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Introduction

First-order theories that result from number theory by adding new predi-
cate symbols P and axioms for P are used as a tool to investigate the proof-
theoretic strength of various theories (consider for example [BEPS8&1]). In
particular and with focus on the topic of this thesis, predicates P%* may
formalize for each positive arithmetical operator form 2((X, z) a fixed-point
Fg of the function ®: P(N) — P(N), where ® is the intended interpretation
of 20 and P(N) is the power set of the natural numbers N (such functions
® are also called operators, compare [Acz77al for background information).
A famous example of such a formalization is the impredicative theory 1D
(an arithmetical first-order theory for non-iterated general inductive defi-
nitions, see [BEPS81]). ID; allows to axiomatize the least fixed-point Ig
of such ® by means of axioms for the closure property and the induction
principle assigned to P%; in the context of ® this can be expressed by

®(Ip) C Iy (®-Closure)
VXCN(@X)CX —Is CX) (®-Induction)
and if considered as a definition of I, its impredicative characterization

becomes apparent by the unrestricted quantification over subsets of N.
Furthermore, one can consider just any fixed-point Fg, thus described by

®(Fy) = Fyp (®-Fixed-Point)

that is a consequence of ((P-Closure)) and (®-Induction)) in case of Fg being
Ip. For each positive operator form (X, z), let now P* be a distinguished
new unary relation symbol not in Lpa, i.e., not in the language of Peano
arithmetic PA. Then the language obtained by extending Lpa with such
new symbols P% is used as the language Lip for the theory ID; that for-

malizes (P-Induction)) by means of the axiom scheme
Vz(A({z: B},z) = B.(z)) — Va(P*(x) — B.(x)) (ID)
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where B can be any Lp formula and B,(t) denotes for any Lpa term ¢
the substitution of z in B by ¢; furthermore, Ql({z B},x) expresses the
straight-forward substitution of atomic formulas ¢t € X in (X, x) by B, (t).

A theory that formalizes fixed-points over positive arithmetical oper-
ator forms 2 is the theory ID; that also has Lp as its language. 1D, was
introduced in [Acz77Dh] and further analyzed for the iterated case in [Fef82]
and [JKSS99], using predicative methods. While ID; has no formalization
for at all, a theory that is predicatively reducible and that
axiomatizes certain (so-called positive) instances of ®(X) C X — Ip C X
is the theory ID] that again has Ljp as its language. ID] has been analyzed
in [Pro06] and [ARIQ], where in particular |ID]| = |ITDl| = (g0, 0) has been
shown for the proof-theoretic ordinal of ID7.

Both theories ID] and Ibl are prominent examples from the realm of
metapredicativeﬂ proof-theory, and they were the starting-point for this
thesis in order to analyze new means and theories that reach in proof-
theoretic strength to largerﬁ ordinals. But the inspiration and motivation
to do so came mainly from [Fef92] in case of ID] and from [Lei%4] in case
of Iﬁl. This thesis therefore consists of

e an introductory Part [ containing observations on ordinal theoretic
concepts and general definitions,

e a main Part [[]] that deals with the concept of typed induction as a
generalization of positive induction from ID], and

e a Part [[T]] that deals with the concept of stratified induction as a
generalization of the fized point theory ID;.

It turns out that stratified induction allows for a fine-graded calibra-
tion of sub-theories below I'y (the results on ordinals above (g, 0) are due
to [JP15]) but which is, however, not strong enough to tackle our quest for
larger ordinals. Typed induction on the other hand turns out to be a strong
version that calibrates with prominent ordinals such as the small Veblen

2The notion metapredicativity is meant in general for the approach to use proof-
theoretic methods from the realm of predicative proof-theory instead of impredica-
tive methods. In particular for wellordering proofs, we aim to avoid the use of
so-called collapsing functions. We refer to [Str99] or [JKSS99]. For further reading
on metapredicativity, we refer to |[Jag05| and [JS05].

3The notion large is meant from our perspective of metapredicativity, i.e., our focus
lies on ordinals that follow in the wake of the Bachmann-Howard ordinal.
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ordinal or the large Veblen ordinal. We consider the results on typed in-
duction as the main achievement of this thesis because it yields a positive
result (while stratified induction yields a somewhat negative result as it
provides only access to rather small ordinals—but this surely depends on
the perspective and the point of interest one has). For this reason, we shall
start with typed induction.
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About Typed Induction

In [Fef92], S. Feferman introduced a two-sorted quantificational logic and
showed that it has the same strength as (Skolem’s system of) primitive re-
cursive arithmetic. The characteristics of this two-sorted quantificational
logic are that it is an applicative theory augmented by type variables as
the second sort and with a refined notion of comprehension terms, so-
called type and function terms. In particular, this theory embodies a rule
(Fo-IRy) that is called the function-induction rule on N (where N is in-
terpreted as the type for the natural numbers). It was shown to be closed
under a strengthening of this rule to finitary inductively generated types
1, called (Fo-IR;).

This kind of theory strongly influenced the shape of our applicative
theory FIT that we are going to introduce in Part [Tl Our motivation to
examine the theory in [Fef92] was to find a natural theory for carrying out
metapredicative wellordering proofs in the spirit of higher type functionals
for ordinals. It seemed to provide a suitable environment for doing so. But
soon, we realized that aside from this, the theory gave rise to the question
of what consequence a function-induction rule for infinitary inductively
generated types would have on the one side and to the idea of implement-
ing the wellordering proofs through accessible part inductive definitions on
the other side (having in mind our desire for metapredicative wellordering
proofs). Hence, we tackle this question on infinitary inductively generated
types only for inductively generated types that correspond to the (induc-
tively defined) accessible part Ip g for a (binary) relation Q on a domain P.
In fact, our methods implicitly suggest that we get the same result for the
variant where we allow for general inductively generated types.

FIT stands for “theory for function(al)s, non-iterated inductive defini-
tions, and types (of level 1)”, and it represents the first step for a generaliza-
tion of the theory in [Fef92] which turns out to have the small Veblen ordinal
as measure for its proof-theoretic strength, i.e., 92 when using the termi-
nology of [RW93]. Theories that have 9Q“ as proof-theoretic strength are
for instance I13-Bl, from [RW93] or more recently RCAq + (II{ (I13)-CAq) ~
from [Jerld]. While these theories are analyzed by impredicative proof-
theoretic methods, our treatment of FIT uses metapredicative methods for
the lower bound. For the upper bound, we use an embedding into Hé—RFN0
and get a desired upper bound result in the realm of metapredicative proof-
theory due to D. Probst’s modular ordinal analysis from [Prol5] that de-
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termines by metapredicative methods the proof-theoretic ordinal of various
theories with strength below (and reaching to) the Bachmann-Howard ordi-
nal Yeq 1. One of these theories is II3-RFN,, (which is denoted by p3(ACA)
in [Prol5]) and determined to have the proof-theoretic strength of the
small Veblen ordinal. Furthermore, we mention the system KPi® + (IT3-Ref)
from [JSO5] which is also related to II}-RFN,,. In particular, [JS05] explains
how the proof-theoretic strength of KPi® 4 (II3-Ref) can be determined to
be 90 by metapredicative methods.

Results on the Theories FIT and TID

We now explain the methods used for the ordinal analysis of FIT. First,
we shall consider a canonical implementation of FIT as a subsystem of
ID; in which metapredicative wellordering proofs can be carried out in
a perspicuous way and where the interpretation back into FIT is straight-
forward. This subsystem of ID; is called TID for “theory of typed (accessible
part) inductive definitions (of level 1)” and essentially arises from ID; by
restricting to accessible part inductive definitions and adapting the closure
axioms, its induction scheme on the natural numbers, and its generalized
induction scheme (ID) to (the translation of) the function types of FIT,
akin to the restriction of ID; to the theory ID][ from [Pro06].

For the (proof-theoretic) upper bound of FIT (and hence for TID), we
shall embed it into the system II3-RFN, of second-order arithmetic for I1}
w-model reflection. In order to obtain the desired upper bound ¥Q%, we
shall use the results from [RW93] by impredicative methods, noting that
the (meta)predicative treatment from [Prol5] has not been published yet.
Figure[I]depicts the abovementioned approaches accordingly. Furthermore,
at the end of Chapter [7] we shall give some remarks on the canonical gen-
eralization of TID to a theory TID! for general typed inductive definitions
with the full range of positive arithmetical operator forms, leading to the
same proof-theoretic strength of TID and TIDE.

Results on the Generalizations TID,, and TID;

The applicative theory FIT from Chapter [5| has the small Veblen ordi-
nal ¥Q“ as its proof-theoretic ordinal. The provided wellordering proof is
implemented in an arithmetical theory TID based on accessible part induc-
tive definitions of primitive recursive binary relations and using the finitary
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- motivation ----......._.

FIT <— embedding —>TID
(by Section [6.2])
embedding wellordering proof
(Section [7.2)) (by Section |7.1))
H%_RFNO embedding —> H2 B| —— upper bound ——>
(by | JSQQJ% (by [RW93])

Figure 1.: Strategy to determine the proof-theoretic ordinal ¥Q* of FIT

Veblen functions as a means to denote ordinals below ¥Q“. We shall gen-
eralize TID in Chapter I by the theories TID,, and TID; for each n € N
where TID; essentially corresponds to TID. In particular TID+ and TIDo
are suitable for reusing the wellordering method of TID and generalizing
it (by an internalization) to ordinals that are denoted by Klammersymbols
(as introduced by K. Schiitte in [Sch54]), i.e., to ordinals below the large
Veblen ordinal ¥Q. Tt turns out that |TID{ | = 9Q holds.

In order to be able to work more efficiently with Klammersymbols,
we shall introduce the notion of a partition of a Klammersymbol together
with auxiliary notions and operations that allow the manipulation of the
represented ordinals in a natural way that is suitable for metapredicative
investigations. The benefit of our approach is that we can work directly
with the results from [Sch54] and keep the reader focused on the main tech-
niques that are used for the wellordering proof. More precisely, we shall
introduce the new notions and operations in such a way that it becomes
clear that (apart from the results from [Sch54]) only primitive recursive
manipulations of finite strings are needed. The difficulty of this conceptu-
ally simple but technically rather complicated section stems merely from
our aim to internalize the wellordering proof of TID within the arithmetical
theory TID.

For the upper bound of TID], we can refer once more to D. Probst’s
work [Prol5] on modular ordlnal analysis of subsystems of second-order
arithmetic because we shall show that each arithmetical formula provable
in TID] is also provable in the system p;p3z(ACAg) from [Prol5] which
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formalizes over ACA( that each set is contained in a model of IT3-RFNg. Its
strength is the large Veblen ordinal (see [Prol5]).

Conjectures on Further Generalizations TID; and TID,,

By considering TIDq as the previously mentioned theory ID]] from [Pro06]
and defining TIDEJ|r analogously from TIDg as we defined TID} from TID;,
we can show upper bound results that suggest generalizations to theories
TID,, and TIDI with conjectures as indicated in Table [1| on page This
table reads as follows: We use Q(1,€) := Qf and Q(k + 1,¢) := QK9
for each k£ > 1 and each ordinal ¢ from [RW93| in order to denote certain
ordinals, and we use the following symbols:

v marks the treatment in this thesis

“v”” marks a strong conjecture (results of this thesis point to this)

@ marks a conjecture

The conjectures would not only resonate and calibrate in a nice way
with the theories from [Prol5], but they would also identify the small
Veblen ordinal and the large Veblen ordinal as first steps towards a char-
acterization of the notion metapredicativity in terms of ordinals such as
the notion impredz'catz’vitﬂ is often identified with relying on the ordinal
theoretic concepts of collapsing functions. The difficulty of further inves-
tigating this conjecture is to set up an ordinal notation system that goes
beyond the notation system that is based on Klammersymbols and treated
in Chapter 8] A promising trail towards an ordinal notation system that is
suited to reuse the results from Chapter [7]and Chapter [T1] seems to be the
concept of higher type functionals in the spirit of [Wey76] (see [Buclh| for
more details). The theories FIT,, and FIT; listed in Table [1| on page |8 are
not explicitly treated in this thesis but will be mentioned in the conclusion
of Part [T in Chapter

4By impredicativity we mean the notion from the setting of ordinal analysis as used
for instance in [BFPS8&]].
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REFERENCE COMMON

TYPE UPPER LOWER

ORDINAL SYSTEM FROM REFERENCE
LEVEL BOUND BOUND lProlSJ SYSTEM
TID, Q- w) )

v v ACA »1.pC

(FIT)) | oo P2(ACAo) 1-DG,
TIDS I - Q)
(FITY) | (retosen. ro] v v p1p2(ACA0) ATRq
TID O )
FIT ot vernen | Y v || Pa(ACA0) IT3-RFN,
TIDY 0 IT3-RFN,,
(FlTT) [large Veblen] \/ / p1p3 (ACAO) +(BR)
TID2 @ «
EIT) VO v 7 || pa(ACA) IL-RFN,
TIDS o0 IIL-RFN,
(FITH) oY) v @ P1P4(ACA)) +(BR)
TID,
(FIT,) | 9Qm,w) | v (7) || pnsa(ACA) I}, ,-RFN,
for n > 3
TID;

N Il ,-RFN
FITD | 0900 | v | (D) | pipnsa(ACA)) | iR
for n > 3
TID<, veqi1
FITo) | macomrions | ¥ (@) || Usenpa(ACAy) | 1D,

Table 1.: Overview of Typed Induction
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About Stratified Induction

The aim of Part[[T]]is to investigate the proof-theoretic strength of a theory
of stratified induction SID. ,,. We remark that this part has been published
in an article by Th. Strahm and the author of this thesis (see [RS14]).
SID.,, has a similar approach as ID], namely in formalizing certain in-
stances of , see page but it is based on the fixed-point
theory If)l. In order to illustrate the differences, we compare the axioms of
those two theories in an informal way (precise formulations for SID. , are
given in Chapter. While IBl has no instances of , the theory ID] al-
lows for positive induction (ID*), i.e., it contains instances of where B
may contain P% at most positive. The new theory SID., that we propose
and investigate here is used to express a kind of stratified induction (over
fixed-points) by admitting indexed copies of the above mentioned symbols
P namely by replacing P® with infinitely many distinguished new unary
relation symbols P2 for 1 <n < w (i.e., P, P#,...). Hence, SID., has
a different language than ID; and further has stratified induction (over
fixed-points) via the following axiom scheme

Vz(A({z: B}, x) = B.(z)) — Vz(P(z) — B.(z)) (SID)

for 1 < n < w and for which B is restricted to be a formula in this new
language which may contain relation symbols Pl% only if I < n holds (while
B is some operator form).

Let SID,, denote the restriction of the theory SID., to formulas that
contain at most the symbols le with I < n. The theory SIDy is just Peano
arithmetic PA and the theory SID; is essentially a weakening of ID] where
(ID*) is further restricted in B to allow only arithmetical formulas. We
will investigate the theories SID,, of finitely stratified induction and refer
for the next question on the treatment of transfinitely stratified induction
to [JP15]. We shall show how we can apply the proof-theoretic technique
of asymmetric interpretation very neatly in order to gain proof-theoretic
insight into this concept of stratified induction.

Aiming towards a characterization of SID. ,, note that it is the same

as (U, ., SID,, and that, obviously, SID,, embeds into ID;, for any n < w.
So we have for the proof-theoretic ordinal |SID. | < [U,, ., ID;| = To,

see [Can®5]. We show that actually [SID. | = [ID| holds, and since ID;



Contents

trivially embeds into SID.,, it suffices to show that ¢(go,0) = [IDy] is
an upper bound for |SID.,|. The latter is done via an asymmetric inter-
pretation combined with partial cut-elimination. Our approach bears some
similarities to D. Leivant’s proof-theoretic approach to computational com-
plexity (cf. e.g. [Lei94]) which makes use of ramified theories over (finitary)
inductively generated free algebras. Here we treat ramified general induc-
tive definitions over the natural numbers. W. Buchholz’s notes [Buc03]
contributed to the presentation of the material.

The equality ¢(g9,0) = [ID1] = |SID,| = |SID<,| (with n < w) es-
tablished here still leaves the question open concerning the relationship of
stratification to iteration. For this, we refer to [JP15] where a generaliza-
tion of stratification to the transfinite gives an answer. Table [2| captures
some aspects of this relationship line by line and we refer again to [JP15]
for the meaning and characterization of the last three rows.

REFERENCE SYSTEM
STRATIFICATION ORDINAL
ITERATION
SID, €0 Do
SID-., ©(£0,0) D,
SID<UJ+UJ @(68070) —
SID<Wu @(@(wvo)vo) -
SID<e, ©(¢(c0,0),0) ID,

Table 2.: Overview of Stratified Induction
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1. General Definitions

1.1. General Notational Framework

We shall work with three conceptually different kinds of logical frameworks:
First in Chapter [5| with the two-sorted theory FIT (where FIT has the
language Lg7) that is an applicative theory enhanced by a type system,
then in Chapter [ and Chapter [L3] with the first-order theories TID and
SID.,, respectively, that are extensions of Peano arithmetic PA (where PA
has the language Lpa) by new predicates, and starting from Chapter [7], we
shall work with some subsystems of second order arithmetic (with language
L3,). Hence, we shall work in this thesis with up to two sorts of (countably
many) variables and we use

a,b,c,d,u,v,w,z,y,z as syntactic variables for the first sort,

UVW XY, Z as syntactic variables for the second sort,
and choose
=,-,—,V,A, 3,V as basic logical symbols.

Now, let £ be one of the languages of the abovementioned theories, and
assume that the notion of £ terms and £ formulas has been already intro-
duced. In case that L is clear from the context, we shall sometimes drop
the reference to £ by just using the notions term and formula.

e s, t,r shall primarily be used as syntactic variables for £ terms.

e A B,C,D,FE, F shall be used as syntactic variables to denote L for-
mulas, and we call an atomic £ formula or its negated version a
literal.

o If an £ formula is introduced as A(a), this means that A denotes this

13



1. General Definitions

formula and that the variable a may occur freely in A (i.e., a is not
in the scope of any Va or Ja quantification).

e FV(A) denotes the set of free variables of the first sort of A.

® a,b,c,d, u,v,w, shall primarily be used within an £ formula to denote
free variables of the first sort.

e k,l,m,n,p,q shall primarily be used as variables in our meta-theory,
i.e., as ranging there over the natural numbers.

e Parentheses may be added or dropped in order to make expressions
unambiguous or more readable, e.g., we may write a quantification

in the form 3z A, (3x)A, or Jz(A).

o We often prefer infix notation rather than prefix notation when deal-
ing with binary function and relation symbols.

e For — we follow the usual convention of right-associativity, e.g.,
A — B — C denotes A — (B — (). We further write A +> B to
denote (A — B) A (B — A). Moreover, A binds stronger than —.

1.1.1. Vector Notations

If * denotes one of the syntactic variables that will be introduced in the
this thesis, then we allow the usual annotations such as *’, ¥, or subscripts
x; (for i € N, i.e., for natural numbers 7). With respect to subscripts, we
also use the vector notation ¥ to denote lists of the form %1, ..., *, for some
n € N. If we introduce a list as

()

for a particular n € N and a syntactic variable *, then we mean

*1yeunyXp
and we may write ) for any k € N in order to denote *i, ..., *min(k,n)-
In some rare cases we may write for specific constants ¢ (e.g., for 0) the
expression ¢™ to denote the list ¢, ..., ¢ of length n, and hence we read &

analogously. This notation will come in handy in particular when we will

14



1.1. General Notational Framework

be working with ordinal notations that are based on the finitary Veblen
functions. If n = 0, then ¥ and ¥ denote the empty list.

Applications of all these notations will be obvious, following common
conventions—for instance VzZ(*) A shall abbreviate Va1VzoVzsA as usual,
and VZA is just A if ¥ is the empty list. Also when writing ft(") for a
list of terms ¢t and an n-ary function symbol f, it is usually meant to
abbreviate ft;...t, rather than fti,... t,.

1.1.2. Class Terms and Substitution
L class terms are objects of the form

Aa.A

for any £ formula A and we use A, B,C, D as syntactic variables for £ class
terms. Sometimes, class terms are also called comprehension terms, and
we do not use the more common notations {a: A} or Aa.A because these
notions are already reserved in our setting of the applicative theory FIT.

Substitution of a variable a in an £ formula A by an £ term ¢ is denoted
by A(t/a) and A,(t), or just by A(t) in case A has been introduced in the
form A(a), and as usual we assume (if necessary) an appropriate renaming
of bound variables in A to avoid a clash of bound variables. Then for A
being Aa.A, we set

A(t) =t e A:= A(t/a)

for any £ term ¢ and we ambiguously write A € L to stress that A is an £
class term. Moreover, we also extend this to lists of variables @ = aq,...,a,
and have objects of the form

Aaq....Aa,.A

or Ad.A for short with (Ad@.A)(t) := A(t/d) for terms & = ty,...,t, and
where A(t/@) is obtained by simultaneously replacing in A all free occur-
rences of the variables @ by ¢, while a renaming of bound variables may be
necessary to avoid a clash of variables. We use (Aa(™.A)(t"*)) for k < n
to denote (Aaj,,;....Aal,.(Aa® .(A(al, ... al/aks1, .- an))(EP))..)
where a;c_H, ...,al, are fresh variables that do not appear in k) am A
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1. General Definitions

In case that £ also embodies variables X,Y, Z of the second sort, we
mean by substitution of a variable X in an £ formula A by an £ class term
B the expression

A(B/X)

which is obtained from A by substituting any atomic formula Xt¢ with
B(t) while a renaming of bound variables may be necessary as usual. If A
has been introduced in the form A(X), we may also just write A(B) for
A(B/X).

In case R is a unary relation symbol in £ or a second sort variable, we
also define

A(R/X) := A(B/X)
for B := Aa.Ra. Furthermore, if A4 is an £ class term Aa.A, then we set
A(B/X) := Aa. A(B/X)

Accordingly, we let substitution for number variables be defined by A, (t) :=
A(t/z) :== Aa.A(t/z) if a does not occur in ¢, and otherwise we let A, (t) :=
Al (t) for A’ := Ab.A(b/a) and some b that does not occur in A, t.

1.2. The Base Theory PA of Peano Arithmetic

We introduce basic notions that we are going to use in combination with
arithmetical theories.

Definition 1.1. Lpa is the first-order language of Peano arithmetic with
e just one sort of variables x, referred to as (number) variables,

e a unary relation symbol U (without further interpretation and that
is needed for proof-theoretic investigations),

e a symbol = for equality,

e function symbols for each primitive recursive function, and for n € N,
we denote by PR” the collection of those function symbols that have
arity n, and
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1.2. The Base Theory PA of Peano Arithmetic

e relation symbols Ry for each function symbol f € PR" with n # 0,
and Ry has the same arity as f.

For the sake of completeness, we provide PR := J, .y PR" via one
of the usual formulations by an inductive definition over n € N of func-
tion symbols, while 0™, S,I;‘+1 denote here symbols for the constant zero
function, the successor function, and the i-th projection function on n+1-
tuple, respectively, while C, R are auxiliary symbols in our meta-theory for
expressing composition and primitive recursion, respectively:

e 0" ¢ PR, S € PR', and I?* € PR™ " for each i with 1 <i < n + 1.
e (Cfg1...gm) € PR"if f e PR™, g1,...,9m € PR", and m,n > 1.
e (Rfg) € PR™if f € PR" and g € PR"2.

Remark 1.2. We added relation symbols Ry to Lpa for technical reasons,
namely in order to ease the embedding from TID into FIT in Chapter [f]

(cf., Remark [6.12)).

Definition 1.3. The language C,%A denotes the extension of Lpa to the
language of second-order arithmetic, i.e., it is Lpa extended by a second
sort of variables X, referred to as set variables or just sets.

Notation 1.4. We use the following notations for certain symbols of Lpa:
e Oy and 0 denote the constant 0° for the number Z€ero,

e +n denotes the binary function symbol for addition of two natural
numbers,

e <y denotes the binary less-than relation on the natural numbers, and

e —p denotes the modified subtraction function on the natural numbers
(i.e, if m <y m then m ~yn = 0 holds).

Further, 1y, 2y, ... abbreviate S0,S(S0),... as usual. If the meaning be-
comes clear from the context, we may drop the subscript N and just use
0,1,2,..., 4+, <, and ~ instead. Moreover, s < t is used in the obvious
way to denote s <tV s =t

17



1. General Definitions

Definition 1.5. For any k € N, let (ny,...,nx) — (n1,...,nx) be any of
the usual primitive recursive injective functions N* — N mapping finite lists
of natural numbers of length & into the natural numbers, and let () be the
corresponding k-ary function symbol in Lpa. Then for any terms ¢4, ..., tx,
we ambiguously write (¢1,...,1) in order to denote () (t1,...,tx).

Moreover, we have the usual primitive recursive functions for projec-
tion (m,n) — (m),, list construction (m,n) — cons(m,n), list concatena-
tion (m, n) — mxn, and for computing the length n +— Ih(n) of a list, which
again we use ambiguously to denote the application of its corresponding
function symbol in Lpp to terms. We also make the following standard
properties explicit:

e (ny,...,nE) =0 if and only if £k =0,

If n # 0 holds, then there is exactly one k # 0 and natural numbers
ni,...,n such that n = (nq,...,ng) holds,

(n); < n for each i < lh(n),

|h(<7’l1, e ,nk>) = k‘,

e ((ng,...,nk)); =n; for each 0 < i <k,
e cons(n, (ny,...,nk)) = (n,ny,...,nk)
o (ny,...,nk)* (Mmy,...,my) = (n1,..., Nk, M1,...,my)

Convention 1.6. £ will denote in the following either E%A or any extension
of Lpa by new relation symbols. We will introduce common notions for such
languages L.

Definition 1.7. L terms s,t,r are defined as usual inductively from func-
tion symbols and number variables. Since £ extends Lpa only by relation
symbols or variables of the second sort, all such terms are Lpa terms. A
constant is a nullary function symbol. If f is an n-ary function symbol of
Lpp and = t1,...,t, is a list of terms, then we set

f@) = f(tr, ... ty) = ft = ft1...t,

and this holds analogously for lists introduced by the ™ notation. For
closed terms ¢, we mean by Y the numerical value of t, i.e., the canonical
valuation of ¢ in the standard model N.
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1.2. The Base Theory PA of Peano Arithmetic

Definition 1.8. £ formulas are defined inductively as usual by use of
parentheses and the basic logical symbols and we write ambiguously A € £
in order to stress that A is an £ formula. For terms s, ¢, we may sometimes
write s # t for (s = t). Atomic L formulas are equations s = ¢ and all
formulas Rty ...t, where R € L is an n-ary relation symbol and t¢1,...,t,
are terms.

For the case that £ is £3,, then also Xt is an atomic formula for any
set variable X and term t. L3, formulas further allow for quantification
over set variables and we call an L3, formula arithmetical if it does not
contain such a quantification (but set variables may still occur and we
sometimes call set variables that occur free in a formula set parameters of
this formula).

For m-ary relation symbols (or set variables) R of £, a formula A is
positive in R if it occurs only positively in the usual sense, i.e., no atomic
formula of the form R(t1,...,t,) occurs negated in the formula which is
obtained from A by translating first each subformula of the form B; — By
to =B V By and where we then move every negation symbol — towards
atomic formulas, while making use of De Morgan’s laws and the law of
double negationﬂ

Definition 1.9.

(a) For any language £ that is £3, or (possibly) extends Lpa by new
relation or function symbols, a standard derivability notion F shall
be given that is based on a Hilbert-style deduction system for classical
logic with equality axioms (in the first sort). In particular, we assume
besides modus ponens that we have rules of the form

A— B

_A->B _B—=A
A —VzB

(V-intro) 2B o A

(F-intro)
for z ¢ FV(A), and we assume in case that £ is £3, that we have
the analogous of these rules for the second sort, too.

(b) Then for any £ formula A, we write - A to denote the derivability
of A in this logic. Moreover, if T is a theory (i.e., a collection of
non-logical axioms) with language L1, then writing T F A for any

LCompare this definition of positive formula with the definition of For™ in the setting
of FIT in Chapter
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1. General Definitions

L+t formula A denotes the derivability of A from the axioms of T and
this logic. For any set of formulas I', we write - I and T F I' in order
to denote that - A and T F A hold, respectively, for each A € I'. This
notion is used analogously also in case that T contains new rules of
inference (see for instance TID; in Chapter .

Notation 1.10. For an m-ary relation symbol R with n > 1 and =
t1...t,, we write R(f) for Rty ...t,. and if n = 1, we also introduce the
following notation:

teR:=Rt and t¢ R:=-Rt

Then (V2 € R)A and (3z € R)A stand for Vz(R(z) — A) and Jz(R(z)AA),
respectively. These conventions shall hold analogously also for set variables
X. If < is a binary relation symbol, we use expressions (Vx <1 t)A and
(3z < t)A to abbreviate Vz(x <t — A) and Jz(x <t A A), respectively.

Definition 1.11. The first-order theory PA is based on the language Lpa
and its non-logical axioms are the usual axioms of Peano arithmetic, while
for each relation symbol R; that stems from a function symbol f of arity
n > 1, we have for & = x1, ..., z, the axiom VZ(R;Z <> f& = 0).

In particular for the formulation of PR as presented in Definition [I.1
the non-logical axioms of PA consist of the universal closure of the following
formu%as where we suppose A € Lpa, (Cfg1...9m) € PR", and (Rfyg) €
PR™*!:

Sx #0

Sr=Sy—x=y

0"z1...2, =0

ey ...z =

(Cfar- . gm)x1...xn = flg121.. . Tpn) ... (gmT1 ... Tp)
Rfg)x1...2,0 = fo1...2,

(Rfg)z1...2n(Sy) = gx1 ... 2oy(Rfg)z1 ... 20Y)

Rexy...xp & f1...2, =0

A(0/z) = Va(A — A(Sz/x)) — VzA (complete induction)

There is no non-logical axiom for the unary relation symbol U (besides in
an instance of complete induction).
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1.2. The Base Theory PA of Peano Arithmetic

Definition 1.12. (Arithmetical) operator forms are objects of the form
AX.A

for L%, class terms of the form A = Ax.A such that A is an arithmetical
formula with X being the only set variable that may occur in it (compare
also with Section and z is the only free number variable that may
occur in itE| Note that the unary relation symbol U may occur in 2. We
use A, B, ¢, D as syntactic variables for operator forms. For each L class
terms B, we set

(AX.A)(B) = A(B/X)

while note that the expression A(B/X) may yield an £ formula here. More-
over, if R is a unary relation symbol in £ or a set variable, then we write
A(R) to denote A(Ax.Rzx). Positive operator forms are operator forms
2 := AX.Az.A such that X occurs only positively in A.

Notation 1.13. We have the following abbreviations for some formulas
and operator forms:

e Cly(A) :=Vz(A(A,z) — A(x)) for each operator form 2 and L class
term A.

and for a binary relation symbols <1 in Lpa and any class term A, we also
have

o Accq := AX . AzVy < z(Xy),
e Prog_(A) := Cl4(A) := Clace, (A),
o Tl :=AX.Az.(Prog,(X) = Vy < z(Xy)), and

Note that we shall usually write Prog_ instead of Clg. If < is clear from
the context, we may just write Acc, Cl, Prog, and TI instead of Accy, Clg,
Prog, and TI,, respectively.

2Recall that 2 := AX.Az.A is intended to define an operator ®g: P(N) — P(N) where
A(X, z) corresponds to “z € Py (X)” for some interpretation X C N and z € Nof z
and X.
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2. Ordinal Theoretic Framework

In this chapter, we work in ZFC, i.e., in the broad set-theoretic framework
of Zermelo—Fraenkel set theory with the axiom of choice, having the class
On of ordinals at hand. The class of limit ordinals is denoted by Lim, while
w denotes the first limit ordinal. Moreover, we write 0 for ), a <o, b (or
just a < b) for a € b, and a <o, b (or just a < b) for a C b. For a > 0, we
let ©, denote N, i.e., {Q: a € On} is the class of all uncountable initial
ordinals, and we write 2 for ; and Qg for 0. Over ZFC, we have that 2,41
is regular. A normal function is a (with respect to <) strictly increasing
continuous function f: On — On. We presuppose a knowledge about this
broad set-theoretic framework and shall use commonly used notions and
well-known properties of those tacitly, e.g.,

e the notion of club classes C' with C' C On and its correspondence to
normal functions (i.e., each club class C' induces a normal function
enum¢ that enumerates the elements of C' in increasing order),

e the existence of the derivative fix(f) := {a € On: f(a) = a} of a
normal function f, being a club class itself,

e basic ordinal arithmetic for a,b € On with (ordinal) addition a +op b
(or just a + b), (ordinal) multiplication a -0, b (or just a - b or ab),
(ordinal) exponentiation expg,(a,b) (or just a®), and the Hessenberg
sum a #on b (or just a # b),

e the usual representation of natural numbers within On as von Neu-
mann ordinals (0)on := 0 and (n+ 1)on := {(n)on} U (n)on for each
n € N, while we shall from now on identify (n)o, with n for each
n € N.

We refer also to [Bucl5| for more details on the relationship between dif-
ferent approaches to ordinal notations. It shall be clear from the context
whether < means <y or <o, (and similar for the other mentioned expres-
sions).
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2. Ordinal Theoretic Framework

Definition 2.1. Let P := {w®: a € On}. We call the elements of P
additive principal numbers.

Remark 2.2. For a € P and b, ¢ € On with b, ¢ < a, we have b+ ¢ < a and
b+a=a.

2.1. The Finitary Veblen Functions

Definition 2.3. The n + 1-ary Veblen function ¢n4q : On™ ™ — On is

obtained for each n € N from the w-exponential function and the binary
Veblen function ¢s by generalizing its definition principle, i.e., we let

for each ¢ € On and define ¢, 1o for n > 0 as follows:

® Pn+2 (07 a(n)v C) = @n+1(a(n)a C)'

e If aj,a; > 0 holds for some 1 <k <n+1 with ax41 = =apy1 =
0, then ¢,42(a"*), ¢) denotes the c-th common fixed-point of the
functions

2 Puea(@®), b2, 005 4D)
that are defined on On and for each b < ay.

In particular, we have for the binary Veblen function that ¢3(a,c) for
a € On \ {0} is the ¢-th common fixed-point of the functions z — ¢2(b, z)
on On and that are given for each b € On with b < a.

Notation 2.4. We often just use the following abbreviation

‘cp(al,...,an) = g@n(al,...,an)‘

if the meaning becomes clear from the context.

Remark 2.5. We have that ¢(0,1,0,0) and (1, 0,0) denote the Feferman-
Schiitte ordinal Ty and (1, 0) denotes the ordinal &g.
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Lemma 2.6. Let k,l € N and ay,...,ar € On be given with a1 # 0 and
ar # 0. Then

(b<ak & x:@(&(k)76(l+l))) — w(a(k—l)yb’()(i)’x’()(ﬂ):x

holds for every b,x € On and i,7 € N with i + j = [.
Proof. This follows easily from Definition [2:3] O

2.2. Klammersymbols

Definition 2.7. We introduce now the concept of K lammersymbolﬁﬂ which
are a generalization of the finitary Veblen functions to the transfinite by
allowing arguments to be indexed by ordinals and which were introduced
by K. Schiitte in [Sch54].

(a) A Klammersymbol k is an expression of the form

Qg cee Qp
by ... by
for ag,...,an,,bo,...,b, € On and with the condition

0<by<...<by, (21)

(b) Two Klammersymbols k; and k2 are defined to be equal in case that
k1 and ko can be transformed into the same Klammersymbol by
adding or dropping of columns of the form 9. We denote this by

K1 = R2

and we write k1 # k1 in case that k1 and ko are not equal. Further-
more, in order to stress that k1 and ks are identical we write

K1 = R2

. Qn CQ ..

More precisely, (40 5" )= (g - d") denotes that m = n holds with
a; = C; and bi = dz for all 7 <n.

IThe German word Klammersymbol can be translated as “bracket symbol”, but the
term Klammersymbol is more common in setting of systems of ordinal notations.
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2. Ordinal Theoretic Framework

(c) Given a normal function f: On — On with f(0) > 0, the value
f(k) :== fr of a Klammersymbol k (under f) is defined as follows:

L If = (5 507 ) and by # 0 hold, then fx is f(o5) 7 577))

o bnga . wobnga
and one of the other cases applies.

2. If k= (§) holds, then fr is f(c).

3.1 k= (04 511 ) and a; =0 hold for some i € {1,...,n+1},

then fris fx’ where £’ is obtained from x by deleting the column
0.
4. I k= (gp o 47 ) and a; # 0 hold for all i € {1,...,n+ 1},

bn+1
then fk is the c-th common solution x for the following equations
and for all @’ < a; and b’ < by:
z a az ... any1\ _
f(b’ b1 by ... bn:l) =T
(d) Given a normal function f: On — On such that f(z) € Lim holds for
all z € On, the fized-point free value f(k) := fr of a Klammersymbol
k (under f)is defined as follows (see [Sch54, §3]):

f(a%oﬂ alogr) if ag = ¢+ k holds for

?(ZO Z) _ some ¢ € On and k& < w with
o Floo s o br) €{car,. . a0}
f(Zg Zi o Zn) otherwise

Remark 2.8. For all Klammersymbols «; and as, there exist ordinals
ag, ..., 0y, bo,...,b, and ordinals cq,...,c, with ¢y < ... < ¢, such that
o = (ﬁg . Zn) and ag = (Zzg - b“) hold, simply by adding or removing

Cn
of columns of the form fi where necessary.

Definition 2.9. A lexicographic order < on Klammersymbols is defined
for Klammersymbols o and 8 with a # ( as follows:

LIfa=(mner)and B = (% b)) hold for some ag,...,an,
boy - -ybn, Coy. .., Cn, and if ¢ < n is the largest index with a; # b,
then we have o < 3 in case of a; < b; and 8 < « otherwise.

2. fa=da, =0 and a < B, then also o < .
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Proposition 2.10.

(a) The function x — f(glc) is normal. In particular, we have f(;) =
Sup, . f(glg) for each z € Lim.

(b) If f(x) € Lim holds for all x € Lim, then we have f(1) = f(1) for
each x € On.

Proof. Since we assumed f(0) > 0 holds, the first claim is immediate
from [Sch54, (4.1)-(4.3)]. For the second claim, note in particular that
f(9) = f(0) # 0 for each € On implies by the definition of f(.) that

x

?(i):f(i)holds. O
Definition 2.11. Recall that we defined

x

p(r) =p1(z) =w
in Section for all z € On. We now let

ve(x) := whtte
for all x € On, and further for all zy,...,z, € On, we define
T To = o .. Iy
P1Tp .- To = P1 0 ... n
T o — o ... Tp
Poln--To:=Pel g = o
o To = B o ... Tp
Poin - L0 2= Pe 0 ... n

Definition 2.12. The large Veblen ordinal *U is defined as

U := min{a: a = @1(,11)}

and the small Veblen ordinal v is defined as

Ui:@l(&,)
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2. Ordinal Theoretic Framework

Convention 2.13.

(a) f: On — On shall be for the remainder of Subsection [2.2|any normal
function with the property

f(0)>0
(b) a,b,c,d,... are primarily used as syntactic variables for On.
(¢) a,B8,7,0,k,p,0,7,... are primarily used as syntactic variables for

Klammersymbols.

2.2.1. Recursion Properties

Proposition 2.14. For each Klammersymbol (‘;g e ), we have the fol-
lowing:

(a) ao < f(ed @)
(b) In case of ag # 0, we have that a; < f(‘ég " ’é;’;) holds for all i €
{1,...,n}.
In general, we have ag, . ..,an, < f(‘ég - Z:).
Proof. By (3.3) and (6.1) in [Sch54], we have
ag < f(8 )
ap #0 = a; < f(2 &) forallie{1,...,n}
respectively, and the remaining claim follows by induction on n. O

Proposition 2.15. Let a := (?f o ?:ﬂ) be a Klammersymbol. For each
Klammersymbol B with o < 3, the following holds:

(a) fa = fB holds if and only if k € {1,...,n+ 1} exists such that
ar = fB and the following holds:

e a; =0 for each i with 1 <i <k, and
o a; < fB for each i with k <i<n+41.

(b) fa < fB holds if a; < f holds for alli e {1,...,n+1}.
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2.2. Klammersymbols

(¢c) fB < fa holds if
e cither B < ay holds for some k € {1,...,n+ 1}, or
en>1andjke{l,. .. n+1} exist such that j <k, aj # 0,
and ar = .
Proof. See (7.1)—(7.4) in [Sch54]. Note that the negation of the condition
given in @ yields the conditions stated in @ and For this, note in
particular that ar = fB implies a; # 0 and hence if a; = 0 holds for each

i with 1 <4 < k and the condition of@ does not hold, then £k < n + 1
holds and ¢ exists with a; > ff and k < ¢ < n + 1, leading to one of the

conditions in O

Lemma 2.16. We have

Prt1(ar s ann) = 1 (5T )
where we denoted with 0,1,...,n in the Klammersymbol’s second row am-

biguously the corresponding finite ordinals.

