) in Case (I),
. - — 1
Je>0: (s,r%(t,)\) —e||[(D(t) = \) 1c(t)|\?cn)_ =1, ((5 I ToslF = t)2> in Case (IT), (5.5)
O(1) in Case (III).

Theorem 5.1. Suppose that 5 < co and Assumptions|(A)| are satisfied. Then the following hold.
(i) In Cases (I) and (I1), Assumptions and [(C)] are satisfied. Hence, for every closed symmetric
extension A of Ay defined in ,
ess( )\Aﬁ( ) (Z)’ i.e. Uess( )\AB( ) ebb( )\AB( ) (56)

(ii) In Case (I11), if additionally Assumptzonm holds and, for every A € R\ (0% (A) UAg(D)), the
following limits exist and satisfy

772@)::11- y 3t A) € B\{0), ()—tli/r%%r(t,A)eR, (V)= lim (1. X) € B, (5.7)

then Assumptwns. are satisfied. Hence, for every closed symmetric extension A of Agy

defined in ,
JeSS(‘A) \AB(D) = (Jess(‘A) U Jess( )) \AB(D)

where
7\ AaD) = {A € R\ (051 UAXD)) s i) — 0 m) = {ma ). (58)

Proof. The asymptotic behaviour of [[(D — A)~1b[[2,, see (5.4), implies that holds with some
constant ky > 0, i.e. Assumption is satisfied.

Below, we verify that Assumption is satisfied. To this end, let n € C?([ty,)) be positive. The
triangle inequality, condition , and the Cauchy-Schwartz inequality yield

[0 [ + Q)M%}zf.(ﬁﬁi\ +H LN ID-2 e+ (D3 CCJ
2

—Krﬁﬁl\%) h%””ww—m1¢m] (59)
< B %*h(ng“”H“WD—””ﬂ@-

Using the definition of V,, in (3.6) and the estimate (5.9)) above, we obtain

Voo A) = ko[ (D = 27 (i (( )) )b+}
(N2 N ' 9 3k (310
Ty n n n 2
z%@mnk%hM+G{%)%»mm%mMA> (D=3 %)

3k 3k k
where k3 :=1+ — 3 2 L kg =1— k—Q and we choose ks > 0 such that ks < min{g, 31}
1 1
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In Case (I), we choose n(t) :=  —t, ¢t € [o, ). Then the right-hand side of becomes
1 0 ’/‘(t, /\)2 k4 3]{12 1 2
so (4t 0+ 5 e Nl SR )= 22 o) - et
oM (kaw(@®A) Bt O (BN 1)
> G (35 sy o = e o1
(B—t) -1
e (seett ) = <D0 - Ve )
Now Assumption i.e. the asymptotic conditions 7, yield that
LGN P ()]
V(- A) — kao[(D — ) {(177('7/\) + %>b+c} 2 14(60— g (o), £ /5, (5.12)
thus Assumption is satisfied.
In Case (IT), we choose n(t) := —log(C(8 —t)), t € |a, B), with C~! := 2(8 — ) so that 7 is positive on
[, B). Then the right-hand side of (5.10) becomes
) k4 m(t, A) Ly 2 @A) + (B - 5wt N) log(C(8 — 1)
"\ 4 (B-1)21g*(C(B ~ 1)) ks m(t,\)
~ R TR b 03) = (D) - A)‘lc(t)lléw)
. mol B w2 G0N+ (B 0ET ) sCE-0)) 5
T (B-t)log®(C(B 1) \ 4 mN)(t-H) ka (£, A)

B8~ 0)1og*(C(8 — 1)
’ )

(6 Ml ()]
(B—t)1og*(C(B — 1)) o
’ oy (et ) el (D) =) c<t>||@)>.

Now Assumption i.e. the asymptotic conditions (5.3)—(5.5)), yield that

IR CPY 2 ky [T (A)]
(D=X) [<l7r(~,)\) * %)b“] e = 1 (B-1)0g’(C(5 1)

thus Assumption |(B2)|is satisfied.
It remains to Verlfy Assumption [(C)}] i.e. that either [(C1)|or[(C2)|hold. Note that the choices n(t) := 5 —t,
t € [a, B), in Cases (I) and n(t) := —log(C(B — 1)), t € [ 6) in Case (IT), respectively, lead to

_ ) moN)(B =11 +o(1)) in Case (I),

UOLICEY _{ LB — 1)1og(C(B — 1))(1 +0(1)) in Case (II),
Hence ﬁ ¢ L'((tx,B)) in both Case (I) and (II). Then we are in the second case of ([LI]). It is not
difficult to see that n(t)h(t, A2 = o((8 — t)~°) for arbitrary 6 > 0 as t /3, thus nh(-,\)2 € L'((tx, 8)) and

hence [(C1)| holds.

In Case (III), we first note that Assumption[(D1)]implies 7(-, A) € C?([a, B),R). As mo(A) = m1(A) =0
and r(t,\) = O(B—t), t /B, the existence of the limits in (5.7) and L’Hopital’s rule yield that the following
limits exist and satisfy

VTI(W)‘) — k2

(1+o(1), t "B, (5.14)

t B (5.15)

w1 0? _ PN LI N T P
im g ~ 2 imgpm A =mW), lim(B -0 TEmeE = o lim S = L
lim rit, ) = lim gr(t A) =r1(A).

t B t—pB t/ﬁa
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Since m3(A) # 0 by assumption (5.7), Assumptions [(D2)| in the case § < oo considered here are
satisfied. Moreover, due to the asymptotic behaviour of ||(D — X)~'b||Z.., see (5.4), and ma(\) # 0, it follows

that Assumption [(B1)|is satisfied as well.

To Verify Assumption [] We proceed as in (5.9)—(5.10) choosing n(t) := 1, ¢t € [a, §). The asymptotic
conditions (5.3] and 7o () # 0 yield that
2

V(s A) = ko (5.16)

(D— A [lzii))w c} .

is bounded from below on some left-neighbourhood of 3. Using the relations (5.7)), we obtain
(6N ) (B0 )
(

Fa(N) = lim (8 — 1) = 22

tB 7(t, \) P8 t— B tos w(t ) ma(N)]
IR (t,\) (Bt _ s0(N)
() = i (6 = 0y = T oe(t 3) Jim “o - =

Therefore, by definition (4.8)),

(Y ) 1
9“”‘(mu0 Ty i

Multiplying the inequality D (\) > 0 by m2(A)? > 0, Theorem . 4.4] yields the desired description of o2, (A)\
Ag(D) in (5.8). O

Remark 5.2. In Case (II), the claim of Theorem continues to hold if, instead of the asymptotic
conditions in Assumption the asymptotic conditions in the following Assumption |(S’)[ hold.

Assumption (S’). Suppose that, in Case (II), for every A € R\ (05(A) UAg(D)) and ¢ 7 3,

R(t,A) =o(B —1), (5.17)
(D) =N~ 'o(t) |2 = OB — 1), (5.18)
r(t,A) = 0((B—1)"/?), (5.19)

)

Fe>0: (spae(t,N) —el|(DE) = N) " te@®)]2.)_ = O(1); (5.20
here, again, s, = sgn(7(-, \)[1,,)) is as in (3.7) and f_ := (f — |f])/2 is the negative part of a real-valued

function f.

