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Abstract

Working with a gauge coupling field in a linear superfield, we construct effective Lagrangians for N = 1
super-Yang–Mills theory fully compatible with the expected all-order behavior or physical quantities. Using 
the one-loop dependence on its ultraviolet cutoff and anomaly matching or cancellation of R and dilatation 
anomalies, we obtain the Wilsonian effective Lagrangian. With similar anomaly matching or cancellation 
methods, we derive the effective action for gaugino condensates, as a function of the real coupling field. 
Both effective actions lead to a derivation of the NSVZ β function from algebraic arguments only. The 
extension of results to N = 2 theories or to matter systems is briefly considered. The main tool for the 
discussion of anomalies is a generic supercurrent structure with 16B + 16F operators (the S multiplet), 
which we derive using superspace identities and field equations for a fully general gauge theory Lagrangian 
with the linear gauge coupling superfield, and with various U(1)R currents. As a byproduct, we show 
under which conditions the S multiplet can be improved to contain the Callan–Coleman–Jackiw energy-
momentum tensor whose trace measures the breaking of scale invariance.
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1. Introduction

The approach which identifies coupling constants with background values of fields and super-
fields has proved, following Seiberg [1], a useful and powerful tool in the study of perturbative 
and nonperturbative properties of supersymmetric gauge theories. It has been particularly suc-
cessful for N = 2 theories [2,3], using the factorization “theorem” of hypermultiplet and vector 
multiplet scalars and special Kähler geometry formulated in terms of a holomorphic prepotential. 
It is also an important ingredient in the study of perturbative and nonperturbative moduli spaces 
of N = 1 theories, described in terms of holomorphic invariants [4].

The situation changes if one introduces a field, the gauge coupling field, to describe the gauge 
coupling constant in an N = 1 supersymmetric gauge theory, in agreement with the fact that, 
as shown for instance in [5–7], the holomorphic dependence on the gauge coupling in N = 1
super Yang–Mills theory is anomalous. This anomaly is reflected in the discrepancy between the 
all-order running of the gauge coupling and the absence of perturbative corrections to the vacuum 
angle.

In other words, one cannot in general use a chiral superfield to describe the gauge coupling in 
N = 1 super Yang–Mills theory. We will show that the correct description is obtained using a real 
linear superfield which includes in its 4B + 4F components a real scalar, the coupling field, and 
an antisymmetric tensor with gauge invariance. Such a tensor is in general dual to a pseudoscalar 
with axionic symmetry, and the linear superfield to a chiral superfield. We will also show that 
the anomalous dependence on the gauge coupling creates an obstruction to analytically perform 
the duality transformation, that it provides the adequate information to write all-order effective 
actions with the linear superfield and also how the obstruction disappears with extended N = 2
supersymmetry, where holomorphicity is relevant.

When writing effective actions, gauge-invariant operators are needed. The linear superfield in-
troduces, besides the familiar chiral T̃rWW , a second real, dimension two, operator L̂ = L −2�, 
where � is the Chern–Simons superfield. With these two operators, anomaly matching or can-
cellation of the R and dilatation (rescaling) anomalies can be performed. As a tool, we use the 
appropriate supercurrent superfield equation. In the first part of this work, we construct supercur-
rent structures for supersymmetric gauge theories coupled to the linear superfield and study their 
currents and anomalies. These structures naturally involve 16B +16F fields, as in the S structure 
described by Komargodski and Seiberg, [8] and include both chiral and linear anomaly sources 
in the supercurrent superfield equation Dα̇Jαα̇ = DαX + χα .

This construction of the supercurrent structure for an arbitrary simple gauge group and matter 
content extends our previous work [9]. We find again that the supercurrent superfield including 
the Belinfante energy-momentum tensor (obtained when coupling the theory to a background 
space-time metric) also includes the U(1)R̃ current with zero R charge for the chiral multiplets. 
We then derive supercurrent structures with arbitrary R charges for these superfields and discuss 
the corresponding improvement of the energy-momentum tensor. In these supercurrent struc-
tures, the sources X and χα depend classically on the superfields controlling in the Lagrangian 
the breaking of U(1)R in terms of the chiral superfield R charges and the breaking of scale invari-
ance with scale dimensions equal to the R charges, as would be required by the superconformal 
algebra.