Proof. If n = 0 or a3 = -+ = apy1 = 0 holds, then the claim is clear.
Otherwise, assume n # 0 and without loss of generality that a; # 0 holds.
Further, let k € {1,...,n} with ay, # 0 and ag41 = -+ = a, = 0. The claim
now follows by transfinite induction on ay, since ¢(a("*1) is the a,,;-th
common fixed-point of the functions

z— o@® v bz, (_)("_k))
given for each b < aj. Now, we get

—(k—1 S(n—k 0 ... 0 T b ap— ..a
90(0’( )7 b’x’ 0( )) = f(O ... n—(k+1) n—k n—(k—1) n—éck—IQ) nl)

T b ap— . a
= f(n—k n—(k—1) n—fk—IZ) nl)

from the induction hypothesis and for each € On. Hence the claim follows

from Definition and Lemma 2.6l O
Corollary 2.17. Let n > 1 and ordinals a1, ..., a, be given, then we have

the following:
(a) a; < @(a™) for allic {1,...,n}.
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2. Ordinal Theoretic Framework

(b) If a, # 0 for some k € {1,...,n}, then a; < @(a™) holds for all
ie{l,....,k—1}.

Proof. This follows from Proposition 2.14 and Lemma [2.16} O

Corollary 2.18. Let n > 1 and ordinals a1,...,a,,b1,...,b, be given.
Then @(a™) < (™) holds if and only if some r € {1,...,n} exists such
that a, # b, holds with a; = b; for alli € {1,...,r — 1}, and such that one
of the following holds:

1. ay < b, and a; < o(O"™) for alli € {r+1,...,n}, or
2. b, < a, and

e cither p(a™) < by, holds for some k € {1,...,n}, or
e p(a™) =by and b; # 0 for some i,k € {1,...,n} with k < i.

Proof. This follows immediately from Proposition and Lemma [2.16
For the first case a, < br7 note that a; < (b)) holds anyway for ¢ €
{1,...,7} by Corollary On the one hand, we have b, < ¢(b(™) and

s0 a, < @(b(™), and on the other hand, a, < b, also 1mphes b, # 0 which
by Corollary [2.17l|(b)| gives a; = b; < cp(b( )) for i € {1,. -1} O

Definition 2.19. Let n > 1.

(a) ai,...,a, are in normal form (w.r.t. ¢,) in case that a; < @(a™)
holds for each 1 < i < n, and we denote this by NFﬁ(a(”))

(b) b =nr @(a™) denotes b = p(al™) and NF¢(a™).
Lemma 2.20. Letn > 1, k€ {1,...,n}, and by,...,bp,a1,...,a, € On
be given with by =xr @(@™) and by = --- = b, = 0. Then NF?(b(™)

holds if and only if a,. # b, holds for some r € {1,...,k} with a; = b; for
alli € {1,...,r — 1} and one of the following holds:

1. a,. <b,, or

2. by < a, and for some i € {1,...,n}, we have by, < b;.
(In particular, it suffices here to have i € {r +1,...,k—1}.)
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2.2. Klammersymbols

Proof. Note that we have by # 0 by our assumption by, =xr @(a™), and
hence by Corollary and NF?(a(™), we have

a; < by < o(b™) (2.4)

for all i € {1,...,n} and also b; < @(b™) for all i € {1,...,k — 1}.
Furthermore, there has to be some r € {1,...,k} such that a, # b, and
a; = b; holds for all i € {1,...,r — 1} since we have a; < by. Recalling the
assumption byyq = --- = b, = 0, we thus have that NF¥(b(™)) holds if and
only if by, < @(b™) holds, i.e., p(a™) < p(b™). By Corollarythis is
equivalent to the following two situations:

1. If a, < b,: We need a; < @(b™) for each i € {r +1,...,n}. But this
holds anyway as we have noted in .

2. If a, > b,: We need some i € {1,...,k} such that either b; > p(a™) =
b, holds, or otherwise b; = gp(d(”)) = b holds and there is some i < j < k
such that b; # 0 holds. In both cases, i = k is trivial, moreover recall
that by # 0 holds. Hence, by < b; for some ¢ € {1,...,n} suffices in this
situation. Actually, ¢ € {r+1,...,k—1} is enough since otherwise by < b;
can never hold: We have that b; < a, < 90(?1(")) =b, holdsforalll <i<r
and that b; = 0 holds for all k <7 <n. O

Remark 2.21. In Lemma [2:20] we took the lists of ordinals a4,...,a, and
b1, ..., b, to have the same length n > 2 in order to simplify the formulation
and proof of the lemma. Clearly, the lemma holds analogously for lists of
ordinals with different length > 2 (just add ordinals of the form 0 to the
front of the shorter list to make them the same length).

Proposition 2.22. Assume that f(x) € Lim holds for all x € On. Then

we have for all Klammersymbols o := (Z(‘j o Z;‘) and 3 the following:

(a) fa=fB <= a=4.

(b) If « < 8 holds, then we have:
(i) fa < fB <= a; < fB holds for all i <n.
(i) fB < fa < fB <a; holds for some j < n.

Proof. See (8.3) and (8.4) in [Schb54]. O
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2. Ordinal Theoretic Framework

Proposition 2.23.
(a) o1(x) = @e(x) holds for all x € On with w < x.

(b) Given xy,...,x, € On such that z; # 0 holds for some 1 < j < n,
then we have @n(Tp, ..., 21) = Qelp ... 2T1.

(c) ¢e(z) € Lim and Be(L) = v1(L) = ve(2}) hold for all z € On.

(d) v is the least ordinal a > 0 not expressible from ordinals smaller than
a and by means of ordinal addition and the finitary Veblen functions.
Moreover, the following correspondences hold

w = ©(0,1) =%,00 = pe(9)
g0 = ¢2(1,0) =%410 =24 (1)

p2(w,0) = Pew0 =3u(¥)
Lo = ¢3(1,0,0) = 24100 = 74 (3)

where for YO, we used a notation from [RIW9S5).

Proof. This follows from the definitions and the previous results. For @,
note that Yew0 = Pew0 holds because of Deﬁnitionand W # Qe ( g ) O

2.2.2. Klammersymbols as Denotations for Functions

Definition 2.24. For all Klammersymbols a := (le - Z’:i

we define {a}a € On as follows:

) and a € On,

{a}a:= W(g 1111)1 11713:11)

Corollary 2.25. For all Klammersymbols «, 3 and all ag, by € On we have
the following:

(a) {atag ={B}by < a=p & ag=1bo
(b) If o = B holds, then we have: {a}ag < {B}by <= ag < bo.

(c) If a < 8 holds and if we let o= (2 et ), then we have:
(1) {a}ao < {B}by <= a; < {B}bo holds for all i <n+1.
(it) {B}bo < {a}ay <= {B}bo < a; holds for some j < n+1.
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2.2. Klammersymbols

Proof. This follows from Proposition In particular for @, assuming
a = [ and letting

a a a
o ( 0O 1+1cl 1+Z:il)
by a .oa
p= ( 0 14er 1+7Z:j,1)

we have the following:

1. If {a}ag < {B}bo holds, then this rewrites to Pea' < Pef’ and hence by
Proposition [2.22)l(a)l we must have ag # bg. In particular, we must have
ag < bg because otherwise by < ag implies 3’ < o' and hence we would

get by Proposition (b)ll(ii)| and due to Pea’ < Pef’ with 8’ < o that

Do’ < by holds (while note that ay,...,a,+1 < Pec’ always holds). Since
also ag < Pea’ always hold, we get a contradiction from by < ag.
2. Conversely, if ag < by holds, then we get also {a}ag < {S}bo. O

Corollary 2.26. We have the following correspondences:

W ={(§)}a  w2(w,a) ={(§)}a
ca={(})}a Lo ={(1)}a

Proof. Immediate from Proposition [2.23 O

2.2.3. Representation Properties

Remark 2.27. We have that {a: a = ¢ (;)} is club and hence non-empty
by Proposition and we have

()}
=min{a: a =%4(})}
5)}0}
by Proposition [2.23] while the last equation is due to the fact that a € Lim

holds for all a w1th a= Lpl(a). Moreover, we remark that 2 corresponds
to ¥Q from [RW93].

P = min{a: a = p,

=minf{a: a = {(
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2. Ordinal Theoretic Framework

Lemma 2.28. Let now ¢ € On '\ {0} be given with ¢ < v. Then we have
c=c1+...+c, for somen >1 withc>cy > ... > ¢, such that

Qi1 -0 Qi ky
Ci = S01(17«;,1, bk )

holds for some kq,...,k, € N and such that a; ;,b; ; < c; holds for all
1<i<nandl <j<k;. Incase of n > 1, we further have ¢; < ¢ for
each 1 <1 <n.

Proof. Assume ¢ # 0 and let ¢ = w® - my 4 ...+ w® - m; be the Cantor
Normal Formal of ¢ at base w, i.e., we have 0 < mq,...,m; < w and
dy > ...>d;. Due to mq,...,m; < w, we have

c=w"r + .. W

for some n > 1 with e; > ... > e,, while in case of n > 1 also w® < c holds
for each 1 < i < n. From ¢ < v follows ¢ < gol(i), we can use [Sch54]
(5.1)] in order to get

) Wil e Qi
e; __ i1 ik,
w = (pl(bi,l, v bk, )

for some k; € N and a; j,b; ; < w® for all 1 < j < k; because w® = ¢1(e;)
holds. This implies the claim with ¢; := w® for 1 < j < k;. O

Proposition 2.29. Let ¢ < U be given, then there exist unique n € N and
Co,...,Cn € On such that ¢ = ¢, + ...+ cg holds with

cop < w
w<c<...<¢c,

while we have for n # 0 and each i € {1,...,n} that
ci={(b Db a0 <c
holds for some k € N and ag, ..., ak4+1,b1,...,bk+1 < ;.

Proof. In case of ¢ < w, we can take n := 0 and ¢g := ¢. Assume now
c>wandlet c=w® - e +...+w™ ey be the Cantor Normal Formal of
c at base w, i.e., we have 0 < eg,...,eg <wand 0 < dyp < ... < d; < ec.
Due to eq,...,e; < w, we have ¢ = (w/™ + ...+ wf) + ¢q for some ¢y < w
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and some n € N with 0 < f; < ... < f,. Furthermore, we have for each
i €{l,...,n} that w/i = ¢4(g;) holds for some g; < f; (more precisely, in
case of f; < w we have f; = f/ + 1 and can take g; := f/, while otherwise
we take g; := f;). We have @q(g;) < {(%%gi) )}0 since w/i < ¢ < W holds,
and hence we can set ¢; := w/i and use Corollary in order to get the
claim. O

Proposition 2.30. Assume that f(x) € Lim holds for all x € On and let
¢ € On be such that ¢ < f() and c = f(d) hold for some d € On. Then

there exist n € N and ag,...,an,bg,...,b, < c such that ¢ = 7(%8 o ZL)
holds.
Proof. See (8.1) in [Schb4]. O

Corollary 2.31. Let ¢ € On be such that ¢ < {(1)}0 holds with c = p4(d)
for some d € On. Then there existn € N and ag,...,0n4+1,b1,...,bp41 < ¢
such that we have

c={(s o) Yao

Proof. This follows from Proposition [2.30 O

2.3. The Y-function

See [RW93] and [Buclh] for more details.

Definition 2.32 ([RW93| 1.]). Sets of ordinals C(«, ), Cp(a, 8), and
ordinals Ya are defined by main recursion on o < €qy1 and subsidiary
recursion on n < w (for § < Q) as follows:

1. {0,Q}UB C Cph(a, B),

o

(7,0 € Co(a, B) & §=xr W +6) = £ € Cpyi(a,p),
3. € Crla,f)Na = 9§ € Chyi(a,f),

4. Cla,B) == U{Culen. B): n < w},

5. Yo :=min{f < Q: C(a, ) NQ CENa e Clay, )}
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2. Ordinal Theoretic Framework

where we used £ =nr w” + J to denote that £ = w” + § holds such that
either § = 0 and v < £ hold, or such that § = w® + ...+ w holds with
vy>01>...>0 and k > 1.

Notation 2.33. As it is given in [RW93], we introduce also the following
notation (n,z) for all n > 1 and all € On:

Q(l,z) :=0Q"
Q(n+1,z) == Q)

In contrast to [RW93], we extend this notion also to n = 0 as follows:
20,2) =Q-z

Proposition 2.34. We have 9Q% = ¢1( L) ={(})}0=1v.
Proof. This is due to [Sch92]. See also [Bucl5] and note Subsection [2.2.2]
O

Remark 2.35. We remark that for the Buchholz ¢-functions from [BS88] or
the Feferman-Aczel #-functions from [Bri75], we have the correspondence
90 = o0 = Q0. See also the last paragraph in [Rat92].

2.4. Cherry-Picking from [Sch92] and [Buc15]:
Y& = PR

We give some remarks on the correspondence of the ¥-function for argu-
ments smaller than Q% and the ordinals obtained via the concept of Klam-
mersymbols. We shall get to a generalized form of Proposition [2.34] i.e., to
the core result of [Sch92]. It has been rephrased in [Bucl5], while consid-
ering a more complex setting that compares many other ordinal-theoretic
approaches for describing ordinals around the Bachmann-Howard ordinal.

In this small section, we focus on certain results of [Bucl5] that provide
the correspondence of the ¥-function to Klammersymbols. First, we note
that Klammersymbols represent in a straight-forward way ordinals smaller
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than Q2. Namely, if  is a Klammersymbol such that

_ [ ap e Qp
a:(bo bn>
holds with 0 < a; < ) for each i <n and by < ... < b, < §2, then

a:=0a, + ...+ Q%q

is an ordinal such that & < OQf holds and which is in Cantor Normal Formal
(at base Q). Letting ¢g denote the function = — ¢, on On, we obtain

9& = PEa (+)

We refer to the paragraph “Note on Klammersymbols” in [Bucl5] for this
result. Furthermore, we get

x

where we let pg () := e, and pp(x) := w* (i.e., pp is ¢1 from Section

and where (2.5)) is due to (or [Sch92)), (2.6)) is due to Definition
|i is due to the fact that cpE(?) = gop("fl) holds for n < w, and 1)
e

is essentially due to Lemma [2.16] Similarly, we have

D(Q- Q) = 1100 =Ty
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2. Ordinal Theoretic Framework

2.5. Proof-Theoretic Ordinal

Following [Poh09) page 100], we define for every theory T whose language
Lt includes the language of arithmetic (possibly via an interpretatiorEI)
the proof-theoretic ordinal |T| of T to be the ordinal

sup{otyp(=<) : (< is a primitive recursive linear order) & T+ TI(<,U)}

where otyp(=<) denotes the order type of <, U shall be the special unary
relation from Definition and TI(=<, U) abbreviates

Prog_(U) — Vz € field(<)(z € U)

and where Prog_ (U) is defined according to Notation m This means
that |T| denotes the supremum of the order types of primitive recursive
linear orderings < that can be proven in T to be wellfounded (noting that
TI<(U) corresponds to the IIi-statement “VX (TI(X))”).

In particular, this means that for determining a lower bound a of |T|, it
suffices to set up first an ordinal notation system (OT, <) that corresponds
to a, e.g., as we shall do in Chapter [3] or Chapter [4] and then prove that

T+ TIL(U,b)

holds for all b € OT and where TIL (U, b) is according to Notation [1.13]
Furthermore, for determining an upper bound a of |T|, it suffices to embed
T into another theory T’ for which it is known to fulfill |T'| < a. In
particular, it already suffices here to show that each arithmetical formula
that is provable in T can be proven in T’ because TI(U, b) is arithmetical.
Compare this with Chapter [0

2As it is the case with LpjT, see also Section This thesis investigates only theories
that comprise the language of arithmetic (directly or via an interpretation).
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Small Veblen Ordinal

In order to determine the lower bound for the proof-theoretic ordinal of
both FIT and TID, we shall carry out wellordering proofs within TID in
Chapter [7] We therefore need a framework for ordinals and ordinal nota-
tions which we shall introduce in the following sections. We rely on the
literature for most of the preparatory work that is needed to formulate the
ordinals that are involved here and try to explain only as much as to make
this chapter sufficiently self-contained.

3.1. The Ordinal Notation System (OT, <)

For carrying out the wellordering proofs in TID, we shall fix a primitive
recursive notation system (OT, <) for ordinals below the small Veblen or-
dinal. It is based on Lemma [2.20] (essentially on (7.1)—(7.4) in [Sch54]).
The representation of the following material was inspired by [Buc05]. The
properties of (OT, <) can be formalized and established within PA.

Definition 3.1. Using the coding machinery from Definition we set:

pa™ Y = gay . .. ant1 = @d(a1,. .y any1) = (L,a1,...,Qn41)
a ifb=0
(2,a,b) otherwise

1:=¢0 a@b::{

PT, :={¢a"™V:a1£0 & a1,...,ans1 € N}
={a: Ih(a) >2A (a)o =1A (a); # 0}
PT :=PT, U {i}

hd(a) a ifaePT ti(a) 0 ifaePT
a) = a) =
(a); otherwise (a)2 otherwise
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3. Ordinal Notations for the Small Veblen Ordinal

Definition 3.2. Moreover, for any binary relation <0 on N, we define the
(length-sensitive) lexicographic order <ljex with respect to < recursively as
follows. a <ljex b holds for any a,b € N if and only if:

1. lh(a) < Ih(b) holds, or

2. Ih(a) = Ih(b) holds and there is some k < lh(a) with (a); <0 (b)x such
that (a); = (b); holds for all i < k.

Example 3.3. Note that (1,2) <jex (1,1,3) holds but not (1,1,3) <iex
(1,2) and that (1,2) corresponds to (0,1,2) here. If we have a < b, then
(a,a) <iex (a,b) holds but not (b, a) <jex {a,b). Note that <jex is primitive
recursive if < is.

Definition 3.4. Motivated by Corollary and Lemma [2.20, we now
define simultaneously the primitive recursive set OT of ordinal notations
and the binary primitive recursive relation < on OT. We have ¢ € OT if
and only if one of the following cases holds:

1. ¢=0or ¢ = 1 holds.

2. ¢ € PT, holds with ¢ = qﬁd(m“)ﬁ(k) for some ai,...,am4+1 € OT
such that a,,4+1 # 0 and one of the following cases holds:

(i) amss & PT,,
(ii) am+y1 € PT4 and appp1 <jex €, OF

(i) am+1 € PT4, ¢ <iex @m+1 and amy1 = a; holds for some
1<j<m.

3. ¢ =a®b holds for some a,b € OT and such that a € PT, b # 0, and
hd(b) < a hold.

With a < b, we abbreviate in general a < bV (a =bAa € OT Abe OT).
Now, a < b holds if and only if a,b € OT and one of the following cases
hold:

1. a =0 and b # 0 hold.
2.a=1,b#0, and b # 1 hold.

3. a € PT, and b € PT hold with a = ¢a(™+)0®*) and b = b+ 0"
such that a,,41,b,41 # 0 and one of the following cases hold:
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4.

(i) a <jexband a; <bforall 1 <i<m+1,or

(i) b <jex @ and a < b,,11 or a = b; for some 1 < j < n.
a= a1 © az, b= bl EBbQ, and al,bl € PT hold with ag #O or bg }é 0
such that one of the following cases holds:

(i) a4 < by or

(ii) a1 = by and ag < bs.

We use common abbreviations in combination with these notions, e.g.,
a A b abbreviates =(a < b), (Vz < t)A abbreviates Vz(x <t — A), and
analogously (3z < t)A abbreviates Jz(x <t A A).

Remark 3.5.

(a)

()

For ¢ € OT, we have that ¢a <jex a is impossible since in Defini-
tion in order to have ¢a(™*10*) ¢ OT for m = 0, there are no
a; with 1 < j <m.

So ¢a € OT holds if and only if a € PT or a € PT, with a <1ex ¢a
holds, i.e., a = ¢b with b < a. Correspondingly, ¢a ¢ OT holds if
and only if a; € PT, and ¢a <jex a hold, i.e., a = ¢b(**+2) for some
n > 0.

Note that due to the definition of OT, for each a € OT with a # 0
there are unique a1, as € OT such that a = a1 ®as and a; € PT hold:
Either a € PT and we have a = a ® 0, or a = (2,a1,a2) = a1 ® as
and a; € PT holds.

When we write a = a; @ as for a € OT, then we usually mean that
ay, € PT holds. Nevertheless, we shall often stress that a; € PT holds
in order to avoid confusion. Note for example that with a; := ¢06¢0,
we have a1 & 0 = a; € OT by the definition of & but we also have
ai € PT.

Let a = ¢a™*TY0®) and b = by @ by with by # 0, then we obviously
have ai,...,am+1 <y a and by, bs <y b. Moreover a # 0 and b # 0
hold.

Theorem 3.6. (OT, <) and (PTor, <1ex) are strict total orders, where
we let here PTor 1= {¢é("+1) €PT:ay,...,an41 € OT}.
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Proof. By a straightforward but long and cumbersome induction on the
build-up of OT, see in the appendix for details. O

Remark 3.7. We include the proof of the following lemma in order to make
the reader more familiar with (OT, <).

Lemma 3.8. Let a € OT.
(a) If a = a1 @ az with ay € PT and as # 0, then ay,a2 < a.
(b) Ifa = pa™*tV0®) with a1 # 0, then a; < a for each 1 <i < m+1.

Proof. ForlZEﬂ7 we have 0 < a9, hence we get a1 = a1 60 < a1 Baz = a. We
show as < a by induction on ay: Since as # 0 holds, we have by, by € OT
such that aa = b; @ bs and b; € PT hold (cf. Remark . Due toa € OT
and a = a1 @ ag, we have by = hd(az) < a; by definition of OT. If by = 0,
then we have as = b; < a1, and since we have already shown a; < a, we
get as < a by transitivity. If by # 0, we get by < as by the induction
hypothesis on as (note that as <y a holds), and with b < a1, we have
ao=b1Pby <a1Bas =a.

For @ we proceed by a (main) induction on a € OT, assuming
a = ¢a™mTDO*) with a,,,.1 # 0. As an auxiliary statement, we show for
all b e N:
(*)

If b < a; and b <y a; hold for some 1 < j <m +1,
then b < a holds.

This implies the main claim by taking b € {a1,...,am+1}. We prove ()
by a side induction b.

1. b=0: b < a holds trivially, since a # 0.

2. b = 1: We have a € PT,, hence a # 0 and a # 1, yielding b < a
immediately by the definition of <.

3. b€ PT, with b = ¢b*D0" and b,,41 # 0: By b <y a; <y a and the
main induction hypothesis, we get by,...,bp41 < b, and hence by b < a;
and transitivity of < we get also

bl,...,bn+1 < aj (31)

Further, we have by,...,b,4+1 <y b, and we get from (3.1)) and the side
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3.2. Ordinal Arithmetic within (OT, <)

induction hypothesis
bl, ey bn+1 <a (32)

We consider the following cases:

3.1. b <jex a: By and the definition of <, we get b < a.

3.2. a <jex b: We consider the following cases.

3.2.1. b < a; for some 1 < k < m: By definition, we get b < a.

3.2.2. a; < bforall 1 <i < m: Hence b = a,,+1 must hold because our
assumption from the premiss of now implies j = m+ 1. If b = ap41,
then we have a,,+1 = b € PT, and a <jex b = @41, hence with a € OT
and the definition of OT, we get b = a,,+1 =< ag for some 1 < k < m. But
this contradicts our assumption that a; < b holds for all 1 < i < m. Hence
b < @41 holds and we get b < a by definition of <.

4. b = by ® by with b; € PT and by # 0. Then b; < b holds by @ and
since we have b; <y b, we get by the side induction hypothesis that b; < a
holds, hence we get b =561 by < a® 0 =a due to a € PT. O

3.2. Ordinal Arithmetic within (OT, <)

We point out that the following definitions and properties can be formalized
and established within PA.

Definition 3.9. In order to simulate ordinal addition and the finitary
Veblen functions within OT, we introduce the following primitive recursive
functions on natural numbers:

(a) For each a,b € N, we define

ifaeOTand b=0
b ifa=0and be OT\ {0}
hd(a) & (tl(a) +b) if a,b€ OT \ {0} and
hd(b) < hd(a)

Thi=
¢ b if a,b € OT \ {0} and
hd(a) < hd(b)
01 otherwise, i.e.,

ifagOTorbgOT
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3. Ordinal Notations for the Small Veblen Ordinal

(b) For each n € N and a"*!) € N, we define:

pa"th) if pa**th) € OT
cr({a™1)y) if pa" V) ¢ OT,
ayy ... 0n1+1 € OT,
and a; #0
. _ Pnlas, ..., an if pa"*tV) ¢ OT,
cpn_‘_l(a(nJrl)) — Pn(az +1) ¢ ¢
a1y y0pe1 € OT,
and a; =0
01 otherwise, i.e.,
if a; € OT holds
forsome 1 <j<n+1
and
0 ifn=20
cr((@™)) == S er((@™v)) ifn#£0anda, =0
an otherwise

and since the index n + 1 will be clear from the context, we also just
write @¢(a1,...,a,+1) in order to denote @p41(aq,. .., ant1)-

Remark 3.10. Note that n # 0 holds in the third clause of the definition
of ¢ni1(@™). Furthermore, the naming of cr: N — N is motivated
from the intention of returning a fixed-point of @, 1 and that fixed-points
B = ¢(a, B) of the binary Veblen function are sometimes called critical in
the literature.

Definition 3.11. We further introduce the following notations for every
a,x € N:

0% i=@la) & :=¢(1,a) aTz:= 0 ifz=0
v a =P o a® (a xg) ifx=xz¢+n1

a ifxz=0

G%0(@) if x = 2o 4n 1

5:=0(=9(d0) @y(a) = {
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3.2. Ordinal Arithmetic within (OT, <)

Definition 3.12.

last(a) := last(az) if a = a1 ® az and az # 0
"~ e otherwise

Lim := {a € OT: a # 0 A last(a) # 1} Suc := {a € OT: last(a) = 1}
Elements of Lim are called limits and elements of Suc are called successors.
Lemma 3.13. Let a,b,aq,...,a,11, €N, then we have:

(a) a~0 € OT.

(b) a*(x+ny1) € OT <= a € OT.
(c) p(a™t)) € OT <= ay,...,an41 € OT.

(d) &y(a) € OT < a€ OT.

(e) a+beOT < a,be OT.

Proof. [(b)] and |(d)| follow easily from the definitions (noting that
0@®1¢ OT holds). For|(e)| the only nontrivial case is if we have

a,be OT\ {0} & hd(b) < hd(a) (3.3)
Then we have to show
hd(a) @ (tl(a) +b) € OT

and we do this by induction on a. Furthermore, we let

1. If a € PT: We have hd(a) = a, tl(a) = 0, and that 0 + b = b holds. So,
we get a +b=a® (0+b) = a®dband we are done because of a € PT
and .
2. If a ¢ PT: Note that we get tl(a) = (a)2 <y a because we assumed
a # 0 in , hence we get ¢ € OT by the induction hypothesis. Since
a € OT \ {0} holds, we have a = hd(a) @ tl(a) where hd(a) € PT N OT,
tl(a) # 0, and

hd(tl(a)) < hd(a) (3.4)
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3. Ordinal Notations for the Small Veblen Ordinal

hold. The claim hd(a) ® ¢ € OT follows now from hd(c) < hd(a) which
we get from the definition of + in ¢ = tl(a) + b and by recalling that we
assumed b # 0 in : Either ¢ = b holds, and we can use the assumption
hd(b) < hd(a) from (3.3), or we have ¢ = hd(tl(a)) & (tl(tl(a)) + b) and
hd(c) = hd(tl(a)), and hence get hd(c) < hd(a) by (3.4). O

Remark 3.14. The following properties reflect common properties from the
context of ordinal arithmetic (and we follow essentially [Buc05]).

Lemma 3.15. Let a,b,c € OT.

(a) (adbeOT andc<b) = at+c=adec.

(b) a+(b+c)=(a+b)+e.

(¢c) b<c = at+b=<a+tec

(d) a<c = c=a+d for somed e OT.

(e) (a=<candc<a+b) = c=a+d for somede OT with d < b.
(f) a,b<aTb.

(9) a<c = a+b=c+bh.

(h) (a#0o0rb#0) = a+b#0.

(i) a<b+1 = a=b.

(j) a € Lim <= (a € PTy ora=a; @ as with ay € Lim)
(k) (a € Lim andb<a) = b+1=<a.

(1) a€Suc = (a ¢ PT, anda=d+ 1 for some d € OT with d < a
and d <y a).

Proof. Mostly by induction on the build-up of a,b,c € OT, see in the
appendix for details. O

Remark 3.16. Every ordinal notation d € OT mentioned in Lemma |3.15
can be computed primitive recursively from the given context.
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Lemma 3.17. For every k,m € N and aq,...,a;,+1 € OT, we have the
following:
(a) ¢pa™*tD) € OT
— @(amt) = galmth),
(b) $(0®,atm ) = p(alm+h).
(c) p(0)) =1 € PT.
(d) (a1 #0 & ame1 #0 & ¢a™tD0*) ¢ OT)

— @(&(m+1)’()(k)):am+1 & ami1 €PT, & ¢&(m+1)6(k:) <lox
Am+1-

(e) aj #0 for somel<j<m+1
= @p(amtD)) e PT,.

(f) (a1 #0 & ami1 ¢ PTLU{0})
— 3(@m k) = ggm+pk),

(9) ai,...,am < @@™*th 0k),

Proof. |(a)}|(b)} and |[(c)| are immediate from the definition of .
For [(d), we let a; # 0 and ¢a("*!) ¢ OT. Further let k be such that

ar # 0 and a; = 0 for all k < i < n+ 1. Since a; # 0 holds, this k
exists. By definition of , we get ¢(a"*?) = cr((a™*tV)) = ay. Since
a1 ¢ OT hols, this implies a, € PT.

For [(e)} we can assume without loss of generality that a; # 0 holds
(due to . Then either ¢a(™*+?) € OT NPT, holds and we can use @,
or otherwise we can use

For we use the definition of OT together with @, noting that
a1 # 0 and @41 & PT, U {0} imply ¢a(™*+D0*) € OT.

For [(g)l we can assume without loss of generality and due to
that also a; # 0 holds. In case of ¢a(™*tD0*) ¢ OT, we get the claim
from Lemma together with @ Otherwise, we have @g(a(™+1) 0(k)) =
cr((@™,a®y) = a; for some 1 < j < m+ 1 and a; = 0 for all
j < i< m+1 and we have k < j. By the definition of OT, this
means that a; € PT, must hold but not a; <jex ¢a™ V0", Since
aj # ¢a™mtV0®) (= (1,a0m+D 0F))) holds, we get ¢pa™TVOR) <0y a;
from totality of <jex which means that a; < a; = @(d(m“),(j(k)) must
hold for all 1 < i < j since ¢a™tV0*) ¢ OT. O
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3.3. Semantics of (OT, <)

Definition 3.18.
(a) fu(y) :=w? for all v € On.
(b) vy = fu(}) for each n < w.
Lemma 3.19.
(a) sup, .., vn = V.
(b) vp < Vpy for alln € N.

(c) v <9 = v, <75 <vyy1 for somen € N.

Proof. [(a)] and [(b)] follow directly from Propositions and For
fo (6

note that the claim is obvious if v = 0, so assume v > 1 = ) Now,
recall that for any normal function g: On — On and every v € On with
v > ¢(0) there is a unique « € On such that

gla) <y < gla+1)

holds. Then Proposition m yields that g: On — On,§ — fw(é) is a
normal function, and we are done. O

Definition 3.20. We define o(a) € On and |a|, € On for each a € OT
recursively as follows:

0 ifa=0
o(a) := < o(ay) + o(asz) if a = a1 ®ay with as #0
o(o(ar),...,o(ay,)) ifa=¢a;...a, withn >1

la| :=sup{[b|, +1:b < a}
where 1 denotes the first non-zero ordinal in the definition of |al_.
Lemma 3.21. Let a,b e OT.
(a) o(a) €On & (a € PT = o(a) € P).

(b) a <=b < o(a) <o(b).
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(c) o(a+b) =o(a) +o(b)
(d) o(a) < 9Q~.
(e) v <9 = o(c) =~ for some c € OT.

Proof. See [A4] in the appendix. The proof uses essentially Lemma [3.19]
Definition[3.4] and the results from Chapter[2] more precisely: Lemma[2.28

Proposition Lemma [2.16] Corollary Lemma and Proposi-
tion 22341 O

Theorem 3.22.

(a) With a — o(a), we have an order isomorphism between (OT, <) and
(9Q¥, <).

(b) la| = o(a) for each a € OT.
Proof. For @ This follows from Lemma For @ From we get

that ({z € OT: z < a}, <) is isomorphic to (o(a), <) and this yields the
claim. O

3.4. Fundamental Sequences

Definition 3.23. Fundamental sequences for limit notations d € Lim are
defined within PA by means of a binary primitive recursive function L
whose defining equations are described as follows, where d,x range over
natural numbers and where we write d[z] in order to denote L(d, x).

e Ifd=0ord¢ OT, then
o If d € Suc with d = dy + 1, then

d[l‘} = do

e If d € Lim and d = a ® b with @« € OT and b € Lim, then
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3. Ordinal Notations for the Small Veblen Ordinal

e If d € Lim and d = ¢a with a # 0, then
~ag . _ ~ T
dz] = {w (z+n1) fa=ap+1

@olel otherwise

e If d € Lim with d = ¢a"™b0®") ¢ for some @™, b, ¢ € OT with b # 0
and m, k € N, then

@(@™,b,0%) c[o]) if ¢ € Lim

d[0] = ?(a“n), b[0], 0(F+1) if c =0 and b € Lim
1 if c=0and b € Suc
(@™ 5,0 ¢[0]) + 1 otherwise, i.e., if ¢ € Suc
@(@™,b,0% ¢z +y51]) if ¢ € Lim
(@™ bl 4+ 1],0%+D) if ¢ =0 and b € Lim

dlx+y1]:=¢ 7 _ o
@(a™, blx], d[x],0) otherwise, i.e., ¢ € Suc
or (¢=0 and b € Suc)

Note that m # 0 implies that a; # 0 holds.

Remark 3.24. Giver} d = ¢amt0*) ¢ OT with Gm+1 € Lim, we cannot
expect that ¢a™b0*) € OT holds for every b < ap41. In particular,
we cannot expect ¢pa™ (am,+1[z])0*) € OT to hold for any x. Take for
instance d := ¢a with a := ¢&p1. Since a € Lim holds, we have d[z] =
@(alx]) with afz] = &% 7 (z4+n1) = &~ (z+n1). Hence, we have ¢(a[0]) =
#(80) = ¢(¢10) ¢ OT because of ¢(¢10) <jex ¢10 and the definition of
OT, and hence (¢(a))[x] = ¢(alx]) # ¢(alz]) holds.
Theorem 3.25.

(a) PAFVd, z(d € Suc — d[z] < d).

(b) PAFVd, z(d € Lim — (0 < d[z] A d[z] < d[z +n 1] A d[z] < d)).

Proof. See[A5]in the appendix. O
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Corollary 3.26. PA proves for each d € Lim with d = ¢a"™b0®) ¢ and
b # 0 the following:

ceSucV (c=0Abe€ Suc)
— Va <d[x +n 1] = @(a@'™, blz], d[z],0%))

_ Jo(d[z))o™ ifm=0andb=1 )
| 9at™ (b[z]) (d[z])0®)  otherwise

Proof. Theorem [3.25]implies d[z] < d[z +n1] and d[z] # 0, hence the claim
follows with Lemma [3.17 O

Theorem 3.27. PAF Vd,dy(d € Lim A dy < d — Jz(dy < d[z])).

Proof. See[A]in the appendix. O
Example 3.28. PA FVa(a < & — 3z(a < @,(1))).

Proof. Since &, = ¢(1,b) holds for any b € OT, we have

¢10)[0] golz +n 1] = (¢10)[z +n 1]
= $(0,&[z]) = @]

and obtain &[r] = @,(1) by induction on z. Then Theorem and
Theorem [3.27] yield the claim. O

Corollary 3.29. Let k,m € N. PA proves that for every a"™,b,dy € OT
with

do < @(a™+H 0" b)
the following holds:
(a) b € Lim — 3z (do < ¢(a™+D), 00 b[z])).
(b) (b€ LimAa; =0A...Aaps1 =0) = x(dy < @7 (z +y1)).

(¢) (b=0A apms1 € Lim) — Elx(do = @(&(m),am+1[3§},0(’“+1))),
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3. Ordinal Notations for the Small Veblen Ordinal

Proof. Let d := ¢(a™+1),0%) b). In case of d = ¢a™+0*)b, the claims
follow from Theorem “ Now, assuming d # ¢a(™+0*)p, we have the
following cases:

1. If a; =0 holds for all 1 <i < m + 1:

1.1. If ¢b ¢ OT: Then d = @® = b holds with b € PT, ie., b € Lim.
From dy < d = b, we get & with dy < b[z] by Theorem The claim
hence follows from b[z] < @] = @(@™+ 0, b[z]) with Lemma
1.2. If ¢b € OT: Then d = ¢b and assuming dy < d, we get x with
do < d[z] by Theorem

1.2.1. If b € Lim: We get dlz] = &bl = @g(atm+1) 0k p[z]).

1.2.2. Otherwise: We only need to consider the case where b € Suc holds.
Let b = by + 1 for some by (and which we can compute from b). Then we
get d[z] = &% 7 (z +y 1) and are done since b[x] = by.

2. Otherwise: Then there is some 1 < [ < m + 1 such that a; # 0 and
a1 =...=a;_1 = 0 hold, and we have d = @(ay, . .., amy1,0"),b).

2.1. If ¢a; ... 41090 ¢ OT:

2.1.1. If b = 0: This means, we only have to show and we therefore
assume now also a1 € Lim. Then we must have a,,+1 € PT4 and
d=@ay,...,am1,0%) b) = a,,11, hence we have d[z] = a4 1[z] for all
x, and dy < d implies dy < @, 11[x] < @@ a1 [z], 0F+D) for some ,
using Lemma [3.17]

2.1.2. Otherwise: Then we get d = @(ay, ..., am11,0%) b)) = b with b €
PT,, i.e., b € Lim. We have d[z] = b[z], so dy < b[z] < ¢(a™+V), 0 b)
holds again by Lemma

2.2. If ¢a;...am 1090 € OT: Then d = ¢a; ... ap10%)b holds and by
Theorem we get do < d[z] for some .

2.2.1. If b € Lim: d[z] = $(ar, ..., ams1,0%), b[z]) = g(a™ D) 0% p[z]
holds by Definition

~—

2.2.2. Otherwise: Then we only need to consider the case where b = 0
and ap,41 € Lim holds. We get d[x (al,...,am,am+1[x],0(k+1)) =
G(@™, a1 [x],0FTD)) by Definition |3. 23 O
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In Chapter 8] we shall carry out wellordering proofs that rely on a simpli-
fied representation of Klammersymbols and that we shall introduce in the
following chapter in order to work more efficiently with Klammersymbols.

This means that we shall introduce further below the notion of a par-
tition of a Klammersymbol together with auxiliary notions and operations
that allow the manipulation of the represented ordinals in a natural and
suitable way for the proofs of Chapter The benefit of our approach is
that we can work directly with the results from [Sch54], not having to intro-
duce a completely new concept for establishing a suitable ordinal notation
system, hence keeping the reader focused on the main techniques that are
used for the wellordering proof. More precisely, we shall introduce the new
notions and operations in such a way that it becomes clear that (apart
from the results from [Sch54]) only primitive recursive manipulations of fi-
nite strings are needed. The difficulty of the following chapter comes from
our aim in Chapter [IT] to internalize some methods from Chapter [7] within
the arithmetical theory TID{ from Chapter

We do not explicitly introduce the underlying ordinal notation sys-
tem because similar work has been already done in the context of finitary
Veblen functions in Chapter [3| which gives the information needed to deal
with Klammersymbols in general. Hence, we shall presuppose that an
underlying ordinal notation system (OT(Ly), <) is given that can be for-
malized already in a system like PA. In particular, OT(Lg) is motivated
by Proposition and shall be built up inductively from

1. codes for finite ordinals,
2. codes for ordinal addition, and

3. codes Peav for the fized-point free value of pe applied to Klammer-
symbols.
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4.1. Towards an Ordinal Notation System
OT(KT)

Definition 4.1. (OT(KT), <) is the primitive recursive ordinal notation
system defined by simultaneous induction in the following way:

e < COT(K])x OT(K]) shall be defined according to Corollary
and the usual properties of ordinal addition. We write a =< b in order
to abbreviate

a<bV(a=bAacOT(K)))

e K| C N shall be built up from (codes for) expressions of the form
(‘ij . Z:) such that we have

ag, by, ..., bn EOT(KD
al,...,CLnGOT(KD\{O}
bg<...<b,

e OT(K) C N shall be defined according to Proposition where
in particular it shall consist of the following kinds of codes:

1. 0:= 0 and n := (0,n) denoting codes for the zero ordinal and
the finite successor ordinals for each n € N\ {0}.