Proof. The assumption on the behaviour of ||(D —\)~1b||2, is the same as in Assumption thus Assump-
tion [(B1)|is satisfied with some constant k; > 0, see the proof of Theorem

Choosing 7(t) := 1 and using (5.17)—(5.20)), we obtain from (5.10] that

Nl

7(-,A) cn

is bounded from below on some left-neighbourhood of 8 and thus Assumption |(B2)|is satisfied.
(C1)

Vn('ﬂ )‘) — ko

(D—)\)‘l[i b+c}

Moreover, n(t)m(t,\) = —m1(A)(B —t)(1 + o(1)), t B, so Assumption |(C1)| is satisfied by the same
arguments as in the proof of Theorem O

6. THE STRUCTURE OF THE SINGULAR PART OF THE ESSENTIAL SPECTRUM

In this section, we analyse the topological structure of the essential spectrum. We start with a simple
observation on the regular part of the essential spectrum.

Proposition 6.1. The regular part 0 (A) = Ao ) (A) of the essential spectrum is the union of at most
n closed intervals in R which are the closures of the ranges of the eigenvalues of the matriz function A =
D— %bb* in (3.1). Moreover,

A) < inf Ag(D). (6.1)

inf o (
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Proof. The first claim is obvious from the definition of the regular part of the essential spectrum since A is
a Hermitian matrix-valued function which is continuous on [«, 3). To prove the second claim, note that, for
every t € [a, ), we have A(t) = (D — %bb*)(t) < D(t) in the sense of partial operator ordering since p > 0
and hence

i = min T, T = min T.x _L * |12
minop(A@W) = wmin (A@O)z,)c, = min ((D@)z,2)e, — -5 Ib(e) a2 )
- Hz||cn=1(D(t)x’9”)Cn = min oy, (D(1)).

Hence, by (2.7)), we obtain

inf ol (A) = inf Af, 5y (A) = i[nfﬁ)(min op(A(t))) < i{nfﬁ)(min op(D(t))) = inf Ay 5)(D) < inf Ag(D)
te|a, te|a,
where we have used Ag(D) C Uyepa,5) 0p(D(t)) in the last step. O

In the sequel, we continue with the analysis of the singular part of the essential spectrum. Here we use
that the leading coefficient of the first Schur complement has the property that A — —n (¢, A) is a Nevanlinna
function of A € C for all sufficiently large ¢.

The class of Nevanlinna functions consist of those complex functions that are analytic on the open upper
half-plane and have nonnegative imaginary part therein (cf. [I2]). It is well-known that a function f is a
Nevanlinna function if and only if it admits a canonical integral representation of the form (cf. [12])

1 v

Py 1>d0(1/), ¢ € C\ suppo, (6.2)

f(C)=w1+w2C+/R<

with w1, ws € R, w; > 0, and a positive Borel measure ¢ on R such that

/ do(v)
< 00;
R 1 + V2

moreover, this representation is unique. If f is a rational Nevanlinna function, then the corresponding
measure o is concentrated at the real poles {v; };”zl of f and thus the integral representation (6.2)) takes the
form

FO=wl+w+ "j’C ¢eC\{m}m,, (6.3)
j=1

Vj
with o; > 0,5 =1,2,...,m.

The following property of the leading coefficient (-, A) of the Schur complement plays a crucial role in
the description of the structure of the singular part of the essential spectrum.

Lemma 6.2. For every t € [a, ), the function ( — —7(t,() is a Nevanlinna function of the complex
variable (.

Proof. Let t > 0 be fixed and denote by C*:= {z € C : Im(z) > 0} the open upper half-plane in C. Since
D(t) € C**™ is Hermitian, it has finitely many eigenvalues that are all real. Thus it is clear from the
representation that the function ¢ — —m (¢, () is rational with poles exactly at the eigenvalues of D(t),
and therefore holomorphic on CT.

It remains to be shown that ¢ — —(¢,¢) maps C* into itself. Denoting b(¢) := (D() —C)_lb(t), ¢eCt,
we obtain
-1 -~ *

b(t)* (D(t) = €)™ b(t) = ((D(t) =€) B($))" B(S) = b(C)*D(t) b(¢) — C [B(C)[3-
Since p is real-valued and D(t) is Hermitian, implies that

I (—7(t,)) = — Im(p(t) — b(t)*(D(t) — ¢) " 'b(t)) = m(C) [B(Q)|I} >0, ¢eCT. O
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Since, for every t € [tx,[3), the eigenvalues of D(t) denoted by A;(¢), A2(t),..., An(t) € R coincide with
the poles of the rational function A — —7 (¢, \), Lemma and (6.3)) yield that

- o;i(t
() = —p)+ 3 2 e\ (), (6.4)
= Aj(t) — A
where 0, j =1,2,...,n, are positive functions of ¢ € [ty, 3).

Lemma 6.3. Let b; € C'([o, B)), j = 1,2,...,n, be the coefficients of Ay in [2.1)). Then the functions o,

j=1,2,...,n, in (6.4) satisfy
Doty =D b)) te [t B).
=1 j=1

Proof. In the sequel, we work with functions and omit the dependence on t € [ty, 5). By (2.5 . .,

=b*(D —\)"'b. (6.5)
On the other hand,
< P
GO (6.6)
= Aj—A  det(D—A)
where P is a polynomial of degree n — 1 in A\ with leading coefficient
(=) Yoy +...+0,). (6.7)
Cramer’s rule implies that
1
D—-\N"1=—\— (M(-,N), 6.8
(DN = Gy M) (638)

where M(t, A) is the matrix of cofactors for D(t) — A, t € [tx,3). Here, the diagonal entries of M (-, \) are
polynomials of degree n—1 in A, while the off-diagonal entries are polynomials of degree at most n—2 in .
Hence multiplying by b from the right and by b* from the left, we obtain a rational function whose
denominator is det(D— \) and whose nominator is a polynomial @ of degree n—1 in A with leading coefficient

(D" (b + - [ba]?). (6.9)
Now (6.5)), imply that P and @ coincide, and hence so do the leading coefficients (6.7]), . a

Under the following assumptions on the eigenvalues of D(t) and the coefficients (-, A), (-, A) of the Schur
complement, we give a description of the topological structure of the singular part of the essential spectrum
in Theorem [6.5] below.