In general, the divergence of the dilatation current, which is not present in the supercurrent su-
perfield, is the sum of the divergence of a virial current and of the trace of the energy-momentum 
tensor. While the sum is of course unchanged, both contributions are sensitive to improvements 
of the energy-momentum tensor. In particular, if there exists a Callan–Coleman–Jackiw (CCJ) 
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[10,11] energy-momentum tensor which cancels the virial current, a scale-invariant theory is also 
conformal invariant. The CCJ tensor exists for all renormalizable Lagrangians but many theories 
have an irreducible virial current: this is the case whenever a linear superfield is coupled to chiral 
and gauge superfields. This has implications for us: supercurrent structures specify the on-shell 
value of the energy-momentum tensor trace only. To get the divergence of the dilatation current, 
a specific virial current, which we derive, is needed, except if the theory would be scale invariant.

Both source superfields X and χα are supplemented by quantum contributions from chiral 
U(1)R and dilatation anomalies. These quantum corrections use both superfields T̃rWW and 
L −2�. The source superfields determine the divergence of the U(1)R current and the trace T μ

μ

of the energy-momentum tensor in Jαα̇ , which is not in general the divergence of the dilatation 
current, a point which we also carefully discuss. This is of importance since a non-trivial coupling 
of the linear superfield always breaks (classically) scale invariance.

We then establish two effective Lagrangians with the gauge coupling field in the linear su-
perfield: the all-order perturbative Wilsonian Lagrangian for super-Yang–Mills theory and the 
effective action determining the gaugino condensate. In both cases, anomaly matching or com-
pensation is sufficient to derive the all-order renormalization-group (RG) equation and β function 
originally found by Novikov, Shifman, Vainshtein and Zakharov (NSVZ) [12].

The local Wilsonian effective action is obtained from a microscopic theory by integrating 
short-distance physics up to distance μ−1. The energy scale μ which explicitly appears in the 
(loop-corrected) Wilsonian action acts then as a UV cutoff. When expressed in terms of physical 
quantities, the Wilsonian action also depends on a second energy scale, M , the scale at which 
quantities like the gauge coupling are normalized. Since both μ and M are arbitrary,1 two RG 
equations follow. The dependence on the scale μ is fixed by the fact that the Wilsonian effective 
action depends holomorphically on μ and therefore runs only to one-loop [6]. By supersymme-
try (and chirality), rescaling μ is equivalent to an anomalous U(1)R transformation, or to an 
anomalous scale transformation. However, there is a residual dilatation anomaly which must be 
canceled, by RG invariance. Since it involves a non-holomorphic dependence on the coupling, it 
requires the use of the gauge-invariant real superfield L̂. The corresponding anomaly countert-
erm encodes the dependence of the effective action on the physical coupling g2(M) identified as 
the background value of the lowest scalar component C of L̂. While arbitrariness of μ leads to 
the expected one-loop behavior of the Wilsonian action, arbitrariness of M leads to the all-order 
NSVZ β function [12]. The content of the NSVZ β function is thus entirely described by the 
cancellation of the dilatation anomaly and the one-loop μ-dependence of the Wilsonian action.2

Similar anomaly matching/cancellation arguments can be used to derive an effective La-
grangian describing gaugino condensates in N = 1 super-Yang–Mills theory, as a function of 
the real gauge coupling field C.3 It actually provides the effective Lagrangian version of the 
derivation performed by NSVZ using instanton methods [12]. The theory has two superfields, the 
familiar chiral U = 〈T̃rWW〉 and the real V = 〈L̂〉, related by U = − 1

2DDV as a consequence 
of T̃rWW = − 1

2DD L̂. The effective Lagrangian is again derived by anomaly matching of the 
U(1)R one-loop anomaly by a chiral (F -term) counterterm using U , and anomaly cancellation of 
the residual dilatation anomaly by a real (D-term) counterterm using V . Since the fundamental 
condensate field V , which also includes the coupling field C as its lowest component, is real, the 

1 In general however, M > μ.
2 A supergravity based derivation of the NSVZ β function of pure super-Yang–Mills using similar anomaly matching 

arguments has been given long ago [13].
3 Following and extending ref. [14].
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effective scalar potential determines the modulus |〈T̃rλλ〉| of the gaugino condensate as a func-
tion of C or g2(M): perturbative anomaly arguments are not able to discretize the R-symmetry 
spontaneously broken by the condensate. Discretization to Z2N (with SU(N) gauge group) can 
be easily expressed in a non-perturbative superpotential in U where each allowed term can be in-
terpreted as a k-instanton contribution. Arbitrariness of M in the effective condensate Lagrangian 
leads again to the all-order NSVZ β function [12].