2. {a}a := (1,a,a) denoting codes for Klammersymbol-function
application for each o € K| and a € OT(K).

3. Finite lists
{aptag @ ... ®{amtam &b :=(2,{ap}ao, ..., {am}am,b)

such that
— {ait1}tair1 2 {a;}a; holds for each i <y m and
— b is either of the form n with n # 0 or b is of the form {8}b
with {8}b < {am }am,
denoting codes for expressions that respect Proposition for
ag,...,a, € K[ and n € N.

We let ag @ ... D a,, denote ag in case of n = 0.
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Remark 4.2. We did not give an exact definition of (OT(KT), <) because
it is not crucial for our investigations on TID;r and TIDs in Chapter
More precisely, we actually only need the exact definition of (OT(KT), <)
in order to verify on the one hand the above properties and on the other
hand that (OT(KT), <) is primitive recursive with < being a strict total
order. In particular the proof of the latter would be technically cumbersome
and is similar to the proofs for the ordinal notation system given in the
context of finitary Veblen functions (see Chapter [3)).

4.2. Extending OT(KT) to OT(K) with an
Equivalence Relation

We introduce an extension (OT(K), <) of (OT(KT), <) in order to con-
ceptually identify (OT(K1), <) and (U, <).

Definition 4.3. Let K, =k, and (OT(K), <or(k)) be defined simulta-
neously and inductively, having the following properties:

1. K shall be the primitive recursive set of general (codes of) Klammer-
symbols (over OT(KT)) that consists of all expressions (g0 5" )

with ag,...,an,bo,...,b, € OT(K) and b <OT(K) - - - =OT(K) by,.

2. =g and <jex shall be the primitive recursive equivalence relation on
K and the primitive recursive lexicographic order on K, respectively,
that is analog to the corresponding notions of Section To stress
that a, § € K denote the same (code of a) Klammersymbol, we write

a=p.

3. (OT(K), <or(k)) shall be defined analogously to Deﬁnition such
that OT(K) contains all expressions {a}a with @ € K and a €
OT(K). Moreover, we also have an equivalence relation =g (k) on
OT(K) that is based on the equivalence relation =g on K, hence
< is extended to <oT(k) over OT(K) according to this equivalence.
To stress that a,b € OT(K) denote (as codes) the same natural
numbers, we write a = b.

We write form now on simply < instead of <or(k)-
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Definition 4.4.

e + shall be the primitive recursive binary function on OT(K), denot-
ing ordinal addition. In particular, the following shall hold:

{ao}tap @ ... ®{am}tam &b OT(K)
= {aotao+...+{amtam ®b={a}ao®...® {am}a, &b

e Suc := {a € OT(K): a = {ag}tag®...®{amtam dn & n # 0}
defines the set of successors (in OT(K)). In particular, we have
a € Suc if and only if a = ag + 1 holds for some ag € OT(K).

e Lim := OT(K) \ (SucU {0}) defines the set of limits (in OT(K)).

Definition 4.5. We write a =nxp(x}) B in order to denote for a, 8 € K
that a =g 8 holds with g € K.

Lemma 4.6. For each a« € K there is a unique 8 € K| such that
a =nr(k|) B holds. In particular, B can be computed primitive recursively
from a.

Proof. This follows easily by induction on the build-up of o € K. If not
already a € K| holds, then delete first each row of the form  and obtain
a Klammersymbol o/ with o =g o’. Then proceed with each component

of o/ and rewrite each Klammersymbol that occurs there. O
Notation 4.7.

(a) For each n € N, we simply write n instead of n if the meaning is clear
from the context.

(b) Motivated by Proposition [2.23](d)| and Corollary we introduce

the following notations for each a € OT(K):

1 ifa=0 o ={(2)}0
W = {(8)}717 ifa=nyp+n1l @.wa::{(ﬁ)}a
{(3)}(1 otherwise r, :{(i)}a
w:=wh={(3)}0 90 == {(3)}0
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and shall write w, w, €4, pewa, I'y, and YO for w, w?, g4, pwa, L4,
and 9QY, respectively.

(¢) » may be used from now on also for n (besides ny), and it shall be
clear from the context which of those is meant. Moreover, we may
also write a + b to denote a + b (besides a +y b), but we shall make
only rare use of this abbreviation and prefer writing a + b explicitly
instead.

(d) @ = b is used in the obvious way to abbreviate a < bV a =or(k) b,
and analogously, a <jex [ is used to abbreviate a <jex 8V @ =k [.

4.3. Primitive Recursive Properties of OT(K)

It is more or less clear that (OT(K), <) and the results of Section 4.2| can
be formalized and proven within PA, given the assumptions that we made
and the definitions that we introduced. Based on this and the results of
Subsection [2:2.2] we shall list now straight-forward properties and that are
needed for the wellordering proofs for TID{ and TIDs.

e Motivated by Corollary [2.31] compound codes shall be built up from
smaller components (w.r.t. < and <y):

agy .-y Q41 <b

bZ:ao@...@aerlEOT(K) — {
ag, -+ am+1 <N b

€O, Qs -+ -5 Onyboy. .., bn <€
c:={(5 5 ) o € OT(K) = § 7 0o Do
COyAQy -« -y p,bo, ..., by <y C
e Motivated by Corollary we assume for «, € K with a =
(‘clll » Z:ﬂ) B = d1 d"“: , and ag,bp € OT(K) that {a}ag <

{B}bo holds if and only if one of the following holds:
1. a =g (B holds with ag < bg.
2. a <jex B holds with a; < {8}bg for all i < n, or
3. B <iex a holds with {a}ag < b; for some j < m.

e If a < {(J)}0 holds, then already a < n holds for some n € N.
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4. Ordinal Notations for the Large Veblen Ordinal

e If ¢ € Lim and ¢ < {a}a hold for some o € K, then already ¢ <
{a}ap holds for some ag < a.

e If b € Lim and ¢ < {(})}0 hold, then already ¢ < {(;, )}0 holds for
some by < b.

e For each a,b,c € OT(K), we have that ¢ < a + b implies either a < b
or that some d € OT(K) exists with d < ¢ such that ¢ = a+d holds.

e Klammersymbols can be coded as finite lists of pairs, therefore we can
assume that ag, ..., an,bo, ..., b, <y @ holds for each (thus encoded)

Klammersymbol o := (30 7 3" ).

4.4. Partitioning via Labeled Klammersymbols
yielding OT (L)

This section singles out two primitive recursive subsets S and L from
K that consist of so-called simple and labeled Klammersymbols. These
turn out to be technically more amenable from a formal standpoint and
sufficient for denoting ordinals below 2, hence leading to an alternative
representation

OT := OT(Ly)

of OT(K). In particular and building on S, we introduce for each o € K a
Klammersymbol g € K which we call the partition of «. Then, expressions
of the form {8}b occur in OT(Lg) only if 5 is such a partition and b €
OT(Ly) holds.

Definition 4.8. L(K) := {a € OT(K): a =0 or a € Lim} defines the
collection of labels of OT(K).

Definition 4.9. For each a € OT(K), we define the following notions.
(a) The label all € L(K) of a is defined as

0 if a is of the form n
al =< a1 ®...Da,, faisoftheforma, &...a, Dn
a otherwise (i.e., a € Lim)
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4.4. Partitioning via Labeled Klammersymbols yielding OT(Ly)

(b) The successor length lhgyc(a) € OT(K) of a is defined as

Ihsue (a) n if ais of the form a1 ®... D a,,, Dn
a) =
Sue 0 otherwise

Definition 4.10. For each b, ag,...,a, € OT(K), we define

7= (0)

ag;---,an—1 : —

Gouan )T b it an =0
= ag ai ... a .

b ( b b;ll b;’ﬁ) otherwise

agy--,0n—1

l><a07~~l;)an71><] .

and for a:= (50 4" ) € K and B:= () 4" ) € K, we further define

B ifoz:%
« ifa;é%,m:(),anddo-<bn
e g (2 0) a7 =0 and do =,
(e o bm ) if o £ &, m=0,and b, < do
(xk (b)) *x (4 a7 ) otherwise, i.e.,
o # % and m >0

Notation 4.11. We write ambiguously « * 3 for a xg 3 if the meaning is
clear from the context. Moreover, we let

% ifn=20
Q1 % ... %y, =

(1 % ... %ap_1) *a, otherwise
for each ag,...,a, € K.
Definition 4.12. Let o € K be given with a # %.
(a) § = {#efn c K:b e L(K) & a, # 0} and we say that a is

simple in case that a € S holds. In particular, this means % Z S.
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4. Ordinal Notations for the Large Veblen Ordinal

Moreover, we let
S ={aeS: o = 25280 for some ag, ..., Gn}
5= .= {a: a e 8% for some by < b}
§=t.=85%tuys’
and
So:=8SU{d} St =8""u{d}
St.=58"u{d} S50 = 83u{d}
We say for o € S that « is simple with label b.

(b) L :={ag*...xay € K: a; € SY for i <m with bg < ... < by}
and we say that a € L is labeled. In particular, this means % ¢ L.
Moreover, we let

L’ :={axoecL:0oecS
L¥*:={axoecL:0c S
L= =r*urh
and
Lo:=LuU{d} L =L u{%}
L) =L U{3} Ly" =L U {8}

We say for o € L’ that « has label b.

Definition 4.13.

(a) OT(Lop) shall be the restriction of OT(K) that consists of all such
a € OT(K) such that o € Lg holds for every Klammersymbol « that
occurs in a. In particular, this implies hereditarily that also g € Lg
holds for all Klammersymbols 5 that occur in a.

(b) L(Ly) is then just L(K)NOT(Lg).
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4.4. Partitioning via Labeled Klammersymbols yielding OT(Ly)

Definition 4.14. Let « € K be given with o # %. Moreover, let
B,7,aq,-..,a, € K be given.
(a) a =np(s) B * v denotes that we have
1. o =By with € S and
2. v € Ly such that we have 8 € S=%V in case of v # % and
7= (g b0
We call g x v the simple normal form of .
(b) a =nr(L) @0 * ... * y, denotes that we have
1. a=aqag*...*aq, and

2. bg,...,b, € L(K) exist with by < ... < b,, and such that
o; € S% holds for each i < m.

We call ag * ... * a,, the partition of a (or also the labeled normal

form of a)E|

Remark 4.15. We defined =np(s) and =np(r) by using the equivalence
relation = and not the notion of identity =. Note that a =xps) B * %
implies § € S and a =  but we have not necessarily a € S.

Example 4.16. For o := ((1) g i w-lh w_%w), we get

_ (103020 1 2

a_(01234ww+1w+w)
_ 1,0,3,0,2 , 0,1 2
Now, we have a =np(p) —=5—= * —5 * prv o because of
1,0,3,0,2 0,1 2 —(10302 0 1 2

o * S *w;w—(01234>*(ww+1)*(w+w)
_(132 12 )
“\024 wtl wtw

1,0,3,0,2
0

and 0 < w < w+w. We have o =yp(g) f*y for g := and

5= (2 w_lh w%w). Moreover, we have 3 =xp(r) B * % and 8 =nr(s) B* %.

INote in particular that ag * ... * asm, € L holds.
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4. Ordinal Notations for the Large Veblen Ordinal

Theorem 4.17. Let o € K be given with o # %.

(a) « has a unique partition, i.e., there exist unique «ap,...,Q, and
bo, ...y by € L(Lg) with by < ... < by, such that we have

Q =NF(L) Q0 * -+ % Ay & o € 8% for alli <m

(b) a can be uniquely written in simple normal form, i.e., there exist
unique 3,7 such that we have

Q. =NF(S) B xy

In particular, the simple normal form and the partition of a can be com-
puted primitive recursively from a.

Proof. Note that @ is a direct consequence of @ and note for the followin
that we used only primitive recursive operations. For let « € K be
given with a # %. We can write « as (Zg T ) with a; # 0 for each ¢ < n.
We proceed by a induction on n.

1. n=0: We have a = (Zlg), so we can set m := 0 and qq := 0(}270"10 esS
where we let by := do|l and k := lhgye(dp), while noting that we have

0" ag :{(Zg) if k=0

b, 0~ ~O agp .
° (b0+9 boTk—1 do) otherwise

2. n # 0: We get by the induction hypothesis some unique mg € N,

some unique by, ...,bn, € L(Lg) with by < ... < by, and some unique
ag, - -+, such that
(a0 a" ")) =NF(L) A * ... . & o) € Sb for all i < m

500
holds. Analogously to the base case n = 0, we get o := % e st
for b := d,, | and some (unique) k¥ € N. In case of b,_; < b, we can set
m:=mgy+ 1, ay = o/, and «; := o} for all i < mg. Otherwise, we have
b = b,—1 and can then set m := mq, a,, = a;, * ', and o; := «; for all
1< mo. O
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Corollary 4.18. For each a € OT(K) there exists some unique a' €
OT(Lo) such that a =o1(k) @’ holds.

Proof. This follow by induction on the build-up of a € OT(K) and using
Theorem O

Convention 4.19. A consequence of Theorem and Corollary is
that we can define an alternative representation OT (L) of OT(K) as re-
marked in the beginning of this section, and we can work with (OT(Lg), <)
from now on. In this sense, we change terminology as follows:

e The notion Klammersymbol refers to elements of Ly, i.e., either % or
a labeled Klammersymbol. Moreover, we use «, 3,7, 9, . . . as syntactic
variables for Klammersymbols.

e (OT, <) shall denote (OT(Lg), <) and we use a, b, ¢, d, . .. as syntactic
variables for elements of OT.

e L shall denote LL(Ly).

4.5. Motivation and Interpretation

The motivation for {a}a is that o can be seen as the name of a function
a— {ata

on ordinals. Moreover and without going into further details, we point out
that Klammersymbols and ordinals below Q¢ have a natural correspon-
dence if interpreting OT as the set Q of countable ordinals. Since each
Klammersymbol distinct from (8) can be written in the form (Zg N Z”)

such that 0 < by < ... < b, and ay, ..., a, # 0 hold, we get for
Qa, + ...+ Q%aq
that this expression is in Cantor normal form with base {2 and an ordinal

distinct from 0, i.e., we get a representation of (30 3" ) # (§) in 2\ {0}.
Compare this with the notation {Qa,, + ...+ Q%ag}a from [Bucld.
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4. Ordinal Notations for the Large Veblen Ordinal

4.6. Primitive Recursive Operations on Labeled
Klammersymbols

Definition 4.20. For each o € L, there exist by Theorem unique
m,n €N, ag,...,a, € OT, b€ L, and ay,...,a, € L such that

ag,..,an

& =NF(L) b QU kL. ok Qyyy

holds, and therefore we define the following notions

lhp(a) :==m
hdp (o) i= St (@) = Oél ot lft;r;jvize
Furthermore, we define
c(a) = (ag,...,an) e(a) : =10
hs(a):=n ds(a) = an tsle) = {2?07 o ioftgejéw(i)se

where c(a) defines the (simple) coefficients of a and e(a) the (simple)
label of a (or also called (simple) exponent of o). Finally, we extend these
definitions to L¢ by setting
()= 0 e(§)=hds(§) =0 tis(§)=0
|hL(%) = |hs(%) =0 hdL(%) = t|L(%) :
Definition 4.21. The base al} of a for each a € Ly is defined as
ol {(1&) stlp(a) ife(a)#0

tlp (a) otherwise

Remark 4.22. For each a € OT and « € Ly, we have the following proper-
ties.

(a) a=al + Ihsuc(a).
(b) o= hdp () *tlp(a) holds. a # ¢ implies a =xp(s) hdr (a) = tlg ().
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4.6. Primitive Recursive Operations on Labeled Klammersymbols

(¢) hdp(a) = pela) g = pHs(@)xhds(@)) 4 where « denotes finite list con-

e(a) :a
catenation (see Definition .
(d) h(c(a)) = lhg(a) + 1.

Definition 4.23. For each a € Ly, we define the k-th element p(c, k) of
the partition of « as follows:

hd if k=
pla k)= g oxte) R
p(tly(a), k ~ 1) otherwise

Definition 4.24. For each o € Ly and k € N, we define the k-th exponent
e(a, k) € OT of «, the k-th coefficient c(a, k) € OT of a, the k-th S-
cropped Klammersymbol a|f of a,, and the k-th L-cropped Klammersymbol
alE of a as follows:

if k < lhg(a)

otherwise

e(a, k) :=e(a) +k  c(a k) := {éc(a))’f

a|£ _ 6(k+1),c(a,k:+12,.‘.,c(a,lhs(a)) % tlL(OZ) itk < |hS(O{)
tlp (a) otherwise
all = pla, k) *...xp(a, lhp(a)) if k <lhg(a)
% otherwise

Further, we let o * |7 := a* (8|9) and a x B|F := ax (B|F).
Lemma 4.25. For each a € Ly and k € N, the following holds.
(a) e(a, k), cla, k) € OT.
(b) pla, k), alf, alF € Ly.

(¢) a=p(a,0)*...xp(a,lhp(a)) and p(a, k) =3 for each k > lhg(a).
We have o =xw(r) p(,0) % ... % p(a, Ihp (o)) in case of o # 3.

Proof. This is immediate from the definitions. O
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5. FIT for Functions, Inductive
Definitions, and Types

5.1. Basic Language of FIT

The full language of FIT will be defined in Section Here, we shall
introduce a basic language that is needed for the applicative part of FIT.

Definition 5.1. The basic language of FIT is built-up on two sorts of
variables, while first sort variables are called individual variables and second
sort variables are called type variables. The basic language further consists
of the following symbols.

(a) Constants of the first sort:

k,s, p, Po, P1,0, sn, PN, dn (denoting the usual applicative constants)

(b) Constants of the second sort:
N (denoting the natural numbers)

N (denoting the complement of the natural numbers)
U (without further interpretation))

(c) Relation symbols of the first sort:
= (denoting equality on individual termsﬂ)

J (denoting definedness for individual terms)

(d) Further symbols:
- (denoting a binary function symbol for first sort term application)
€ (denoting a binary relation symbol between individual terms and

types@

1t is needed for proof-theoretic investigations.
2Individual terms will be defined in Definition
3Types will be defined in Definition
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5. FIT for Functions, Inductive Definitions, and Types

Definition 5.2. Individual terms s,t,r are defined inductively from indi-
vidual variables and constants by use of the binary function symbol - as
usual.

Definition 5.3. The following notions and abbreviations will serve as basic
applicative tools.

(a) ¢ :=syt and 1:=0".
(b) Term application on n inputs is defined recursively on n > 0:

s ifn=20
(S'tl)tQ...tn ifn>0

Sty ...ty i=8(t1, ..., tn) ::{

(c) General n-tupling is defined recursively on n > 0:

0 ifn=20
FIT
80y -+ Sn_ = )
(s0 n-1) {ps()(sl,...,snl}F'T ifn>0
Write shall write (sq, ..., s,_1) for (sq,...,5,_1)F'T if the meaning is

clear from the context.

(d) The n-th projection is defined recursively on n > 0:

" (p1s)iT, ifn >0

Write shall write (s), for (s)f'T if the meaning is clear from the
context.

(e) Lambda abstraction of a variable x on a term ¢ is defined recursively
on the build-up of ¢:

skk iftisx
Nt kt if ¢ is a constant or
r.ti=
a variable that is different from z

s()\xtl)()\xtg) iftis tito
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5.2. Full Language of FIT

while note that Ax.t does not contain the variable x. In general,

lambda abstraction of a list of variables ¥ = x1,...,x, over a term ¢
is defined recursively on n > 0:
t ifn=20
AT = 1 "
Azy.(Azg ... xpt) ifn>0

Remark 5.4. () appears for instance in the proof of Lemma

5.2. Full Language of FIT

Definition 5.5. The language LgT is defined simultaneously and induc-
tively with the notions for formulas (For), positive formulas (For™), types
(Ty), restricted types (Tyl), and terms of the second sort:

(a) LT extends the basic language from Definition by new (syntac-
tically different) kinds of terms of the second sort

{z: A} and X0

demanding here A € Fort and P,Q € Ty]|.

(b) For denotes the collection of formulas A, B,C, D, which consists of
the expressions

teP telU t| s=t
-A A—-B AvVB AANB dzA VA JXA VXA

and we demand here P € Ty. We sometimes write A € Lg1 ambigu-
ously for A € For.

(c) Fort denotes the collection of positive (elementary) formulas, i.e.,
formulas A € For such that
e quantifications of type variables do not occur and
e expressions of the form ¢ € P for types P € Ty occur at most

positivelyﬂ

4Positive is meant in the usual way: ¢t € P is called positive in A € For if it does not
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5. FIT for Functions, Inductive Definitions, and Types

(d) Ty denotes the collection of types P, Q,R (also called positive types),
i.e., expressions of the form

X,Y,Z,... (ie., type variables)
N N {z: A} Ipo

demanding here A € For™ and P,Q € Ty|. Note that U itself is not
treated as a type.

(e) Ty denotes the collection of restricted types, i.e., types such that
e no type variables and

e no expressions of the form lp g occur

Definition 5.6. Let — be a new distinguished symbol. The collection FT
of function types F,G,H is defined inductively to consist of expressions of
the form

P and P—F

forany P € Ty and F € FT. Note that function types are defined as objects
in the meta-language.

We can write any F € FT in the form (Py — (... (Pp—1 — Pp)...)),
and we allow to simplify this notation to P; — ...P,_; — P, by following
the convention of right-associativity for —.

Remark 5.7. We did not define U to be a type because we can use {z: x €
U} in order to get t € U, while noting {z: z € U} is a type because z € U
is in For™. Moreover, any type P in any formula appears only in the form
t € P. More precisely, from the definition of FIT below, it is clear that
t € U is equivalent over FIT to ¢ € {x: & € U} for every individual term
t (by making use of (CA™) and the defined axioms from Definitions

and [5.12)).
Definition 5.8 (Free variables and substitution). The notion of FV(A) is

extended to the notion of atomic formulas ¢t € P for P € Ty by defining
recursively on the build-up of types and formulas:

occur in negated form —(t € P) in A’, while A’ shall be the translation of A where
first each subformula of the form Bi — Bs is transformed to —=Bj V By and where
we then move the negation symbol — next to atomic formulas, while making use of
De Morgan’s laws and the law of double negation.
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5.2. Full Language of FIT

o FV(t € P) := FV(t) UFV(P) and

FV(A)\ {z} if Pis {x: A}
° FV(P) = FV(P/) U FV(Q/) if P is I]P",Q’
1] otherwise

With this extension explained, the substitution of individual and type vari-
ables is defined as in Section [[.1l

Notation 5.9. We have the following abbreviations for some formulas and
types:

e s~tis(slVtl) > s=t.

s£tis sy AtLA(s=1).

t € P — F is recursively Va(z € P — tz € F).

N™+1 — T is recursively N — (N — F) where N° — F is FF.

tZFis—(t eF).

(3z € F)B is Jz(x € F A B).

(Vz € F)B is Vz(x € F — B).

Clpg(A) is Vm((x eEPA(MyeP)((y,z) eQ— A(y))) — A(z)).

We assume as usual for such notational abbreviations that x,y are
supposed to not occur in A, P, and Q. This shall hold analogously
for similar such abbreviations for formulas.

A(F/X) for the formula obtained by substituting any occurrence of
te XinAbytePF.

Remark 5.10.

(a) We chose Clpg(A) to be defined with a conjunction rather than a
chain of implications such as in Vz(z € P — (Vy € P)((y,z) € Q —
A(y)) = A(z)) which is logically equivalent to Clpg(A). The reason
for this is of syntactical nature, allowing for a simplified representa-

tion in Section (cf., Remark [7.40)).
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5. FIT for Functions, Inductive Definitions, and Types

(b)

()

Note that function types are not necessarily part of the language
Let: We defined expressions of the form P — [F from outside and
in our meta-language, using the delimiter —. Within Lgt formulas,
these new expressions will only occur in the form ¢t € P — F, i.e., as
Let formulas.

Alternatively and in order to make function types first-class members
of Lg, we could have introduced a more general form of type (called
general type as in [Fef92]), allowing for expressions {z: A} for any
A € For and thus abbreviate P — F by {z: (Vy € P)(zy € F)}
where x,y are any distinct individual variables that do not occur in
P or F, and then we would need to strengthen the comprehension
scheme to allow for general types. This alternative approach does
not change anything in the result because the comprehension scheme
can be reduced to the variant we have here (this has been also done
in [Fef92]).

We used the restriction to Ty[ in the definition of Ip g € Ty in order
to account for a non-iterated inductive definition.

5.3. The Theory FIT

Definition 5.11. The logic of FIT is a two-sorted logic whose first-order
part (i.e., for individual variables) is based on the classical logic of partial
terms LPT due to Beeson [Bee85]:

Propositional axioms and rules. The usual propositional axioms
and rules, based on some sound Hilbert calculus for classical propo-
sitional logic.

e Quantificational logic for the first sort. For A being an Lgt
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5.3. The Theory FIT

and for A, B being Lg7 formulas and z ¢ FV(A), we have the fol-
lowing figures:

A— B B— A
A —VzB JeB — A

e Quantificational logic for the second sort. For A, B being Lgt
formulas and P a type, we have

VXA AP/X)
AP/X) - IXA

and for A, B being LgT formulas and X not occurring free in A, we
have the following figures:

A— B B— A
A—-VXB idXB — A

¢ Equality axioms.
r=z

(1= A A=y ANA) = (.. (Ay1/x1)) - .- (Yn/Tn))

e Definedness axioms. For all constants ¢ of the first sort of LgT,
we have

cl Nzl
(st)) = (sL A ED)
s=1t— (sl At])

and for every type P and individual term ¢, we have

teP—t|
telU—t]

Writing F A for any Lg7 formula A denotes the derivability of A in the
logic of FIT.
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Definition 5.12. FIT is the two-sorted applicative theory based on the
logic of partial terms LPT (and on [Fef92]). Its non-logical axioms are as
follows:

I. Applicative axioms.
I.1. Partial combinatory algebra.
krxy =z

sxyl Aszyz ~ (x2)(yz)

I.2. Pairing and projection.

Po(pry) = = A p1(pry) =¥

1.3. Definition by numerical cases.
rEeENANyeENAx =y — dnzizozy = 21
reENAyeNAT £y — dyzizery = 29

I.4. Axioms about N and N.

0eNA(zeN—=2 €N)
xe€N—= (2 Z0Apn(2)) =)
(x e NAz#0) = (pnz € NA (pnz) =)
reN&xgN

II. Induction on N for F € FT.

(FT-Ind) t0eFANzeN)(tzeF —ta' €F) -t e (N—»TF)

III. Positive comprehension for A € For™.

(CAT)  ye{a: A} & A(y/a)
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5.3. The Theory FIT

IV. Axioms about Ipg for F € FT and P,Q € Ty].

(FT-Cl)  Clpg(Az.2 € lpg)
(FT-ID)  Clpg(Aztz € F) =t € (Ipg — F)

Writing FIT F A for any Lg7 formula A denotes the derivability of A from
these axioms in the logic of FIT given in Definition [5.11

Lemma 5.13 (Basic applicative tools).

(a) Lambda abstraction: For all Let terms t,s and § = $1,..., 58y, and
all individual variables y and & = x1,...,x, with y & {x1,..., 20},
we have the following:

1. FITE AZ) LA (NB) T ~t.
2. FITE (s1d Ao Aspl) = (A1)~ t(5/%).
3. FITH ()\f.t)(s/y) ~ (AZ.t(s/y))x

(b) Fized-point: There exists a closed term fix such that FIT b fixyl A
fixyx ~ y(fixy)x holds for all number variables x,y.

(¢) Pairs and tupling: For all Let variables xg, . .., x, and each 0 < i <
n, we have FITF (sod A... A spd) = ((S0,...,8n))i = si.

Proof. The applicative part of FIT corresponds to the standard axioms and
constants that appear in applicative theories. For details on @ and @,
we refer to [FJS]. For [(c)l we argue by induction on n and show at the
same time that s] holds. Let s := (sq, ..., 8n), i.e., pso(psi(...(psr0))...).
Further, assume sgl A ... A s,). In case of n = 0, we have that s is
pso0 and then 0] and s} imply FIT F po(s) = s¢ since we can use LPT
together with from Definition Hence, we are done since (s)g
equals pps. Note that the definedness axioms yield s from FIT F po(s) =
so. For m # 0, we can argue analogously to get s] by using instead of
04 the induction hypothesis s'| for s := (psi(...(ps,0))...), namely we
have that s is pps’. So FIT F pg(s) = sp holds and we get the claim for
i = 0, and FIT F pi(s) = s’ holds, so we get FIT - (s); = s; also for
1 <4 < n while noting that then (s); equals (p1(s));—1: The induction
hypothesis for s’ yields FIT F (s');—1 = s; and the equality axioms yield
FITF (p1(s))i—1 = (8')i—1, so we get the claim. O

7



5. FIT for Functions, Inductive Definitions, and Types

5.4. Informal Interpretation of FIT

Since FIT directly evolved from Feferman’s theory QL(Fo-IRy), we refer
for a thorough motivation and informal interpretation of FIT to [Fef92]
sections 2 and 5]. Moreover, the special constant U can be interpreted as
a subset of the natural numbers, having no further interpretation. It is
needed for proof-theoretic investigations.
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6. TID for Typed Inductive
Definitions

FIT is a natural theory for specifying the behaviour of an applicative term
t by use of types, say by a function type P; — ... — P, that conists of
types. For checking this behaviour, we have the axiom schemes (FT-Ind)
and (FT-ID) at hand. The latter allows the discussion of the behaviour
of an operation ¢ that acts on the inductively defined accessible part of a
given binary relation (e.g., if P; is lp g in the example above). This gives
an idea for the following definition of the theory TID for typed inductive
definitions as a subtheory of ID;.

6.1. The Accessible Part Theory TID

Definition 6.1.

(a) For each operator form 2, let Py denote a new unary relation symbol
not in Lpa. Then, P4 abbreviates Pac., for any binary relation
symbol <1 in Lpa.

(b) The language of TID is defined as

L1ip := Lpa U {P4 : < is a binary relation symbol in Lpa}

Definition 6.2 (Posy and Pos;(a)). We first set

Posg := {A € L1ip: P4 occurs at most positively in A for any
binary relation symbol <1 in Lpa}

and then define Pos; (a) for any number variable a as the collection of L1ip
formulas A such that one of the following cases holds{T]

IThis is motivated by FT from the setting of FIT.
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6. TID for Typed Inductive Definitions

e A € Posg

o A=VZ¥(B; — By) with
— Qg FV(B),
— By, By € Posg, and
— T being a (possibly empty) list of variables.

Definition 6.3 (Neg,). Let Negy := {A € Lyip: =A € Posp}.
Notation 6.4. We write Aa.A € Pos; in order to denote A € Pos;(a).

Example 6.5. Let f be some binary function symbol in Lpa and a a
number variable. Then Posi(a) contains the formula A := Vy(Pqy —
Vo < a(Pqfxy)) and we have Aa.A € Pos;.

Definition 6.6 (TID). TID is the theory that arises from the axioms of
Peano arithmetic PA without complete induction by adding the following
axioms and axiom schemes

(Ind) B(0) AVz(B(z) — B(Sz)) — VaB(x)
for B € Pos;
(Cl) Prog,(Pq) (i.e., Vo (Accq(Pq,x) — Pqx))
for <1 being a binary relation symbol in Lpp
(TID) Prog(B) = Va(Pqx — B(x))
for B € Pos; and < being a binary relation symbol in Lpa

where (Cl) is called closure and (TID) is called typed inductive definition.

Remark 6.7. For any binary relation symbol < in Lpa, we may identify
(Cl) with a fixed-point principle

(FP) Va(Pqx < Accy(Pg,x))

and therefore we will sometimes use (Cl) to ambiguously mean (FP).

Abbreviating P4 by P and Accq by Acc, we explain how (FP) follows
from TID: We get Va(Px — Acc(P,x)) by (TID) with B := Aa.Acc(P,a),
first because Acc(P,a) equals Vy(y < a — Py) which is in Posy(a), and
second because Vz(Acc(B, z) — B(z)) holds by using (Cl) and that Acc is
a positive operator form.
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6.2. Embedding TID into FIT

Remark 6.8. We can use instead of (Ind) also the following course-of-value
variant of complete induction for Pos; formulas, i.e., we have

Vo (Voo <y xB(zo) = B(z)) — YaB(z)

as an induction principle for all B € Pos;. In the following, we shall make
use of this variant without mentioning it explicitly.

6.2. Embedding TID into FIT

Definition 6.9. For each f € PR" and n € N, we define an LgT term pry

recursively on the build-up of f (and where we let & = x1,...,2,):
AZ.0 if f=0"
SN if f=8
AT.x; if f=10
AZ.pr,(pry, @) ... (pry, T) if f=(Cghy...hp)
AZfix(ty n 2" D), if f = (Rgh)

where

)\i("*l)hozn.
b= _ _ B )
9 dnpr, ()\Z(n—l)_prhz(n—l)(pan)(hoz(n—l)(pan)))oxHx(n—n

and fix is the closed term given in Lemma (D)

Theorem 6.10. For each n-ary function symbol f € Lpa, we have the
following.

(a) FIT proves the reformulation of every defining equation of f from Def-
inition with respect to pry, while interpreting number variables
x as individual variables x with © € N.

(b) FIT - pr; € N* — N.

Proof. 1t is straight-forward to verify@and@by induction on the build-
up of f € PR", given the translation from Definition and by making
use of the induction principle (FT-Ind).
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6. TID for Typed Inductive Definitions

In order to make this a bit clearer, we consider for instance the case
that f is (Rgh). Then n > 0 holds with g € PR"™* h € PR"™, so we can
assume that and |(b)[ holds for g, h. Further, pr is M fix(ty 2= D)y,

for
toh = )\i‘("_l)hoxn.dNprgsanxna_c(”_l)
while we let

s 1= (A2 pr, 207D (o) (fix(ty 52"~ 1)) 27D (pyr)))

here for any term r. In order to show @ for f, we have to verify the
following reformulation of the defining equations for f from Definition
with respect to pry. We assume 1 € NA ... Ax,_1 € N and show first

prfa_c("_l)O = prgi("_l) (%)
Noting

pry 7Y ~ (t, 20
(tgnZ N0 = (ty 2" V) (fix(t, n 2 1))0

we get from the definition of ¢, and since ~ is transitive that
prf:f("*l)O -~ dergsoOOf("*l)

holds. Now, since we have that sod because of Lemma (while in case
of n = 1, use that (fix(t, ,#"~)){ holds in sg), we get

dnpr, 5000z = = pry z b
and hence . Next, we show
pry2" D (sny) = pr "Dy (prpz"Vy) (%)

As before when showing , we get

pr 2" (sy) = dypry s, O(sny) 2
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6.2. Embedding TID into FIT

and due to Lemma [5.13] and since syy # 0 holds, we get

dN prgssNyO(SNy)‘i(nil)
= SSNyf(n_l)

= pry, 2"V (p (swy)) ((fix (g, 2" )2 (pr(swy))

and hence from the axioms on py, and (fix(ty,,z("~V)) = pr;z("~1

holds due to Lemma [5.13)(a)| and (fix(t, 2"~ 1>))¢, while the latter holds
due to Lemma [5.13}l(b)|
For we can use (FT-Ind) with F := N and ¢ := pry (=1 and get

teN—» N For t0 € N, we use . ) and the induction hypothe51s on g with
our assumptions x; € N for all 1 <¢ <n—1. Given y € N and ty € N, we
get t(sny) € N. O

Definition 6.11. Based on the translation given in Definition we
define for each Lpa term ¢ the translation ¢* to an Lg7 term recursively on
the build-up of ¢:

x if t is a variable z
pr. if t is a constant ¢
prots ...t if t is of the form ft1...t, with f € PR" and n > 1

The translation on terms is now extended to Ltp formulas A. We define
the Lgr formula A® recursively on the build-up of an L1p formula A:

s* =t* if A is of the form s =t
prety...ty =0 if Ais of the form Rty ...,
t* eV if A is of the form Ut
t* € lno. if A is of the form Pqt
and where Q4 := {{z,y): (x <y)*}
—(B*) if A is of the form —B
B*o(C* if A is of the form B o C for o € {A,V,—}

Vz(x € NV B®) if A is of the form VzB (see also Remark
dx(z € NAB®) if Ais of the form JzB
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6. TID for Typed Inductive Definitions

The expression {(z,y): (z<9y)®} is a short-hand notation for the expression

{z: 2= ((2)o, (2)1) A (. 9)*((2)o/z, (2)1)/y}
ie., for {z: z = ((2)o, (2)1) A Rf(2)o(2)1} where f is such that R is <.
Remark 6.12.

(a) Tt can be readily checked that A® is indeed a Lg1 formula. Moreover,
A and A® have the same free variables. In particular, note that
(x <y)*((2)o/x,(2)1)/y} contains only z as a free variable.

(b) We will use the expression Q4 without further mentioning in order
to denote the type that we introduced in the definition of (Pqt)°.
Recall also that (x <ty)® equals pryzy = 0 for some binary function
symbol f € Lpa because the binary relation symbol <1 € Lpa is of
the form Ry for such an f.

Lemma 6.13.

(a) For each A € Posgy there is a formula A’ € For™ with FV(A®) =
FV(A’) and such that FIT - A® <> A’ holds.

(b) For each A € Negy, there is a formula A’ € For™ with FV(A®) =
FV(A") and such that FIT = A® +» =A’ holds.

Proof. By simultaneous induction on the build-up of A.

1. Ais an atomic formula: Then A ¢ Neg, and A € Posg. Now A® € For™
follows by definition and we can take A’ := A°.

2. A=VaB: We have A®* =Vz(x € NV B*).

2.1. A € Posyg: Then B € Posy holds and by the induction hypothesis
there is some B’ € For™ such that FIT - B* <+ B’ and FV(B*) = FV(B’)
holds. We can set A’ := Vz(z € NV B’) and get A’ € For™ and the claim
follows.

2.2. A € Negy: Then B € Neg, holds and by the induction hypothesis
there is some B’ € For™ such that FIT - B® «+ =B’ and FV(B*) = FV(B’)
holds. We can set A’ := Jz(x € NAB’), so we get A’ € For' and that —A’
is equivalent to Vz(—(z € N) v =B’). Over FIT, this is equivalent to A®,
while recalling that we have FIT - =(z € N) <> z € N.

3. A =3JzB: As before.
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6.2. Embedding TID into FIT

4. A = Bo C with o € {A,V}: This case is easy because we have A®* =
B®o C°.

5. A= -B:

5.1. A € Posp: Then B € Neg, and by the induction hypothesis, we get
FIT F B® <+ =B’ for some B’ € Fort and FV(B*) = FV(B’) holds. Since
A®* = —B*® holds, we get FIT F A®* < ——B’ < B’ and then the claim
follows for A’ = B’.

5.2. A € Negy,: Then B € Posy and by the induction hypothesis, we
get FIT - B* « B’ for some B’ € For™ and FV(B*) = FV(B’) holds.
Since A®* = —B*, we get FIT - A®* +» =B’ and then the claim follows for
A =-B.

6. A =B — (C: We have A* = B®* — (C*® which is equivalent to Ag :=
-B*V C*® and FV(Ap) = FV(A®) holds.

6.1. A € Posyp: Then B € Neg, and C € Posg, so FIT - B® +» =B’ for
some B’ € For™ and FIT F C® « C’ for some C’' € For". We can set
A" :=B'V (" and get A’ € For™ and FITF A® <+ Ay < (——B' V') < A’
and then the claim follows.

6.2. A € Negy: Then B € Posg and C € Neg, so FIT - B®* «+ B’ for
some B’ € Fort and FIT - C* < =C’ for some C' € For". We can set
A" := B'AC' and get A’ € For™ and FIT F A® <+ Ay <> =A’ and then the
claim follows. O

Definition 6.14. For every A € L1p, we define
A® if FV(A) =0
Ay =qxz1eEN—= ... 5z, e N> A* fFV(A) ={z1,...,2,}

for some n # 0

Lemma 6.15. For each B € Pos;(a), there is an Lgt-term t and a func-
tion type F € FT such that

FITFVz(te € F < B*(z/a))

holds.