Assumption (T). The eigenvalues \;(t), j = 1,2,...,n, of D(t) and the coefficients s(-,\), r(-, A) of the
Schur complement defined in ([2.5) have the following properties.
(T1) The possibly improper limits X; g := limy 5g A;(t) € R U {—o00,00} exist and, for some j, €

{0,1,...,n},
Aig €R, i=1,2,...,jo,
lim A, (t) = {77 = Jo (6.10)
t B —oooroo, j=jo+1,...,m;
moreover, there exist m € N and K € R such that
n
max [X;(1)° < K min [A(8)]", t€ [t B). (6.11)
J=jo+1 Jj=jo+1

(T2) There are real constants ¢g, V3, and p; 3, j =1,2,..., jo, such that

—sa0() = = lim 5<(t. X) = 5 +¢B)\+Z o Hab v (6.12)
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(T3) There exists hg € R such that
0
A) = lim —r(t, ) = hg. 1
n(A) = lim =or(t, A) = hs (6.13)

Notice that resembles the representation of Nevanlinna functions , however, ¢g and pu; g,
j=1,2,..., 7o, are assumed to be only real. Indeed, —s may not be a Nevanlinna function as it can be
seen, for instance, in Example B where 111 = 7%0171 <0.

The following proposition describes the form of the limit function 72(X) in terms of the jo proper limits

in Assumption in Case (III) where mo(A) = m1(A) = 0.

Proposition 6.4. Suppose that the assumptions of Theorem are satisfied, i.e. Assumptz'ons
hold, Case (III) 7r0()\) = m(A\) = 0 prevails and the limits in (5.7) exist. If o;, j =1,2,...,n, are the
positive function in and Assumption is satisfied with jo € {1,2,...,n}, then A\ — —ma(A) is a
Nevanlinna function, i.e. for X € R\ (05(A) UAg(D)),

1 0?2 Jo 0.8
—7o(N\) = — = lim —7t(-. \) = by — 7 6.14
™) = =g fi ) = oo+ 3 S (6:14)
with fs €R, gg >0, ando; 8 >0, j =1,2,...,50. Moreover, the following limits exist and satisfy
. oi(t) . ) . 1 ~ o(t)
lim —2“— =0,53>0, 7=1,2,...,j0, lim ——— | —p(t) + J = fg € R, 6.15
i 2~z 0, jo tﬂﬂﬂ—W( m>;%;)ﬂﬂ fi (615
o,(t)
=g3>0 k=3,4,.... 6.16
t/,B )\ )2 g,B piy ) t/‘B )\ 7 b ( )

Proof. Let 05 (A) # R, j € {jo +1,...,n} be arbitrary, and A € R\ ( &s(A) U Ag(D)). We may assume
that ¢, is chosen so large that

A 1
<, tef k=3 1,...,n. 6.17
‘)\k(t)’ 2 e[)\aﬁ)? ]0+ ) , T ( )
Then, because o;(t) < ||b(t)||Z., t € [tx,5), b Lemmaand Mg € {—00,00} for k =jo+1,...,n, we

obtain, for t € [ty,3),

O'j(t) < 1 1

O = ot )lmIID(t) = Mg N(DE) = N2 < N x Pe(®) = APIDE) = N7 Tb(0)]I2,
e () o
< K0 - )OI,
pin (1)
where K7 > 1 is a constant. Therefore, and in Case (III) imply
Lol _oqy ¢ qp (6.18)

(B=1)% [N ()™
Thus, due to (6.17), we can expand

1 ojt) 1 o) 1 () o~/ A \F
B=1)2N) =X (B=12 N0 1- 25 (ﬂ*t)Q/\j(t)Z(Aj(t))

X (0) k=0

i o5(t) ke, A 10 i( )f

= TR M@(—ﬂA>gﬂ i
=o(l), 76

note that it follows from (6.10)), (6.18)), and (6.17) that the last term is o(1). Using this in (6.4]), we find
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A () o q o;(t) " 1 oi(t)
) RCE AP e ps

woos 0 S G- =A S (0P A0 - A
:_(;m%2+§;CB1QZMZ$)A+F§;”ﬂ1@2223
D3 et 38 e o
- 1t)2< p()+j§j+l 28 +>\(B_1 ; é:ﬂ Sét)é
+§;(55%2AA$—A’%Z;Ak(wjgpj§;1A1g24>+ouy t 7B,

By Theorem (ﬂﬁ(it/\))i’ has a limit as ¢  § which coincides with the limit m3(\) in (5.7). Since
0&s(A) # R is closed, (6.19) holds for infinitely many A€ R\ (c5,(A) UAg(D)) and so the existence of the
limits (6.15), (6.16) follows from (6.10) and (6.19). Since o;(t) > 0, t € [«, B), the properties of the limits in
(6.15), (6.16]) are obvious except for the second one in (6.16)); the latter follows from (6.10) and the existence
of the first limit in (6.16]) as

1 "N oj(t) 1 - 1 o)
< — - — -0, t 6, k=23,....,m—1.

G072 N0 | S w0, 2 =P A,
Hence —my () satisfies (6.14) and it is a Nevanlinna function since gg, 0,3 >0, j =1,2,..., jo. O

Theorem and Proposition together yield the following result on the topological structure of
the singular part of the essential spectrum outside of the limiting set Ag(D) = {A1,5,A25,...,Njo,5}-

Although the existence of the limits m3(\), »()), and r1()) is guaranteed by our assumptions only for
A € R\ (044(A) UAg(D)), the rational functions representing these limits in (6.14)), (6.12), and (6.13) are
defined for all A € R\ Ag(D); this observation is used in the following theorem.

Theorem 6.5. Let 8 < oco. Assume that the assumptions of Theorem are satisfied, i.e. Assumptions
hold, Case (IIT) mo(A) = 71 (N) = 0 prevails and the limits in (5.7)) exist. Further, suppose
that Assumption holds and the coefficients fz, gs, 0;3 in , Yy in and hg in satisfy
gs +4vg # 0 and h% + Y3 2;0:1 ojp # 0. If we extend the functions ma, >, and r1 by means of ,
, and , respectively, to R\ Ag(D) and define the set

Y= {)\ e R\ Ag(D): 7“1()\)2 — sx(M)m2a(A) > %7@()‘)2}’

then ¥ C 0ess(A) and
0as(A) \ Ag(D) =X\ (044(A) U As(D)). (6.20)
Moreover, the set ¥ has the following structure in terms of the coefficient functions in 7,
(a) If gg > 0, X consists of
- the union of at most jo + 1 compact intervals if gg + 415 > 0;
- the union of (—o0, 1], at most jo compact intervals and [s2,00) if gg + 4z < 0.
(b) If g5 =0 and fz # 0, T consists of
- the union of (—oo, s] and at most jo compact intervals if fgg > 0;
- the union of at most jo compact intervals and [s,00) if fgs < 0.
(c) If gs = fs =0, ¥ consists of
- the union of at most jo compact intervals if h% + g Z;0=1 ojp <0; '
- the union of (—o0, s1], at most jo—1 compact intervals and [s2,0) if h%—i— Vg z;‘;l o > 0.
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Proof. By the definition of ¥ and , we have
E\O—ess( ) _Uess( )\AB(D)a (621)

and hence
Z - (E \ Oees( )) U Uesa (‘A) C U(asss(‘A) U Uess(A) = Oess (‘A‘)

Since the essential spectrum is closed, it follows that 3 C oess(A).
To prove ([6.20)), we first note that there are polynomials P,, P, of degree at most jo — 2 in A such that