The outline of the paper is as follows. In Section 2, we define the gauge coupling field as the 
lowest component C of the real linear superfield L and we introduce the gauge-invariant cou-
pling L to the Chern–Simons superfield �, in the combination L̂ = L − 2�. The next Section 3
discusses chiral-linear duality in N = 1 superspace, repeating for completeness long-known ar-
guments [15]. At this point, the main result is that the dependence on the gauge coupling field 
C of the super-Yang–Mills Lagrangian is not restricted by supersymmetry, that holomorphicity 
is not relevant and also that the vacuum angle does not depend on C. Section 4 presents the 
supercurrent structures for theories with linear, chiral and gauge superfields. We first derive a 
natural 16B + 16F structure including the Belinfante improved energy-momentum tensor. Tools 
in the derivation are superfield identities and field equations. We then show how to improve this 
structure to a supercurrent making the scale properties of the theory manifest and consider the 
case where the superpotential would be a generic function of the super-Yang–Mills superfield 
T̃rWW . Section 4 also provides a detailed discussion of scale transformation properties and of 
the existence (or nonexistence) of the Callan–Coleman–Jackiw (CCJ) energy-momentum tensor 
[10,11]. Appendices A, B and C are in support of this Section. With this understanding of the 
supercurrent structures, we next consider the incorporation of anomalies. We focus on the source 
or anomaly superfields X and χα appearing in the on-shell conservation laws of the supercur-
rent multiplet Jαα̇ . The study of the U(1)R and scale perturbative anomalies is the subject of 
section 5.

Section 6 discusses the Wilsonian effective Lagrangian for pure N = 1 super-Yang–Mills and 
the effective Lagrangian for gaugino condensates. In both cases, the all-order NSVZ β function 
is derived, using anomaly matching/cancellation only. For completeness, it also briefly shows 
how N = 2 theories escape corrections beyond one-loop.

Finally, we have added a number of appendices. Appendix A reviews the properties of the 
supercurrent structure and its improvements in component language. Appendices B and C give 
relevant background information on scaling properties of the theory, on the very particular prop-
erties of a certain scale superfield denoted by � and on improvements of the canonical (Noether) 
energy-momentum tensor to the Belinfante and CCJ energy-momentum tensors. Appendix D
provides the link between our supercurrent structures and the better known Ferrara–Zumino [16]
structure. Finally, in Appendix E, we collect some useful formulas for the Legendre transforma-
tion which appears in linear-chiral duality.

2. The gauge coupling field

Consider the Lagrangian

L = 1

g2
LSYM,

LSYM = −1

4
Fa

μνF
a μν + i

2
λaσμ(Dμλ)a − i

2
(Dμλ)aσμλa + 1

2
DaDa, (2.1)

where
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Fa
μν = ∂μAa

ν − ∂νA
a
μ − 1

2
f abcAb

μAc
ν , (2.2)

(Dμλ)a = ∂μλa − 1

2
f abcAb

μλc , (2.3)

with f abc the structure constants of some simple gauge group with generators T a , i.e.

[T a,T b] = if abcT c . (2.4)

One wants to replace the coupling g2 by a function of a real scalar field C,

g2 −→ h(C),

or simply by a real scalar field C. It is then easy to see that N = 1 supersymmetry does not 
provide any information or condition on the function h(C). The argument is as follows. Since

LSYM = 1

4

∫
d2θ T̃rWW + 1

4

∫
d2θ T̃rWW, (2.5)

where Wα(A) = − 1
4DD e−ADαeA is the chiral superfield of gauge curvatures,4 one first ob-

serves that there exists a Chern–Simons real superfield � defined by5

T̃rWW = DD �, T̃rWW = DD � (2.7)

such that its gauge variation is linear, DD δgauge� = 0. One then introduces a real linear super-
field L,

DD L = DD L = 0, (2.8)

one postulates that L has gauge variation

δgaugeL = 2 δgauge� (2.9)

and one forms the gauge-invariant real superfield

L̂ = L − 2�. (2.10)

The lowest component of L is a real scalar field C and the gauge-invariant supersymmetric 
Lagrangian

L =
∫

d2θd2θ H(L̂) (2.11)

4 To be precise, A is the Lie algebra-valued real superfield of gauge potentials, A = AaT a
r , with generators in some 

representation r normalized by Tr(T a
r T b

r ) = T (r)δab and we use the notation

T̃rWW ≡ T (r)−1 TrWαWα .