Proof. We distinguish the following cases on B € Pos;(a):

1. If B € Posp, then Lemma provides some B’ € For' such that
FIT - B®* <+ B’ holds, so for F := {a: B’} we have F € FT. Moreover,
with t := Az.x, we get the claim.
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6. TID for Typed Inductive Definitions

2. If B is of the form V¢(By; — By) with a € FV(B1), ¥ = v1,...,Yn, and
By, By € Posg, we first get B}, B, € Fort from Lemma such that

B! <+ B! & FV(B?)=FV(B)) (i=1,2)
and then we set

Qi = {z: 2= ((2)o,---, (2)n-1) A Bi((2)o/y1; -, (2)n-1/yn)}

Q2 == {z: 2= {(2)o,---, (2)n) A By((2)n/a, (2)o/y1: - -, (2)n—1/yn)}
F:=Q - Q
ti= Az, 2.z, (2)0,- - (2)n-1)

Obviously F € FT holds and then similar as in [Fef92 6.3], we have over
FIT and for any =

tr eF < Vz(z € Q1 — tez € Q)

— VY(B] = tx{yr, ..., yn) € Q2)
< VY(BY = (z,y1,- .-, yn) € Q2)
< Vy(BY — B3 (z/a))

< B*(z/a)

which gives us the claim. Note that n = 0 is possible, so Vy(B} —
te(ys, ..., Yn) € Q2) denotes then By — (tz() € Q2). O

Theorem 6.16. FIT proves every translation A® of an instance A of ax-
ioms (Ind), (Cl), and (TID) from TIDy. More precisely, if A is an instance
of (Ind), (Cl), or (TID), then we have FIT - A®.

Proof. Let A be an instance of (Ind), (Cl), or (TID). We have to show
FIT - A°.

1. For (Cl): If A = Prog,(Pq) holds for some <, then we have that A®
is logically equivalent over FIT to Clng,(Az.z € Ing,), and this is an
instance of (FT-Cl). More precisely, we have over FIT:
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6.2. Embedding TID into FIT

(Progq (Pq )) *

< (Vz(Accy(Pq,z) — qu)).

< Va(z e NV ((Accq(Paq,1))® = 2 € Ing,))

< Ve(zeNV (Vy(ye NV ((y<z)®* —yelng,)) = = € Ings))

< Va(z e NV (Vy(y e NV ((y,2) € Qq = y € Ing,)) 2 2 € Ingy))
< (Vo e N)((Vy € N)((y,2) € Qq = y € Ing,) = 2 € Ing.,)

s Cly g, (Az.z € Ing.)

2. For (Ind) and (TID): Let B € Posi(a) be arbitrary. By Lemma [6.15]
some LgT-term ¢t and function type F € FT exist such that we have

FITFVz(te € F < B*(z/a)) (6.1)

2.1. If A = B(0) AVz(B(z) — B(Sz)) — VzB(x) holds for B = Aa.B: We
note that for By := B(a/Sa) one can prove (by induction on the build-up of
B) that B} is B*(a/sna). So, with B(Sz)® being (B(a/Sx))® this becomes
(Bi(x))®, i.e., we get Bf(a/x) and hence (B*(a/sya))(a/z). So, we obtain
that B(Sz)® is B*(a/snz), while note that for any B’ € L1ip, we have that
B’ and B’® share the same first-order variables. For proving A®, we can
therefore assume that

B*(0/a) (6.2)
Vz(z € NV (B*(z/a) — B*(snz/a)))
holds, and we have to show Va(z € NV B*(x/a)), while this is equivalent to
t € N — F due to (6.1). Now we can directly apply (FT-Ind) because (6.2)
is equivalent to t0 € F and (6.3) is equivalent to (Vz € N)(tz € F — t(sn) €
2.2. If A =Prog,(B) = Ya(Pqx — B(z)) holds for B = Aa.B: With
<y7 {E> € @4
(Prog4(B))" = (vz e N)(vy e N) | — (B(y))* (6.4)
— (B(x))*

we get that FIT proves the following:
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6. TID for Typed Inductive Definitions

(PI‘qu(B)).
& VeeN)(VyeN)({(y,z2) € Qq >ty e F - ta € F) (6.5)
> ClN,Qq (AZ.tZ S IF)

This accumulates in the provability of A®. Namely, assume (Prog <](B)).
and get t € (Ing, — F) from (6.5) and (FT-ID), hence (6.1)) yields

Vo(z € Ing, = tx € F) & Va(z € Ing, — B*(z/a))
— (Vz € N)(z € Ing, = B*(z/a))

Now, we are done because (Va(Pqz — B(:E))). is (Vz € N)(z € Ing, —
B*(z/a)). O
Corollary 6.17 (Embedding TID into FIT). Let A € L1ip with FV(A) =
{z1,...,2,}. Then we have

TIDFA = FITF Ay

Proof. The claim follows essentially from Theorems and [6.16] In par-
ticular, we remark that for FIT, the propositional logical rules and axioms
and the quantificational logic for individual variables correspond (under the
translation of Definition to first-order predicate logic in the setting
of TID. O
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7. The Small Veblen Ordinal 9¥
measures FIT and TID

7.1. Lower Bound 9 for FIT and TID

This section provides a lower bound for the proof-theoretic ordinal of the
theory TID by means of wellordering proofs. Hence, together with the
embedding of TID into FIT from Section we automatically get a lower
bound for FIT as well. We based the following proofs on the fundamental
sequences from Section in order to make the present section depend
less on the implementation of the ordinal notation system (OT, <). The
fundamental sequences are motivated by and can be understood from an
intuitive set-theoretic view-point, without relying too much on intrinsic
properties of the ordinal notation system (OT, <) that we introduced in
Section However, the cost of having a more accessible approach to
the wellordering proofs is that we had to verify the fundamental sequences’
adequate behaviour in the background (cf., Sections and .

We remark that an alternative approach would be to implement the
following proofs directly in the setting of ¢ and the ordinal notation system
(OT, <), allowing us to avoid the introduction of ¢ and the proof of its
adequate behaviour. In this case, it would be technically more sensible to
work with fixed-point free variants @, ,; of the finitary Veblen functions
and base (OT, <) on those (see also [Sch54, §3]). We did not choose this
approach for the sake of a better motivation and understanding of the
wellordering proof.

Notation 7.1. In this section, we work within TID and fix the following
notational conventions:

(a) The notion ordinal denotes terms that are given according to the
ordinal notation system (OT, <).
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7. The Small Veblen Ordinal 90* measures FIT and TID

(b) Small black letters a,b,¢,?,... denote explicit terms for ordinal no-
tations in sense of OT and which are given externally in the meta-
theory.

(¢c) P denotes P-, and analogously Acc, Prog, and TI denote Acc,
Prog_, and TI., respectively.

(d) L-TI(<a) :={TI(A,b): A€ L & b < a} for £ being Lpa or L1p.

(e) Moreover and in case it is clear from the context, we shall also use
the following notations:

o 1,w w,e0,a-n denote 1,0% &, &y, a ™ n, respectively.
e o(ay,...,ant1) and @ay ... a,41 denote Glay, ..., ant1).
(Recall in particular that ¢(a;) = w® holds.)

e a + b denotes a + b whenever it appears in a formulaﬂ
Proposition 7.2.
(a) TIDF Va(z ¢ OT — Pzx).
(b) TID F Vo (Px — TI(A,x)) for all A € Lpa.
(¢) TID - TI(A, a) holds for each a < w and A € L1ip.

Proof (Sketch). |(a)l holds immediately by (Cl), using that a € OT implies
b £ a for all b. F assume Pa, Prog(A), and b < a. We get Pb by (FP)
from Remark and since A € Pos; holds, we then get A(b) by (TID).
For (c)} note that we can show TI(A,n) for all k € N by (meta-)induction
on k and where we set ng := 0 and 1,11 := 1, - 1 for each m € N. O]

Remark 7.3. Dropping the restriction on the induction formula used in
(Ind) yields TID = TI(A, a) for each a < g9 and A € Ltp. This is because
TID would extend PA in this case with complete induction for the full
language Ltp, so by following the usual wellordering proofs for PA and
adapted to the representation of ordinals below g as given here (e.g., by
using Example [3.28), we could derive every formula from L1ip-TI(<g¢) in
TIDA
n this context, we shall take care to use +y instead of + in order to rule out confusion
with +, though it shall always be clear from the context which of 4+ and + is meant

when writing +.
2See also Section where we make use of this property.
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7.1. Lower Bound 9% for FIT and TID

Remark 7.4. Due to Proposition |7.2l(a)l we can assume from now on with-
out loss of generality that a € OT holds whenever we try to show Pa
for some a within TID. In particular, if we aim to prove P(a + b) or
Py(a™) for some a,b,a,...,a, (with n > 1), we shall tacitly assume
that a + b € OT and ¢(a™) € OT hold, respectively. Then Lemma
yields also a,b,a1,...,a, € OT. Recall that this holds similarly if we have
assumptions of the form ¢ < a + b or ¢ < (p(d(”)) because this implies
a+be€ OT and p(a™) € OT, respectively, by the definition of <.

Lemma 7.5. TID - Vz,y(Pz A Py — P(z +y)).

Proof. Assume a1, az with Pa; and Pas, so we have to show P(a; + as).
By showing Prog(B) for B := Ab.P (a1 +b), we can use (TID) together with
Pas to get the claim. Now, Prog(B) is Vz(Acc(B,z) — B(z)), so assume
¢ and Acc(B,¢), ie., Vz < ¢(P(a1 + z)). Due to (Cl), it suffices to show
(Vz < a1 + ¢)(Pz). Let now d < aj + ¢. Then Lemma yields either
d < a1, and we can then use (FP) on assumption Pa; to get Pd, or we
have a; < d < a1 + ¢. In the latter case, we have d = ay + ¢y for some
co < ¢, so our assumptions yield the claim. O

7.1.1. The Simple Case for the Binary Veblen Function

This subsection treats the case for the binary Veblen function separately in
order to give a more transparent proof that avoids the technicalities that
appear in the treatment of the general case in Subsection (e.g., we
shall later formulate auxiliary class terms of the form Smallfl for1 <k <n).

Lemma 7.6. TID - Vz,y(Pxz A Py — Pyo(x,y)).

Proof. Note that PO and hence P1 hold due to (Cl). Now, we assume ay, as
with Pay, Pas. We use the class term

B := Aa.Vy(Py — Py(a,y))

with B € Pos; and show Prog(B). Then we can use (TID) with Pa; and
Pay. Now, in order to bring the proof of this lemma closer to the proof of
Theorem [7.15|that deals with the general case of a finitary Veblen function,
we note that Prog(B) is

Vz(Vx < z(B(z)) — B(2))
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Now, using the class term
A3 = Aa.Vy(Py — Yz < a(Pp(z,y)))

and that A3 (a) is logically equivalent to Vz < a(B(x)), we get that Prog(B)
is logically equivalent to

Vz(Ay(2) — B(2)) (%)
So, it rests to show . For proving this, assume a with
Aj(a) (7.1)
and show B(a), while for proving B(a), assume b with
Pb (7.2)
and show Py(a,b). Once more, we can use (TID), namely with
A3 := Ad.Py(a,d)

on (7.2) since A3 € Pos; holds, while we have to show Prog(A3)F] Now,
for proving Prog(.A3), we assume d and z with

V2o < d(A3(2)) (i.e., Yz < d(Pgo(a,zo))> (7.3)
z < p(a,d) (7.4)

and show Pz. This yields Py(a,d) by (Cl) because z is arbitrary. We
consider now the following case distinction.

1. If d € Lim: We get that z < ¢(a,d[x]) holds for some z by Corol-
lary Since we have d[z] < d by Theorem we get Pp(a,d[x])
by implying Pz by (FP).

2. If d ¢ Lim:

3Noting our current assumption (7.1)) and our current goal, we remark that we actually
show

.A% (a) — Prog(A%)

which is a special case of Theorem , and also note that A% € Posi holds with
A% & Posp, while we have A% € Posyp.
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2.1. If @ = 0: Since d ¢ Lim holds, we get z < t(x) for some x by
Corollary where we let

t(z) :== wil@ . (2 4y 1)

We show Va(P(t(z))) by induction on = and note that (Ind) is applicable
here because of Az.P(t(x)) € Pos;. For x = 0, we can argue as for the case
d € Lim and get P(w%). For 2 = 29 +x 1, the claim follows from P(¢(0)),
the induction hypothesis, and Lemma noting that d[0] = d[z¢] holds
by definition and because of d ¢ Lim.

2.2. If a € Lim and d = 0: We have by Corollary [3.29] that z < ¢(a[z],0)
holds for some x. Since we have alx] < a by Theorem we get
Pyp(a[z],0) with (7.1)).

2.3. Otherwise, i.e., either d = 0 with a € Suc or d € Suc with a # 0:
Letting t := @(a,d), we have by Theorem some z such that z < t[z]
holds. Proving

V(P (t[x]))

by induction on z suffices now. Note again that (Ind) is applicable because
we have Ax.P(t[x]) € Posy, and note for the following computations of ¢[z]
also that we have ¢(a,d) = ¢ad by Lemma

2.3.1. If x = 0: If d = 0 holds, then we have ¢[0] = 1 and are done since we
have P1. If d € Suc holds with d = dy+ 1, then we have t[0] = ¢(a,dp) + 1,
and since dg < d holds, we get P(¢[0]) from and Lemma |7.5| by using
P1.

2.3.2. If x = 29 +n1: We have t[zg+n1] = p(a[zg], t[zo]), so the claim fol-
lows with a[zg] < a from Theorem the induction hypothesis P(t[xzo]),

and ([7.1)). O
Corollary 7.7. TID - Pp(a,0) holds for each a < w.

Proof. The claim is a direct consequence of Lemma Note hereby that
for a < w, we get Pa from Proposition [7.2}f(c)f We get Vo < a(Pzx) from
TI(Aa.Pa,a) and closure (Cl), hence Pa by (FP). O

Remark 7.8.  We proved Lemma [7.6| by applying (TID) to a class term B

in Pos; that is not in Posg. Though, in order to show Prog(B) in the proof
of Lemmal(7.6] we can work with a (weaker) subtheory TIDg of TID that we
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shall define in Chapter |8 It can be obtained from TID by restricting (the
instances of) the axiom schemes (TID) and (Ind) to class terms that are in
Posg (rather than Pos;). The theory TIDg is the restriction of the theory
ID]] to accessible part positive operator forms, i.e., to the language L1p,
while ID7] is a subtheory of ID; for positive induction and with the same
restriction for complete induction. The proof-theoretic ordinal of ID][ is
¢(w,0). See for instance [Pro06], and note furthermore Remark [7.14] below.

7.1.2. The General Case for the Finitary Veblen Functions

Remark 7.9. Recall from Chapter |3| that the expression cp(d("“)), ie.,

@(a™*1), is also defined in case of n = 0. We then have ¢(a;) = w?.
Definition 7.10. For k,n € N with 1 < k < n, we define

Small® := Aa® Vy(Py — Vo < ar(Po(a* =), z,y, 00 F1Y))
Hyp® := Aa™® Smalll (a;) A ... A Small® (a®))
Hyp), := (0 = 0)
Lemma 7.11. Fork,n € N and variables a1, ... ,a,_1, the following holds:
(a) (Aa.P(p(@"=1 a))) € Posg for 1 < n.
(b) (Aa.Small®(@*=Y a)) € Pos; for 1 <k <n.
Proof. @ is obvious. For @, note in the definition of Small® (@1 a)
that Py and Vz(z < a — Po(a®*V z,y 0*=*=1)) are in Posy. Fur-

thermore, Py does not contain a as a free variable, so we get indeed that
Vy(Py — Vo < a(Po(a®*=Y 2,4, 0=+=1))) is in Pos;(a). O

Theorem 7.12. Forn € N with n > 1, we have
TID Fva™ =V (Hypr ' (@"~V) — Prog(Aa.Pp(a™ Y, a)))
Proof. Let n > 1 and @Y be given with

Hypp (@™ ") (7.5)
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In order to show Prog(Aa.Pyp(a™~Y, a)), assume a and d such that

Ve < a(Pp(a™ Y, z)) (7.6)
d =< e, a)

hold and show Pd. This would yield Po(a™,a) by (Cl) because d is
arbitrary.

1. Ifn=1ora; =...=a,—1 = 0hold: We can proceed as in Lemma [7.0]
since we have ¢(a (n- 1), a) = p(a) = ws.
2. Otherwise: We can assume now that some 1 <[ <n — 1 exists with

a#0 & ajp1=...=ap—1 =0

i.e., that we have p(a®V a) = p(@®,0 ==Y a) with a; # 0. Further-

more, . yields

Small! (a1) A ... A Small”*(@™~V) (7.8)

Consider now the following case distinction and note that PO and hence
P1 hold due to (Cl).
2.1. If ¢ € Lim: We get that d < ¢(a™V, a[z]) holds for some x by

Corollary [3.29 and Since we have a[z] < a by Theorem we get
Pyo(a™™Y alx]) by 1-} which implies Pd by (FP).

2.2. If a € Lim:

2.2.1. If ¢; € Lim and a = 0: By Corollary [3:29] we have some z such that
z < (@'Y, afz],0"=Y) holds. Since we have a;[x] < al b Theorem|3.23)]
we get P@(d(l’l),al[m],ﬁ("*l)) with Small’, (a")) from

2.2.2. Otherwise, i.e., either a = 0 with a; € Suc or a € Suc with a; # 0:
In this situation, Lemma implies np(&(l), (_)(”_l)) = dayp... a0 —t=1g
for some 1 < p < | where ay,...,a, = 0 holds. In order to simplify
notation and without loss of generality, we shall assume p = 1, noting that
the following argument works for the general case as well. Letting

t:=pal0n1=q (7.9)
we have by Theorem some z such that z < t[z] holds. Proving

vV (P(t[x]))
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by induction on z suffices now. (Ind) is applicable because Az.P(t[z]) €
Pos; holds.

2.2.2.1. If = 0: For a = 0, we have t[0] = 1 and are done since we have
P1. If a € Suc holds with a = ag + 1, then we have ¢[0] = (a1 aq) + 1
due to the form of ¢ in (7.9)) and the definition of ¢[0]. Since ag < a holds,
we get P(t[0]) from d Lemma by using P1.

2.2.2.2. If © = x¢ +n 1: We get t[zg +w 1] = p(a ), a;[x), t[xo], 0" ~1),
so the claim follows with a;[xzg] < a@; from Theorem the induction
hypothesis P(t[zo]), and Small’, (@) from . O

Corollary 7.13. For n € N with n > 1, we have

TID +va'™ (Hyp! (@™ ~Y) A Pa,, — Pyp(a'™))

Proof. Immediate from Theorem by using (TID) and Lemma (a)l
O

Remark 7.14. Note that we did not invoke (TID) in the proof of Theo-
rem so this result holds also for the restriction TIDg of TID that we
mentioned in Remark [7.8] Clearly, our proof of Theorem [7.12] does not
work directly within PA because we invoked (Cl) and (FP).

Theorem 7.15. For k,n € N with 1 < k <n, we have
TID F va* =Y (Hypt ' (a*V) — Prog(Aa.Smallf (a* ) a)))

Proof. We fix n > 1 and argue by induction on n — k for 1 < k < n. Let
a*=1 be given with

Hyp) ' (a*1) (7.10)

and where (7.10]) just gives us the formula 0 = 0 in case of k = 1. In order
to show Prog(Aa.Small® (a*—1) a)), assume a, ay, a1 with

Vo < a(Small® (@Y 1)) (7.11)
Pa]c+1 (712)
ar < a (7.13)
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and in case we have k £ n — 1, further let
Q; = 0

for each k < i < n. We have to show P(p(a*t1 00=*k=1)) ie.,

Ple(a™)) (+)
From ) and -, we get
Small® (a* =) ay) (7.14)
and hence
Hypy (a*)) (7.15)
with ([7.10] - From and PO, we get
Pagiq A ... A Pay, (7.16)

We show by a side induction on ¢ that the following holds:

1<i<n = Hyp!(a") (k)
From () with ¢ :=n — 1 and Pa,, from (7.16|), we then get by Corol-
lary For the proof of (%), we note that the claim follows in case of
1 <i <k from (7.15). If we have k < ¢ < n, then we can use the side
induction hypothesis and get

Hyp, ' (@) (7.17)

This and the main induction hypothesis yield Prog(Aa.Small’ (@~ a))
and hence we get Va(Pa — Small’, (@Y, a)) by (TID), while noting here
Lemma [7.11}|(b)l Now, Small%(a(i?) follows from (7.16) and the current
case k < i < n. Hence, we get Hyp’,(a'?) by (7.17). O
Corollary 7.16. For k,n € N with 1 < k < n, we have

TID Fva™® (Hypt ' (@* =) A Pay, — Hypl (@®))
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Proof. From Hyp~=(a*=1) A Pay., we get Small® (a*)) by Theorem
and (TID), while noting Lemma [7.11li(b)| Hence, we get HypF (a®). O

Theorem 7.17. For each n > 1, we have
TID F Va™ (A}, Pa; — Pp(a™))
Proof. Let n > 1 and assume @™ with /\?=1 Pa;. We trivially get
Hyp (@) A A, Pa; (7.18)

due to the definition of Hypg. We now show by induction on k € N that
the following holds:

0<k<n = Hypk(@®)AA, , Pa; (%)

Then the claim Pp(a™) follows from Corollaryand with k :=n—1.
We show now and assume 0 < k < n:

1. £ =0: This is .

2. 0 < k < n: The induction hypothesis yields Hyp~*(@*~D) A A, Pa;
and hence the claim due to Corollary O

Corollary 7.18 (Lower bound of TID). For each A € Lpa and a € OT,
we have

TID - TI(A, a)

Proof. By induction on the build-up of a € OT. We can use Lemma
and Theorem together with Proposition [7.2{l(b)| O

Remark 7.19. Similar to Remark [7.8] we shall give an informal and intu-
itive explanation why Corollary [7.18]is the best we can expect from TID.
The method used in the proof of Theorem [7.15] relied on an exzternal rep-
resentation of the finite list of arguments that the finitary Veblen function
is applied to. This is made apparent by the use of the syntactic variable n
in Definition to denote the arity of a Veblen function. In particular,
induction in the meta-theory has been applied to cope with arbitrary but
finite lists of arguments. The proof of Theorem [7.15] is designed for the
theory TID, and in order to use it to get beyond the small Veblen ordinal,
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for instance by working with infinitary Veblen functions or Klammersym-
bols, we would need to internalize the proof and deal with non-standard
argument positions (for which we do not have a denotation in the meta-
theory). The next section shall provide the formal explanation why the
small Veblen ordinal is the upper bound of TID.

Remark 7.20. Concluding and with regard to the theory TIDy that we
mentioned in Remark we point out that Py(a,0) for a < w is the
best we can expect from TIDg even though Corollary [7.7] would yield
TIDg F L1ip-TI(<p(w,0)). An intuitive approach to an explanation why
this method does not push further when used with L1p-TI(<p(w,0)) is
the following property:

a<w & b=<pw0) = ¢labd) <plapw0)=pw0) (#)

Note that if we want to use L1ip-TI(<¢(w,0)) to prove Corollary [7.7] with
a = w, then the induction hypothesis yields only Vz(Px — P(¢(ag,xz)))
for ap < w. Since we can so far provide Pa only for a < ¢(w,0), the
property prevents us from reaching p(w,0).

Note also that (Cl) can neither be used to get Pp(w,0) because we did
not show “TIDg - V2 < w(Pp(z,0))”, namely we showed the statement
“TIDg F P(¢(a,0))” only externally from the perspective of our meta-
theory and for a < w with a being a numeral whose index ranges over the
meta-theory’s universe, hence neglecting instances that are non-standard
from the perspective of TIDg.

We refer to Section that provides (together with the embedding of
TID into FIT from Chap a justification for the above assertions. Now,
we shall turn to the general part of the wellordering proofs for TID.

7.2. Upper Bound 90 for FIT and TID

For determining the upper bound of FIT, we apply one result from [JS99]
that relates over ACA, the scheme (II3-RFN) of w-model reflection for I13
formulas to the scheme (II3-Bl) of bar induction for IT3 formulas, and one
result of [RW93] that determines the proof-theoretic ordinal of II3-Bl, to be
the small Veblen ordinal ¥Q*. Then an embedding of FIT into the second
order theory IT3-RFN,, of w-model reflection for I} formulas suffices to get
the desired upper bound result for FIT. Moreover and due to Section |6.2
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this also provides an upper bound for TID. In particular, we shall exploit
the T} definability of a least fixed-point. A similar approach has been taken
in [ARI0] and [Pro06] for the treatment of the theories IT3-RFN, and ID] (a
subsystem of ID; that allows only positive induction for the predicates Py
that are assigned to each positive operator form ). Below, we shall provide
an upper bound for FIT by embedding it directly into H},,—RFNO. We remark
that if we were to investigate only the subtheory TID of ID;, we could have
embedded it directly into II3-RFN,, (rather than taking the detour via FIT
as figure [1| from the introduction on page |§| suggests). Furthermore, we
recall that D. Probst’s modular ordinal analysis from [Prol5] determines
the proof-theoretic ordinal of l'Ifl.S—RFN0 to be the small Veblen ordinal by
metapredicative methods.

7.2.1. Subsystems of Second Order Arithmetic

We shall introduce here subsystems of second order arithmetic, and we
formulate them in the language L3, that we defined in Section In
particular, recall that £3, formulas allow for quantification over set vari-
ables X. The following definitions are taken to some extent from [JS99)
and [Sim09], respectively, and we refer to these sources for more details on
subsystems of second order arithmetic and in particular to the underlying
two-sorted logic.

Definition 7.21. We use the following standard abbreviations

(X) :==Aa.(t,a) € X
(QY € X)A:= (QyA((X)y/Y)  (where Q € {V,3})
YEX:=3ZeX)(Z=Y) (ie,Y EXisT((X),=Y))

and we define the relativization AX of a formula A to a set variable X
inductively as follows:
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A if A is an atomic formula

—=(AF) if Ais =4

A o A if Ais Ago A; and o € {V,A,—}
(Qz)AF if Ais (Qx)Ag and Q € {3,V}

(QY € X)AF  if Ais (QX)Ap and Q € {3,V}

As usual, we assume tacitly a renaming of bound variables in order to avoid
a clash of variables. Note that set variables occur at most free in AX, i.e.,
AX is arithmetical.

Notation 7.22. We also write
XEA
in order to denote AX.

Definition 7.23 (Usual hierarchies of formulas).

(a) I} (or also $§) formulas are called those formulas A that are arith-
metical, i.e., £3, formulas without quantifications over set variables.
We denote this also by writing A € II§ or A € 3.

(b) 11, formulas are called those formulas which are of the form
VX13Xs . (Quyr Xni1)A

for some A € H(l), and where Q41 is 3 for even n and Q41 is V
otherwise. We denote this also by writing A € ITL.

(¢) 2.4 formulas are all those formulas which are of the form 3X A with
A € TIL. We denote this also by writing A € XL.

Definition 7.24. The two-sorted theory ACAq is based on the language
L3,. Its axioms are the axioms of PA without complete induction, and
where the equality axioms (for the first sort) hold for the language E%A.
Moreover, ACAq consists of the following principles:
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o Set induction:

VX(0e X AVz(z € X — Sz € X)) = Va(z € X))

o Arithmetical comprehension:
(ACA) IXVz(z e X « A)

for each A € TI} that does not contain X (though it might contain
free occurrences of other set variables).

Proposition 7.25. ACA is finitely aziomatizable by a I13-sentence Faca.
Proof. See for instance [Sim09, Lemma VIII.1.5]. O
Definition 7.26. We define the following principles:
o X1 aziom of choice:
(21-AC) Vz3XA — IYVa(A((Y)./X))
for each A € ¥1.
o X1 aziom of dependent choice:

51-00) Va¥X3Y A
v —YUIZ((Z)o = U AV2(A(Z)2) X, (Z)011/Y)))

for each 4 € 1.
o II! w-model reflection for n € N:

) VUL, ..., Uy
(Hn_RFN) b'e b . .

for each A € I} with at most Uy,..., Uy occurring as free set vari-
ables in A (and where Faca is taken from Proposition [7.25]).

o II. bar induction for n € N:

(TIL-Bl) VX (WO(X) — TIx(Aa.A))

102



7.2. Upper Bound 9 for FIT and TID

for each A € IT} and where we let

WO(X) := LO(X) A WF(X)
WEF(X) := VY (TLx (Y))
TIx(Aa.A) := PROG(X, Aa.A) — VzA(z/a)
PROG(X,Aa.A) :=Va(Vy((y,z) € X = A(y/a)) — A(z/a))

and where LO(X) denotes the usual arithmetical formula that ex-
presses that X encodes a binary relation that is a linear ordering.

The theories X}-AC,, £1-DC,, IIL-RFN,, and II}-Bl, are defined by ex-
tending ACAy with the axiom scheme (X1-AC), ($1-DC), (IIL-RFN), and
(ITL-BI), respectively.

Remark 7.27. We added the definition for (II}-BI) for the sake of complete-
ness but we shall not need to use it directly in the following.
7.2.2. Upper Bound Results from the Literature
Theorem 7.28 ([RW93]). |IT},,,-Bl | = 9Q(n + 1,w) holds for alln € N.

Theorem 7.29 ([JS99]). (IT;,,,-Bl) and (II; ,-RFN) are equivalent over
ACAy for alln € N.

Theorem 7.30 ([Sim09]). Over ACAq, we have

(a) (IIL-RFN) implies (IIL-RFN) for k < n.

(b) (II3-RFN) is equivalent to (X1-DC).

(c) (X1-DC) implies (XL1-AC).
Corollary 7.31. (II',,-RFN) implies (£1-AC) over ACAq for all n € N.
Theorem 7.32 ([Can80]). |X]-DC,| = ¢(w,0).

Corollary 7.33. |II}_,-RFN ¥Q(n,w) holds for all n € N.

0‘:

Proof. For n > 1, this is immediate from Theorem [7.28 and Theorem [7.29]
For n = 0, use also Theorem and that 9Q(0,w) = I(Q - w) = p(w,0)
holds by Section O
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7.2.3. Some Syntactical Properties of L3, Formulas

Definition 7.34 (Refined hierarchies of formulas). Let T be some theory
of L3, as introduced in Subsection e.g., T=ACA; or T = X1-AC,.

(a) IIL formulas over T are all A € L3, that are provably equivalent over
T to some formula A’ € TIL.

(b) A € TIL(T) denotes that A is an T} formula over T.

Remark 7.35. In case that A € IIL(T) is given for some theory T of £3,
and we consider some A’ € II} that is provably equivalent over T to A,
then we can assume that A and A’ have the same free variables, and we
shall tacitly do so from now on. Moreover, if Ty, Ty are theories of L3, as
introduced in Subsection [7.2.] such that Ty comprises Ty, then obviously
A € Hn(Tl) implies A S Hn(Tg)

Proposition 7.36. Let k,n € N and T € {ACA, $1-AC,}. Then we have
the following.

(a) (A€TIL(T) & k<n) = (AIL(T) & -AeIIL(T)).

(b) TIL(T) is closed under conjunction, disjunction, and universal quan-
tification for number variables, i.e., we have

A,BETL(T) = AoBcTIIL(T) whereoc {A V}
AcTIL(T) = VzAcTIL(T)
(c) I}, (T) is closed under universal quantification for set variables,
i.e., we have
Al ((T) = VXAeIl, (T)
Proof. [(a)| is obvious. For [(b)] note that the case n = 0 is obvious. Now,
we show |(b)| and simultaneously for n + 1 by induction n € N and a

case distinction on the build-up of the formula C' given in the right-hand
sides of the claims.
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We shall provide formulas C’(W) € X} such that T+ C « VXC'(X)
holds. Note that for each A € II;, ., (T), there exist some A’(U) € X}, and
A"(U) € I} such that the following holds:

(%)

T Ao VWA(®Y)
T AU) & -A"(U)

Hence, the induction hypothesis may be used in combination with A”.

1. For conjunction C = A A B: We have A,B € II}, (T). So, let
A(U),B' (V) € £}, and A"(U),B"(V) € 11\, be given for A and B,
respectively, with properties as indicated by . Given any set variable
W, we also have A”((W)o), B”"((W)1) € I}, ;. Therefore, the induction
hypothesis yields some C”'(W) € I} such that

TEC"(W) & (A"(W)o) v B"((W)1))

holds. Since =C”(W) is logically equivalent to some formula C'(W) € X1,
we get eventually T+ C < VX C'(X) by making use of (ACA). Note that
we have

TEC(W) < =(A"(W)o) v B"(W)1)) <+ A'(W)o) A B'(W)1)

2. For disjunction C = AV B, the proof is similar as for conjunction.

3. For universal quantification (for numbers) C = VzA: Let A'(U,u) € B},
and A”(U,u) € Il be given for A with properties as indicated by .
With

BW) = 3a(z € (W)o) = Iy(y € (W)o A A'(W)1,y))

we have T+ VaVX A (X, z) + VY B(Y) due to the following:

For “—”, assume VaVX A’ (X, z) and let Y be given with Jz(z € (Y)o).
Furthermore, note that for any z, we have that z € (Y'); is the arithmetical
formula (1,z) € Y, so we have ACAg - 3XVz(z € X < z € (Y)1). So,
given such an X and given = with 2 € (Y)g, we get eventually A’(X, x)
from the assumption VaVX A’ (X, x), and hence Jy(y € (Y)oANA ((Y)1,¥))-

For “7, assume VY B(Y) and let z and X be given. With D :=
(2)o=0A(2)1 =2)V ((2)o =1A(2)1 € X), we have D € II}, and hence
ACAy - JYVz(z € Y « D). Given such an Y, we get B(Y) from the
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assumption VY B(Y'), and due to z € (Y)o, we further get Jy(y € (Y)o A
A'((Y)1,y)). Since we have z € (Y)g > z=x and z € (Y); > z € X for
each z, we get A'(X, ).

Turning now to the proof of the main claim, we let

B'(W) :=Jx(x € (W)o) AVy(=(y € (W)o) vV A" (W)1,y))

and note that B(W) is equivalent to =B’(W). Since Jz(z € (W)o) € II}
and —(y € (W)o) € II} hold, we have B'(W) € II.(T) by the induction
hypothesis for A”, i.e., there is some C” (W) € IT} such that

T+ C'(W) < B (W)

holds. Since =C"” (W) is logically equivalent to some formula C’'(W) € 1,
we finally get

THC & VavX A (X,z) & VXB(X) & VX-C"(X) + VXC'(X)

4. For universal quantification (for sets) C =VXA(X/V): Let A/(U,V) €
YL(T) and A”(U,V) € IIL(T) be given for A(V) with properties as indi-
cated by (). Letting C"(W) := A'(W)o, (W)1) yields C'(W) € =} and
we get T C « VXC'(X) by making use of (ACA). O

Corollary 7.37. Let k,n € N and T € {ACA(, X1-AC,}. Then we have

(Ao, ..., Ax € I(T) & Bell, (T))
= Vi(Ao— ...~ Ay — B) € II}, | (T)

Proof. Immediate by Proposition[7.36|and induction on k € N, while noting
that A, € IT),(T) implies Ay, € IT}, | (T), and that A, — B is equivalent
to =A, V B. O]

7.2.4. Embedding FIT into II}-RFN,

In order to interpret within Hé—RFN0 the applicative part of FIT, i.e.,[I.|in
Definition [5.12] we shall first implement the so-called canonical model SBR
for this applicative part. It is built upon ordinary recursion theory and
by using indices of partial recursive functions for interpreting the function
symbol - of Lgr. For a thorough introduction to this construction and a
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more detailed treatment of the following (in a slightly different setting), we
refer to [EJS]. Without going into detail, we let T be the ternary, primitive
recursive relation T according to Kleene’s Normal Form Theorem, and
let U be the corresponding unary primitive recursive (result-extracting)
function, and in the sense that 3z(T(e, (n1,...,nk),z) A U(x) = m) for
e, k,m,ny,...,n; € N corresponds to the expression {e}(ni,...,ng) ~m
in the usual sense that {e} denotes the partial recursive function indexed by
the number e. Furthermore, let M} (z,y) with 2 # y denote a universal IT3
formula for IT} formulas that have one free variable, i.e., we have M} (z,y) €
I} and for each £3, formula A € I} with FV(A4) = {y}, we have that
JaVy(Ni(z,y) <+ A) holds over /—\C/—\0E|

Definition 7.38 (Interpretation of LgT into E,%A). In the abovementioned
setting, we let T and U also denote the corresponding relation and function
symbols in Lpa, and then we set

({a}(d) = ¢) := Fz(T(a,b,z) AU(z) =¢)

Next, we assume an assignment of the constants k,s of LgT to numer-
als k*,s* that have corresponding properties over ACA( as described by
the axiom group in definition [5.12] For the remaining constants
P, Po, P1, 0, SN, PN, dn of LeT, we set p* to be the numeral of the (primitive
recursive) function (m,n) — (m,n); p; to be the numeral of m — (m);
for ¢ = 0,1; 0* to be 0; sy to be the numeral of m — m + 1; py, to be the
numeral of m — m = 1; and df to be the numeral of the case distinction
function, mapping (k,l,m) to [ if k = 0, otherwise to m. See also [FJS].

The translation Vi(z) of a Lgt term ¢ into the language of Lpa is
defined for variables x & FV(t) as follows:

t==x if ¢ is a variable
== if ¢ is a constant
Jy, 2(Vi(y) AVi(z) AM{y}(z) ~z) if tis of the form rs

and for each Lg1 formula A, we let the EE,A formula A* be defined recur-
sively on the build-up of A as follows for every x ¢ FV(A) (while we shall

provide the case where A is ¢ € Ip g in below):

4Bear in mind that this universal H} formula shall include the unary relation symbol
U of Lpa as a parameter.
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Fz(Vi(x) A Vi (z)) if A is of the form s =t

Jx(Vi(x)) if A is of the form ¢} or t € N

Jz(Vi(x) ANz e U) if A is of the form ¢t e U

Vi(0) A =V5(0) if A is of the form ¢ € N (see Lemma
Jx(Vi(z) Az € X) if A is of the form ¢ € X

Jx(Vi(z) A B*(z/x)) if A is of the form t € {z: B} for B € For*
—(B™) if A is of the form —-B

B*oC* if A is of the form Bo C for o € {A,V,—}
QzB* if A is of the form QzB for Q € {V,3}

Qz(B*((Aa.N{(z,a))/X))if A is of the form QX B for @ € {V, 3}

and for the case that A is of the form ¢ € Ipg, we introduce first the
following positive operator form (for any P,Q € Ty])

Accp g = AXAz.(z € P)* AVy((y € P)* — ((y,2) € Q)* = y € X)

and note that IP, Q do not contain expressions of the form Ip g/. Eventually,
we set

(telpg)” = VX (Va(Acch o(X,2) >z € X) — (t € X)¥) (x-Ip.0)

Furthermore, we tacitly assume in the definition of the translation A*
as usual a renaming of bound variables in order to avoid a clash of variables.
Note also that the translation is meant to interpret type variables as II}
definable sets and that Ipg € Ty implies that P,Q do not contain type
variables (since P, Q € Ty[).

Lemma 7.39. Let A € LgT, then A* and A have the same free variables.

Proof. This is clear from the definition of A*, while note that it is due
to this lemma that we defined (¢t € N)* as V;(0) A =V;(0) instead as
-(0 =0). O

Remark 7.40. For any F € FT, consider the £3, class term A := Az.(tz €
F)*. In order to make later arguments more readable, we shall make the
translation of the Lt formula Clp g(Az.tz € F) more explicit (cf., Nota-

tion :
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(Clpg(Az.tz € F)) )

B <Vm(w eEPA(VyeP)((y,z) eQ—tye F))>*

= *-Cl1
—trx el ( r.)

= Va(Acch oA, ) — A(x))

As mentioned in Remark we defined Clpg(Az.tz € F) in Chapter
in order to have the above representation that allows to use Accp g in a
intuitive way. This correspondence would appear as directly as here in case
we would have defined Clp g(Az.tz € F) for instance as

Ve(zxeP— Vy e P)((y,2) e Q >ty e F)) »tx €F

Lemma 7.41. Let n > 0. For each Lt term t and each Lpa term r, the
following holds.

(a) Vi(z) € II.
(b) (te X)*ellj & (PeTyl] = (teP)*eIl}).

(c) For T € {ACAy,X1-AC,}, B := Aa.B(a) with B € L3,, and P,Q €
Ty, we have:

Be H}L(T) == ACCJQQ(B,T) € H}L(T)
In particular, we have Accp o(B,r) € 11§ in case of B € II}.

(d) P,Q e Ty] = (Clpo(X)* €II§ & (t € lpg)* €1I}).

(e) A€ Fort = A* € II}(}-AC,).

(f) FEFT = (t€F)* € I3(X}-AC,).
Proof. For @ This follows easily after inspecting the definition of V}(x).
For @ (t € X)* € I} follows from @ Given P € Ty[, we first note
that then by definition, it can only be the case that P is N, N, or {z: A}
for some A € For™ such that A does not contain any Ip/ @r expression

or type variable. By @ and Definition one can easily verify that
(t € P)* € I} holds.
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For Accp o(B, ) translates to the formula
(reP)" AVy((y € P)" = ((y,2) € Q)*(r/z) = y € B)

and then the claim follows from Proposition and using the as-
sumption B € IIL(T) and that P,Q € Ty| holds.