K, Mo=1 4 P, () K No=1 4 P, ()
—m2(A) = f5+ g8+ — %) = w2)

)

j:l()‘j,ﬁ - ) ;0:1()%5 =)
with K, = (=1)Jo~ 123 1058, Ky = (=1)j7! Z?Oﬂ w; 3. Hence ¥ is the union of a finite number of
intervals and the endpoints of these intervals that are not in 3 belong to Ag(D), i.e.
Y\ X C Ag(D). (6.22)
This implies that
A (UJSS(A) UAs(D)) =3\ (04(A) UAs(D)) = X\ 04 (A). (6.23)

Now ) follows from (6.21]) and -

To prove the claims in (a) (b), (c), observe that there are polynomials Ps, Py, Ps with deg P3 < 2j9 + 1,
deg Py < 2jq, deg P5 < 2j9 — 1, respectively, such that

D= {)\ R\ Ag(D) : gs(gs + 4s) \20H2 + Py()) < o} it gs >0, (6.24)

= {NeR\AG(D): foupA®t! + Py <0} it g5 =0, f5 #0, (6.25)
Jo

S={NeR\As(D): (A +vp 055)A% + P(N) = 0} if g5=0, fs = 0. (6.26)
j=1

Now the claims follow from (6.25) by elementary sign considerations using the various assumptions on gg,
g, hg, and 0 g in (a), (b), and (c). O

Figure [I] shows a possible location of the sets in Proposition and Theorem with n > 4, jo =4 in
the second case of (a) or (c).

AsD): - g )\ \ Nas Ny o
1,8 2,8 3.8 Mg

Ooss(A) oo T R . 0
b ?o(g(/ 2 F 3 === 1= /gg/

ol (A) ol (A) ol (A)

ess \ﬂ ess \Q ess \
Oess(A) U {15} T <

Son AT TR AT My o5 (A)

FiGure 1. Illustration of a possible structure of the essential spectrum of A.

Note that the regular part or the singular part of the essential spectrum may contain some points of the
exceptional set Ag(D), see Example B. In Figure [, nothing can be said about the point A4 g while the
closedness of the essential spectrum yields that A; g € gess(A) for i =1,2,3.

Remark 6.6. We define the essential spectral radius, introduced in [20] for bounded linear operators, of A as
Tess(A) := sup{|A| : A € gess(A)} € [0, 00].

Then Theoremshows that ress(A) < oo if and only if the regular part of the essential spectrum is bounded
and for the singular part the first case of either (a) or (c) prevails. Moreover, a bound for 7ss(A) can be
given by estimating the roots with largest absolute value of the polynomials in ((6.24)), (6.26). In particular,
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if D is scalar i.e. n = 1 and jo = 0, then res(A) < oo only if we are in the first case of (a); in this case
¥ =[A\7,A"] and thus

Fess(A) = max{_sup |A(0)], AT A]}

where tela,B)

—N++VN2-MK
Ati= v . M :=gs(gs+4vp), N = falgs +2¢p) + 29505, K := f5(fs +4¢p) — 4h3.

7. SYSTEMATIC ANALYSIS OF TYPICAL EXAMPLES

In this section, we apply our results to two different typical examples of which one arises in linear magne-
tohydrodynamic stability analysis. We identify the particular assumptions under which these examples were
treated in earlier papers with special cases of our general classification, i.e. Cases (I), (II), (III) in Section
and, using our abstract results, we provide a complete analysis of the essential spectrum of these examples
in all cases.

In Example A, we show that the so-called quasi-regularity conditions in [16] and [2I] mean that Case
(IIT) prevails, the singular part of the essential spectrum is non-empty and can be computed by our abstract
results (see our earlier work [II]). The paper [I5] where the quasi-regularity conditions are not satisfied is
an example for Cases (I) or (II); here our abstract Theorem yields that the singular part of the essential
spectrum is always empty.

Example B is a more general model of an operator arising in linearised magnetohydrodynamics (MHD)
which describes the oscillations of plasma in an equilibrium configuration in a cylindrical domain and whose
essential spectrum was first calculated by Kako [I3]. The quasi-regularity conditions assumed in the papers
[9], [18], and [7] amount to Case (III) and we compute the singular part of the essential spectrum by means
of our abstract result Theorem We mention that [7] also contains results for the non-symmetric case. It
seems that [I9] is the only paper where Case (III) does not prevail; its assumptions correspond to the first
case of Case (I). Here we discuss all possible cases, in particular, the second case of Case (I) and Case (II)
not covered by any earlier work.

In both examples, we adopt to the following strategy: if necessary, we transform the singularity to the
right endpoint of the interval by means of a unitary transformation. Next, we determine the exceptional
set Ag(D). Then we show that Assumption in Cases (I), (III) and Assumption in Case (II) are
satisfied. Finally, we verify all requirements of Theorem [£.4] or of Theorem resp. Remark and use
them to describe the essential spectrum.

Example A. Let g,m € CY([0,1],R), ¢ € C([0,1],C), ¢ € C([0,1],R). Assume g > 0 on [0,1] and
m(0) # 0. Consider the operator matrix

d_d ~ dv

S B U e
Ay = B (7.1)

¥ d m

z dz 2

with domain D(Ap) = C2((0,1)) & CL((0,1)) in the Hilbert space L2((0,1)) @ L2((0,1)) and let A be an
arbitrary closed symmetric extension of Ayg.

Transformation to the form (2.1) and verification of Assumption @ If we introduce the unitary trans-
formations

U:L*((0,1)) = L*((0,1)), (Uu)(x):=u(l —x),
and U := diag(U, U), then Ag := UA U™ has the form (2.1) with n =1 and coefficients

p(t) = oft), q(t) = ¢(t), b(t):= Cus ot) =0, D(t):= (1m(tt))2’

11—t
for t € [0,1) where o(t) := 3(1 —t), ¥(t) := (1 —t), m(t) := m(1 —t) and ¢(t) := ¢(1 — t). By the
smoothness assumptions on the coefficients of Ag, the coefficients of A( satisfy Assumption




ESSENTIAL SPECTRUM OF MATRIX DIFFERENTIAL OPERATORS 23

~ t
The set Ag(D). Since m(0)#0, we have }% D(t)=lim m(®) €{—o00, 0}, hence, by (2.10)),

1 (1 —t)2

As(D)=0.

Verification of Assumption|(S)| resp.|(S’)} Elementary calculations show that the coefficients in the asymp-
totic expansion of 7(¢,A) in (5.1)) are given by

(om — [¥[*)(1)

(om — [4[*)'(1)
m(1) 7 '

ﬂ'O()‘) = m(l)

Tl'o()\) +

Therefore, in terms of the original coefficients in ([7.1)), the three cases in (5.2)) can be classified as

Case (I):  (om — [#*)(0) # 0;
Case (II) : (g — []*)(0) =0, (g7 — [¥|*)'(0) # 0;
Case (III) : (g — [¢[*)(0) =0, (27 — [[*)'(0) =0

To verify Assumption note that ¢ =0, r =0, »(-,\) = ¢ — X € C*([0,1]), and

R S OO ()
t211—tD@Et)— X m(0)

Hence all conditions (5.3))—(5.5)) in Assumption|(S)|for Case (I), and all conditions (5.17)—(5.20]) in Assumption
(S”)| for Case (II) are satisfied (cf. Remark [5.2)).