For We have Accp (X, z) € IIj by the second claim of and
further with and after inspecting on page and (*x-Clp g|) on
page the claim becomes clear.

For @ We prove here a more general statement
A€ Fort = A* € I1}(21-AC,) } )
*

-A € Fort = —-A*€ H%(E%-ACO)

and by induction on the build-up of the Lg 1 formula A. Now, let A € For™
or A € For" be given. Note that A cannot be of the form VX Ay or 3X Ag
because of the definition of For™.

1. Base case: If A is of the form ¢t € U, t|, or s = ¢, we have A* € II} and
are done.
2. Step caset € P: If Ais t € P with P € Ty, then A € For™ must hold.
Because of we also only need to consider the case where P ¢ Ty[ and P
is not a type variable. Hence, P is either of the form lp/ ov with ', Q' € Ty]
or P is of the form {z: B} for some B € For™.

In the first case, we get A* € II{(¥{-AC,) from [(d)] For the second
case, recall that (¢t € {z: B})* equals

Ju(VE(z) A B*(z/2)) (7.19)

and note that by the induction hypothesis for with B(x/z), we get
Ao(U,z) € T} for some set variable U such that B*(x/z) is equivalent to
VX Ayg(X,z) over £1-AC,. Hence (7.19) is equivalent to

J2VX (VE(z) A Ag(X, x)) (7.20)
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Letting Ay(W) := Jz(Vi(z) A Ao(W)a, 2)), we get VXAH(X) € I}
and it only remains to show that (7.20) and VX Aj(X) are equivalent over
E%—ACO, ie.,

21-AC, F JaVX (Vi (z) A Ag(X,z)) > VX Tz (Vi (2) A Ao((X)a,z)) (%)

The “—”-direction holds already over ACAy: In order to show Ay((X)y,y)
for some y for any given set X, take x that is given from the left-hand side
of (). Then use (ACA) to get Z such that z € Z ¢+ z € (X), holds, then
the left-hand side of yields V¥ (z) A Ao(Z, x), i.e., Vi(z) AN Ao((X) s, ).
For the “<”-direction, we can work with the contraposition of and
apply (X1-AC).

3. Step case ¥,3: If A = VzAy € For™ holds, then A* € II}(S1-AC,) is
immediate from the induction hypothesis and Proposition [7.36] If A =
JzAg € For™ holds, then also Ay € For' holds, and the induction hypoth-
esis for with Ag yields Ay(U,z) € I} such that A¥ is equivalent to
VX A((X,z) over £1-AC,. By letting B(W) := JzA{((W),), we get

YI-AC, F (FrAg)* +» FaVXAL(X,z) < VX B(X, )

using a similar argument as before, and we have VX B(X) € II}. In case
that we have =A € For™, the argument is analog to the case A € For™.

4. Step cases —,—: If A is = Ag, then we can use the induction hypothesis
for with Ag. Similarly, this holds also for the case that A is Ay —
Ai: We can work with —Ag V A; and use that for instance in case of
A € Fort, we have Ao, A; € Fort, hence A}, A7 € II1(S1-AC,). So by
Proposition also ~A% Vv At € 111 (21-AC,) holds.

5. Step cases A\,V: If A = Ago Ay € For™ with o € {A,V}, then A* €
1} (¥1-AC,) follows immediately from the induction hypothesis and Propo-
sitionlm This holds analogously for the case =A € For™.

For We prove this for F € FT with F = Py — ... — P, by
induction on n € N: If n = 0 holds, then we have F € Ty and (t € F) €
For™, so we can usel@ If n > 0 holds, then let F :=P; — ... — P,. Now,
(t € F)* translates to Va((z € P)* — (tx € F')*). Byand the induction
hypothesis, we get (z € P)* € II{(£{-AC,) and (tz € F')* € I}(X1-AC,).
By Corollary we get (t € F)* € TI3(X1-AC,). O
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Theorem 7.42. Hil))-RFNO proves A* for every instance A of (FT-ID).

Proof. Let A be an instance of (FT-ID), say

CIP’Q(AZ.tZ elF)—te (lP,Q — F)

with F € FT. Similar as in (x-Clpg) on page we have with A :=

Az.(tz € F)* that A* translates to
Va (Accp o(A, 2) = A(x)) = Va((z € lpg)* — A(x))

and therefore we assume (with a slight renaming of bound variables to
make the following more readable) that

Yy (Accﬁl’Q(A, y) = A(y)) (7.21)

holds. Due to Lemma |7.41 we know that a formula B € I1} exists such
that

Y1-AC, F B + A(y)

holds. For B := Ay.B, we get from Corollary and Lemma a
formula C € II} such that

ACA, - C = Vy(Accp o(B,y) — B(y)) (7.22)

holds. Note that this holds over ACAq since we work with B € H% instead
of (ty € F)*. Moreover, we have over ©{-AC, that is equivalent
to Vy(Accp o(B,y) — B(y)) and we proceed now by assuming that the
conclusion in A* is false and will derive a contradiction from this. So, let
ag be such that

(x € lp,g)*(ag/x) A - A(ao) (7.23)

holds and note that the formula —.A(ap) (which is —(tz € F)*(ao/z)) is
equivalent over X1-AC, to ~B(ao/y). Note that =B(ao/y) is equivalent to
a I} formula, and since we have C € II3, there exists by Proposition m
some D € II} that is provably equivalent over ACAg to C A—B(ag/y). Then
due to Corollary we can work with IT}-RFNq to apply (IT3-RFN) to D
and thus obtain an w-model M of ACAj such that the following holds:
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Vy(Aces o(B,y)™ — B(y)™) (7.24)
-BM (ag/y) (7.25)

Relativization to M in (7.24]) holds essentially because of the equivalence

in (7.22)) being provable over ACAg. Now, (7.24)) unfolds by Definition
and the build-up of Accg (B, y) to

Vy(Acc o(Ay.BM,y) — BM) (7.26)
Since BM is arithmetical, (ACA) provides a set X such that we have

Vy(y € Xo <+ BM) (7.27)
Vy(Accp o(Xo,y) — y € Xo) (7.28)

Now, after recalling on page we instantiate (z € lp g)*(ao/x)
from with X, and (7.28). We obtain then (z € Xo)*(ao/x), i-e.,
F2(Vi(z) Az € Xo)(ao/x) which is equivalent to ag € Xo since V%(2) is
just = z. But then we get BM (ag/y) by which is a contradiction
to and we have proven the lemma. O

Remark 7.43. In the previous proof, we considered as the pivotal
property for the used proof method because it allowed us to internalize an
argument withing the w-model M. In particular, we needed that the pos-
itive operator form ACC@Q has the property described by Lemma 7.41|.
with T being ACAg. A conceptually similar proof in the setting of I15;-RFN,
and using similar standard results from the area of subsystems of second
order arithmetic can be found in [AR10], treating the embedding of the
theory ID] of positive induction into II3-RFN,.

Now, turning to the question if our proof method would also work for
arbitrary positive operator forms 2[, we point out that a direct embedding
of TID into II3-RFN, can be carried out almost literally as the embedding
of FIT into Hé—RFNO. More precisely, the previous lemmas can be reformu-
lated in a very similar way so that they work for TID as well. The pivotal
property to make the proof work would again correspond to , and
essentially because Acc in the setting of TID has a similar bounded com-
plexity as Accﬁ;@ here. The latter means that for in the proof of The-
orem we used that we had the property Accp o(Ay.B, x) € II3(ACA)
nd

at hand for B € II3, namely as provided by Lemma
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Continuing from the perspective of TID, we shall consider for a moment
its natural generalization TID (where f stands for full) that allows for
arbitrary arithmetical operator forms 2(. So, having 2 instead of Accg q
or Acc in , it would not always be possible to obtain a property
such as 2A(B,z) € T3(ACAp), nor can we expect that G’ € II} exists that
is equivalent over ¥{-AC, or II}-RFN, to A(B,z). Comparing this with
the mentioned embedding of ID} into II3-RFN, from [ARI0], we note that
essentially only I} formulas B needed to be considered there, and since a
formula such as A(Az.B,t) can be proven to be equivalent over $1-AC, to
a I} formula G’, one can continue the proof with this G’.

For an embedding of TIDf into IT3-RFN, where we cannot control
anymore the syntactical complexity of the positive operator forms 2, we
apparently cannot directly apply the method of this section. As we shall
describe in the conclusion of Chapter (see Section [7.4), we remark here
that the desired upper bound for TID" can be obtained by turning to the
setting of set-theory.

Theorem 7.44. Over II-RFN,, the following holds.
(a) A* holds for every formula A from axiom group of FIT.

(b) A* holds for every instance A of the N-induction scheme (FT-Ind) of
FIT.

(c) A* holds for every instance A of the comprehension scheme (CAT)
of FIT.

(d) A* holds for every instance A of the closure axiom (FT-Cl) of FIT.

Proof. For @ Note that according to Definition the type N has
no special role in the translation A* of any of the formulas A given in
the axiom group [[] of FIT. As mentioned in Definition [7.38] we assume a
standard interpretation of the constants k and s with the properties that
we need for such a translation to be adequate. It is well-known that the
combinators are available as partial recursive functions in the sense given
here. Moreover, it is also more or less obvious that the interpretation of
the remaining constants has the properties needed to make the translation
of the remaining formulas in axiom group [[] go through.

For @ Over ACAj, we have that (II1-RFN) implies transfinite in-
duction for I3 formulas, and thus complete induction along the natural
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numbers for I1} formulas. For this, see in [Sim09] Theorem VIIL.5.12 and
in particular Exercise VIIL.5.15, while noting there that $1-RFNy is equiv-
alent to ITI3-RFNg. Now, let A be an instance t0 € F A (Vo € N)(tx € F —
tr' € F) -t € (N - F) of the N-induction scheme (FT-Ind) of FIT, where
F € FT holds. By setting B := Az.(tz € IE‘)*, we have that A* is equivalent
over ACA( to

B(0) AVx(B(z) = B(x + 1)) = Vz(3y(Vi(y)) = B(z)) (7.29)

since B(x + 1) is equivalent to (t(snz) € IF)*. For the latter, note that
(t(snz) € F)* is FY(V(gur) (@) A (y € F)*) and that this is equivalent to

t(sn
Fy, 21, 22(Vi(21) AMsiH @) = 22 Az} (22) 2y A (y € F))
which again simplifies to
Ty 21 (Vi(21) Az k@ +1) = y A (y € F))

and this is equivalent to B(z + 1). Now arguing over II}-RFN,, we have
that ([7.29)) is equivalent to an instance of complete induction along the
natural numbers for a I3 formula (use Lemma [7.41l(f)) and hence we are
done.

For Let A be an instance of (CA"), say y € {x: B} « B(y/x)
with B € For™. Then, A* yields

Jz(Vy(x) A BY) < (B(y/z))"
which is equivalent to (B(y/x))* + (B(y/z))* and hence a tautology.

For [(d)} Let A := Clpg(Az.z € lpg) be an instance of (FT-CI).
Following (*-Clp g)) on page and in order to show A*, assume for
A= Az.(z € Ipg)* that we have Accg (A, ) for some z, and we aim to
prove A(zp), i.e.,

(VX (Va(Accp o(X,2) = 2 € X) = (2 € X)*))(20/2)
and in order to prove this, let Xy be given such that

Va(Accp o(Xo, ) — z € Xo) (7.30)
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holds and show zy € Xy. We have Vz((z € lpg)* — z € Xg) due to (7.30))
and the definition of (z € lpg)*, i.e., we have Vz(A(z) = z € Xy). So, the
latter yields

Acch (A, 20) = Acch o (Xo, 20)

because Accp q is a positive operator form. We hence get Accp o(Xo, 20)
from our assumption Accp (A, 20), and with (7.30) we are done. O

Corollary 7.45 (Embedding FIT into II}-RFN,). Let A € Ler. Then we
have

FITHA = II3-RFN, F A*

Proof. Let A be any Lgt formula. Due to Theorems [7.42) and [7.44] it
remains only to show that the logical part of FIT embeds into I_Ik%—RFN0 in
the following sense:

LPT A = II§-RFN, - A*

Assume LPT F A with respect to any sound Hilbert calculus that may
have been chosen in Deﬁnition We prove H},’—RFN0 F A* by induction
on the definition of the derivability notion LPT F A. It is clear from
Definition that the translation of the propositional axioms and rules
are derivable in the setting of £3,. Similarly, the equality axioms and the
translation of the quantificational axioms and rules for individual variables
is stable, while the definedness axioms become trivial.

Now, we consider the remaining quantificational axioms and rules for
type variables, we have the following cases (and given Lg1 formulas A, B):

1. For axiom A :=VXB — B(P/X): Then A* is
Vz(B*((Aa.N(z,a))/X)) — B*(Aa.(a € P)*/X)

and the claim follows due to (a € P)* € II7(¥{-AC,) from Lemma |7.41f|(e)
and since Mi(x,y) denotes a universal 111 formula.

2. For axiom A := B(P/X) — 3XB: Use the contraposition of A and
argue as in the previous case.
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3. For the logical rule

A— B
A —-VXB

with X not occurring free in A, we get H%,-RFNO F A* — B* form the
induction hypothesis. Since the underlying calculus for II3-RFN, from
Definition is closed under substitution and X does not occurring in
A, we obtain II}-RFN, + A* — B*((Aa.Ni(z,a))/X). If we further let
z € FV(A*), we eventually get A* — Vz(B*((Aa.Ni(z,a))/X)).

4. For the logical rule

B— A
idXB — A

with X not occurring free in A, this holds similarly. O

7.3. Considering TID' for General Positive
Operator Forms

With regard to the upper-bound results, we embedded FIT into a subsys-
tem of second order arithmetic, while exploiting the II} definability of a
least fixed-point in such a setting. However, it is more or less apparent
that we can embed TID analogously via w-model reﬂectiorﬂ this approach
seems to fail if we extend TID to a theory TIDf for general typed inductive
definitions with the full range of positive arithmetical operator forms (as
described in Remark . A way to avoid this obstacle is to shift the
setting to set-theory rather than subsystems of second order arithmetic,
namely by exploiting the ¥; definability of a least fixed-point. Working
then in KPw™ +1IIs-Found from [Rat92] (i.e., Kripke-Platek set-theory with
a restricted axiom scheme for foundation) shall suffice to get an analog re-
sult as for FIT which we can apply to the theory TIDE. Summing up, what
we gain from these embeddings is that extending TID to the theory TIDf
retains the proof-theoretic upper bound ¥Q* because KPw™ + II5-Found
has the same proof-theoretic strength as I13-Bl,, according to [Rat92]. Since
TID trivially embeds into TID® and as depicted in figure[2] we get that TID

5Instead of taking the detour via an intermediate embedding into FIT, see also Sec-

tions and Chapter E}
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has the same proof-theoretic strength as TID (in a similar way as ID; cor-
responds to 1D (Acc), i.e., to its restriction to accessible part arithmetical
operator forms, see also [BFPSS8I]).

... generalization ..

TID ———— embedding ——— > TID
\
\

wellordering proof ‘

(by Section embe‘ddmg
I
Y
9O upper_bound KPw— + Hz—Found

(by [Rat92])

Figure 2.: Generalization of TID to the full theory TIDf

We finish with some conjectures on how to extend the proof-methods
from sections [7.1] and [7.2] in order to analyze stronger systems: First, the
collections of formulas Posy and Pos; already suggest a generalization to
collections Pos,, for any n > 2 in the sense that the correspondence of
Pos; to function types of the form Py — ... — P for each k € N (i.e,,
“level-1-functional types”) passes over to Posy being in correspondence to
level-2-functional types F1 — ... — Fy for each k € N, and similarly for
n > 2. Accompanied by this and in particular for Posy, the transition from
using Klammersymbols instead of finitary Veblen functions and the use of
a higher-type functional for iterating the fixed-point construction on Klam-
mersymbols allows to extend the ordinal notation system. Endowed with
stronger induction principles (e.g., extending (Ind) and (TID) to induction
formulas from Posy instead of Pos;), this may lead towards higher ordi-
nals via wellordering proofs based on the accessible part of the primitive
recursive ordering of the new ordinal notation system.
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7.4. Notes

In short, we obtained theories FIT and TID that both have the small Ve-
blen ordinal ¥Q“ as their proof-theoretic ordinal, while FIT is a natural
extension of Feferman’s two-sorted theory QL(Fo-IRy) from [Fef92] and
TID becomes from this perspective a natural subsystem of ID;. Moreover,
we used techniques from the realm of predicative proof-theory in order to
obtain a wellordering proof for TID (and hence for FIT). Th. Strahm gave
the first ideas towards a suitable way of carrying out wellordering proofs,
in particular the idea to consider [Fef92] stems from him. He also drew our
attention to working with H%—RFN0 for the treatment of the upper bound
of FIT.
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8. TID,, and TID;LF as
Generalizations of TID

Aiming for an internalization of the wellordering proof for the system TID
from Chapter [7] that reaches up to the small Veblen ordinal, we shall in-
troduce in this chapter a theory TID1+ which in Chapter will turn out
to be a very natural framework for carrying out wellordering proofs in the
context of Klammersymbols and hence reaching up to the large Veblen or-
dinal ¥Q*?. This shall lead to the following generic definition of families of
theories TID,, and TID;L for each n € N where TID; essentially corresponds
to TID. Furthermore and motivated by Corollary we shall adapt the
notion Pos; to Pos;” and in general to Pos,,” for n € N.

8.1. The Arithmetical Theories TID, and TID;

Definition 8.1.

(a) Posy” denotes the collection of L1)p formulas that contain each P
at most positively.

(b) Pos, for each n > 1 is inductively defined as follows:
A € Pos, | = A€ Pos, (Pos™-Base)

Ag,..., Ay € Pos,” ;& B € Pos,’

Pos™-C
= Vf(AO_>-~-—>Ai~c—>B)EPOS:} (Pos™-Cons)
for all £ € N and all (possibly empty) lists of variables 7.

For n € N, we write Aa.A € Pos, in order to denote A € Pos,’

., Tespec-
tively.
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Definition 8.2. For each n € N, we define the following:

(a) TID,, is the theory that arises from the axioms of Peano arithmetic
PA without complete induction by adding the following axioms and
axiom schemes

(Indy,) B(0) AVz(B(z) = B(Sx)) = VzB(x)
for B € Pos,’
(Cl) Prog,(Pq) (i.e., Vo(Accq(Pq, ) — Pqx))
for < being a binary relation symbol in Lpa
(TID,) Prog,(B) = Va(Pqx — B(z))

for B € Pos,] and < a binary relation symbol in Lpa
where (Cl) is called closure and (TID,,) is called n-typed inductive
definition.

(b) TID,, + (Indy) for k > n is obtained from TID,, by exchanging the
axiom scheme (Ind,,) by (Indy).

Definition 8.3.
(a) TID{ is obtained from Peano arithmetic PA by adding the axioms
(Nat) Va(P<,x)
(Cl) Prog,(Pq)
for each binary relation symbol < in Lpa
and the following rule of inference:

Pt
Prog(B) — B(t)

(TID™)
for each B € L1p (i.e., for arbitrary Ltip class terms), each binary

relation symbol < in Lpa, and each term t.

(b) TID; := TID + (TID,,) is obtained from TID] by adding the axiom
scheme (TID,,).

Remark 8.4. The axiom (Nat) axiomatizes that the accessible part P, of
the <y-relation consists of all the natural numbers.
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Lemma 8.5. For each B € L1ip, we have
TIDY - B(0) AVa(B(z) — B(Sx)) — Va(B(x))

Proof. Note first that we have TIDJ F Va(P~,z) because of (Nat), so we get
P, x for any « and can then use (TID") to get Prog__ (B) — B(z) for each
B € L1ip. Now, (V-intro) from Deﬁnitionyields Prog_ (B) — Va(B(x))
which is equivalent to B(0) AVa(B(x) — B(Sz)) — Va(B(x)). Note for the
latter that TID] includes PA, so we have in particular Vo (z = 0V Jy(z =
Sy)). O

Theorem 8.6. For each A € Ltip and n € N, we have the following:
TID,FA =— TID: FA

Proof. This follows from Lemma O

Remark 8.7. As for TID in Remark [6.7] it is clear that the following prop-
erties hold over TID,, and TID; for all n € N (while note that (TIDg) is
always available in TID,, and TID;):

e For any binary relation symbol <1 in Lpa, we may identify (Cl) with
a fixed-point principle

(FP) Va(Pqx < Accq(Pqg,))
and therefore we will sometimes use (Cl) to ambiguously mean (FP).

e We can use instead of the formula from Lemma [8-5]also the following
course-of-value variant of complete induction for L1p formulas, i.e.,
we have

Vo (Ve <y xB(zo) = B(z)) — YaB(x)
as an induction principle for all B € L1p.

Convention 8.8. We may use (Ind,,) in TID{ for all n € N or its course-
of-value variant without always mentioning Lemma [8.5)
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8. TID,, and TID; as Generalizations of TID

8.2. Alternative Definition of TID,,

Let TID,, be the theory that is obtained from PA by adding the axioms
(Nat) and (Cl) from TID} and the axiom scheme (TID,,) from TID,,, i.e.,

TID; := PA+ (Nat) + (Cl) + (TID,)

Then we can derive (Ind,) in TID, from (TID,,) and (Nat) in a similar
way as in the proof of Lemma Hence, we get that TID,, and TID,, are
equivalent. We decided not to use TID,,, leaving the definition of TID,, as
it is, because we wanted to keep the resemblance of TID,, to the theory
ID]| from the introduction of this thesis as it is.

We shall see in Chapter [9] when determining the upper bound of
ITID,"|, that the interpretation of (TIDT) into the language £Z, and the
setting of subsystems of second order arithmetic corresponds to a form
of bar ruleE| which allows to use set induction (from Definition to
derive complete induction for all EEA formulas, so this fits to the result
of Lemma (see also Section [0.3). Moreover, the upper bound result of
Chapter |§| suggests that the strength of TID;" is essentially given by adding
(TID,,) to TIDY.

With respect to the wellordering proof of TID]™ in Chapter we shall
actually only use (Indy) and not the full strength of Lemma We shall
also only need such instances of (TID') where B € Pos,” holds (instead of
arbitrary B € L1p), and we remark here that we included the rule (TIDT)
for arbitrary B € Ltip because on the one hand, the definition of TIDT
(and TIDt in general) becomes simpler and more perspicuous, and on the
other hand because of the upper bound result in Chapter [0

8.3. Comparison of TID with the Theory TID,

The applicative theory FIT that was introduced in Chapter [7] has the small
Veblen ordinal ¢¥Q“ as its proof-theoretic ordinal, and it influenced the
definition of an arithmetical theory TID based on accessible part inductive

definitions of primitive recursive binary relations. TID; is essentially the
theory TID from Chapter

ISee for instance [FI83] for a definition of the bar rule.
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8.3. Comparison of TID with the Theory TIDq

For the one direction, recall that we get for Pos; in Chapter [7] that
B € Pos; implies B € Pos;”. Note in particular the situation where we
have

B = AaVa‘c’(Al — Ag) & a ¢ FV(AQ) & Al, As € Posg

and note that A;, As € Posy is equivalent to A, Ao € Pos;’.

For the other direction, we get for each Aa.B € Pos;’ that some
formula B’ exists that is logically equivalent to B and such that Aa.B’ €
Pos; holds. This is due to the following observation regarding Definition [8-1]
and arguing by induction on the built-up Aa.B:

e If Aa.B € Pos;” is due to (Pos™ -Base)), this is clear because Posy and

Posg” consist of the same formulas.

e If Aa.B € Posy is due to (Pos~-Consl), then B is
VE(Ag — ... = Ay — C)

and we can use the induction hypothesis to get C” with Aa.C” € Pos;
and that is logically equivalent to C. Moreover, we have Ay, ..., Ay €
POSO.

In case of C" € Posg, we can set A” := Ag A ... N Ay and B” :=
VZ(A” — C") which is logically equivalent to B due to an uncurrying
argument. If the variable condition a & FV(A”) does not already
hold, then let y be some fresh variable, set A’ := A”(y/a) and C" :=
(y = a — C") and note that A’,C" € Posy holds with a ¢ FV(A’). It
is now easy to see that B’ := VyVZ (A’ — C’) is logically equivalent
to B” (hence also to B) and that B’ € Pos; holds.

In case of C” ¢ Posy, we have that C” is Vy(C{ — CY) such that a ¢
FV(C{) and Cf, Cy € Posg hold. By setting A" := C{ANAgA...NAyg
and B" :=V2Vy(A” — CY), we can argue as in the case C” € Posy.

We used in Chapter[7|the variant with B € Pos; (instead of B € Pos;”)
in order have a more natural correspondence of TID to the applicative
theory FIT, and also because this simplified the embedding of TID into FIT
from Chapter [6]
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8. TID,, and TID; as Generalizations of TID

8.4. Notes

The first idea of extending the theory TID was to strengthen the induction
axiom (Ind). This emerged directly after observing the wellordering proof
for TID, and this seemed necessary in particular for being able to internalize
the proofs in Chapterm (note also Remark. The internalization of the
wellordering proof of TID seemed to provide a local combinatorial property
which can be generalized in a canonical way, and where the induction axiom
(Ind3) seemed strong enough to carry this. Though, in order to exploit this
generalized combinatorial property and being able to push it forward in
the framework of Klammersymbols, we needed to enhance (TID) by (TID2)
but it seemed a bit too strong. Now, by considering (TID3) as a rule,
we obtain in Chapter a desired result for the ordinal notation system
based on Klammersymbols, i.e., the large Veblen ordinal 9. The idea for
this came from Th. Strahm. He also pointed towards a formulation of the
rule (TID') where arbitrary B € L1ip may occur in its formulation, hence
allowing for an interpretation in E,%A as a kind of bar rule. The theories
TID,, and TID," then emerged naturally from the definitions of TID] and
TIDs.
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9. Embedding for TID,, and
Derivability for TID

In this chapter, we shall determine upper bounds for the proof-theoretic
ordinals of the theories TID,, and TID;" for each n € N.

Definition 9.1 (II} interpretation of P). For every A € Ltip, we define
A* as the interpretation of A in L3, by exchanging in A any occurrence of
atomic formulas of the form P4t for some <1 by

(Pqt)* := VX (Prog (X) = teX)
=VX(Vx(Accqy(X,2) mz € X) =t € X)
=VXVz(Vyly<z —yeX)szeX)=teX)

and leaving everything else unchanged.

Notation 9.2. For each A := Aa.A with A € L1p and each P4 € Ltp,
we use the following notation:

A* = Aa. A"
P4(t) == (Pqt)*

Remark 9.3.
(a) For each B € L1p, we have that (Accq(B,t))* equals
Acc4(B*,t)
because of the definition of Accy.

(b) For each B € L3,, we have that B* equals B.
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9. Embedding for TID,, and Derivability for TID;"

Lemma 9.4. Let n € N and T € {ACA(,X}-AC,}. Then we have the
following:

(a) (Pot)* € TIL.
(b) BeTL(T) = Accy(Aa.B,t) € IL(T).
(¢c) B € Pos, = B* ell}, ;(£1-AC,).

Proof. For @ Immediate from Definition and since Acc(X, ) has
no second order quantifiers.
For Let B € IIL(T) C L3, be given. Since Acc(B,t) is the formula

Vyly <t — B(y))

and we have (y <1t) € I}, we get Acc(B,t) € IIL(T) by Corollary
For By induction on n.

1. n = 0: This is proven almost literally as for Lemma [7.41l|(e), while

noting that Pos;” corresponds in current consideration to For™ from the

applicative setting of FIT.

2. n > 1: We prove this by a side induction on the build-up of B and the

definition of B € Pos,,’. This is similar to the proof of Lemma [7.41][(e)|

2.1. If B € Pos,; is due to in Definition Then we have

B € Pos,” ; and the claim follows from the main induction hypothesis

(while noting Lemma [7.36][(a)).

2.2. If B € Pos,, is due to (Pos~-Cons]) in Definition Then we have

that B equals

VZ(Ag — ... — Ay — By)
for some Ay, ..., A € Pos,’ 1, By € Pos,’, and some (possibly empty) list
of variables Z. The side induction hypothesis yields By € II;, ,; (£1-AC,)

and the main induction hypothesis yields Ay, ..., Ay € II},(£1{-AC,), hence
the claim follows immediately from Corollary [7.37] O

9.1. Embedding TID, into II) ,-RFN,

Theorem 9.5. H}H_Q—RFN0 proves A* for every instance A of (TID,,) and
for every n € N.
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9.1. Embedding TID,, into H}HQ—RFN0

Proof. We adapt now the proof of Theorem for the current setting.
Let A be an instance of (TID,,), say

Va(Accqy(B,x) — B(x)) = Vo (Pqr — B(x))
with B := Aa.B and B € Pos,’. Then by definition and Remark A* is
Vo (Accq(B*, z) = B*(z)) — Vo (P4 (x) — B*(x))
where B* is Aa.B*. Further assume
Va(Aceq(B*,z) — B*(z)) (9.1)
Due to Lemma we know that D(a) € IT}, ; exists such that
21-AC, + D(a) < B*(a) (9.2)

holds. Letting D := Ay.D(y) and noting that D € IT}, ., holds, we get by
Corollary and Lemma [9.4)(b)[ (with T := ACAq) some E € I}, , with

ACAg F E < Vz(Accq(D, z) — D(x)) (9.3)
Moreover, we have that (9.1)) is equivalent over Z%-ACO to
Va(Accqy(D, z) — D(x))

We proceed now by assuming that the conclusion in A* is false and will
derive a contradiction from this. Let ag be such that

PZ%(ag) A =B*(ao) (9.4)

holds and note that —58*(ao) is equivalent over £1-AC, to =D(ag) by
and that —~D(ao) € I}, holds. Due to Theorem we can apply
(IT}, , -RFN) to the conjunction of E and ~D(ao) in order to obtain an w
model M of ACAg such that we obtain (in particular due to (9.3)) that

Va(Aceq(D, )M — D(z)M)
—\_DM(GO)

hold within the theory ITj,, ,-RFN,. Now, (9.5) unfolds by definition to
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9. Embedding for TID,, and Derivability for TID;"

Va(Accq(Ay.DM (y), z) — DM (z)) (9.7)

and hence, we obtain that holds over II},  ,-RFN,. As DM(x) is
arithmetical, (ACA) provides a set X such that Va(x € X <> DM (x)) and
Va(Accq(X, ) — x € X) holds. This can be used with P%(ag) from
to get ag € X, i.e., DM (ag) which is a contradiction to . O

Theorem 9.6. For each n € N, the following holds over H}LH—RFNO:

(a) A* holds for every formula A that is an aziom of PA without complete
induction.

(b) A* holds for every instance A of axiom (Ind,) of TID,,.
(c) A* holds for every instance A of the closure axiom (Cl) of TID,,.

Proof. For @ this is obvious. For @, note that we have over ACAq
that (I}, ,-RFN) implies transfinite induction for IT} ; formulas, and thus
complete induction along the natural numbers for IT}, | ; formulas. For this,
see in [Sim09] Theorem VIIL.5.12 and in particular Exercise VIII.5.15, while
noting there that X}, ,-RFNg is equivalent to IT} , ,-RFNg. Then the claim
follows, noting that A* translates by Lemma to complete induction
along the natural numbers for II}, , ; formulas. Note also Theorem m
For we have to show

Va(Accq(Aa.P%(a),z) — Ph(z))
So, assume zy with
Accq(Aa.P%(a), zo) (9.8)
and show P (zo), i.e.,
VX (Vr(Aceq(X,2) w2z € X) = xp € X)
So, assume Xy with
Vo (Aceq(Xo,z) = = € Xo) (9.9)

and show zo € Xy. We have Vz(P%(z) = z € Xo) due to and the
definition of P%(z). Then this yields Vz(Accq(Aa.Pf, z) = Accq(Xo, 2)))
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9.2. Arithmetical Derivability in TID,"

since Accy is apositive operator form. Now, we first get Accq(Xo, o)

by and then the claim z¢ € Xo by (9.9). O

Corollary 9.7 (Embedding TID,, into HiLJrQ—RFNO). For each A € L1ip
and n € N, we have

TID, - A = I, ,-RFN + A*

Proof. This follows directly from the previous results. O

9.2. Arithmetical Derivability in TID;

9.2.1. The Reference System Tow,,

Notation 9.8. For each n € N and each set variable X, we denote by
X =10, »-RFN,

ambiguously to Notation that X is a model of H}H_Q—RFNO, i.e., this
shall denote

(FH1 -RFN)X

n+2
where FH3L+2_RFN is any II} L o-sentence that is a finite axiomatizatioﬂ of
H}L+2-RFNO.

Definition 9.9. For each n € N, we define

ACAq
Tow,, := . 1
+VXV (X EYAY Hn+2—RFNO)

We call Tow,, a theory for towersﬂ of models over I} ,-RFNy.

Remark 9.10. The theories Tow, for n € N are essentially the theories
p1Pn+2(ACAp) from [Prol5.

1By means of Faca from Proposition and making use of a universal H}L+2 formula

for H}LJFQ formulas. See also [Hin78| and [Sim09].

2We can use the main axiom of Tow, for each k > 2 iteratively in order to get sets
X1,..., X5 with X; | H}H_Z-RFNO for each 1 <4 < k and such that X3 € ... & X},
holds.
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9. Embedding for TID,, and Derivability for TID;"

9.2.2. Arithmetical Derivability
Theorem 9.11. For each n € N, we have
TID; F A = Tow, FVY (Y E1I, ,-RFN, =V |= A4%)

Proof. By induction on the derivation-length of TID," F A. In the following
case distinction, we assume Y with

Y =10, o-RFN, (9.10)

and have to show Y | A*.
1. Arithmetical Axioms: This is clear since Y is in particular a model of

ACAq by (9.10).
2. Axiom (Nat): We have to show Vz(Y = PZ (x)), ie.,

Vo(VX € Y(Prog(X) — x € X))

which is Vz(Vy(Prog((Y),) = « € (Y),)). So, we can derive this from set
induction and (ACA) which both are available in Tows,,.
3. Aziom (TID,,): Let A be an instance

Prog(B) — Vz(Pqx — B(z))

of (TID,,) with B € Pos,,”. We have that B is of the form Aa.B and that B*
is equivalent over ¥1-ACq to some B’ € I, ,; by Lemma Hence, this
equivalence holds also in the model Y since Y is a model of IT} +2-RFNg
by . Further, and as in Section we get that Prog(B*) is equivalent
to some C' € I}, and we can argue within ¥ as we did in Section
when we were working externally in I, , ,-RFN,.

4. Aziom (Cl): As for the treatment of (Cl) for TID,, in Section but
working now within Y.

5. Rule modus ponens, (V-intro), and (3-intro): This follows easily from
the induction hypothesis. For instance for (V-intro), let A be Ag — Va By
with @ € FV(Ap). So, the induction hypothesis for the premiss Ay — By
of (V-intro) yields Y = Af — B, i.e., A — BgY, hence (V-intro) yields
AFY 5 Vz(BEY), e, Y = A%

6. Rule (TID"): Let A be the conclusion Prog(B) — B(t) of the rule
(TID") with B € Ltip, and we remark that the *-translation of (TID™)
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9.2. Arithmetical Derivability in TID,"

into £3, yields a kind of bar rule, i.e., a rule of the form

VX (Prog4(X) —»te X)
Prog_(B*) — B*(¢)

(BR™

while recalling that the *-translation of the premiss P4t of TID' becomes
VX (Prog,(X) — t € X) and that B* is Aa.B* given that B is Aa.B. Now,
we have to show

Y |= (Prog4(B*) — B*(t)) (%)
and therefore assume Y = Prog_(B*), i.e.,
Prog (Az.B*(z)") (9.11)

where z is some fresh variable. In order to get , we have to show

Y | B (t), ie.,
B*(t)" ()

Arguing within Tow,, we get Z such that Y € Z and Z k= II, ,-RFN,
hold. Now, note that B* (:C)Y € II} holds, so we get

3X € ZVa(z € Xo > B (2)) (9.12)

because each instance of (ACA) holds relativized to Z and we have Y € Z.
On the other hand, we have TIDT F Pt and hence

Yo b IILREN, )

(9.13)
— Yy EVX(Prog(X) = te X)

Tow,, F VY, <

by the induction hypothesis, i.e., we get VX &€ Z(Progq(X) — t € X)
and hence Prog (Xo) — t € Xy by making use of X from . By
showing Prog(Xy), we are done because t 6 Xo and (| 1mp1y .

For Prog(Xo), we can use and again
Corollary 9.12. For each A € Lpp and each n € N, the following holds:

TIDf A = Tow, A
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9. Embedding for TID,, and Derivability for TID;"

Proof. Follows immediately from Theorem and since (A*)Y equals A
for all set variables Y and all Lpa formulas A. O

9.3. Comparison with a Bar Rule

We motivated the treatment of the rule (TID) in the proof of Theorem
by depicting the *-translation of this rule’s premiss and conclusion with an
informal indication of a bar rule
VX (Prog(X) =t e X)

Prog(B) — B(t)

(BR™)

for arbitrary B € £3, and which we named (BR™) so that it bears anal-
ogy to (TIDT). This rule (BR") is a special case of a (parameter-free)
substitution rule (SUB), i.e.,

VX (A)

(SUB) 5/

where A € L3}, is arithmetical and VX (A) contains no set parameters (i.e.,
no free set variables), while B € £3, can be arbitrary. On the other hand,
one of the common definitions of the bar rule (BR) is

VX (Prog (X) — Vz(z € X))
Prog(B) — Vz(B(z))

(BR)

which is given for arbitrary B € L3, and which is treated for instance

in [FJ83]. Clearly, (BR) is a special case of (SUB), and we know from the

literature that adding (BR) to a theory T that comprises ACAq (and is a

subsystem of second order arithmetic as described in Section is strong

enough to derive (SUB), see [Rat91l, Lemma 1.4.(iii)] or [Fef70] for thisE|
These observations yield

I, o-RFN, + (BR)| = [II} , ,-RFN  + (SUB)|

and under the assumption |TID,| = |II},, ,-RFNg|, we hence get immedi-

31n fact, (BRT) follows from (BR) over ACAy if we use (BR) for the restriction <[t of
any given < and t that is given in (BR™"). Obviously, (BRT) implies also (BR).
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9.4. Upper Bounds for TID,, and TID,"

ately that |TID;| < ITI}, ,»-RFN, + (BR)| holds because the *-translation of
the rule (TID™) yields a special case (BR™) of (SUB) and because TID,, is
by Lemma essentially included in TID:. Further, the proof-method for
showing Theorem [9.11] can be used to show that the arithmetical formulas
that are derivable in II}, , »-RFN + (BR) are also derivable in Tow,,, This
yields \H}HQ-RFNO + (BR)| < |Tow,,| = 9¥2(n, Q) since |Tow,| = 9Q(n, )
follows from [Prol5] (while noting that Tow,, appears in [Prol5] as the
theory p1pn42(ACAo)).

In case of n = 1, we know already |TID;| = |II3-RFNg| by Chapter
and Section i.e., that |TID1| is the small Veblen ordinal. From the
wellordering proof of TID] in Chapter we hence get that II3-RFN, +
(BR) corresponds to the large Veblen ordinal, i.e., adding (BR) yields the
step from the small to the large Veblen ordinal. This gives rise to the
conjectures on |TID,"| that are depicted by @ in Table on page

As in Section [B.2] we note that the result of Lemma [8.5] corresponds
here to the provability of complete induction for the full language E%A.
This follows from the substitution rule (SUB), and hence from (BR™), by
essentially applying (SUB) to the axiom of set induction.

9.4. Upper Bounds for TID,, and TID;

Theorem 9.13. |TID,| < 9Q(n,w) holds for all n € N.

Proof. This is a direct consequence from Corollary 0.7 and Corollary [7.33]
O

Theorem 9.14. |TID)| < 9Q(n, Q) holds for all n € N.

Proof (Sketch). This is a consequence of Corollary and the results
of [Prold] on p1pni2(ACAy), i.e., Tow,,. O

0.5. Notes

The results of Chapter [J] concerning TID,, for n € N are inspired by the
upper bound results for FIT in Chapter [7, though the idea to work with
II3-RFN, at all in Chapter |Z| is due to Th. Strahm. The treatment of
TID; via Tow,, i.e., “towers” of models for w-model reflection for IT} .,
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9. Embedding for TID,, and Derivability for TID;"

formulas, was motivated by Th. Strahm and D. Probst. In particular,
D. Probst uses in [Prol5| essentially the same systems Tow, which are
however based on operators p; and p,y2 that take theories (that can be
coded as sentences) and output new theories in a modular way that allows
for a powerful and flexible treatment of proof-theoretic investigations. In
particular, p,2(ACAg) corresponds to H}LH—RFNO and p1pn+2(ACAp), i.e.,
P1(pnt2(ACAy)), corresponds to Tow,,.
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10. Special Considerations for
TIDy and TID;

10.1. Calibrating TID, with ©}-DC, and 9¥Q(0,w)

Recall that TIDg is ID] | from [Pro06] with the restriction to accessible part
operator forms, so |TIDg| = ¢(w,0) holds[f] Due to ¥Q(0,w) = F(Q - w) =
¢(w,0) from Section and due to Theorem [7.32] the following holds:

[ TIDo| = 99(0,w) = ¢(w,0) = [21-DC,|

10.2. Calibrating TID; with ATR, and 9$2(0, )

Arithmetical formulas that are provable in TIDSr are also provable in a
theory Towg that formalizes over ACAg models of H%—RFNO. Using that
¥1-DC, is equivalent to II3-RFN, by Theorem and using [Sim09, The-
orem VII1.4.20, Lemma VIII.4.19], we get that Towy can be embedded into
the theory ATRy, a theory for arithmetical transfinite recursion, see [SimQ9)
for a definition of ATRy. After inspection of the proof of Lemma in
Subsection one can see that the rule (TIDT) in TIDJ allows to get a
wellordering proof for ordinals below I'y, using the following usual approx-
imations g, of I'y that are defined for each n € N by

80 1= €0 In+1 = @(gn,0)
and yielding sup,,cn(gn) = I'o. Altogether, we obtain
ITID§ | = 902(0,Q) =Ty = |ATR|

while 9(Q2 - Q) = 90? =Ty is due to [Sch92], see also Section

I This follows actually from the considerations of Corollary and Remark
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11. The Large Veblen Ordinal
90" measures TID]

In this chapter, we shall show that TID;r is a natural theory for carrying out
wellordering proofs in the context of Klammersymbols and hence reaching
up to the large Veblen ordinal ¥Q?. In order to be able to work more
efficiently with Klammersymbols, we shall use the notions from Chapter [4]
that allow to manipulate the represented ordinals in a natural and suitable
way for predicative investigations. Bear in mind that our aim to internalize
the concepts from Section within the arithmetical theory TID] is the
main difficulty of the following content.

11.1. Generalization of Concepts from Chapter [7|

Convention 11.1.

(a) (OT, <) and all associated notions shall refer to the ordinal notation
system (OT(Lg), <) that was circumscribed in Chapter

(b) In order to increase readability, we shall use the following abbrevia-
tions for denoting quantification over (labeled) Klammersymbols:
e Va(...) abbreviates Va(z € Ly — ...) and

e Jo(...) abbreviates Jz(x € Lo A ...).
(¢) For more readability, we shall prefer now the notation
te Py

rather than P4t (since we do not work any more in the setting of
FIT, so there is no clash of notations). In particular, we shall make
more use of expressions of the form Vo € P4(...) or 3z € P4(...).
Compare this with the notational framework introduced in Chapter[I}
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11. The Large Veblen Ordinal 9Qf* measures TID}

(d) Moreover and similar to Chapter [7| we let
e P denote P,
e Acc denote Accs, and

e Prog denote Prog_,.
Definition 11.2.

(a) In order to formally express that for any Klammersymbol (50 3" ),
we have a; € P for each i < n, we introduce the following formula:

v &€ P Vy < Ihg(2) (V2 < lhs(p(z,y)) (c(p(z,y), 2) € P))

If it is clear from the context, we also write o € P instead of o € P.
Clearly, x € P is in Pos,’ .

(b) Let & € LN P abbreviate « € L Ao € P, and clearly « € LN P is
in Pos;”. This notation shall be tacitly used analogously for similar
expressions such as « € SN P.

Remark 11.3. The wellordering proof crucially depends on the following
notions which are generalizations of concepts from Chapter [7] and adapted
for the current treatment without fundamental sequences.

Definition 11.4.
e Fun(a) is called functionality and defined as

Vz € P({a}x € P)

e Small(s, @, a) is called the (generic) small Veblen jump and defined as
c(o,s) < a

Alhg(o) < s <lhg(a)
NoeSnp

ANp€ L;e(a) NP

Vp, o ( —>Fun(p>ka>ka|f))
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11.1. Generalization of Concepts from Chapterlj

Definition 11.5.

e HypBase(a) is called the base hypothesis and defined as

a# 2 — Fun(al)

e HypFull(«) is called the full hypothesis and defined as

Vs < lhg(a) (Small(s, a, cla, 5)))

e HypPart(s, «) is called the part hypothesis and defined as
Vso(s < s < lhg(a) = Small(sg, o, c(v, 80)))
Definition 11.6.
o Full(w) is defined as

Prog(Aa.(a € P — {a}a € P))

e Part(s, «) is defined as

Prog(Aa.(a € P — Small(s, o, a)))

e Large(a,b) is called the large Veblen jump and defined as

Vo & L3 N P(e(e) < a — HypBase(a))

11.1.1. Syntactical Properties
Lemma 11.7. The following properties hold for all terms ty,ts,ts:
(a) Fun(t;) € Posy”.
(b) Small(ty,ts,t3) € Posy .
(¢) HypBase(t1), HypFull(t;), HypPart (¢1,t2) € Pos;”.
(d) Large(ty,t2) € Posy .

Proof. This follows easily from the definitions. O
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Lemma 11.8. The following properties hold for all terms tq,ts:
(a) Part(t1,ts) € Posy .
(b) Full(ty) € Posy’ .

Proof. Use Lemma Note for [(a)] that Part(ty,t2) is

Va(Vag < a(ag € P — Small(t1,t2,a0)) — (a € P — Small(ty, t2,a)))
and that we have
Vag < a(ag € P — Small(t1,t2,a0)) € Pos;”

This is similar for @ O

11.1.2. Motivation and Comparison with Chapter [7|

For a motivation on the intuition behind Small(s, o, a), we compare it with
the approach in Chapter [7]and consider the following situation

— A0, an
a= =0y
P=G
o= Yi,.-,Ys,T
for arbitrary ag,...,a, and y1,...,ys,z with 0 < s < n. Note that the list
Y1,...,Ys starts with index 1 and that s = 0 means o0 = £ = (§).

Now, informally speaking, these objects are suitable to be translated to
arguments of the finitary Veblen function . In this sense, we can translate
the instantiation of Small(s, «, a) with p and o essentially to

r<aANzx €PNy €EPN...Nys € P )
*
_>vy0 S P(@(a’ru"'aa5+17xaysa"'7y0) S P)
because of c(o,s) = z, c(a,s) = as, lhg(o) < s < n = lhg(a), e(a) =
()
e(0) =0, and o = £ Note that lhg(o) < s holds because we
have y1,...,ys and not gy, ..., ys in . In case of z = 0, we get lhg(o) < s
and hence c(o,s) = 0 by the definition of c(c,s). In other words and
with respect to the expression ¢(an,...,as+1,2,Ys,---,Y0), we have the
following:
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11.1. Generalization of Concepts from Chapterlj

a|sL corresponds to the list ay,...,a54+1-
o corresponds to the list =z, ys,...,¥y1.
P does not exist.
Next, and since yi,...,ys,x are arbitrary, we add universal quantifiers

to and rewrite the result to

Yy eEPANy1€PAN...Nys €P
V:‘/07" » Ys
— Vo <a(z€P = ¢(an,...,a541,%,Ys, ..., Y) € P)

Now, compare this with “Smallﬁ” from Chapter |7]in Definition

1. “a;” in Definition [7.10] corresponds here to a.

2. “z” in Definition corresponds here to z, and note that the con-
dition z € P does not occur in Definition We use this extra
condition in order to make later proofs technically simpler. In Chap-
ter [7], the situation was conceptually simpler because we worked there
with fundamental sequences.

3. “y” in Definition [7.10] corresponds here to y,. In case of s > 0, we
further have that yo,...,ys_1 are treated as “0” in Definition

Note that we introduced the notion of a fundamental sequence in Chap-
ter 3] in the setting of the ordinal notation system for the small Veblen
ordinal (and we verified its properties in the appendix). This allowed us to
work in Chapter [7] with these fundamental sequences, while here, in Chap-
ter we work without fundamental sequences. The cost of not having to
introduce such objects (and not having to verify their adequacy) is that we
have to work with a more general list

Yo, -+ -3 Ys, T

instead of a list of the form

13 ”
0,...,0,y,x

143
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Recall that a list of the form “0,...,0,y,x” appears essentially in Defi-

nition |7.10}'| Having (*)) from above in mind and its initiated comparison to
Chapter [7] we can motivate Definition and Definition as follows:

HypFull(«) corresponds essentially to (an internalization of) the hy-
pothesis of the main implication given in Theorem [7.12]

HypPart(s, ) corresponds essentially to the hypothesis of the main
implication given in Theorem [7.15]

Full(«) corresponds essentially to the conclusion of Theorem

Part(s, &) corresponds essentially to the conclusion of Theorem

With these observations, the theorems of Section [11.3] include essentially
the main results of Section In particular, we remark the following:

Theorem is generalized to Theorem |[11.15} i.e., it internalizes the
list of universal quantifiers

LLVa(n—l) ”

from Theorem [7.12| by encoding it using one universal quantification
“VO{”

i.e., by quantifying over a (labeled) Klammersymbol.

We account for this generalized situation by adding for instance
HypBase(a) to the premiss in Theoremand as a kind of generic
hook which allows us to extract the essential statement of Theo-
rem [7.12]in a general form.

IThe ordinal notation system for the large Veblen ordinal has been described in Chap-
ter @ but we did not introduce and verify its properties in full detail. This would be
necessary for a proper definition and verification of fundamental sequences (since it is
sensitive to the exact definition of the underlying ordinal notion system). Moreover,
the introduction of fundamental sequences did not seem to be as straight-forward as
for ordinals below the small Veblen ordinal and by means of finitary Veblen func-
tions. On the contrary, it seemed to make the situation rather more complicated.
Since the current setting already is technically advanced, we decided to work with-
out fundamental sequences (and to base the ordinal notation system on the so-called
fized-point free value of Klammersymbols, see also Definition [2.7]).
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Comparing Theorem [11.15| to Theorem 7.12|, we always have p = %

in the formulation of Theorem [11.15| because we have here e(a) = 0
-0
= 6-

and hence that p € L;e(a) implies p

e Theorem [7.15] is generalized to Theorem [I1.22] analogously. More
precisely, the auxiliary statement (E[) in the proof of Theorem [11.22
corresponds to Theorem [7.15

11.2. Basic Results
11.2.1. Basic Wellordering Results

We have the following results that are analogs of the results from Chapter[7}
Lemma 11.9. TIDy - Vz(z € P).

Proof. Recall that z € OT is used to encode finite ordinals, so in particular
y < 0 does not hold for each y. By (Cl), it suffices to show Vy < z(y € P)
for which we can use (Indg). O

Lemma 11.10. TIDg - Vz,y(zr € PAy€ P —x+y € P).
Proof. As in Chapter [7} Note B € Pos,” for B := Ab.(z +b € P). O
Proposition 11.11.

(a) TIDg FVz(x ¢ OT — x € P).

(b) TIDg F Va(z € P — TI(A,z)) for all A € Lpn.

(c) TIDg F TI(A,a) holds for each (externally given) term a < w and
Ae Ltp.

Proof. As in Chapter [7] In particular note for [(b)] that A € Lpa implies
A € Pos;’. O

Convention 11.12. Due to Proposition [11.11}(a)l we can assume from
now on without loss of generality that a € OT holds whenever we try to
show a € P for some a within TIDgy or any extension. For instance, if we
aim to prove a+b € P for some a, b, we shall tacitly assume that a+b € OT
holds.
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11.2.2. Basic Results for the New Notions

Lemma 11.13.
(a) TIDo - HypBase(4) — HypFull(4).
(b) TIDo - Va(e(e) # 0 — HypBase (4 * a) — HypFull(§ * a)).

Proof. For assume a with e(a) # 0 and HypBase (4 * o) and note that
this yields

Fun (o) (11.1)

by +*a # 3 and (§ *xa)l =tlp(§ *@)=a. For the claim HypFull(4 * @),
we have to show

Vs < lhg(+ * ) (Small(s, + * a,c(F * a,s)))

i.e., we have to show

Small(0, § * a, 1) (%)
due to lhg(+ 0 *a) 0 and c(+ *a,0) = 1. Moreover, we have e(¢ *a) =0
and (§ xa)|§ = (% a) = a, so the goal («) becomes

c(0,0) <1
Alhg(o) =0

Vp, o noeSnP — Fun(p o * @) (k)
ApeLF°NP

and note that for all o € Sy Wlth lhg(o) =
implies 0 = 0 , and that p € L implies p =

So, the goal () becomes to show Fun(«) which we get from
Now, for shovvlng | we can apply the same argument and (11.1] - becomes
Fun(3) due to &) =3, O

0, we have that c(c,0) < 1
0
H.
)
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Lemma 11.14.

(a) TIDg F Va, p(Fun(a) A p <1ex @ A p € P — Fun(p))

a€EPANaeP
— O <lex P

= {p}c < {a}ta
— {p}ce P

(b) TIDg Ve, p,a,c

Proof. For @ let a, p be given and note that the case a = p is trivial. So,
we assume now

a#p
and let ¢ be given such that we have
Fun(«) (11.2)
P ~1ex @ (11.3)
pEP (11.4)
ceP (11.5)

Then we have to show {p}c € P. Let ag,...,an,bo,...,b, be given with

ag ... tln)

pP= (bo o b

and let ¢ := max~({c}U{aop,...,a,}). Weget é € P from and (11.4),
and hence {a}é € P from (I1.2). Now, {p}c € P follows with (FP) from
{p}c < {a}é which holds because of (11.3), c,aq,...,a, = &< {a}é, and
the definition of < (see Chapter [4 and also Corollary [2.25)), while ¢ < {a}é
holds due to Section Hence, we get Fun(p) since ¢ € P was arbitrary.

For let eg,...,e; and fo,..., f; be given such that a = ({;3 . Q)
holds and let d := {p}c. Then we get by the definition of < and due to
a <iex p that d < {a}a implies d < a or d = f; for some j < [. Given
o« € P and a € P, we can then use (FP) to get d € P. Note that [(b)]

formulated with o <jex p does not hold in general. O
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11.3. Core Results

11.3.1. Core Result for Full
Theorem 11.15.
TIDg F Va € P(HypBase(a) — HypFull(a)) — Full(a))

Proof. Assume « with

aéP (11.6)
HypBase(«) (11.7)
HypFull(«) (11.8)
and a with
Vo < a(z € P — {a}z € P) (11.9)
a€P (11.10)
We have to prove
{a}ae P (%)
From (|11.6)) and (11.10)), we get in particular
a€ PANa€EP (11.11)

We can use (Cl) to show (), i.e., it suffices to assume
d < {ata (11.12)

and show d € P by induction on d, i.e., we use (Indg) on Ad.(d < {a}a —
d € P). By Convention it suffices to consider the following cases.
1. d = z for some z: The claim follows from Lemma [11.9
2.d=dy®...®dpt1 € OT: Then dy,...,dn+1 <y d holds by Sec-
tion and we have d = dg + ... + d;py1. Now, the induction hypothesis
yields dy, . ..,dm+1 € P and hence by Lemma at d € P holds.

3. d = {a}e: This implies ¢ < a, so we can use ([L1.9) to get d € P since

¢ < a and (11.11) imply ¢ € P by (FP).
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4. d = {y}c with a <jex : Use Lemma|11.14}[(b)| because we have ((11.11)).
5. Otherwise: We have d = {v}c with

Y <lex & (1113)

and this implies in particular
a# (11.14)
Let eq,...,ept1,€1,. .., Cptr1 be such that we have v = (21 . 21’11} . We get
¢, C1y. .y Cpr1 <n {7v}eand ¢, c1,...,cpp1 < {7}c by Section Hence,
¢, C1,...,Cpr1 < {p* a}a also holds and the induction hypothesis implies

¢, Cl,.-.,Cpp1 € P, ie.,

cePANyEP (11.15)

5.1. v =jex tlL(a): Then we also have v <jex ad}. Since a # holds

by (11.14), we get Fun(ad}) from (11.7) and therefore Lemma [L1.14}f(a)]
and (11.15) yield d = {y}c € P.
5.2. tlp () <1ex 7: With v <jex o = hdp () x tlg (a) from (11.13)), we get

y=dx*0xtly(a) (11.16)

for some § € L;e(a) NP and 0 € Sg(a) N P, while note here (11.15)).
Moreover, we have

0 <lex hdL(Oé) (1117)

and note here that (11.14) implies hdp («) # %. Now, we get

Vs < lhg(a) (Small(s, o, c(cv, 5))) (11.18)
from ([11.8). Next, we let
b:=e(a)
n = |h5(a)

a; :=c(a,i) (for all i <n)
b; :=c(o,i) (foralli<mn)
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and get
hdp (o) = #e28n & ay, #0 (11.19)

since o # % holds by (11.14). With respect to b; for i < n, we note that
b; = 0 is possible (while recalling that we have for each ¢ with lhg(o) < 4

that c(o,7) = 0 holds by the definition of c(,4), and that also o = 3 may
hold) | Now, from (L1.17) and o, hd (@) € So, we get

lhs(o) <lhg(a)=n (11.20)

and some s < n such that we have

— bo,.sbs,@s41,.0.an

R S (11.21)
by < a, (11.22)
This includes the special situation if o= % holds with sg < n because
we can then just take s := n and bs 41 := ... := by := 0 due to a,, # 0

from (11.19). Noting (11.18)) and the definition of Small(s, a, c(a, 5)), let
ol = Domnbe (11.23)

and get o’ € 85N P (note that o/ = 2 holds in case of by = ... = b, =0).

So, we get from ([11.18) and with s < n = lhg(«) the following:
c(o’,s) < c(a, s)
A |hs((f’) <s< |hs(0¢)
No' e S8 np
ASe L np

— Fun (6 * o’ * a|%)

This yields
Fun(§ * o’ * a|?) (11.24)

because ([11.22)) yields c(o’,s) = bs < as = c(a,s) and because ((11.20)

2Furthermore and as a technical remark, we recall that in case of bg = ... = b, = 0,

we get w = % by the definition of b""b"b" even if b # 0 holds.
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yields lhg(c') < s <n = lhg(a). Note in (11.24)) that 6 * o’ * a| =~ holds
because of the following:

y=0dx0xtlp(a) [by (11.16])]

=d*0’ xhdp(a)|? xtlL(a)

=60 xal’
Hence, (11.24) implies {y}c € P by (11.15). O
Corollary 11.16.

TID; Vo € P(HypBase(ar) — HypFull(o) — Fun(a))

Proof. This follows from Theorem [11.15{and by making use of (TID1), while
note that Full(a) € Pos;” holds. O

11.3.2. Advanced Wellordering Results

Corollary 11.17 (Closure under the w-function).
TID; - Fun()

Proof. We have 3 € P and &+ € P due to 0,1 € P from Lemma
Further, HypBase( ) and HypFull(-3) hold tr1v1a11y (while note here that
Small (0, 7, (8,0)) is trivial). Hence Fun(J) holds by Corollary m

Corollary 11.18 (Closure under the e-function).

TID; - Fun(3)

Proof. From Corollaryand +U=tlp($)=2, we get HypBase(+). S
1y

Lemma |11.13| yields Hprull( ) and Corollary 11.16: yields Fun (5 D

Corollary 11.19 (Closure under the binary Veblen function).
TID; - Va € P(Fun())

i.e., we get TIDy FVa,z(a € PNz € P — {§}xz € P).
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Proof. Tt suffices to show Prog(Aa.Fun(§)) because then, the claim follows
by (TID1). So let a,x be given and assume

Vag < a(Fun(-)) (11.25)

For a := §, we shall show Fun(a). By Corollary [11.16} it suffices to show
HypBase(«) (%)

HypFull(«) ()

By %ll_ o> We get from Corollarym Showing (j+*|) means to show
Small(0, a, a) due to Ihs( ) =0 and c(a) = a. From e« ) = 0, we get in

thﬁmmmdSmMMmeﬁmwmaesywﬂPwMHM@jSOm%

=%
holds for some b and that c(o,0) < a yields b < a. So (11.25]) yields
Fun(o) (11.26)

for such o. By the definition of Small(0, , a), we are done now because of

a|§ =3 and because e(a) = 0 implies p=-3 for each p € L;e(o‘) N P. Hence,
we can use ([11.26) in order to get the conclusion of Small(0, o, a). O

Remark 11.20.

e Corollary [11.17] corresponds essentially to the closure of P under

i.e., the w-exponential function. Recall that {} corresponds to
“w!®” in our setting and that we can use Lemma [11.9] for “wO”.

e Corollary [T1.19 corresponds essentially to the closure of P under

“roy e oo, y)”

i.e., the binary Veblen function. Compare this with Lemma [7.6]
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Lemma 11.21.
t|L(Oé) EP
— Fun(tlg (a))
Vb < e( )(Fun(% *tlp(a)))
— Fun( ) *t|L( )

TID; F Va

Proof. We assume «, d with

tlp(a) € P (11.27)
Fun(tlp (o)) (11.28)
Vb < e(a)(Fun(4 * tlp())) (11.29)
and show
Fun (-2~ ) x tlp (@) (%)

1. e(a) = 0: We get , ie., Fun(4 *tlp()), from Corollarybe—

cause of the following observatlons We have that 3 * tl (o ) € P holds

due to and 1 € P by Lemma Then, HypBase((+ * tlL(a)){)

holds due to (¢ *tlp(a)l = tig(a and 11.28). Finally, we get also

HypFull(+ # tlg (@) by Lemma [11. 1 So, we can use Corollary
e(a) # 0: We shall show

Prog(Aa.a € P — {4y *tir(a)}a € P) ()

because then and (TID;) yield the claim Fun (=2~ ) *x ). For ,
assume a, d with

Yag < a(ag € P — { xtlp(a)}ap € P) (11.30)
a€P (11.31)
d =< {e(a xtlp (o) ta (11.32)
and show
de P (#)
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Then (FP) yields the remaining claim {ﬁ xtlp(a)}a € P. The current
case e(a) # 0 implies in particular

a#t S (11.33)
all = ﬁ * tly, (a) (11.34)

We show by induction on d. More precisely, we shall use (Indg) on
Ad.(d < {m xtlg, (a)}a — d € P). Since we assume tacitly and without
loss of generality that d € OT holds (see Convention , it suffices to
consider the following case distinctions.

2.1. d = z for some z: The claim follows from Lemma [11.9
22.d=dy®...®dp41 € OT: Then dy,...,dpn1+1 <n d holds by Sec-
tion and we have d = dg + ... + dpyy1. Now, the induction hypothesis
yields dp, . ..,dmns1 € P and hence by Lemma that d € P holds.
23.d= {ﬁ * tlp (o) }e: This implies ¢ < a, so we use to get
d € P since ¢ < a and imply ¢ € P by (FP).

2.4. d = {v}c with 5 *tlp (@) <iex 7: Use Lemma because
we have a € P by , TL)*tIL(a) € P by and 1 € P.

2.5. Otherwise: We have d = {y}c¢ with

Y <lex a7 * tir(a) (11.35)

Let €1,...,€p41,C1,- .., Cpp1 be such that we have y= (¢ [ 2T) ). We get
¢, C1y. ., Cpp1 <n {7y}eand ¢, cq,...,cpp1 < {7}c by Section Hence,
CyClyeeey Cpp1 = {ﬁ x tlp () }a also holds and the induction hypothesis
implies ¢, c1,...,cp41 € P, ie,

ce PANyEP (11.36)

2.5.1. 7 =jex tlp(): Use Lemma [11.14][(a)] (11.36), and (T1.28).
2.5.2. tlp (o) <1ex 7: With v <jex ﬁ * tlr () from (11.35), we get

y=pxoxtlp(a)
for some o € S~ and p € L), Let

b:=e(o) +lhg(o) +1
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glhs (@) +1)
In other words, we have + = %. Now, because of e(c) < e(a) and

e(a) € Lim, we get b < e(a) and therefore Fun (4 * tlg () by (11.29). We
get now Fun(y) by Lemma [11.14)l(a)| with v <jex 7 *tlp(a) and v € P
from ([11.36)). With ¢ € P from (|11.36)), we hence get d = {v}c € P. O

11.3.3. Core Result for HypFull

Theorem 11.22.

e(ag) I cANceP
TID; + (Inds) b Prog(Ac¥ay € P | — HypBase(ag) | )
— HypFull ()

Proof. We assume

e(ag) ScoNecg € P
Yeg < Vag € P| — HypBase(ayp) (Prog-Hyp)
— HypFull(ayg)

and ¢ with

ceP (11.37)

Furthermore, we assume aq with

ag € P (11.38)
e(ap) R ¢ (11.39)
HypBase(ayp) (11.40)

and have to show HypFull(ag). We get this by first showing the following
auxiliary statement

e(a) <X¢c

— HypBase(«)
— HypPart (s, a)
— Part(s, )

TID; + (Indy) - VsVa € P
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from which we get for all s < lhg(ag) that
Small(s, ag, (o, 5)) (o)

holds, i.e., the claim HypFull(ap). More precisely, we get (o) by an induc-
tion on lhg(a)o = s for s < lhg(ag) as follows:

e In case of lhg(ag)~s =0, we have s = Ihg () and so HypPart(s, ag)

is trivial. Therefore Part(s, «) follows from (E[) with (11.38]), (11.39)),
and (T1.40). We then get (o)) from Part(s, o) by making use of (TID1)

and that c(ap,s) € P holds by ag € P from ((11.38]). Note hereby
that c(ap, s) € P — Small(s, ap, c(ap, s)) is in Pos]”.

o If we have on the other hand lhg(ag) = s # 0, then the induction
hypothesis yields Small(sg, ag, c(ag, sg)) for all sg with s¢ < lhg(ap)
and lhg(ag) = so < lhg(ag) = s, i.e., for all sg with s < so < lhg(ayg).
This yields HypPart (s, ap) and hence, (o)) follows again from (o)) by
making use of (TIDy) and that c(wg, s) € P holds.

It remains to show the auxiliary statement (ED which we do by induc-
tion on s. Note that (Inds) can be applied here because

a€eP

— HypBase(a)
— HypPart (s, a)
— Part(s, a)

AsNVa € Posy”

holds by the definition of Pos;’, while we use here that Part(s,a) € Posy’
holds by Lemma [11.8][(a)l that HypBase(«a), HypPart(s,a) € Pos;” holds
by Lemma and that a € P is in Pos;” (and hence in Pos]”). Before
we distinguish the cases on s, let s, o, a be given, set

= |hs(a)
)

=2 o 3

e(a
t|L(Oé)
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and assume

aEP (11.41)
e(a) 2 ¢ (11.42)
HypBase(«) (11.43)
HypPart (s, ) (11.44)
Vo < a(x € P — Small(s, o, x)) (11.45)
a€P (11.46)
while (TT.44) is
Vso(s < so < n — Small(sg, a, c(av, s0))) (11.47)
Then we have to show Small(s, o, a), i.e.,
c(o,8) < a
Alhg(o) <s<n s
Vp, o ( NoeShAP — Fun(p x o * afF)) (x-1)
ANp€ L;b npP

In case of a = %, we have b = 0, so for p in 1) we have p = %. Since
we also have n = 0 in case ofaE%, we get 0 = ¢ with z < a for o

in (-1, i.e., the conclusion of (*-1)) becomes Fun({-). Then, we can use
Corollary [11.19| because x < a and (11.46|) imply = € P. Therefore, we

shall assume from now on
a#tD (11.48)

and in order to show (x-1f), we further assume p, o,y with

c(o,8) < a (11.49)
lhs(o) <s<n (11.50)
ceSynNP (11.51)
pe L’ NP (11.52)
yePpP (11.53)
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and show
{pxoxalllyePp (+-2)
Note that with implies
Fun(al) (11.54)

Next, we set

7:= 0o xhdg(a)?

Bs =Ty
and get
Bs=oxal? (11.55)
TreSynNP (11.56)

while we can use for (11.56)) that (11.51]) and (11.41)) hold. So the goal (}-2))

becomes to show

{pxBs}lye P (x-3)

Moreover, we get 7 * v € P because of ¢ € P from (11.51) and o € P
from (|11.41), i.e., we have

Bs € P (11.57)

1. 7= %: We now have 85 =+. So for showing 1) we now have to show
{p*~}y € P and we shall consider the following cases on b.

1.1. b =0, ie., e(a) = 0: Then p = 3 must hold (due to ) and
we get al} = 7. Now, yields Fun(v) and hence {v}y € P together
with and we are done.

1.2. Otherwise: Note that p * v <jex + * 7 = al holds due to p 6 L
from 1 1 52)). Then use Lemma [11.14 L@] with Fun(ad}) from and
p*’yePfro (11.57) and (11.52)). We thus have Fun( p*fy)andso
follows with 11 11.53))
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2. 7# %: This implies

lhs(Bs) <n hdr(8s) =7 Bs # o
= lhg(a)
(11.58)
e(Bs) =b tL(Bs) =~ Bsl =l
= e(a) =t ()

where the situation lhg(8;s) < n in (11.58) is only possible in case of s =n

because we have hdg(a) = hds(tlp()) # 0 due to o # 3 from (11.48).
With (11.54)) and (11.58]), we get Fun(f8,{}) and hence

HypBase(8s) (11.59)
2.1. p= %: In this case, we shall show
HypFull(5;) (#-1)

and then get by Corollary [11.16] with (#-1f), (11.59), and (11.57)) that
Fun(8;s) holds. The claim (-3) follows then by (11.53)). For showing the

remaining goal (#-1)), we note first that the following holds (using the
current case T # |, while ¢(o, s) = 0 may hold):

c(Bs,s) =c(r,s) =c(o,s) € P (11.60)
Vso(s < so <n — c(fs,S0) = ca, s0)) (11.61)

This implies
Vso(s < so <n—alf =52 (11.62)

and further, we get
Small(s, Bs, c(fs, s)) (11.63)

because of the following: First, we have that Small(s, a, c(c, s)) holds due
to (11.45)) with ((11.49) and since we have c(c,s) € P by (11.51)). Next, we
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have that Small(s, o, c(0,s)) is

c(o’,s) < c(o,s)

A |h5(0'/) <s< |hs(0¢)
Ao’ €SS P

AN e L3 np

and so by using (11.58)), (11.60]), and (11.62)), this implies (11.63)). Note
in case of lhg(bs) < lhg(a) = n that we have s = n, hence (11.63)) is

trivial then because lhg(c’) < s < lhg(8s) is impossible in the definition of
Small(s, fs,c(Bs, s)). So, we have shown (11.63]). Furthermore, we get

Vo', o' ( %Fun(p'*o’*odf))

Vso(s < sp < n — Small(sg, Bs,c(Bs, S0))) (11.64)

because Small(sg, a, c(av, s9)) holds for each sy with s < sg < n by (11.47)),
and this yields (11.64)) because of (11.61)), (11.62)), and the definition of
Small(sg, o, c(e, 50)). So, (11.64)) with (11.63)) yields

Vso(s < so < n — Small(sg, Bs, c(Bs, $0))) (11.65)

If we can also show
Vs1(s1 < s — Small(sq, Bs, c(Bs, 51))) (#-2)

then (#-2) and (11.65)) yield (#-1) and we are done. For the remaining

goal (#-2)), we can assume s # 0 and do a side induction on s = sj.
Formally, this means that we shall apply (Ind;) in order to show

Vs2,1(0 <1 < 83 <s— Small(s =1, 8s,¢c(Bs,s=1))) (#-3)
while noting that
Asa V(0 <1 < 59 <s— Small(s =1, Bs,¢(Bs, s = 1))) € Posy”
holds by the definition of Pos]’, using that Small(s =, 8,,c(8s,8 = 1)) €

Pos;” holds by Lemma[I1.7]and that 0 < I < s < s is in Posy”. For (#-3),
we have nothing to show in case of s = 0. So, assume now ss > 0: Since
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s9 = 1 < 85 holds, we get from the side induction hypothesis for (#-3):
VI0 <l <sy=1<s— Small(s -1, f5s,¢c(Bs,5~1))) (11.66)

For (#-3)), it remains to consider the case [ = s with so < s and to show

Small(s = s3, 85, c(Bs, s =~ $2)) (#-4)
Note that (11.66[) and s —~ 1 < s9 < s yield
Vso(s ~ s2 < sog < s — Small(sg, Bs, c(Bs, S0))) (11.67)

so by using the main induction hypothesis for (ED, ie.,

e(a’) Z¢
) — HypBase (o’
Vo' € P P (o) ,
— HypPart(s = s2,a)
— Part(s = s2,0’)
Note that e(8s) = e(a) = ¢ holds by (11.58) and (11.42). So, we get for

o = B, from (11.57), (11.59), (11.67), and (11.65) that Part(s =~ s, 8s)
holds, i.e., Prog(C) for

C = Aag.(ap € P — Small(s = sz, s, a0))
Since C € Pos]” holds and since we have
c(Bs,8 = 83) =c(1,8~ 82) = c(0,8 = 82)

due to sz < s, we get with (TID;) and c(o,s ~ s2) € P from (11.51)

that (#-4) holds and we are done.
2.2. p# %: In this case, we shall show

Fun (p * 5;) (t-1)
by a side induction on Ihg(p). Note that the claim (-3) follows from ([j-1))
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and (11.53)). For showing (f-1)), let now

B i=tlr(p) * Bs
p' = hdr(p)

and note that hdg,(p’) € S=° holds due to p # %. We first get that
Fun(3') (11.68)

holds due to the following observation: In case of lhg,(p) = 0, we have 5'=4;

and get Fun(B;) in (T1.68) due to HypFull(8,), i.e., (#1), from case [2.1]
and HypBase(3;) from (11.59). Then we can apply Corollary [11.16]to get

Fun(Bs). If otherwise lhr(p) # 0 holds, then we get (11.68) immediately
by the side induction hypothesis for ([{-1)) due to 5’ =tlg(p) * 8s. Note that

e(p) <e(p) <ela) <c (11.69)

holds by e(p’) = e(p) < e(8s) = e(a) and e(a) < ¢ from (11.42)).
2.2.1. e(p’) = 0: Then we have (p x Bs)| = (p' x 8/)y = B’ because of
p* Bs=p x B and so, (11.68) yields

HypBase(p * §s) (11.70)

Recall that p # 5 holds, so we have e(p x 85) = e(p) < ¢ € P from (11.69)
and ([11.37)), so we can use (Prog-Hyp|) with (11.70)) and with px 55 € P
from ([11.57)) and (11.52)) in order to get HypFull(p * 85). So, the claim (}-1)

follows by Corollary
2.2.2. e(p’) # 0: We shall show now

Prog(Ad.d < e(p’) — Fun (% * £)) (1-2)

Then ([f-2)) implies the claim ({-1)) due to the following observation. First,
we get from (-2 that

vd < e(p")(Fun(% = 8")) (11.71)

holds because we can apply (TID;) to ({-2) and because we have that d € P
holds for all d < e(p") due to e(p’) < ¢ from (11.69) and ¢ € P from (11.37).
Next, note that we have tIL(T}),) xB)=p € P by (]11.57[), 11.52)),
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and the definition of f’. So, Lemma |11.21| applied to ﬁ x 3 yields

Fun( x ') because we have {|11.68| and (|11.71|). Now, this is just
HypBase(p * ) (11.72)

because we have (p * 3,){ p * 6 e L% p3'. Now, p ;é 2 yields
(p*ﬂs) = e( )<ce€ Pfrom and , SO We can use
with ( and with px 3, € P from (11.57 5 ) and (|11.52)) in order to get
Hprull(p * B¢). So, the claim ({-1) follows by Coroqg@l

Now, it remains to show lb and for this, we let d be given with

d=<e(p) (11.73)
Vdoy < d(do < e(p') — Fun(% * ﬁ/)) (11.74)

and show
Fun(§ * ) (1-3)

2.2.2.1. d € L: By Lemmal(11.21] (11.68), (11.74) and (% x3') = d| = d.
2.2.2.2. Otherwise: We have d € Suc and hence dl} < d Recall e(p') <

e(a) < ¢ from (11.69)), sowehavee( x ) < cduetoe( x8)=dl <d =<
e(a) X c€ P from (11.37) and d € Suc Therefore, we get from (Prog-Hypl))
that the following holds:

HypBase(+ * 8') — HypFull (% * 3') (11.75)

In particular due to d|| < d, we get Fun(ﬁ x ') due to (11.74]). This
and (11.68)), respectively, yield

HypBase(Z- * 3) (11.76)

by the definition of HypBase (- x 3'). We therefore get HypFull( * 3')
by (11.75) and (L1.76). So, Corollary [11.16] yields Fun (% * ') and hence

the claim ({f-3]). O
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Corollary 11.23. For all terms t, the following holds:

ela) Xt
(a) TID] Ft € P implies TID] -Va € P | — HypBase(a)
— Fun(«)
e(a) <Xt
(b) TIDa+Hte P —VYaé P | — HypBase(«)
— Fun(«)

Hence, TIDg -V € PVYa € P(e(a) <  — HypBase(a) — Fun(a)).

Proof. Assume t € P, while we can also assume TID] I ¢ € P if show-
ing Further assume a with

aEP (11.77)
HypBase(«) (11.78)

Now, by (TID") and TIDs, respectively, we get by Theorem [11.22] that
Vag € P(e(ap) Xt At € P — HypBase(ag) — HypFull(ay))

holds. Hence, we get also HypFull(«) from which the claim Fun(«) follows
due to Corollary [11.16| with (11.78]) and (11.77) . O

11.4. Towards the Large Veblen Ordinal in TID{
and TID,
11.4.1. Wellordering Results Getting Beyond {2

Corollary 11.24 (Closure under the finitary Veblen functions). For all
n € N, the following holds:

TID; + (Indy) F Vag € P...Va, € P({%=522}q, € P)
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Proof. Let n € N and ag,...,a, € P be given and set o := .
We have to show Fun(o). Note that Theorem [11.22] (for ¢ := e(o) := 0)
trivially yields

HypBase(o) — HypFull(o)

and so, we show HypBase(o) and get then HypFull(o) which yields with
Corollary [11.16| the claim Fun(c). For HypBase(o), note that we get

Fun(c|) by Corollary and due to ol} = 3. O
Corollary 11.25 (Closure under weak Veblen ordinalsE[).

(a) TID; + (Indg) Vo € S) N P(Fun(c))

(b) TID; + (Indz) - Fun(L).

Proof. For [(a)l we can argue as in Corollary [11.24] For [(b)] we shall use
Lemma [[T.2] with

a:=-1
w

For this note that tiz (o) = § and e(e) = w hold. So, we get Fun({) due
to Corollary [[T.17] and

Vb < e(a)(Fun (L * tig (@)

due to|(a)| For the latter, note that b < e(e) = w implies 4 * tlg () =+
SY. Hence, we get Fun(ﬁ *tlp (@) from Lemma |11.21 i.e., Fun(ZL).

11.4.2. Weak and Strong Veblen Ordinals

Turning in this subsection to an informal standpoint and in the setting
of (On, <) from Chapter [2] we remark that ordinals that are enumerated
by the function {X}: On — On, = — {1}z are sometimes called weak
Veblen ordinals. These are ordinals d € On that can not be approximated
by the value @q (40 3" ) of a Klammersymbol (40 73" ) for any b, < w
and ag,...,a, < d.

3See Subsection [11.4.2)
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Hence, Corollary (b)| corresponds to the statement that the the-
ory TID; + (Ind2) proves the closure under weak Veblen ordinals. In par-
ticular, note that the small Veblen ordinal is the first weak Veblen ordinal.

Similarly, we can define an ordinal d € On to be a strong Veblen
ordinal in case d cannot be approximated by the value W(Zg o Z:) of a
Klammersymbol (‘;g N Z“) for any by, ag,...,a, < d. Hence, the large
Veblen ordinal is the first strong Veblen ordinal.

11.4.3. The Large Veblen Jump in TID; and TID,

Theorem 11.26. For all terms t, the following holds:
(a) TID] Ft € P implies TID] F Prog(Ab.Large(b,t)).
(b) TIDs Ft € P — Prog(Ab.Large(b, t)).

Proof. Let t,b, a,a be given with

teP  [TID} kte P if showing[(a)] (11.79)
Wby < b(Large (b, t)) (Prog-Hyp)
aéLFNP (11.80)
e(a) b (11.81)

and we show by a main induction on Ihz,(«) the claim
HypBase(«) (%)

Then we can assume e(«) # 0 because otherwise a|l =tlg, («) holds and we
get the claim in case of tlg (o) = % by Corollary or otherwise, we
get HypBase(tlL («){}) from and the main induction hypothesis. We
can then use Corollary [11.23|with (11.79) in order to get Fun(tlg(a)). So,
we shall assume from now on

e(a) #0 (11.82)
and we therefore have a|l = ﬁ xtlr (o). Now, for showing 1D we assume

o # % (11.83)
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and have to show Fun(ﬁ * tlr, (). For this and due to (TIDy), it suffices

to show
Prog(Aa.a € P — {ﬁ x tly, (a)}a) (#)
So, we assume further a with

aeP (11.84)
Yag < alag € P — { A~ xtlp(a)}ao) (11.85)

e(a)

and proceed by showing d € P by a side induction on the build-up d for
each d < {ﬁ xtlr (o) }a and by considering the following case distinction.