Essential spectrum in Cases (I) and (IT). By what was shown above, we can apply Theorem which
yields that, in Cases (I) and (II),

05 () = 03, (A) = 0.
Therefore it follows from Theorem ] that

Oess(A) = Oess(A) = 0o (A) = A([0, 1)) = A((0, 1]),

where

A(t)=A(1—1t), telo,1), A(t) = l(ﬁz(t) - @”2), t € (0,1].

FEssential spectrum in Case (IIT). This case was already treated in [I1, Example 7.2] since it satisfied the

stronger assumptions therein, and we just include the result for completeness. Here o3 (f{) # () and

) = 020 (8) U 720 () = B((0,1]) U con { g, I R0 (7.2

where conv denotes the convex hull and Ag := limy~ o A(b).

Essential spectral radius. In Cases (I) and (II), we have ress(A) = 0o as A is not bounded. In Case (III),
ress(.;[) < oo and we conclude from (7.2]), observing Ay € A((O, 1),

4m(0)(0) + p(0)Ag ‘ }
4m(0) + p(0) '

ress@):max{ sup (Ao, |
te(0,1]
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Example B. Let 5, 511,}22,51,&2 € C([0,1],R), ;?,512 e C([0,1],C), 5 € C(]0,1],R) and assume that
¥(zx) # 0, z € [0,1], and §11(0) # 0. We consider the operator matrix

ddd ~|.dp . . d-=
“Twrat Ol T iR
A=| P4, .= o11 d12 (7.3)
21dx$—|—’y ﬁ -
52. d 512 <
—1—X I 522
r dz T

with domain D(Ag) = C2(0,1) @ (C}(0,1))? in the direct sum L2((0,1),2) @ (L2((0,1),))2 of weighted
L?%-spaces.

Transformation to the form (2.1) and verification of Assumption [(A), If we introduce the unitary trans-
formations

U:L*((0,1),2) = L*((0,1)), (Uu)(x):=V1—zu(l—z),
and U := diag(U,U), then Ag := UA U™ has the form with n = 2 and coefficients
10 9(k) 1 9() d11(t)  d12(t)

p():=9(), =00t 51—t Ta— 0 1—02 1—¢
b b e pty=| =" . (74)
0 =i (2, 50)). et =572+ (7). 220 g0

for te [0, 1) with 9(t) :=9(1—t), ¢(t) :=d(1—t), y(t) :=F(1—t), Bi(t) :=B; (1—t), and & (t) :=b;;(1—t), 4, =1,2.
By the smoothness assumptions on the coefficients of Ag, the coeflicients of Aq satisfy Assumption
The following functions related to the Hermitian matrix-valued function A given by

1/~ B2 1/~  pBp:
2(Bu-T)o (5= 22)0
— 37 - 72
() (B
play an important role in the sequel:

U(t) :=(1 = 1)*0(t) tr(A(t)) = (9011 — BT) () + (1 — 1)*(9d22 — B2)(1), t€[0,1], (7.6)

O(t) :=(1 = )*9(t) det(A(t)) = % (9611 = BT)(£) (9022 — B3) () — [(V012 — BrB2) ()]?]. t€[0,1]. (7.7)

A=A —1t), te[0,1), A(t)= . te(0,1], (7.5)

The set Ag(D) and Assumption (T1). It is not difficult to check that the two eigenvalues A1 (t) and A2 (¢) of
D(t), t € [0,1), can be numbered such that A;(¢) has a finite limit and |A2(¢)| tends to oo for ¢ * 1; hence
Assumption (T1) holds with jo = 1. Further, A2(¢) has the asymptotic behaviour

011(1) 1
= 1. .
Aao(t) (1_t)2+0((1_t)2>, t (7.8)
Since 811(1)=011(0) # 0, we have %g{r{ Ao (t) € {—00, 00}, while for A;(t) the limit is finite,
, _detD(t) [612(0) 2
A1 = lim A1 (¢) = lim = 092(0) — =————. 7.9
nEENO=I e 0" 0 i

Hence, according to (2.10), we obtain
Ag(D) = {1}
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Verification of Assumption resp. |(S’)} In the following proposition, we compute the first two coefficients
mo(A) and 1 (A) of the asymptotic expansion of 7(¢, A) in (5.1) and characterize the possible cases in (5.2)).

Proposition 7.1. Let A € R\ (0l (A)UAg(D)). Then w(t,A) = mo(A) +m1(A)(t—1)+o(l—¢), t /1, with
D(1) — ¥(1)A
(611622 — [612]% — Ao11) (1)’
@' (1) — W' (1)A — mo(A) (811022 — [d12]> — Ad11) (1)
(611022 — |612]2 — Ad11) (1) ’

where functions ® and V are defined in (7.6) and (7.7), respectively. Moreover, in terms of the original
coefficients in ([7.3)), the three cases in (5.2) can be classified as

mo(A) =

(7.10)

m(A) = (7.11)

Case (I) : (9611 — B2)(0) # 0 or (7.12)
(9011 — B)(0) = 0 and (9 512 — B152)(0) # 0;

Case (I):  (Jo11 — B7)(0) =0, (912 — B152)(0) = 0 and (931, — 57)(0) # 0; (7.13)

Case (III) : (5511 - B%)(O) 0, (5312 - 5152)(0) =0 and (5511 - Bf)/(O) =0. (7.14)

Proof. Let A ¢ o5 (A)UAg(D) = Ajp,1)(A) UAg(D), where A is as in (7.5)). First we note that Lemma
implies that, for t € [0,1),

_O(t, )
m(t,\) = S (7.15)
where
O(t, \) :==(1 — t)29(t) det(A(t) — X\) = 9(t)(1 — t)*\* — W () + B(2), (7.16)

E(t,A) =1 —t)>det(D(t) — A) = 611(£)022(t) — |612(t)|* — A(011 (1) + (1 — £)%622(2)) + A*(1 — )% (7.17)
It is not difficult to see that, as ¢ ' 1, the functions O(:,\) and Z(-, \) have the asymptotic expansions

O(t,\) = (1) — U(L)A + (@'(1) — ¥ ()A)(t — 1) + o(1 — t), (7.18)

2(t,A) = (011822 — [812]% = A1) (1) + (611022 — |012]% — Ad11) (1) (¢ — 1) +o(1 — t). (7.19)

Now comparing coefficients for the powers (1 —t)¥, k € Ny, yields that the coefficients of (¢, \) in are
given by (7.10), ; note that (011022 — |d12]% — Ad11)(1) # 0 since A ¢ Ag(D). In order to prove the
characterization of Cases (I), (II), (III), by 17.10: , (7.11)), and (7.6)), (7.7)), it suffices to show that