This yields the claim {ﬁ xtlg, () }a € P due to (FP).

1. d = x for some z: The claim follows from Lemma [11.9
2.d=dy®...®dpy1 € OT: Then do,...,dny1 <y d holds by Sec-
tion and we have d = dg + ... + dms1. Now, the side induction
hypothesis yields dy, . ..,d,+1 € P and hence by Lemma [11.10|that d € P
holds.

3. d= {%}do for some dy: Then dy <y d and dg < d hold by Section
so dg € P by the side induction hypothesis. Then use Corollary

4. d= {Tla) #tlg (o) }ag for some ag < a: By (11.85) and ag < a € P.

5. d = {v}dp with ﬁ * tlp (@) <1ex v: Use Lemma |11.14 Note that
we have ﬁ xtlp () € P by (11.80) and 1 € P, that we have a € P
by (11.84), and that {y}do = d < { = *tlr () }a holds.

e(a)
6. Otherwise: We have d = {v}d for some dy and v with

v£ 4 (11.86)
¥ <lex a7 *tlr(a) (11.87)

Note that the side induction hypothesis gives us

dy € P (11.88)
yEP (11.89)
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From (11.87) and (11.80]), we obtain

vyeLg'NP (11.90)

6.1. v = p *tly () for some p € L= This means

that p # 3 hold{]
and hence we have e(y) =e(p) < e(a) < b. So, by 1D we get
Large(e(v), t), i-e.,

Vo € Lg' N Pe(e’) < e(y) — HypBase(a)) (11.91)

and by (11.90)) and (11.91)), we get

HypBase(y) (11.92)

Now, we use t € P from , while we can even assume TID+ Fte Pin
case we showl@ll7 and get from Corollarymby (TIDT) or (T|D2) respec-
tively, that Fun(v) holds and hence the claim d = {y}do € P by (I1.88).
6.2. Otherwise: Due to we must have

Y jlex 1:lL(a) (1193)

Then (11.86) yields tlg (a) # %, so we can use the main induction hypoth-
esis for () to obtain Fun(tlp(a){), i.e.,

HypBase(tlL(a)) (11.94)

From (11.94)) and since we have tlf,(a) € P by (T1.80]), we can use as before
t € P from ([11.79) with Corollary [11.23in order to get

Fun(tlg (a)) (11.95)

by Corollary 11.16, In case we show I@, we can use TID] F t € P.

From (11.95), (11.93), and (I1.89), we get Fun(y) by Lemma L@]
Hence d {v}doy € P follows due to (11.88) and we are done.

4Note that we assumed in this case p € L=(®) and not pE L;e(a).
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Corollary 11.27. For all terms t, the following holds:
(a) TIDY +t € P implies TID{ + Fun(+).

(b) TIDz +t e P — Fun(+).
Hence TID; F Va(Fun(L)).

Proof. Assume t € P, while we can assume TID] F ¢ € P if show-
ing [(2)] From Theorem [11.26] and (TID;), we get Large(t,¢) and hence
HypBase(+). Then Corollary [11.23{ yields Fun(+). O

11.5. Remark on Complete Induction for TID,

Let TIDy + (Indzy,) be the system obtained from TID; by allowing com-
plete induction for the full language Ltip instead of having (Ind;) with its
restriction to Posl_)ﬂ As a variant of Proposition |11.11 we get

TID, + (|nd£T|D) F £T|D—TI(-<€0)
i.e., TID; + (Indz;,,) F TI(A, a) for each a < €9 and A € Ltip. So, for

e(ad) RcAceP
A:=Ac(c€ P—VaéP | — HypBase(a) |)
— HypFull(a)

and in the presence of Theorem [11.22] we therefore get for each a < ¢ that

e(a) XaANa€eP
TID; + (Indgyp) F Voo € P | — HypBase(a) (11.96)
— HypFull(a)

holds. Next, the proof of Theorem [11.26}i(a)| can be adapted in the sense
that we use (11.96) instead of applying (TID') to TID F ¢t € P and
Theorem [T1.22] With this, we get for all a < ¢¢ that

TID; + (Indzs,,) F Prog(Ab.Large(b, a)) (11.97)

5Compare this with Remark
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holds. Then similar to the proof of Corollary [L1.27ll(a)| but using (11.97)
instead of Theorem |11.26, we get TID1+4(Indz,,,) - Fun(+) for each a < &o.

Comparing this with the bound for TID (and hence of TID;), we have:

TID; b Lpa-TI(<90%)
TIDy + (Indz,,) F Lpa-TI(<900)

11.6. Wellordering Proof for TID; and TID,
Definition 11.28. We define tv,, for each n € N as follows:
vy =0
Vi1 = {50
Theorem 11.29. For each n € N, the following holds:
(a) TID] F v, € P.
(b) TIDs v, € P.

Proof. We prove this by meta-induction on n.

1. n=0: Use Lemma
2. n=ng+1: We have v, = {-—1}0 and can use the induction hypothesis

v, € P together with Corollary|11.27|to get Fun(%) Hence, we get that

0, = {ﬁ}() € P holds by (TID;) and Lemma 11.9‘ O

Corollary 11.30. |TID]| = 9Q% < |TIDy|.

Proof. By Section we have |TIDY| < 9Q?. Moreover, sup,,cy(vn) =
90 follows from [Sch92], so we get 9Q? < |TIDT | and ¥Q? < |TIDy| from
Theorem [11.29) O
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12. Concluding Remarks on
Typed Induction

In Part [lI} we investigated a concept of typed induction that originated in
considerations on S. Feferman’s applicative theory QL(Fo-IRx) from [Fef92]
and whose concept of function types cumulated into our type system FIT
from Chapter [b| with strength of the small Veblen ordinal, i.e.,

IFIT| = 90~

Further comparisons with the arithmetical theory ID7 | led in Chapter@]
to the theory TID as a natural implementation of FIT as a subsystem of
ID;. We further generalized TID in Chapter [§] to hierarchies {TID,, }nen
and {TID;"},,en of subsystems of ID;, establishing hereby

|TID| = |TID,| = ¥~ ITIDS | = vQ®

i.e., we obtained a theory TIDT with strength of the large Veblen ordinal.

In particular with respect to the involved wellordering proofs for ob-
taining a lower bound, we started for FIT with the theory TID and ex-
tracted in Chapter [7] a generalized scheme from the common wellordering
proof in the setting of ID] | or ID]. More precisely, our approach generalized
common methods from the realm of predicative proof-theory by using the
finitary Veblen functions (see Subsection instead of the binary Ve-
blen function (see Subsection[7.1.1)). In this setting, we reached beyond the
Feferman-Schiitte ordinal I'y and hence into the realm of metapredicative
proof-theory.

After having obtained these new results, we continued (in the spirit of
predicativity) to further generalize our methods in order to exceed the small
Veblen ordinal. For this, we used Klammersymbols as a means to generalize
the finitary Veblen functions to the transfinite (while we chose to work with
Klammersymbols because the literature provided well-established results
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on ordinal notations based on such a concept). See Section below for
ideas on another representation of ordinals that may be technically more
amenable (in comparison with Klammersymbols).

It turned out in Chapter [L1] that our methods almost literally trans-
late to the transfinite. The key observation was to consider a so-called
partitioning of Klammersymbols in Chapter [ where we introduced and
refined ordinal notations based on Klammersymbols. In other words, we
considered for ordinals a < Qf their Cantor normal form (with base ),
say Qa; + ... 4+ QP a,, and labeled the exponents b; by the “nearest”
limit or by zero (which we called “label”, see also the corresponding notion
b} from Section [4.4). Having such a partitioning by labels at hand, we
identified the method for the wellordering proof of Chapter [7] as the base
case for steps that reach towards the large Veblen ordinal, i.e., Chapter [7]
deals with the label 0. By an internalizing method (which typically comes
along with greater technical difficulties), we showed in Chapterthat our
methods from Chapter 7] have a canonical generalization in the setting of
Klammersymbols, allowing us to deal with arbitrary labels (i.e., with limit
ordinals instead of only the zero ordinal).

12.1. Higher Type Functionals

In order to get beyond the large Veblen ordinal ¥Qf and following our
metapredicative standpoint of generalizing the wellordering proofs of Chap-
ter [L1] further, we would need a more expressive ordinal notation system.

We suggest the concept of higher type functionals for a representation
of ordinals which is on the one hand suitable for reaching to the Bachmann-
Howard ordinal Yeq 1 and that seems on the other hand to be technically
more amenable than the representation based on Klammersymbols.

Having Corollary [11.27)i(b)| at hand, we already have a strong conjec-
ture that

90 < |TID,|

holds. The idea for showing this is (again) to internalize the argument of
the proof of Theorem [T1.29] namely by internalizing the meta-induction on
n € N. According to Corollary [11.30} TID] is not strong enough to prove
this internalization. For TID; on the other hand, we are not restricted
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to Corollary [11.27}(a)| in the proof of Theorem [11.29] because we can use
Corollary [TT.27](b)| instead.

Unfortunately, in order to show this, we would need an ordinal no-
tation system that goes beyond notations that are describable by Klam-
mersymbols (and that are adequate from a metapredicative standpoint).
One possible solution would be to work with higher type functionals (in
the spirit of [Wey76] and [Bucl5]), and we tried to indicate this by using
the representation {a}a and notions such as functionality Fun(«). In this
context, we have the following open questions:

(I) Do the conjectures hold which we depicted in Table [1] on page
(IT) Can the methods from Chapter[7]and Chapter [11] be generalized and

used for answering @7

12.2. Generalizations of FIT

Another question that comes up naturally is:

(ITT) Can we set up hierarchies {FIT,,},,en and {FIT." },,cy that are analogs
in the setting of applicative theories of the hierarchies {TID,, },cn and
{TID}} }nen?

This seems quite straight-forward due to the way the embedding of TID
into FIT from Chapter [6] was done, while having in mind the result from
Section [8.3] Furthermore, there is the question:

(IV) What would happen if we allow arbitrary types P, Q to occur in Ipg?

We conjecture that this corresponds to having iterated inductive definitions,
and that this corresponds to FIT in a similar way as the theories ID,, for
any n > 2 correspond to ID;. Similarly, we ask:

(V) What is the relation of FIT to the extension of FIT where we have
apart from Ip g also types for general inductive definitions?
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13. The Theory SID_, of
Stratified Induction

13.1. Adaptations of Syntax from Chapter [I]

Before introducing and investigating the concept of stratified induction, we
shall slightly adapt our general notational framework. This will allow for a
more simplified proof-theoretic approach in the setting of Tait-style proof
systems. Let £ be a fixed language with Lpa C L.

Definition 13.1 (Dropping implication —). The basic logical symbols
(with equation) shall be restricted to the symbols =, A, V,V, 3, =.

Definition 13.2 (Adaptation of formulas). We define £ formulas as usual
inductively from £ and the basic symbols but with the restriction that the
negation symbol — is only allowed to occur in front of an atomic formula.
We still use A, B,C, D as syntactic variables for £ formulas. A literal is
either an atomic formula or its negated version. In case of a compound
formula A, its negation

-A

now stands for the translation of A according to De Morgan’s laws and the
law of double negation. Moreover, we introduce the abbreviation

A— B:=-AVB

and we call a formula A arithmetical in case of A € L3,. If P is a unary
relation symbol of £ and A an £ formula, then we say that P occurs
positively in A if A does not contain the negated formula —P(t) for any term
t. This corresponds to the definition of positive from Part [[Il Moreover, we
now prefer the notation ¢ € P instead of P(t) and t ¢ P instead of - P(t).
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13. The Theory SID., of Stratified Induction

Definition 13.3 (Sequents). We use capital Greek letters I', A, ¥ as syn-
tactic variables for £ sequents, i.e., finite (possibly empty) lists of £ formu-
las (e.g., Ao, ..., Ai) that are identified with finite sets (i.e., {Ao, ..., Ax}).
Therefore, T', A is understood as I'U {A} and accordingly I', A is identified
with T'U A.

Definition 13.4 (Ordinals from Part . By ordinals we now mean ordinals
smaller than the first strongly-critical ordinal Iy, in particular we will work
with the binary Veblen-function . In fact, we will need only ordinals below
(€0, 0) and for most of the results even ordinals below gy will suffice.

Notation 13.5. Unlike in Part |lI] on typed induction, we do not need
Klammersymbols, so we shall drop the convention of using small Greek
letters as syntactic variables for Klammersymbols. Instead, small Greek
letters

a’ﬁ’7?57£’7r7y’7""

shall be used as syntactic variables for ordinals. Furthermore, we shall work
with ordinals from an informal, set-theoretic standpoint. In particular, we
use < instead of < and we identify N with w.

13.2. Definition of SID_, and SID,,

Definition 13.6. For each 2 and 1 < n < w let P2 denote a new and
distinguished unary relation symbol. Furthermore, define for each n < w:

Lo:=Lpan Lpy1:=LyU {PS‘H : 2 is a positive operator form }

From now on, let A, B, C, D range over formulas of the language

£<w = Un<w En

Definition 13.7. For each n < w, the theory SID,, with language L,
consists of the following axioms.

I. Number-theoretic and logical axioms:

Axioms of PA with the scheme of complete induction for all £,, formulas.
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13.3. The Lower Bound of SID_,

II. Stratified induction axioms for 1 <m <nand B¢ L,,_1:

Va(U(B, ) — B(z)) — Ya(z € PY - B(z))

ITI. Fixed-point axioms for 1 <m < n:

V(AP z) & x € P2

m

Finally, we define
SID_, := UMW SID,,

over the language L.,,. We also presume that a derivability notion SID,, F
A is given for each n < w and A € L, as indicated in Chapter [I] Accord-
ingly, SID., - A for A € L., just means that A € £,, and SID,, -+ A hold
for some n < w.

13.3. The Lower Bound of SID_,

Theorem 13.8.
D;FA — SID, - A

holds for each A € Lpa. Therefore, we have p(gp,0) < |SID< .

Proof. Recall that [ID1| = ¢(co,0) holds and note that ID; is essentially
SID; without [IT] from its definition. O
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13. The Theory SID., of Stratified Induction

13.4. Strategy for the Upper Bound of SID_ ..

We will work with infinitary proof systems SID;° with n < w that are
suitable for partial cut-elimination, asymmetric interpretation, and in case
of n = 0 full predicative cut-elimination. The steps to reach the main result
of Chapter [[4] will be the following:

1.
2.
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Add unary relation symbols ng for each 2 and ¢ to the language.

Set up an infinitary proof-system SID;° for each n < w. For n > 0,
we obtain a useful result on partial cut elimination (p.c.e.), while for
the case n = 0, we can even achieve full predicative cut-elimination

(f.c.e.).

Establish the connection between the systems SID; ; and SID;° for
any n < w by making use of asymmetric interpretation (a.i.), given
that we deal with derivations where we partially removed cuts first.
In particular, the symbols P> a1 are interpreted by Q;é for suitable

I3

The theme is to start with a formal derivation in SID,,1 of an arith-
metical formula A, embed it into SID}7, | such that the proof complex-
ity stays below g, combine a p.c.e. followed by an a.i. iteratively, and
end up with a derivation in SIDg” with proof complexity still below
€o. Then f.c.e. yields the desired sharp bound ¢(gg,0) for [SID< |
via a standard boundedness argument:

embed p c.e.

SID,4 1 SIDS, , P55 SID, &4 SID® s -+~ SIDGE S5 SIDG®

Besides the care needed to maintain a proof-complexity below ¢, we
also have to cope with the fact that in general an infinitary proof sys-
tem may yield derivations whose cuts cannot be globally bounded. In
particular for our iterative use of p.c.e. that started with embedding
a formal derivation (e.g., from SID,,1; into SID;7 ), we depend on
the method of a.i. to provide always a derivation whose cut-formulas
are bounded by a finite ordinal. To guarantee this, we shall fix a
finite ordinal ¢ and restrict the derivability relation for SID;° with
n > 0 such that the cut-formulas have to be globally bounded by /.



14. Proof-Theoretic Results for
the Theory SID_,

Convention 14.1. Fix some finite ordinal ¢ for the rest of this chapter.
In particular, we will define the derivability relation for the proof systems
SID;° such that ¢ globally bounds the length of the cut-formulas that are
allowed in an application of a cut-rule if n > 0 holds. Compare the proof
of Lemma to see why this bound should not hold for the case n = 0.

14.1. The Infinitary Proof System SID;’

Definition 14.2. Let Q;g be a fresh unary relation symbol for each 2
and &. For each n < w, let

L =Ly U {Q;gz & <Ty & 2is a positive operator form }

In the following, let A, B, C, D range over formulas of the language

=Ly

n<w

Definition 14.3. The length 1h(A) of a formula A is defined as the number
of basic logical symbols that occur in A. In particular, Ih(A) = lh(A,(¢))
holds for all terms ¢.

Definition 14.4. Let rko(A) := 0 for each A € LF. For 1 < n < w, we
say that A € L£2° is n-atomic if A € L3°; or if it is a literal of the form
t€ P ort ¢ PX. We define two new rank-notions as follows:
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14. Proof-Theoretic Results for the Theory SID_ ,

e The n-rank rk,(A) < w is defined for 1 < n < w and formulas

A€ LX by
0 if A is n-atomic, or otherwise
rk,(A) := ¢ max(rk,(B),1k,(C))+1 f A=BACor A=BVC
rk, (B) +1 if A=VaB or A=3zB

e The ordinal-rank rk(A) < I'g is defined for formulas A € L by

0 if Ais a literal and A € L,
SR(A) = w- & ifA=teQyor A=t¢Q5°

max(rk(B),tk(C))+1 if A=BACorA=BVC

rk(B) 4+ 1 if A=VaB or A= 3JxB

Furthermore for 1 <n < wand A € L2, we write A € Pos! to denote that
P2 occurs at most positively in A for every 2, and we write A € Negfb to
denote —A € Pos] .

Notation 14.5. The n-rank and the ordinal rank are not defined for £3,
formulas. Therefore, we introduce the following abbreviations for arith-
metical operator forms 2l and each n € N:

rk,, () = rk, (2A(U,0))
rk(2A) := rk(2A(U, 0))

Remark 14.6. For A € £L° and 1 < n < w, we have that lh(A) < ¢ implies
tk,,(A) < ¢, and that rk,, (A) # 0 implies that A is not a literal.

Definition 14.7. For each n < w, the infinitary Tait-style proof system
SID;° with language L£° is defined by means of the following inferences
(i.e., axioms and inference rules). SID;° shall derive L£° sequents that
consist of closed formulas only, therefore we assume in this definition that
the sequents of the axioms and the sequents that occur in the premiss of
a rule consist of closed £5° formulas only. Note that the inference rules
(Avaza) and ( /\tlelT) have infinitely many premisses.
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14.1. The Infinitary Proof System SID;°

I. Number-theoretic and logical axioms:

A if A is a true Lpa literal
T, A(s), - A(t) if s =" holds and A is Aa.A for an atomic A € L,

II. Stratified induction axioms for 1 <m <nand B¢ £,,_1:

T, 3z(A(B,z) A —~B(x)),t ¢ P2, B(t)

ITI. Fixed-point rules for 1 < m < n:

F7QlP3Ll,t . F,“Q[P,nmwt .
(7; (FIXtEP;‘:l) (—Q[) (F'thfP,‘fi)
I'te P, I,tg P2
IV. Predicative rules:
IA A I, B B A T,B
T.AVE (Vavs) TAVE (Vava) “T.ANDE (Aanp)
T, Ay (t) L, A(Q5, 1)
BVEY (V) fort € Terg 22 (Vi o) for £ <7

I teQy

DAL ... (t € Terp)
1—17va (/\VzA)

LT, -2(Q5 1) .. (E<T) (
Lt Qy"

/\thgf)

V. Cut rule:

r,c TI,-C
T

(Cute)

For each of the above mentioned inferences, we define the notions side
formula, minor formula, and main formula as usual. In particular, (Cutc)
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14. Proof-Theoretic Results for the Theory SID_ ,

has no main formulas, the axioms in [[] and [[T do not have minor formulas,
and for every inference the formulas in the sequent I' are the side formulas.

Definition 14.8. The derivability notion SID;® ¢, T for n,r < w is
defined inductively on «:

e SID;Y 5, T" holds for all @, p, and r < w if T' is an axiom of SID;*.

e SID;Y =5 T' holds if there is a rule of SID;* m. 111 or . IV|such that T
is its concluswn and SID;° o T’ holds for each of its premisses I',
with some o, < a.

e SID;Y =5 . T holds if SID;” =45, T',C and SID,” =41 T', =C hold for
some ao,a1 < «a and we have rk(C) < p, 1k, (O) < r, and in case of
n > 0 also 1h(C) < ¢.

Moreover, SID;® =5 T means that SID;° F59. T' holds for some ag < .

Remark 14.9. Recalling the end of Chapter where we explained the
strategy for investigating SID . ,, we note here that for n > 0, the condition
Ih(C) < £ in the third case of the above definition is needed in order to
globally bound the occurring (cut-)formulas’ syntactical complexity by a
finite ordinal, namely ¢. Having in mind the property of most derivability
notions for infinitary proof systems that the underlying derivations may
contain cut-formulas whose complexity cannot be globally bounded by a
finite ordinal, we decided to add the condition 1h(C) < ¢ since otherwise
it would have been more cumbersome to check and guarantee the well-
behaviour of our iterative use of partial cut elimination and asymmetric
interpretation that we are going to apply below. Furthermore, we put no
extra effort in encoding such a property into rk, because we wanted to
keep rk,, as perspicuous as possible.

Lemma 14.10 (Weakening).
00 0 | B
SIDy Fo T & a<pB & p<n & r<k & T'CA = SIDH, ; A

Proof. By a straight-forward induction on «. Note that the condition con-
cerning ¢ can be preserved here. O

Remark 14.11. SID;® =5 T with p = 0 or r = 0 implies SID;° §, T
Note also that SIDg® =5, T' implies SIDg” 5 ; T" since rko(A) = 0 for each
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14.2. Partial and Full Cut-Elimination

A € L§°. Furthermore, we note that in the following we will not mention
every use of Lemma explicitly.

14.2. Partial and Full Cut-Elimination
Lemma 14.12. For each 1 <n < w and C € L with Ih(C) < ¢, we have

tk,(C)=1+r
& SlDZO l_g,lJrr F,C E=4 SlDZO '_?)é,#lﬁfr I
& SIDYF) ., T,~C

Proof. By induction on «a # § and the following case distinction.

1. C or —C is not among the main formulas of the last inference used for
SIDyY 544, T, C or SID;® FﬁHT I', =C, respectively: The claim follows
immediately from the induction hypothesis or, in case of an axiom, by
reapplying the inference with suitable side formulas.

2. Otherwise, we note first that rk,(C) # 0 holds. Hence, C is not n-
atomic and only the following cases are possible:

2.1. C = Cy Vv Cq and SID;? l—gﬂw I',C,Cy for some ag < a: Then we

also get SID° l_fj)l—l—r T, —~C,-Cy for some By < f, so by the induction

n

hypothesis we get SID® F09%7 T, Cy and SID? Fo71 T, ~Co. Since ag #

Bya# By < a#p, rk,(Cy) < 1k, (C) = 147, and also h(Cp) < 1h(C) hold,
we can apply (Cutg,) in order to obtain SID;’ }—gj&i I'. The other cases
where SID;° F2%, T, C,Cy or C' = Cy A C; holds are treated similarly.

p, 147
2.2. C = dzD or C = VzD: The claim follows similar to the previous
case, noting that 1h(D,(¢)) = 1h(D) < Ih(C) holds for any term t. O

Lemma 14.13. For each C € LF°, we have
rk(C) = p
& SIDF° F3,. I,C § = SIDg° F9#A T
& SIDF°HS T, -C
Proof. By induction on av# 8 and almost literally as Lemma [T4.12] because

of a similar behaviour of the n-rank rk,, and the ordinal-rank rk in combi-
nation with the build-up of formulas. The following two special situations
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14. Proof-Theoretic Results for the Theory SID_ ,

illustrate the advantage of the ordinal-rank rk and why this does not work
for SID;° with n > 0. Assume that both C' and —C are among the main
formulas of the last inference.

1. C is the main formula of an axiom: Then it can only be due to an
instance ofm so C and —C are Lpp literals. If C' is Us for some term s,
then we have -~Ut, Ut’ € T for some ¢, ¢ with N = sN = ¢N, and hence T is
already an instance of [I} Otherwise, the claim again follows easily from [I]
2. C =t € Qg7 with SIDJ® Fp5 T,C,2(Q5°,t) for some ¢ < 7 and
ag <o Now p=w-7and =C =t ¢ Q5" hold. Because of the definition
of SIDF®, we do not have SIDG° H5 | T', =C' due to a logical axiom and hence
—C" must be the main formula of (/\tQQET). Then we have SIDg” }—gfr

T, —C, -2 gg,t) available with ¢ < 3 for every { < 7, so the claim
follows very similar as in the proof of Lemma [14.12] Note that in the
setting of SIDg°, we do not have to guarantee 1h(2(( ;5, t)) < ¢, and that

we have rk(2(( ;5,15)) <w-(§+1) < pbecause of £ < 7. O

Theorem 14.14 (Cut-elimination).

(a) Partial cut-elimination:

SIDY 514, T implies SID;Y F:)ﬁ(a) T for each 1 < n < w, where we

let wo(@) = a and wi41 (@) := wi(w®).
(b) Full predicative cut-elimination:

SID

S wsq [ implies SIDg }_57(157(!) T.

Proof. The theorem follows from the previous lemmas by a standard argu-
ment, and we refer to [Poh09] for details. O

14.3. Asymmetric Interpretation

Convention 14.15. We fix n < w for this section and will only deal with
the proof systems SID;” and SID;7 ;.

Definition 14.16. For £, formulas A, £3° , sequents I', and ordinals
&, ..., &, we write the following:
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14.3. Asymmetric Interpretation

AS for the £5° formula obtained from A by substituting
any PT%[H in A with the corresponding symbol Q;g,

[[]¢ for the L2 sequent obtained from I" by substituting
every occurring formula A with Af,

and if T" is explicitly given as a list Ay, ..., A, we write

[[]ét-+&  for the £ sequent Aﬁl, cey Ai’“.

Lemma 14.17.

(a) SIDyY &5 . T, B(s1), ~B'(s2) for each sy, sz with s\ = s implies that
for each tq,ts with tlﬁ = tSI also

SIDS Fo T2 U T (B, 1), ~A(B, t2)
holds.
(b) " =" and v <7 imply SIDY° HY s € Qy7 .t € Qy”-
(c) sN =t and A € L imply SID° }—(Q);Bk(A) A(s), ~A(t).
(d) B € L, implies SID;” Fg' 7 Jx(A(B, z) A —B(x)),t & Qy7, B(t).

Proof. Statement[(a)]is proven by a straight-forward induction on rk(2A) <

w and we leave the proof to the reader. Statement @is proven by induction

on v: The case v = 0 follows from (A;4g<0). If ¥ > 0 holds, then the
A

induction hypothesis andyield SIDY? l—;”f+2'rk(g{) 2A( 357 s), =2A( gf,t)
for all & < v. Since v < 7 holds, the claim follows from (\/fEQ:ﬂ) and
(/\S€C2§u)7 and note that 2 € L&, implies rk(2A) < w and hence W E+2-
k() +1<w-(§+1) <w-vholds for all £ < v. Statement |(c)| is proven
by a straight-forward induction on rk(A), and we leave the proof to the
reader, noting that @ is used for the case that A is of the form Aa.(r €
;lg). Finally, statement is proven by induction on 7 and we let D :=
J2(A(B, x) A =B(x)). If 7 =0, we immediately get SID;° 0 o D, B(t),t &
Q<lo from (/\thio). If 7 > 0, we get by the induction hypothesis that

SIDY 5 D,B(t),t ¢ Qy® (14.1)
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14. Proof-Theoretic Results for the Theory SID_ ,

holds for all £ < 7 and all t. Using @ with ((14.1]) and with B(t) yields

SID o $ T DB, 1), ~A(Q5*, t)
SID Ho o P W) D, Q5. ), B(t), ~B(1)

Since B(t) € L, we have rk(B(t)) < w and hence we get for some m < w
SIDY s ™™ D.A(B,1) A —B(1), ~A(Q5*. 1), B(1)

Using (\/33) and that w-£+m+1 <w-(§+1) < w-7 holds for each £ < 7,
the claim follows with an ( /\thgf) inference. O

Lemma 14.18 (Persistence). Let L£5° | sequents A~ := Ag,..., A, and
At = By, ..., B, be given with A~ C Negl+1 and AT C POSZ+1, then the
following holds for all ordinals vo, vy, . . ., ve, vy with (Vi < q)(v; < v;), all
ordinals To, T, - - -, Tp, T, with (Vi < p)(m; < m}), and each L7Y sequent I':

S|D$Lo }_Zz’r F, [A*]Vo ..... uq7 [A“”}WO ..... Tp
= SIDY k-, T [AT] 0, [AT] o

Proof. By induction on «. In case that all main formulas of the last infer-
ence are among I or if the last inference is an instance [[| or [T} a fixed-point
rule in[ITT} or a cut-rule in[V] then the proof is straight-forward. Otherwise
the last inference is a rule in [[V]and we consider the following cases:

1. (\/g) with £ < m; and C =t € Qg™ for some 1 < i < p: Then we have

S|D$lo F?’t,op T, [Af]uo,‘..,uq’ [AJr]wo,‘..,vrp’Q[( ;E,t)

and ap < . The induction hypothesis (keeping 21( ;5, t) unchanged) and

(VS)) with €' =t € Q3™ yield the claim since ¢ < 7/ holds by m; < /.
2. (A\g) with C =t ¢ Q" for 1 <i < ¢: As the case above (use v} < 1;).
3. (A¢) with C = Cy A Cy and wlo.g., let C = A°: Then Cy = Dg°

and C; = D7° for some Dy, D; € Negl +1: We can apply the induction
hypothesis here as well but change Cy, C; now to DOV0 and D§°7 respectively.
(Agr) with C" := Dg° A DY° yields the claim.

4. Another rule of inference from [V} Similar as in the previous case. [
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Theorem 14.19 (Asymmetric interpretation). Assume that we have
SID 1 Foa A7 AT

for some A~ C Negl+1 and At C POSILH. Let v and 7 be given such that
T=v+2% and p < w -7 hold, then we have
SIDYC FeThe [AT) [AT]T

w-m,l

Proof. By induction on « and a case distinction for the last inference.

1. Axioms in [It In case of t € P%, € AT and s ¢ P, € A~ with
s = N we can use|(b) in Lemma for t € Qg™ and s € Qy”. The
other cases are trivial by taking appropriate instances of the corresponding
axiom schemes.

2. Axioms in If we have an instance for some P,?l[ with 1 < m < n,
the axiom can be reused immediately. Otherwise it is an instance for some
P2 |, and then the claim follows by using|(d)|in Lemma for Qg".
3. (Cute) with rk(C) < p < w -7 and rky,4+1(C) = 0 (and also 1h(C) < £):
3.1. If C is of the form t € P, (or t & P,): We have SID%,; H59
A=, AT t e P2, and SID}S, FO4 A=, ATt ¢ P2 | for some ag, a1 < a.

s
The induction hypothesis yields with v and 7 := v + 2%°

SIDYY B oo [AT) [AT]™ e Qg
and it also yields with mg and my := mp + 2%

SIDY o [AT]L [AT]™ ¢ QR

After some weakening and applying Lemma [14.18| (using in particular v <

mo and T = wp + 2% < v+2% = 1), the claim follows by (C“tteQ<“0) since
2A

we have tk(t € Q™) = w Ty < w -, tky(t € Q™) = 0, and in case of

n > 0, we also have lh(t € Q5™) = 1h(C) < L.

3.2. Otherwise C' € £2°: First note that we have rk,(C) < 1h(C) < ¢,

so we can use the induction hypothesis and then reuse (Cutc) in SID;° to

obtain the claim.

4. Fixed-point rules in [ITI}

4.1. (Fix;epa ): We get SIDJS, 09 A~ AT, A(P2 4, t) for some o <

with A(P2 ,t) € POSILJr17 and hence the induction hypothesis with v and
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14. Proof-Theoretic Results for the Theory SID_ ,

™ i= v + 220 < 7 yields SIDp° HSTOR0 [AT]Y [AT]™ A(Qy™, ). Then
the claim follows from (\/:éQg,r), Lemma [14.18} and some weakening.
4.2. (Fix,zp ): We have now SID;T,, F0 A~ AT, =A(P2 4, t) for some
o < a with =A(PY ,,t) € NegILH, so we get with 7y := v 4 2%° by the
induction hypothesis

SIDYY Fo o A7) [AT]™, —A(Q5", 1)
and hence by Lemma and some weakening, we get for each £ < v

SIDS° F a0 [AT]Y [AF]™, ~A(Q5°, 1)

w-m 4

By using (/\teQ;”)’ the claim follows.

4.3. (Fix;epz) or (Fix;zpa) for some 1 < m < n: We can apply the induc-
tion hypothesis for the premiss and reuse the rule because it is available in
SID;° and its minor formulas do not contain P2, .

5. Predicative rules in Use the induction hypothesis and repeat the
rule with an appropriate instance. O

Remark 14.20. An inspection of the proof of Theorem [T4.19] yields that in
case of p = 0, we even obtain SID}° H 7+ [A~],[AT]™ in the conclusion
of Theorem We do not need this stronger result, though.

14.4. Arithmetical Derivability

Theorem 14.21 (Arithmetical derivability). Let I' C Lpa and r,n < w.
If SIDy” =550 T holds for some p < eo, then SIDg” l—;jo T holds for some
n <egp.

Proof. By induction on n. The case n = 0 is clear (see Remark [14.11]). We
can also assume r > 0 w.l.o.g. and get SIDS° -59° T' by Theorem [14.14)|(a)

p,1
Now Theorem [14.19| yields SID;” I—;‘Z” I' for some 7 < ¢¢ and hence the
claim by the induction hypothesis. O
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Theorem 15.1. If SID,, - A for a closed L, formula A, then there is
an ¢ < w such that the derivability relation for SID;° and this ¢ yields
SID;? I—Zfr“ A.

Proof. As usual and inductively with respect to the underlying derivability
notion SID,, F A. Note that complete induction can be proven by use of
the infinitary inference rule (/\,, z) and that no inferences are needed that
involve symbols of the form Q§§ when inductively translating from SID,, -
A to the proof-system SID;° (hence cuts of finite rank ¢ are sufficient). O

Corollary 15.2. |SID.,| < ¢(£0,0).

Proof. For any closed arithmetical formula A with SID,, = A, we know
from Theorem [15.1| that SID;’ }—Z?’ A holds for some ¢ < w. According to

Theorem |14.21} this means SIDg” }—;510 A for some p < g9. By weakening

we have SIDG® F579 A since p < w”(< &), so Theorem yields
SIDg® }—ég(ao’o) A because «,p < go implies p(p,a) < @(p,p(eo,0)) =
©(e0,0), using g9 < ©(gp,0). Finally, we get |SID<y| < ¢(e0,0) by a
standard boundedness argument. O
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16. Concluding Remarks on
Stratified Induction

We finish our investigations on the theory SID . , of finitely stratified induc-
tion over fixed-points with some remarks on the proof-theoretic methods
that we applied here and the generalization to transfinitely stratified induc-
tion. In this context, an immediate question is the relation of transfinite
stratification to the iteration of fized-point definitions. We established the
connection of SID.,, to the non-iterated theory ID1 and will now briefly
explain the concept of (finite) iteration of fixed-point definitions: Since ID1
is based on positive (arithmetical) operator forms 2l; that are formulated
in the language £3,, the theory ID, is based on positive operator forms 2,
that are formulated in the language Ly (i-e. IBQ axiomatizes fixed-points of
2y by means of new unary relation symbols P2 for each such 2y, resulting
in the language Eg of IDQ) This is similarly defined for ID with arbitrary
2 < n < w, and it further extends to transfinite iterations of fixed-point
definitions ID,. As remarked in the introduction, we know for instance
that |ID3| = [IDg| holds for any ordinal 3, and we refer to [JKSS99] and
[Pro06] for details on results and definitions.

16.1. Com/Parison with Proof-Theoretic Methods
for ID,,

Considering only the case n = 2 and the reduction of |/D2 to If)l, we first
note that similar methods (e.g., asymmetric interpretation) are used as in
the reduction of SIDy to SID; but with the difference that \IADl| < |IADQ\
holds and that we actually established |SID;| = |SIDg| here. This is due
to the following observation: Without going into too many details, let
IB;O and IADTo be the infinitary proof-systems assigned to IBQ and IADl,
respectively, which are defined in a similar way as the infinitary proof-
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systems in Section [I4.1] The difference is that stratified induction axioms
~ 00
are missing and that for ID, , we have fixed-point rules
L, Ao (P22, 1)
I,te P

L, -2y (P2 ¢)

I,t¢ P (Fixegpas)

(Fixterz)

for positive operator forms 2y € L, that may contain symbols P%: for
positive operator forms 2; € Lo(= Lpa) in arbitrary position. This is not
the case for SID2 where the operator form is arithmetical. As remarked
above, the reduction from IDs to ID; uses asymmetric interpretation of
IB;O in IADTO7 therefore IAD;XJ has for example predicative rules of the form

T, 2y (Q<§a t)
ﬁ (Viegg;) for ¢ <7 (#)

with 2, being a positive operator form over the language 22 rather than El.
This is needed in order to be able to interpret a (Fix,c pa, ) inference, but it
also makes it more difficult to remove cuts partially. Recall that in order to
be able to use Theorem[I4.19] we first had to partially remove cuts in SIDS°
before doing an asymmetric interpretation (this was needed to make the
proof by induction of Theorem work). Similarly, IB;O needs first to
partially remove cuts, and because of the existence of rule of inferences such
as this is only possible by doing a partial cut-elimination that involves
a cut-reduction for formulas of transfinite rank (compare Lemma [14.13).
In contrast to this, we were able to avoid such cut-reductions for SID5” so
that it was needed only once in the very end for SID;°. We refer to the
references for more details on the proof-theoretic analysis of IBn forn < w
(yielding |ID.,| = Ty) and the generalization to the transfinite.

16.2. Transfinite Stratification

As described in the introduction, the equality ¢(g9,0) = \I/[\)1| = |SID,,| =
ISID< | (with n < w) established here still leaves the question open con-
cerning the relationship of stratification to iteration. For this, we refer to
[JP15] where a generalization of stratification to the transfinite gives an
answer to it. See also Table 2| on page
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A. Appendix: Remaining Proofs
of Chapter 3

A.1. Theorem 3.6l

Proof. In order to show that (OT, <) is a strict total order, we need to show
irreflezivity, antisymmetry, totality, and transitivity for <. For irreflexivity,
we show that

aka

holds for each a € OT by induction on a, using the following case distinc-
tion. With this, we also get that <jex is irreflexive.
1. a=0or a = 1: Clearly, a 4 a.
2. a = a1 P as and ag # 0: By the induction hypothesis, we have a1 £ a1
and as £ asz, hence by Definition also a £ a.
3. a = ¢at)0®) with a,,41 # 0: By the induction hypothesis, we have
a; A a; for all 1 <4 < m+ 1 and hence a £jex a. By Definition this
yields a 4 a.

For antisymmetry, we show that

a<b = bAa

holds for all a,b € OT by induction on a + b.

With this, we also get that <jex is antisymmetric: For any a,b € PTor
with @ <jex b, this is clear if lh(a) < Ih(b) holds. If a = ¢c™a*) and b =
™M b*) hold with a; < by, then we have by 4 a1 by irreflexivity (b; = ay
would contradict a; < b1) and antisymmetry of <, yielding b £jex a.

Now turning to the antisymmetry of <, assume a < b. Hence a,b € OT
holds with b # 0, and we consider the following cases.

1. a =0 and b # 0: This is obvious.
2. a=1,b#0,and b # 1: This is also obvious.
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3. a € PT, with ¢a™*TH0O®) and am+1 # 0: Since a < b holds, we must
have b = b} @ b}, with b} € PT; where b, = 0 may hold, and we consider
the following two cases:
3.1.0, £0: Ifa=1"0, wegetb=a®by £a®0 = a due to b, # 0.
Otherwise a # b} and a < b} holds, so b £ a follows from the induction
hypothesis b} £ a.
3.2. by, = 0: Then b} = b € PT; must hold, and we consider now b =
#b" 0O with by, # 0.
3.2.1. a <jex band a; < b forall 1 < ¢ < m + 1: By the induction
hypothesis, we have b £ a; for all 1 <i < m + 1. If b < a holds, then by
Definition we need either b < a; for some 1 < j < m or b < aymy1-
Both is impossible due to a; < b for all 1 < i < m 4+ 1, either by the
induction hypothesis or by irreflexivity.
3.2.2. b <jex a and a < b; for some 1 < j < n + 1: By the induction
hypothesis, we have b; £ a for this 1 < j <n+ 1. If b < a would hold,
then b <jex a would imply that b; < a holds for all 1 < ¢ < n+ 1 which is
impossible.
3.2.3. b <iex a and a = b; for some 1 < j < n: Again b < a is impossible
since then b; < a would hold, yielding a contradiction to irreflexivity.
4. a = a; P ag with as # 0: Then a < b means that b = by @ by holds for
some by, by € OT with b; € PT and we have the following cases:
4.1. a7 = by and as < by: By the induction hypothesis, we have by £ as,
hence b < a is impossible.
4.2. a; < by: By the induction hypothesis, we have b; 4 a1, hence for
b < a to hold, we need by = a; and by < as. But by = a7 and a1 < by
contradicts irreflexivity.

For totality, we show that

a<bor a=bor b<a

holds for all a,b € OT by induction on a + b.

With this, we also get that <jex is total: For any a,b € PTqr, if not
already Ih(a) < Ih(b) or Ih(b) < Ih(a) holds, we get a = ¢a™ and b = ¢b(™)
with a1,...,ap,b1,...,b, € OT. So, we get the claim by totality of <.

Now turning to the totality of <, let a,b € OT and consider the
following cases.

1. a = 0: This is obvious.
2. a = 1: Again, this is obvious. In case of b = 0, we get b < a, and in
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case of b =1, we get a = b. Otherwise, we have a < b by Definition

3. a € PT, with a = ¢a™tV0%) and a1 # 0:

3.1. b= 0 or b = 1: By definition, b < a holds already due to a # 0 and
a# 1.

3.2. b € PT, with b = ¢b+t)0® and b, # 0: We have the following

cases (and due to the induction hypothesis if necessaryﬂ).

3.2.1. a <jex b: Again due to the induction hypothesis, we can distinguish

the following cases.

3.2.1.1. a; < bforall 1 <i<m-+1: Then we get a < b by Definition

3.2.1.2. a; = b for some 1 < j <m: Then we get b < a by Deﬁnition

3.2.1.3. a;+1 = b and a; # b for all 1 < ¢ < m: Then a,,41 € PT4 and

because of a <jex b = am+1 and a € OT, we have b = a,,41 =X a; for some

1 < j < m, yielding b < a by Definition [3.4]

3.2.1.4. a; #bforall 1 <i<m+1and b < a; for some 1 <j<m+1:

Since a <jex b holds, we get immediately b < a.

3.2.2. b <jex a: Analogously as for the previous case.

3.2.3. Otherwise and since a,b € OT holds, this implies that we have

m=mn, k=1 and a; =0b; for all 1 <i <m + 1, yielding a = b.

3.3. b= by ® by with by # 0: By the induction hypothesis, we have a < by

or by < a. Then we obviously get a < b or b < a, while for the case a; = bs,

note that by # 0 implies 0 < by, hence a =a @® 0 < b.

4. a = a1 P ag with ag # 0: Analogously to the previous cases.

Finally for transitivity, the claims for (OT, <) and (PToT, <jex) are
proven simultaneously, i.e., we show

a,b,ce OT & a<b & b<c = a<c (%)
a,b,c € PTor & a <lex b & b <jex ¢ = a <jex C (k)

by induction on a +y b +y ¢. Now, let a,b,c € N be arbitrary.

For statement (x+)), assume that a,b,¢ € PTor holds with @ <jex b
and b <jex ¢. In particular, we have (a)g = (b)g = (¢)o = 1. If Ih(a) < Ih(D)
or lh(b) < Ih(c) holds, then also lh(a) < Ih(c) and so a <jex ¢ holds by
definition of <jex. Otherwise Ih(a) = lh(b) = Ih(c) and some j1, jo < Ih(a)
exist with

More precisely, if lh(a) # Ih(b) holds, then we have directly a <jex b or b <jex a.
If Ih(a) = Ih(b) holds, then we use the induction hypothesis for a(™*+1 0(*) and
p(nt+1) o),
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® a; < bj1 and a; = b; forall 1 <i <j17 and
° b]2 =< ng and b'L =C; fOI‘ all 1 S 7 <,j2-

If j1 = j2 holds, then we get aj, < b;, and b;, < ¢;,, so by the induction
hypothesis on statement , we have aj, < ¢;, and hence a <iex ¢. If
J1 < jo holds, then we get a; = b; = ¢; forall 1 <4 < j; and a;, < b;, = ¢,
hence again a <jex ¢ holds. If j; > jo holds, then we get a; = b; = ¢; for
all 1 < ¢ < jp and aj, = bj, < cj,, hence a <jex ¢ by definition. This
shows ().

Now turning to statement for the transitivity of <, assume that
a,b,c € OT holds with a < b and b < ¢, hence b # 0 and ¢ # 0 hold.
Keeping in mind that we have shown for the given numbers a,b,c € N
(and that actually holds in all combinations of a, b, ¢), we consider the
following case distinction.

1. a =0: b < cimplies ¢ # 0, hence a < c.

2. a =1: a < bimplies b # 0 and b # 1, hence b < ¢ implies also ¢ # 0
and ¢ # 1 (since otherwise we have ¢ < b which contradicts antisymmetry).
This yields a < c.

3. a € PT, with a = ¢a™*tY0® and a,,41 # 0: Due to a < b, we have
the following cases.

3.1. b € PT, with b = ¢b(® V0" and b,,,; # 0: Due to b < ¢, we have
further the following cases.

3.1.1. ¢ € PT, with ¢ = ¢c®*V0(@ and ¢,;; # 0: We distinguish the
following situations.

3.1.1.1. a <jex b and b <jex ¢: By (%), we get @ <1ex ¢, hence since here
a; < b holds for all 1 <7 <m+ 1, and since we have b < ¢, we get a; < ¢
by the induction hypothesis on a;, b, and ¢ for all 1 <7 < m + 1, yielding
a < C.

3.1.1.2. a <jex b and ¢ <jex b: Due to antisymmetry, the case a = c is
impossible, since otherwise ¢ = a < b and b < ¢ would hold. Hence totality
induces the following two situations:

(i) If ¢ <iex a: With b < ¢ and ¢ <jex b, we have b < ¢pyq1 or b < ¢;
for some 1 < j < p. Hence a < b and the induction hypothesis yields a < c;
for some 1 < j < p+1, and we get a < ¢ by the definition of < and due to
C <lex Q-

(ii) If a <jex ¢ With @ < b and a <jex b, we have a; < b for all
1 <i < m+1, hence by the induction hypothesisa; < cforalll <¢ < m+1
and we get a < ¢ due to a <jex C-
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3.1.1.3. b <jex @ and b <jex ¢: Due to b < ¢, we have b; < ¢ for all
1 <i<n+1, and due to a < b, we have the following two situations:
If a < b; holds for some 1 < j < p+ 1, then we get by the induction
hypothesis a < ¢ since we have here b; < c¢. Otherwise a = b; holds for
some 1 < j < p, and since b; < c holds, we immediately get a < c.
3.1.1.4. b <jex @ and ¢ <jex b: By 7 we get ¢ <jex @ and due to b < ¢,
we have the following two situations: If b < c,41 holds, we get by the
induction hypothesis a < cp41 since we have a < b. Hence with ¢ <jex a
and Definition 3.4 also a < ¢ holds. Otherwise, we have b = ¢; for some
1 < j <p, and then a < b yields a < ¢; and with ¢ <jex @, we are done.

3.1.2. ¢ = ¢; P co with co # 0: We get b < ¢; from b < ¢ because of
b € PT,.. So by the induction hypothesis (if necessary), a < b yields
a < ¢; and since a € PT, holds, we hence get a < ¢ by Definition [3.4]

3.2. b= by Dby with by # 0: We get a =< by from a < b because of a € PT ..
We have by = by &0 < by @ by = b since by # 0 holds, hence b; < b, so by
the induction hypothesis and with b < ¢, we get b; < ¢, and hence with
a = by and using (if necessary) the induction hypothesis once more, we get
a < c.

4. a = a1 ® as with as # 0:

4.1. b € PT: Then a < bimplies a; < b, hence by the induction hypothesis
and b < ¢, we get a1 < c.

4.1.1. ¢ € PT: Then also a < ¢ holds by definition.

4.1.2. ¢ ¢ PT: Since ¢ # 0 (due to b < ¢), we have ¢ = ¢ @ ¢y with
ca # 0. So we get b =< ¢; from b < ¢ and hence a; < ¢; from a; < b by the
induction hypothesis (if necessary). This yields a < ¢ by definition.

4.2. b ¢ PT: Since b # 0 (due to a < b), we have b = by @ by with by # 0,
so we get a; < by.

4.2.1. ¢ € PT: Then b; < ¢ because b < ¢ and a; < b yield a; < ¢ by the
induction hypothesis (if necessary), hence a < ¢ by definition.

4.2.2. ¢ ¢ PT: Again we have ¢ = ¢; @ co with co # 0. If by < ¢,
the induction hypothesis (if necessary) and a; =< by yield a; < ¢;, hence
a < c¢ by definition. If by = ¢; and a; < by hold, then also a; < ¢; by
the induction hypothesis, hence a < ¢. If a; = by = ¢, then as < by and
ba < c2 hold, yielding as < co by the induction hypothesis and hence again
a < c. O]
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A.2. Lemma 3.15

Proof. We note first that the lemma follows easily if one of the ordinal
notations involved is 0. Therefore, we assume a # 0, b # 0, and ¢ # 0 and
further that we have

a=a; D as b=">b; ® by c=1c1 Dy

with aq,b1,¢1 € PT. This will render the following computations more
readable.

For [(a)] we assume a @ b € OT, hence we get hd(b) < a and a € PT.
Given ¢ < b, we get hd(c) < hd(b) < a = hd(a) and a + ¢ = hd(a) ® (tl(a) +
¢)=a® (0+c)=a® c since we assumed a, ¢ # 0.

For @ we argue by induction on a and the following case distinction.
Note that we have as <y a since we assumed a # 0.

1. ay <b;: a+b=>band (a+b)+c=>b+c Now, we have only the
following cases (since b, ¢ # 0):

1.1. by < ¢;: Then b+ ¢ = ¢ and with a; < ¢; also a + ¢ = ¢, hence
a+ (b+c¢)=a+c=cand we are done.

1.2. ¢; < by: Then b+c = by @ (by +¢) holds. So we get a+ (b+c¢) =b+c
and we are done.

2. by <a;: Wehavea+b=a;® (ag +b) and consider the following cases.
2.1. a; < ¢1: Then a + ¢ = ¢ and also b; < ¢;, hence b+ ¢ = ¢c. So we
have a + (b+ ¢) = a + ¢ = ¢. Moreover, a + b = a; @ (az + b), hence also
(a+b)fc=c

2.2. ¢; =< a;: We have either hd(b + ¢) = by or hd(b + ¢) = ¢, hence
by b1 < a; and ¢; < a3 we get a+ (b+¢) = a1 ® (a2 + (b + ¢)) and
(a+b)+c=(a;®(az +b)+c=a; ®((az+b) + ¢), using the induction
hypothesis.

For |(c), we argue again by induction on a. Let b < ¢, so we have
b1 < ¢;1 by definition of <.

1. a; <b;: Thena; <cpandafb=b<c=a+c

2. by 2ag:

2.1. a3 <c;: Thena+b=a; ®(ag+b) <c1®ca=c=a+ec

2.2. c¢; = ai: By the induction hypothesis, we have as + b < as -+ ¢, hence
at+b=a; ®(az+b) <a;®(az+¢c)=a+c

For @ we argue again by induction on a. Let a < ¢, hence a1 < ¢;.
1. a1 <ci:a+c=c,solet d:=c.
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2. a1 = c1: Then we have as = co and the induction hypothesis yields
as+d = ¢y for some d € OT. Hence With@ we get a+d = (a;+tag)+d=
al—T—(ag—Fd):al—T-@:cl ‘T’CQZC.

Forl@[, let a < cand ¢ < a +b. We have ¢ = a + d for some d € OT
by [(d)} hence a + d = ¢ < a +b. This implies d # b and due to also
b £ d, hence d < b by totality.

For |(f)} we recall first that we consider only the case a,b # 0 here.
Then plies a=a-+0 < a+b. Furthermore, if a; < by, then a+b = b,
and if b; < ay, then b < a < a + b. Now, for the remaining case a; = by,
we have b = a1 + by < a1 + b with [(c)| by using by < b from Lemma

For [(g)l let @ < ¢. We have ¢ = a + d for some d € OT by@
and by we have, b < d + b. Hence with and we get a - b =
a+(d+b)=(a+d)+b=c+b.

For [(h)} we have a +b=a #0ifb=0,and a +b=0b#0if a = 0.
Otherwise, a +b = a; & (az +b) # 0.

For let @ < b+ 1 and assume a £ b. Then b < a and a = b+ d for
some d < 1 by @ hence d = 0 and b = a, a contradiction.

For[(k)} let @ € Lim and b < a. Assume b+1 £ a, so we have a < b 1.
Note that by the definition of +, we have that last(b + 1) = 1 holds, so
a = b+ 1 contradicts a € Lim. Further, a < b + 1 implies a < b by
contradicting b < a.

For we argue by induction on a. If a; = 0, then a = 1 ¢ PT,
hence let d := 0. If ay # 0, then obviously a ¢ PT, holds and we have
also last(az) = 1, so we get by the induction hypothesis that as ¢ PT
and as = do + 1 hold for some ds € OT. Hence with @ we get a =

1)

T
a1+ (de +1) = (a1 T+ do) + 1 and we can set d := a; + da. O

A.3. Auxiliary Corollary [A.3.1]

Corollary A.3.1. Let k,m € N and a1, ...,am,b,c € OT. Then we have:
b<c = @@™,b0") < @@, e 0)

Proof. Assume b < ¢ and consider the following cases. By Lemma [3.17] we
can assume without loss of generality that a; # 0 holds.
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1. If ¢pa™b0*®) ¢ OT and ¢a'™ c0*) ¢ OT: From Lemma we get
$@™,0,00) =b < c=@@a"™,e,0M)

2. If ¢pa™b0®) € OT and ¢a™ c0*) € OT: From the definition of <, we
get

H(@™,b,00) = pa™p® < ga™ i® = @, e, o®)

using b < ¢ from our assumption to get ¢pa™b0*) < ¢a™c0*) and
at, ..., am,c < ¢a™c0® from Lemma
3. If pa™b0®) ¢ OT and pa™c0*) € OT: Using Lemma we get

@(@™,b,0) = b < ¢ < pa™c0® = @(a™, ¢, 00
4. If ¢pa™b0*) € OT and ¢a™ c0*) ¢ OT: We have

(@™, b,0%)) = ¢pa™p0* < ¢ = (@™, ¢,0)

because qua(m c0®) ¢ OT implies ¢ € PT, with gi)a(m)cO( ) <lex € by
Lemma Hence, b < ¢ implies gba(m B0*) < ex an )0 <ex ¢, and

we get ¢a(m b0*) < ¢ from the definition of < since ay, ..., a, < ¢ holds
by Lemma and b < ¢ by assumption. O

A.4. Lemma 3.21

Proof. Let a,b € OT. For Immediate by induction on a.
For@ By induction on a+b € OT and a case distinction on b € OT.

1. If b = 0: Then we have nothing to show.

2. If b = 1(= ¢0): This is obvious because of @ = 0 and o(b) = (0) = 1.
3. If b =01 ® by with by # 0: Then let a = a1 ® as for some aq,as € OT.
Now a < b implies either a; < b; or a; = by with as < b>. The induction
hypothesis and the definition of o(a) and o(b) yield immediately the claim.
4. b= ¢b"tD0W with by, b4y # O

4.1. If a = 0: The claim is trivial since here o(b) # 0 holds due to o(by) # 0
and the definition of o(b).
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4.2. If a = pa™*+D0®) with ay, a1 # 0: Then we have

o(a) = ¢(o(a), ..., 0(amy1),0")
O(b) = @(O(b1)7 vee ’O(bn-i-l)’ (_)(l))

Assuming a < b, we show o(a) < o(b) via the following two cases. (The
reverse direction holds analogously.)

(1) If a <jex b holds with a; < bfor all 1 <i < m+1: Let p := lh(b) —
Ih(a), and so we get o(a) = (0%, 0(a1),...,0(amy1),0%)). Moreover, the
induction hypothesis yields for all 1 <i <m +1

o(a;) < o(b) (A1)

In case of p # 0, Corollary directly yields the claim together with
0 < o(by) and (Ad). If p = 0 holds, then we have m < n and some
1 <r <m+1 exists such that a; = b; holds for all 1 <4 < r and such that
ar < b holds. The induction hypothesis and Corollary yield then the
claim, using again .

(i) Otherwise, b <jex @ holds with @ < b,41 or a < b; for some 1 <
j < n: For p:= Ih(a) — Ih(b), we get o(b) = p(0®) o(by),...,0(bns1),01).
Moreover, the induction hypothesis yields

o(a) < o(bnt1) or (o(a) < o(b;) for some 1 < j < n) (A.2)

We can argue as for the previous case, using Corollary and (A.2).
4.3. If a = a; ® ay with as # 0: Note that a < b implies a; < b with
a; € PT. We can then argue as in the previous case if b € PT.

For By induction on a and the following case distinction.

1. If b= 0: Then o(a + b) = o(a) = o(a) + o(b).
2. Ifa=0and b # 0: Then o(a +b) =o(b) = o(a) +o(b).
3. If a,b # 0 and hd(b) < hd(a): Then o(a + b) = o(hd(a) & (tl(a) +
b)) = o(hd( )) + o(tl(a) + b). Since a # 0, we have tl(a) < a, so with
the induction hypothesis yielding o(tl(a) + b) = o(tl(a)) + o(b ), we get
o(a+b) = o(hd(a)) +o(tl(a)) + o(b) = o(hd(a) & tl(a)) + o(b) = o(a) +o(b).
4. Otherwise, we have a,b # 0 and hd(a) < hd(b): Then o(a + b) = o(b)
and by we have o(hd(a)) < o(hd(b)). We have by the definition of
OT that a = hd(a) & tl(a) holds with tl(a) < hd(a). By [(b)] we get

o(tl(a)) = o(hd(a)). Since hd(b) € PT implies o(b) € P by@ we now get
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o(a) 4+ o(b) = o(b) and hence the claim.

For [(d)} By Lemma it suffices to show that o(a) < v, holds for
some n € N, and we shall prove this by induction on a.

Ldfa=0: Uservg= fo(}) =w’=1
2 If a=1(=¢0): Use s = f,(}) =o' =w.
3. If a = a1 ® ay with as # 0: Then a1,a2 <y a holds and the induction
hypothesis yields nj,ne such that o(a;) < v; and o(az) < v. Letting
n := max{ni,ny} yields o(al) o(as) < I/n by Lemma Since v,, =
fu (L) € PT holds, we get o(a) < vy, by
4. If a = ¢a™m+0® with al,amH # 0: We get by Lemma that
o(a) = ¢(o(ar),...,0(ams1),00) = f,(** %) holds. The induc-
tion hypothesis ylelds ni,...,N,y, such that o(ai) < Uy, holds for each
i € {ni,...,nms1}. By letting n := max{nq,.. nm+1}, we get that
o(ai),...,o(am+1) < vy holds, and so o(a) = f, (O(“m“ 0(1‘;1)) < vy
holds by Proposition |2.15

For @ By transfinite induction on v < 9Q“. By Proposition m
we have 9Q% = f,,(}). Now, v < fo (1) implies v < f,,(}) because oth-
erwise, we would have fw(,ly) =< fw(i) and hence v < w by Proposi-
tion [2.10] contradicting with w = f,,(§) < fu(}) = 7. With Lemma M
we therelore get

Y=Y+ .+
for some n > 1 and where v > ~v; > ... >, and
Q4,1 e Qg ke
Vi = f(ﬁi,l o Bk, )
holds for some ki,...,k, € N with «;;,8;; < v for 1 < i < n and

1 <j <k. Fixnow 1l < i < n, so the induction hypothesis yields
a;j € OT with

a;; = o(ai)

for each 1 < j < k;. If o;; = 0 holds for all 1 < j < k;, then v; =
fw(g) = f.,(0) hold and we set ¢; := 1. Otherwise, a; j 7# 0 holds for some
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1 <7<k solet

Jo ==min({j: o ; # 0})
j1:=max({j: o ; # 0})

and we shall show that v; = o(¢;) holds for
Ci = ¢ai7j1 (l )alj 710 1= 1) ¢a’lj JO)

and some ;,...,l; € N. We shall show in particular that ¢; € OT holds.
Having done this for every 1 < i < n, we get that

ci=c1®(...(cho1DCn)...)

implies ¢ € OT with v = o(c) because o(c;) = 7; and 71 > ... > 7, yield
cp = ...=3¢1 by hence we can use the definition of OT. It rests now
to show that o(c;) = 7; and ¢; € OT holds in case of «; ; # 0 for some
1 < j < k;: Note that

<y <y<f(l) (foralll<j<k)

implies (gli 21’;’) < () with respect to the lexicographic order on
Klammersymbols (see Chapter [2) since otherwise our assumption that
ai; < (1) holds for all j would contradict Proposition Now, as
we have (?i g:’) < () with respect to the lexicographic order on

Klammersymbols and agj for all 1 < j < k;, we get that
ﬂ@j < w

holds for all 1 < j < k;, and from this follows together with Lemma @
that

i = (e, 00 a 1002 a5, 000))

4,50

holds, hence we get immediately 7; = o(¢;) if ¢; € OT holds. Now, to show
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the latter, we have due to a; j, # 0 only to show:

(aijo € PT4 = aij, <iex i)
& (ai,jo ePT, = (¢ <iex iy, & a;j, = a; for some jy < j < jl))

Note that this follows essentially from Lemma [2.20] and by making use
of@ since we have that a;; < 7; holds for all j, i.e., we have v; =nF
@(al leo(l ) a’L] 10( 31— 1) , Ol jo?o(lm)) O

A.5. Theorem [3.25

Proof. @ is obvious since d € Suc implies d = dy + 1 for some dy € OT
and hence d[z] = (do + 1)[z] = dp < d by Lemma
We show @ by induction on d € Lim, i.e., using (Ind), and via the

following case distinction (while note that Lemma implies either d €
PT, or d = a®b with b € Lim). In particular, we have to verify d[z] € OT
for each x.
1. d = a®b with b € Lim: By the induction hypothesis, we have b[z] € OT,
blz] # 0, blz] < b, and b[z] < b[x +y 1]. Since d[z] = a + (b[z]), we hence
get d[z] € OT, d[z] # 0, d[z] < d[z +n 1] by Lemma [3.15
2. d = ¢a with a # 0:
2.1. a € Lim: The induction hypothesis yields a[z] € OT, hence d[z] =

(a[z]) € OT and clearly d[z] # 0. Now a[z] < a[z +y 1] implies d[z] =
(ala]) < Bala -+ 1)) = diz +n 1]
.2. a = ag+ 1: Since ¢(ag) € OT holds, we have d[z] = @¢(ag)~ (z +n 1) €

N‘Gzﬁx

OT and clearly d[z] # 0. We have ¢(ag) < ¢(a) = ¢a and d[z] = @(ag) ®
(¢(ag) ~z), therefore d[z] < ¢pa = d. Further, @(ag) ® (@(ao) ~z) < @(ag)
(¢(ao) ¥ (x +n 1)) holds via a side induction on z, noting that @(ag) <
g?:(a ) & @(ap) holds because of @(ag) # 0, so this yields d[z] < d[x +x 1].
3. d= ¢a<m b0+ with b # 0:

3.1. If b € Lim: By the main induction hypothesis, we have blz] € OT,
blz ] ;é 0, blx] < blx +n 1], and blx] < b for each x. Hence, d[z] =
@(a™ b[z],0F+1)) € OT holds by Lemma Moreover, dlz] € PT

holds by Lemma [3.17] implying d[z] # 0, and Corollary yields
d[z] < d[z +n 1] and d[z] < d.

3.2. If b € Suc: We show the claim by a side induction on zx.

3.2.1. If z = 0: We have d[0] = 1 € PT N OT and therefore d[0] # 0, and
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d[0] < d (since d # 0 and d # 1 hold). Moreover, we have

a[1] = P10k ifm=0andb=1

| 9at (b[0])T0%*)  otherwise
using Lemma Hence d[1] € OT holds and d[0] = 1 < d[1] is obvious.
3.2.2. If x = zg +n 1: We have

d[z] = @(al™, blzo], d[xo], 0%)

dfe 4+ 1] = $(@™, blal, dla], 0%
implying d[z],d[z +n 1] € OT and d[z],d[z +n 1] # 0 by Lemma and
3.17}, using d[x] € OT from the side induction hypothesis. Furthermore, we

get d[zo] < d[z] and b[zo] = b[x], while recalling for the latter that b € Suc
holds. So, we get d[z] < d[z+y 1] by Corollary In particular, we get

pd[xo]0*) ifm=0andb=1
o] = {*° - |
#a™ (b[z0])d[x)0*)  otherwise

from d[zo] # 0 and d[zo] < d[z] together with Lemma yielding d[z] <
d from the definition of <, noting that we have b[zg] < b by @ and
d[xo] < d by the side induction hypothesis.

4. d = ¢a™b0*) ¢ with b # 0 and ¢ € Suc with ¢ = ¢g F 1: Let
d = @@™,b,0%), )

Then we get d’ € OT and d’ < d due to Corollary because of ¢y < c.
We show the claim by a side induction on x.

4.1. If z = 0: Note that we have

d[o] =d +1
=¢a<’" ,b[ d[0],0")) =
_ fo(d[o])0tk ifm=0andb=1
- q’)a( )(b[0])(d[0])0%)  otherwise

because we have b[0] € OT and d[0] € Suc and can use Lemma In
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particular, we get d[0] < d[1] by Lemma Moreover, d € Lim and
d[0] € Suc imply d[0] < d by Lemma
4.2. For z = xg +n 1: We get

d[l‘] = (’5(&(7%), b[.%'()], d[ﬂ;‘o], (_)(k))

and in particular d[z] € OT since b[xg],d[zg] € OT holds by the main

and side induction hypothesis. Also d[x] # 0 holds due to d[z] € PT by

Lemma [3.17} This implies

B(d[z0])0*) ifm=0andb=1

dlz] = 9" o (k) . (A.3)
pa'™ (b[xo])(d[z0])0 otherwise

using Lemma and d[zg] < d[z] from the side induction hypothesis.
Now, d[r] <jex d holds (while using b[zg] < b in case of m # 0 and b # 1).
With d[zg] < d from the side induction hypothesis, ay,...,an+1 < d, and
0 < d, we get d[z] < d by the definition of <. Now, turning to d[z] <
d[x 4+ 1], we recall that

dlz +1 1] = (@™, bla], dfz],0M)
holds and we are now going to show that

- A -
Az 4 1] = ¢Ed[$])0( ) i if m= .O and b=1 ()
$a ™ (b[z])(d[z])0*)  otherwise
holds. For this, note first that we have d[z] < d[x +y 1] by Lemma
Furthermore, we have b[zg] = b[x] (using the main induction hypothesis in
case of b € Lim) and d[zg] < d[z] from the side induction hypothesis. Hence
with and (), this readily yields d[z] <iex d[z +n 1]. The definition
of < then yields d[z] < d[z +n 1] because we have aq,...,ap41 < d[z+y1],
blzo] =< blz] < d[z 4+~ 1], and d[zo] < d[z] = d[z +n 1].

For (), it suffices to show ¢(d[z])0®) € OT in case of m = 0 and
b =1, and ¢a™ (b[z])(d[z])0*) € OT otherwise. Therefore, we consider
the following cases:

4.2.1. If m = 0 and b = 1: Then b[z] = 0, hence d[z +y 1] = @((d[z]),0"))
holds by Lemma We have d[z] € PT4 by (A.3) and we have d[z] =
¢d[x0]0%) <o pd[x]0F) | s0 ¢d[2]0F) € OT holds by the definition of OT.
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4.2.2. Otherwise: Then b[z] # 0 holds. By (A.3), we get that dfz] =
$a ™ (b[zo])d[x0]0%) € PT, and d[z] <1ex ¢a'™ (b[z])d[z]0*) from b[z,] <
bz] and d[xo] < d[z], hence we get ¢a™ (b[x])d[z]0*) € OT.

5. d = ¢a™b0® ¢ with b # 0 and ¢ € Lim: By the main induction
hypothesis, we have c[z] € OT, c[z] # 0, c[z] < c[z +n 1], and c[z] < ¢ for
each z. Then d[z] € OT and d[z] # 0 hold by Lemma[3.13]and Lemma[3.17]
respectively. Now, Corollary [A.3.1]yields d[z] < d[z+y1] and d[z] < d. O

A.6. Theorem [3.27

Proof. Let d € Lim and dy < d. We prove the theorem by induction on d
and a side induction on dy, i.e., using (Ind). Note that the case dy = 0 is
clear, since d[0] # 0 holds by Theorem Assuming now dy # 0, we can

write
do = dy D dsy

with d; € PT (and where d2 = 0 may hold here). Then d; < d must
hold since we have either dy = dy < d if do = 0 holds, or d; < dy < d by
Lemma [3:8]if da # 0 holds. Moreover, we can also write

dy = ¢f P+ (A.4)

for some fi,..., fp+1, and we get fi,..., fp+1 < di by Lemma We
proceed by a case distinction on the build-up of d.

1. d = a® b with b € Lim: We have d[z] = a + (b[z]). Now, either
dp < a holds, which gives already dy < d[0], or @ =< dy holds and hence also
do = a + by for some by < b by Lemma Since by < b[z] holds for some
x by the induction hypothesis, we get dy < d[z].

2. d = ¢a with a # 0:

2.1. a € Lim: Recall the build-up of d; from .

2.1.1. If p = 0: We get d; = ¢f; with fi < a by the definition of <.
Because of a € Lim and the induction hypothesis, there is some x such that
f1 < a[z] holds, i.e., we get dy = @(f1) < ¢(a[z]) = d[z] by Corollary[A.3.1]
dp < @(a[z]) now holds by the definition of < using that @(a[z]) € PT holds
by Lemma [3.17}

2.1.2. If p # 0: We get d = ¢a <1ex ¢f P = d;, and hence d; < a must
hold by the definition of <. As before, there is some = such that d; < a[z]
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holds, and we have a[z] < @(a[z]) = d[z], using Lemma This yields
dy < d[z] and hence dy < d[z].

2.2. a = ap+1: We have d[z] = $(ao)*(z +n 1) and we show that dy < d[]
holds for some x by a side induction on dy # 0. Note first that we have

do < d[xo]

for some xg, namely: If do = 0 holds, then we can use g = 0. If ds # 0
holds, then we have dy < dg < d by Lemma and also dy <y dp, so the
side induction hypothesis on ds yields xzg with da < d[zo].

We shall show below that d; =< @(ag) holds, and then we get

do = dy © da < P(ao) ® (d[zo])

ie., dy < d[z] for x := xo +n 1. In order to show di = ((ap), recall
from (A.4) that d; = ¢f®*1 holds and consider the following cases:

2.2.1. p = 0: Then d; = ¢f; holds, and we get f1 < a = ag
dy < d = ¢a, hence f; = ag holds. This yields d; = @(f1) =<
Corollary [A237]

2.2.2. p # 0: We have then d = ¢a <jex ¢f Pt = d; and so by d; < d
and the definition of <, we must have d; < a. Hence, d1 < ag = @(ag).

S

1 from
(ao) by

3. d = ¢a™b0®) ¢ with b # 0 and either ¢ € Suc or ¢ = 0 with b € Suc:
We show now that dy < d[x] holds for some x by a side induction on dy # 0.
We shall make the representation of d; from more explicit, namely
let n,l € N be such that

di = ¢f" 0D & frq £0

where we have in particular f; # 0. Since dy < d implies d; < d, we
distinguish the following cases:

3.1. d; <jex d: Then we have lh(d;) < Ih(d). Moreover, d; < d implies
now f; < d for all 1 <i <n+ 1, and the side induction hypothesis gives
Z1y...,Tnt1 such that f; < d[z;] for all 1 <¢ < mn+ 1. Then let

xo :=max{x1,...,Tni1}

T :=xg+n 1
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so together with Theorem [3.25, we have
fi <dxo] <d[z] forall1 <i<n+1 (A.5)

Note that we have b # 0 and that in case of m # 0, we also have
a1 # 0 because of d = ¢pa™b0* ¢ and d € OT, and further note that we
defined x such that x # 0 holds.

3.1.1. If m =0 and b = 1: Then we have d = ¢p10%)c.

3.1.1.1. If Ih(dy) = Ih(d): We must have d; = ¢10%**1) and hence ¢ # 0
due to d; <iex d, i.e., we have ¢ € Suc and hence ¢ = ¢y + 1 for some
co. Then clearly d = ¢(1,0 ®).0) < @(1,0%),¢o) holds and therefore
di < ¢(1,01), ¢o) +1 = ¢[0].

3.1.1.2. If Ih(dy) < Ih(d): We have

d[z] = ¢d[o]0*)

by Corollary [3.26) and hence |h(d[z]) = Ih(d) =1 =k + 1. If Ih(dy) =k + 1
holds, then we get dy <jex d[z] with f1 < d[x] from (A.5). Otherwise, we
get di <jex d[x] immediately. Hence, together with nd the definition
of <, we obtain dy < d[z].

3.1.2. Otherwise, m # 0 or 1 < b: Then we get

dlz] = ¢al™ blwo]d[ze]0™)

again by Corollary If Ih(dy) < Ih(d) holds, then we have di <jex d[z]
because of lh(d) = Ih(d[z]), and again d; < d[z] holds by (A.5)). Otherwise,
we have lh(d;) = lh(d) = Ih(d[z]) and can consider the following cases that
are induced by dy <jex d-

3.1.2.1. If f; < a; holds for some 1 < j < min{m,n + 1}: Then we have
again dj <ex d[z], hence dy < d[z] by -

3.1.2.2. If n > m holds and some 1 < j < n+ 1 exists with f; < b with
fi=a; forall 1 <i<j:

(i) If b= by + 1, then we have f; < by = b[zo] and we get di <jex d[z]
(where in case of f; = by, We can use 0 < d[zo] if j = n+1, or fj11 < d[zo]
otherwise), hence dy < d[z] by (A.F).

(ii) If b € Lim, we get fj < bly] for some y from the main induction
hypothesis. Then take z := max{zo,y}, and so we get f; < b[z], hence
di <1ex d[z+n1]. Since d[zo] < d[2] < d[z+n1] holds by Theorem [3.25] we
get by also f; < d[z+n1] forall 1 <i<n+1, hence d; < d[z+n 1].

211



A. Appendix: Remaining Proofs of C’hapter@

3.1.2.3. Otherwise: We haven+1=m-+k+2and d; = ¢&(m)b6(k)fn+17
hence f,.1 < ¢ must hold, and so we have ¢ € Suc with ¢ = ¢y + 1 for
some c¢q since we assumed ¢ ¢ Lim. We get f,41 =< ¢o and then d; =
@(a(m% ba 6<k)7 fm+1) = @(a(m)a b7 ()(k)a CO) = @(d(m)7 bv G(k)a CO) :il 1= d[O],
using Corollary (with Lemma and Lemma .

3.2. d <jex d1 with m =0 and b= 1: We have d = ¢10%)¢. Then d; < d
and d <iex d1 imply by the definition of < that d; < I or di < ¢ holds. The
first is impossible (note that d; € PT holds, so only the case d; = 1 = ¢0
would make sense, but this would contradict d <jex d1). So the latter must
hold, and so we have ¢ # 0 and hence ¢ € Suc with ¢ = ¢ + 1 for some cg.
Then we get d; < d[0] because we have d[0] = @(a™,b,0%) ¢y) + 1 and
since dy < co < @(a™,b,0(%), ¢) holds by Lemma

3.3. d <jex d1 with m # 0 or 1 < b: This means that for every x, we have

dlz 4+ 1] = ¢a™ b[z]d[z]0® (A.6)

(using Theorem [3.25] in case of b € Lim). Together with d <jex d1, this
implies

by Corollary [3.26 Moreover, we get d[z +n 1] <jex d since b[x] < b holds

d[x +N 1] <lex dl

for every x, using that <jex is transitive here (by Theorem [3.6). Now,
dy < d and d <jex dy imply the following cases.

3.3.1. d; < ¢: Then ¢ ¢ Lim implies ¢ € Suc with ¢ = ¢y + 1 for some
o, and so d; = ¢p holds. Hence d; < d[0] holds because of d; =< ¢g =<
(@™ 5,0 o) < p(a™,b,0%), ¢o) F 1 = d[0].

3.3.2. d; = b: We consider the following two situations.

3.3.2.1. d; = b: Due to di < d and the definition of <, this is only
possible in case of ¢ # 0. Hence we have ¢ € Suc with ¢ = ¢y + 1 for some
co since we assumed ¢ € Lim. Then we have dy = b < @(a(™,b,0%), ¢o) <
(@™ 5,00 o) + 1 = d[0], using Lemma

3.3.2.2. d; < b: If b= by + 1 holds, then we get d; < d[1] because we get
dy = by = b[0] < ¢a™b[0]0*) = d[1] by Lemma and . If on the
other hand b € Lim holds, then we get dy < b[z] for some = by the main
induction hypothesis, hence d; < d[z 4+ 1].

3.3.3. dy < a;jforsomel < j < m: Thenweget d; < a; < pa™b0]0*) =
d[1] by Lemma [3.8/and (A.6). Hence d; < d[1] follows from d[1] <jex di.
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4. Otherwise: Then we have either d = ¢a™ b0+ with b € Lim or
d = ¢a"™b0®) ¢ with b # 0 and ¢ € Lim. Now, we have

dlz] = @(a™, b[x],0k+1) if c=0and b € Lim
(@™ b0+ ¢[z]) if ¢ € Lim

for every z. From dy_< d, we get the following cases, recalling the build-up
pf P of dy from (A.4).

4.1. dy <jex d: Then f; < d holds for all 1 <4 < p+1, and as before (and
using the side induction hypothesis) there is some z( such that f; < d[x¢]
holds for all 1 < ¢ < p+ 1. Moreover, the main induction hypothesis yields
some 1 such that we have f; < b[z1] or f; < c[x1], respectively, and for all
1 <4 <p+1. Letting x := max{xo, 1 }, it suffices to show dy <jex d[z] in
order to get dy < d[x]. So, we have to show

(%)

i < ¢a™ (b[z])0*+1) if ¢ = 0 and b € Lim
P 5amp0®) (clz])  if ¢ € Lim

while note that ¢a(™ (b[z])0**1) ¢ OT or ¢pa™b0™*) (c[z]) ¢ OT might
hold, respectively. Now, to show we note that d; <jex d implies either
lh(d1) < Ih(d) which immediately gives us (), or we have Ih(d;) = Ih(d).
For the latter, we can work with d; <jex d and that

P blx] if ¢=0and b€ Lim
’ clz] if ¢ € Lim

holds for all 1 <i < p+ 1.

Finally, we show d; <iex d[z]: If we have ¢a(™ (b[z])0*+1) ¢ OT
or ¢a™b0*) (c[z]) € OT, respectively, then d[z] = ¢a™ (b[z])0*+1) or
dz] = ¢a™b0®) (c[z]) also holds, respectively, and we use . Otherwise,

] = {b[m] if c =0 and b € Lim

clx] if ¢ € Lim

holds with ¢a(™ (b[2])0*+1) <oy blz] or ¢pa™b0™*) (c[z]) <1ex c[z], respec-
tively, and by Lemma (d)l Then using and that <jex is transitive

213



A. Appendix: Remaining Proofs of Chapter@

here (by Theorem yield

& < blx] =d[z] if ¢=0and b € Lim
b tex clz] =d[z] if ¢ € Lim

and we are done.
4.2. d <jex d1: We distinguish the following two situations.
4.2.1. If c =0 and b € Lim: Now d; < d induces the following cases.

(i) di < b: Then d; < blz] = $(a™,b[z],0++1)) = d[x] holds for
some z by the induction hypothesis and Lemma 3.1

(ii) di = a; for some 1 < j < m: We can use that a; < d[z] holds by
Lemma (g)]
4.2.2. If ¢ € Lim: Now d; < d induces the following cases.

(i) di < ¢ Then d; < c[z] = $(@™,b,0%) c[z]) = d[x] holds for
some z by the induction hypothesis and Lemma [3.17]

(ii) d = bord; = a; for some 1 < j < m: We can use that b, a; < d[x]
holds by Lemma (g)] O
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