(A =0 <« (1) =0, &(1) =0 (7.20)
and, if mo(A) =0,
71(A) =0 <= T'(1)=0. (7.21)
To this end, we first observe that, by (7.16)),
R R 1O o) 1
det(A) =) = Jro @t ) = 8 = Sl e+ Sl e,

and thus the eigenvalues Ay (A(t)) of A(¢) are given by

W(t) £/ T(t)2 — 49()@()(1 — t)2
20(t)(1 — t)2 ’

It follows from ) that mo(A\) = 0 if and only if either ¥(1) = ®(1) = 0 or ¥(1) # 0 and X = %
However, the becond case does not occur since we will show that 1) € Ap 1)(A) which contradicts the
assumption that A ¢ A 1)(4A). Indeed, it is not difficult to see that A, (A(t)) has the asymptotic behaviour

(1 1 1
A (A1) = 19((1)) (1-1t)2 +O((1_t)2>’ tAL

A+ (A1) =

e [0,1). (7.22)
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and thus, for the other eigenvalue,
_det(A(t)) 1 o(t) 1 D(1)

MBI = SA0) T @) 90 T~ w ()
which yields that

d(1
\I/((li e {A_(A(t)):te[0,1)} C Ap1)(A).
This completes the proof of ([7.20)).
Now suppose that mo(A) = 0, i.e. ¥(1) =0, ®(1) = 0. Then it follows from (7.11]) that m (A) = 0 if and

only if either /(1) = ®'(1) =0 or ¥/(1) #0 and A = 38; The latter cannot occur since we will show that
@

@17(11; € Ajp,1)(A) which contradicts the assumption that A ¢ Ay 1)(A). Indeed, it is not difficult to see that,
if ¥(1) =0, ®(1) =0, then A (A(t)) has the asymptotic behaviour

a0 =~ FF T ro(r) e,
and thus, for the other eigenvalue,
B 1 o(t) 1 (1)
A= mm i oo e oW
which yields that
i,gi; S {)\,(A(t)) te [0, 1)} C A[O,l)(A>

It remains to be noted that
1) =2(1)=9'(1)=0 = P'(1)=0 (7.23)

by the definition of ® in ([7.7) since the three conditions on the left-hand side are equivalent to (91;—3%)(1) =
(9612 —B1B2)(1)= (9611 — %)’ (1)=0. This completes the proof of (7.21)) and hence of Proposition O

Now we are ready to verify Assumption [(S)|resp. [(S7) The conditions on R(-,A) in (5.3) for Case (I) and
in (5.17)) for Case (II) are satisfied because 7(-,A\) € C*(]0,1]) and hence Taylor’s theorem can be applied.
In Case (III), we require the additional smoothness assumptions

5751175227§1u32 € 02([()’ 1]7R)7 (724)

which ensure that 7(-,\) € C2([0,1]) so R(-, \) satisfies (5.3) again by Taylor’s theorem.
Straightforward calculations yield

) i ((1 —1)((B1022 — Padr2)(t) — Aﬂl(t))>
(D(t) =N 7'0(t) = = , tel0,1), (7.25)
E(EA)\ (Badir — Bidia) (8) — A1 = £)2Ba(t)
and, because the condition mo(\) = 0 in (7.13)), implies that (82611 — B1612)(1) =0, for t /1,
(D)~ X001 = {ggg o o (7.26)

Hence the conditions for ||(D(t) — A\)7'b(¢)||2. in (5.4) and (5.18) are satisfied.
To verify the conditions for (-, ) in (5.4]) and (5.19)), observe that the relation between b and ¢, see ([7.4)),
and D = D* imply

(-, A) =Im(b*(D — N)"'e) = Im(b*(D — A) 7' (7,0)*) = —Im ((v,0)(D — A\)~'b),
and thus, by 7
1—t

r(t,\) = =(t,\) Re (’Y(t)((ﬂﬂszz — B2012)(t) — Aﬁl(t))) =0(1-t), t /1L (7.27)

confirming (5.4) for Cases (I), (III) and (5.19) for Case (II).




ESSENTIAL SPECTRUM OF MATRIX DIFFERENTIAL OPERATORS 27

Finally, elementary calculations yield

_ 19 3wt A)  ()P(d22(t) — N) 2 9
x(t,N) = o(t) — A+ m&w(t, )+ 10-07 =18y (1—-t)*—-(1- t)ar(t, A) (7.28)
for t € [0,1) where
L(t,A) = E(tl ) Im ((2) (81 (022 — A) — B2012)(1)))- (7.29)
Once again we use that A ¢ Ag(D) implies that (511522 — |612]% — )\511)(1) # 0 and hence = 1)\ = 0(1),
t /' 1. Therefore, =(,A)
37t 11 0
and thus 3 \
- (TO_( t;L (140(1))+O(1) in Case (I),
ser(t,\) = ih;lﬁ)\t” (I14+0(1))+0(1) in Case (II),
O(1) in Case (III).
Hence using , the relation between b and ¢, see , and
|- ()] =ow. e (7.30)
(Cn

we obtain that (5.5 is satisfied in Cases (I), (III) and (5.20) is satisfied in Case (II).
Essential spectrum in Cases (I) and (II). By what was shown above, we can apply Theorem which
yields that, in Cases (I) and (II),

o8 (A)\ Ap(D) =0,

and hence, by Theorem [£.1]

Tess(A) \ Ag(D) = 0ess(A) \ Ap(D) = 05 (A) \ A(D) = A1) (B) \ Ag(D) = Ao,11(A) \ Ag (D),
where A is given by (7.5).
FEssential spectrum in Case (IIT). In this case, we first note that the additional smoothness assumptions
(7.24) ensure that Assumption |(D1)|is satisfied. Next, we analyse the limits in Theorem

Lemma 7.2. Let A € R\ (0l (A) UAg(D)). Then, in Case (III), the limits in (5.7)) exist and, using

0 ‘ ,
A1 = 022(1) — | 51121((1))| given in (7.9),

20(1)20% — 9(1) 0" (A + (99)" (1)

ma(\) = i mey € R\ {0, (7.31)
") = — flll((l)) (1) € (7.32)
so(A) = (1) — A — im(x) eR. (7.33)

Proof. Let A ¢ 0o (A)UAg(D) = A[O Ajo,1)(A) UAg(D), where A is as in (7-5). Throughout this proof we use
that in Case (III) we have ¥(1 ) \Il (1)=®(1) = 0 and hence ®'(1) =0, see (7.23)); note that this implies
O(1,A) =0, ©/(1,)) =0, see (7.16).
Due to the additional smoothness assumptions , the function O(-,\) defined in belongs to
C?([0,1],R). Using and ®(1) = ®’(1) = 0, we find that the following limit exists and satisfies
8 (v2)"(1)

lim = 0(t, A) = 20(1)A% — U/ (1A + @ (1) = 20(1)A\? — U’ (1) + 90

m 5 eR.
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Since ©(1,\) = 0, ©'(1,\) = 0 and Z(1,A) # 0 because A\ ¢ Ag(D), it is not difficult to see that also the
following limit exists and satisfies

92 2oty . 1 & 20(1)2)2 — 9(1)T" (1A + (99)" (1)

lim — = lim — = — = R.
i geTt AN =l e =i ) T i gy a0 31201 —N) €
(7.34)
Moreover, L’Hopital’s rule yields
m(t,\) 1 0? _
Jim i-02 2 Jim @ﬂ'(f, A) = ma(N) (7.35)

and thus Lemma together with ([7.8)), implies that

: _ . W(t7/\) : 2 _
lim det(A(t) —A) = 9(1) lim e Jim (1 =1)*det(D(t) = A)) = m2(N)I(1)d11(1) (A1, = A).

Hence m2(A) # 0, for otherwise lim; ~; det(A(t) —\) = 0,i.e. X € A,1)(A), a contradiction to our assumption
on \. Since Z(1,\) # 0, it is easy to see from ([7.27) that the following limit exists and satisfies

.0 7 _ v®)(Br(022 — A) — Babr2) (1) | Ba(1) _
here, for the second equality, we used the relation
1
(51522 — B2012 — /\51)(1) = ﬁl( ) 5(17 )\)7 (7-36)
011(1)

which is a simple consequence of the first two conditions of Case (III).
The existence of the limit s¢(\) = lim; ~ s(¢, A) and the claimed formula for s ()) follow from (7.28]),
O

(7.29), the fact that T'(-,\) € C*([0,1]), Z(1,A) # 0, and (7.35).

Lemma guarantees that we can apply Theorem to calculate the singular part of the essential
spectrum of any closed symmetric extension A of the operator Ag. For A ¢ Ay 1)(A) UAg(D),

Aeai(A) = m(N)? —xN)m(A) > i@(w <~ (A1 — AP >0, (7.37)
where
B 1U7(1) . 1(99)(1) 2
P\ :=(\ — ¢(1)) <A2 590 A+ 2W> — (Rey(1))"(A = A1) (7.38)
=(A = $(0)(\? = K1) + K3) — (ReF(0)) (A = A1)
with
L 1 A5 m2\w LNN 72
K .—25(0) (9011 — B7)"(0) + 5(0) (9622 — B3)(0), (739)
L 1 95 P2\ 95 22 . 1 95 . _ R R 2 '
Ky .—25(0)2 (9011 — B7)"(0) (9022 — 53)(0) 5(0)2 (9012 — B152)" (0)°

Here we have used that 9(0)d11(0) = 31(0)2 by the first condition in Case (III).
Next we show that Ag(D) = {A1,1} € Tess(A). To this end, we consider the following possible cases:

Case 1: Either A\1,;1 = ¢(0), or A1 1 # ¢(0) and )\%71 — K11+ Ko # 0. We show that A ;1 is a limit point
of the solution set ¥ of the inequality (7.37) and thus A\;; € ¥ C 0ess(A), see Theorem |6.5] First assume
A1,1 = ¢(0). Then, since A ¢ Ag(D) = {A11}, the last inequality in (7.37)) takes the form

N’ — KiA + Ky < (Re7(0)). (7.40)

On the other hand, the first two conditions in Case (IIT) imply
3(0) = B1(0)B2(0)  Bi(0) _ 012(0)
912(0) B2(0)  011(0)

(7.41)



ESSENTIAL SPECTRUM OF MATRIX DIFFERENTIAL OPERATORS 29

Hence it follows that

~ ~— ~ ~ 2

19(0)2()\?1 — Kl)\l,l + KQ) = —|(19(512 — 61ﬂ2)1(0)|2 <0< (RG’Y(O)) s (742)
which shows that A; ; satisfies (7.40) and so A\11 € ¥ C 0ess(A). Secondly, assume that A1 # qz(O) and
)‘il — KA1+ Ko # 0. Since /\%71 — KiAi1+ Kz <0 by (7.42), we find

A%I}J(AM —~ANP(\) =00 if A1 < $(0), Jim (g = N)PO) =00 i A > $(0).

Therefore, in both cases, A1 1 € ¥ C Oess(A).

Case 2: Ai,1 # $(0) and A3, — KA1 + K» = 0. By (7-42), the latter yields that (9812 — 5152)'(0) = 0.
Thus it follows from L’Hopital’s rule t}iat the matrix function A given by has a finite (componentwise)
limit as ¢t N\, 0. Using the formula for A in , the definition of K; in , and , we find

~ Ki— X\ 0
limA(t):( oo )

N0 0 )\171

Hence A1 1 € A1](A) = 08 (A) C Tess(A).

Altogether, we have now shown that

Tess(A) = Tess(A) = A1) (A) ULANER: (A1 — NP(A) >0}, Ay = 022(0) — M, (7.43)

where P is the cubic polynomial given by ([7.38]).

The structure of oS (A) in Case (IIT). In order to analyse the structure of the singular part of the essential

spectrum, we use our abstract Theorem [6.5] To this end, we need to verify Assumption (T) and compute
some of the coefficients therein and in Proposition [6.4]

By what was shown above, the first part of Assumption (T1) holds with jo = 1; further, the estimate
holds trivially since jo = 1 and n = 2. By Lemmal[7.2] Assumptions (T2), (T3) are satisfied and hence

Proposition applies. Now the formulas (7.31)) for 72(A) and (7.33)) for ko(A) in Lemma[7.2) yield that

—ma(A 9(1)2 1
2(%) ()2>07 vg=1-798 9s+4Ps=4>0.

gs = lim —3— = Ar(1)
This means we are in the first case of Theorem (a) and hence the set 3 consists of the union of at most
two compact intervals.

Since A € C*((0,1],C**?) has a limit as ¢ \, 0, the closure of the range of its eigenvalues Ap 1)(A) CR
has at most two components; hence also the regular part of the essential spectrum is the union of at most
two compact intervals. N N

Moreover, it is not difficult to see that, in Case (III), the eigenvalues A (A(t)) of A(¢) have the asymptotic
expansions

A (A®t)) = % + \/% — Ky +0(1), M (A1) = o % +o(1), t\,0. (7.44)

Hence both limits limy o A+ (A(t)) satisfy the inequality (A1 — A)P(X) > 0 and thus belong to ol (A)
and Y. Altogether, we conclude that oess(A) is union of at most two compact intervals.

FEssential spectral radius. In Cases (I) and (II), the functions Ay (A(-)) in (7.22)) are not bounded and hence

Tess(A)=00. In Case (III), ress(A) < 00 since we have shown that oess(A) is the union of at most two compact

intervals. An explicit formula for ress(A) may be given by finding the root with largest absolute value of the
cubic polynomial P in ([7.38)), e.g. by means of Cardano’s formula; we refrain from displaying the elementary,
but too lengthy, formulas here.

Remark 7.3. Our abstract results give a new proof for the results of the paper of [I8] and of the observation
noted therein that the regular and singular part of the essential spectrum are adjoined to each other.
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8. APPLICATION TO A SPECTRAL PROBLEM FOR SYMMETRIC STELLAR EQUILIBRIUM MODELS

In this section, we investigate a matrix differential operator arising in the stability analysis of spherically
symmetric stellar equilibrium models, see [3, Section 4.1] and [11]. This operator represents the unperturbed
part of the reduced spheroidal operator in the radial variable ¢ € (0, R), where R > 1 is the radius of the
star, for polytropic equilibrium models with constant adiabatic index near the centre (¢t = 0) and near the
boundary (¢ = R) of the star.

Since the coefficient functions have singularities at both end-points t = 0 and ¢t = R, Glazman’s decompo-
sition principle was used in [I1] to split the essential spectrum into the essential spectra of the corresponding
operators Ag1] and Apy gy restricted to the intervals (0,1] and [1, R). It was proved in [II] that, for both
operators, the regular part of the essential spectrum is only the single point {0} and that the singular part
of the essential spectrum of the operator on (0, 1] is empty,

Jerss(‘A(O,l]) = Uefss(‘A[l,R)) = {0}7 O—esss(‘A(Oyl]) = (Z)

However, the method of [II] could not be used to determine the singular part of the essential spectrum
of the operator on [1, R). The reason for this is that the first derivative of the Lane-Emden function 6 = 6,
entering the coefficient functions, see , below, does not vanish at R and hence the coefficients of
the Schur complement are not bounded at R. It was conjectured in [II] that, nevertheless, the singular part
of the essential spectrum on [1, R) is empty as well.

We prove this conjecture and thus show that the essential spectrum of every self-adjoint extension of the
operator on the full interval (0, R) consists only of the single point {0}.

Example from astrophysics. In the Hilbert space L?((1, R))® L?((1, R)) we consider the operator matrix

dp +4q dp +q

——ntqa —p2tq

ap= | at 51)
—p2£+Q2 D3

with domain D(Ag) = CZ((1,R)) @ C4((1, R)). Using the notation of [3], the coefficient functions p1, ps,
p3,q2 € CY([1, R],R), and ¢; € C([1, R],R) are given by
_nip _ 2hp

pP1: P2 ‘= ( 71 pP3 = C =
1- ) . 3 - =
2 £ ) l 2 ) D2 ( )

1 ’ 1 I'p, 5 A’ Tip/o p 1 (tzg)/
= — 4—3F1p + (7t 4 )7 q2::cl7(7_7_7 )7

where the constant ¢; = \/I(l + 1), I € N, appears after the reduction of the problem in R? to the radial
part and the coefficient functions I'y, p, and p represent the following physical quantities. The function
I'; € C?([1, R],R) is the adiabatic index which is positive on [1, R] and satisfies I';(R) = 0. The functions
p € C*([1,R],R) and ¢ € C3([1, R],R) are the pressure and mass density, respectively. They are both
positive on [1, R] and are supposed to have the forms

p(t) - pcon(t)n+1a Q(t) = Qcan(t)nv te [17 R]? (83)

where p., 0. > 0 are the constant central pressure and central density, respectively, of the unperturbed star
and n € (0,5) is the polytropic index; here the physically most interesting case is n € [1,5), see [3, Section 5,
p. 47]. The function 6,, € C?%([1, R],R) is the Lane-Emden function of index n which is uniformly positive
on [1, R) and satisfies the non-linear differential equation
2 1
0n(t) + 20(1) = (0n(1)", te€(0,00), (8.4)

T a2
a’ﬂ

q1

where a,, € (0,00) is the Lane-Emden unit length and R = R,, > 1 is the first zero of 6,,, see [3, [0].

Transformation to the form (2.1) and verification of Assumption|(A)l Note that (8.1)) is already of the form
(2.1) witha =1, =R, n=1,p=p1, ¢ =q1, b = —p2, ¢ = g2, and D = p3. Assumption [(A)|is clearly
satisfied due to the smoothness assumptions on the coefficient functions pi, ps, ps3, and q1, ¢o.
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The set Ag(D). Since R is the first zero of 8, (8.3) yields

2
. e G pe . _
tth}{D(t) = lim ps(t) = 25 chl(R) thfn}%ﬂn(t) 0
and thus Ag(D) = {0}. Note that, since pips = p3 on [1, R], we have A(t) = 0, ¢ € [1,R), and hence
ol (A) = {0} = Ag(D) for every closed symmetric extension A of Ag in L2((1, R)) ® L*((1, R)).

ess

Verification of Assumption resp. (S’). Elementary calculations show that 7(-,\) has an asymptotic
expansion (5.1)) as ¢t ' R with

To(\) =0, m(\)= %Fl(R)e’(R), AER\ {0}
C
Lemma 8.1. The Lane-Emden function 0,, satisfies

- 0,.(t)
At =B

Proof. First of all, note that 6/, (R) # 0, for otherwise, since 6,,(R) = 0, the theorem on the uniqueness
of solution of ODEs with continuous coefficients on closed intervals would imply that 6, (¢t) = 0 on [1, R],

contradicting to uniform positivity of 6,, on [1, R). Taylor’s formula with remainder term of Lagrange form
yields, for some v € (0, 1),

=1. (8.5)

0,,(t) = 0,(R) + (t — R)0,,(R) + @9;{(}2 +7(t — R)).

Since 6,,(R) = 0, we obtain (8.5). O

Note that, since 6,, is uniformly positive, the above lemma implies 6/ (R) < 0 and thus 71 (\) < 0. So we
are in Case (II) and it suffices to verify Assumption (S’), i.e. conditions (5.17)-(5.20), see Remark
Since 7(-,A) € C1([1, R]), the condition for R(-,\) in is satisfied by Taylor’s theorem. Moreover,
r(-, A) = —Im(paga/(ps—A)) = 0 as all coefficients functions are real-valued and so is trivially satisfied.
Elementary calculations, together with Lemma yield

1D~ b0l = |2 [ = PR g (R o 4 ol(R -0, ¢ R
and also
@) /mo on+1y 1 1
a(t) (5 - Fl(R)>t—R +O<t—R)’ t/ R
Hence
D) = 2 el = |23 1w - N b0l =0, £ R
Moreover,

s(t, ) = TZZ (9;((?))21“1(12) +0(1), t AR

Since s = 1,1 (¢) > 0, 6,,(¢t) > 0, ¢t € [1, R) we have (s;(-,A\))— = O(1) so condition ({5.20) is satisfied, too.

FEssential spectrum. By what was shown above, Theorem applies and, together with o (A1 r)) ={0}
= Ag(D), we obtain
0is(Anr) =0, oess(Apr)) = 05 (Ap,r)) = {0}
for every closed symmetric extension Ay gy of Ag in L?((1, R)) @& L*((1, R)). This proves the conjecture in
[11] and yields, finally, that
Oess(A) = 0ogs(A) = {0}
for every closed symmetric extension A of Ag in L2((0, R)) & L?((0, R)).

Essential spectral radius. Having proved the conjecture above, we can now conclude that regs(A) = 0.
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