For the components of Aa in Wess–Zumino gauge we write

Aa
WZ = θσμθAa

μ + iθθθλa − iθθθλa + 1

2
θθθθDa . (2.6)

We also write A = AaT a
r , Fμν = Fa

μνT a
r , D = DaT a

r and λ = λaT a
r .

If needed, the factors 1/2 in gauge curvatures (2.2) and covariant derivatives (2.3) can be eliminated by the rescalings 
A → 2A and Wα(A) → 1

2Wα(2A).
5 For a detailed study of this superfield, see ref. [17].
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includes in its component expansion6

L =HC(C)LSYM + . . . , HC(C) = d

dC
H(C). (2.12)

Since the function H is arbitrary we have a gauge coupling field

1

g2
=HC(C) (2.13)

and N = 1 supersymmetry does not provide information or constraints on the gauge coupling 
field. Since7∫

d2θd2θ L̂ = −1

8

∫
d2θ DDL̂ + h.c. + total deriv. = LSYM + total deriv., (2.14)

the linear superfield decouples in a term linear in L̂.
Hence, since theory (2.11) does not have a scalar potential, the field equations of the lin-

ear superfield have a (supersymmetric) solution L̂ = constant, which allows us to identify this 
background value of L̂ with the gauge coupling constant.

We will use in this work three components of the superfield L̂:

L̂ = C + θσμθ

[
1

6
εμνρσ Hνρσ + T̃rλσμλ

]
+ θθθθ

[
1

4
�C +LSYM

]
+ . . . (2.15)

Note the presence of a gaugino axial current besides the tensor field

Hμνρ = 3 ∂[μBνρ] − ωμνρ, (2.16)

where ωμνρ is the gauge Chern–Simons form, in the θσμθ component. The Lagrangian has then 
kinetic terms ∼ HμνρHμνρ . This interaction of gauge fields with an antisymmetric tensor with 
gauge symmetry is a standard occurrence in higher-dimensional global and local supersymmetry 
and in superstring theories. It is only in four dimensions that the antisymmetric tensor can be 
transformed into an axion scalar coupled to T̃rFμνF̃

μν . It seems then a natural approach to use 
L̂, as we do here, to introduce a gauge coupling field since in addition it does not introduce 
any dependence on the background value of an axion scalar, i.e. any explicit dependence on the 
vacuum θ angle of the Yang–Mills theory.

In the context of four-dimensional effective supergravity descriptions of superstring compact-
ifications, the role of the linear supermultiplet as the string loop-counting dilaton field has been 
originally shown by Cecotti, Ferrara and Villasante [17]. Its role in anomaly cancellation and 
in the four-dimensional Green–Schwarz mechanism [18] has been displayed in many examples, 
following the effective description [19] of one-loop gauge threshold corrections in simple orb-
ifolds [20].

3. The linear superfield and chiral-linear duality

Like the chiral superfield, the linear superfield [21,15] describes four bosonic and four 
fermionic (4B + 4F ) off-shell field components. We use the expansion

6 All terms have at most two derivatives.
7 When dealing with Lagrangians we will sometimes omit total derivative terms when writing equalities.
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L = C + iθχL − iθχL + 1

6
εμνρσ θσμθ hνρσ + 1

2
θθ ∂μχLσμθ

+ 1

2
θθ θσμ∂μχL + 1

4
θθθθ �C , (3.1)

where hμνρ = 3 ∂[μBνρ], to solve the linearity condition (2.8). Since Bμν with its gauge invari-
ance δBμν = 2 ∂[μ�ν] describes three bosons, the linear superfield does not have any scalar 
auxiliary field and does not generate a specific contribution to the scalar potential in a supersym-
metric Lagrangian. When coupled to �, as in expression (2.10), or in conformal supergravity, 
the linear superfield L (and its bosonic components C and Bμν ) has canonical scale dimension 
two.

In four space-time dimensions, an antisymmetric tensor with gauge invariance, as described 
in the linear superfield, is dual to a real scalar with axionic shift symmetry. At the Lagrangian 
level, the supersymmetric version exchanges a chiral and a linear superfield, and this chiral-linear
duality corresponds to the following chain of equalities [15]:

L =
∫

d2θd2θ H(L̂) =
∫

d2θd2θ H(V )

+ 1

8

∫
d2θ SDD(V + 2�) + 1

8

∫
d2θ SDD(V + 2�)

=
∫

d2θd2θ

[
H(V ) − 1

2
(S + S)V

]
+ derivative

+ 1

4

∫
d2θ S T̃rWW + 1

4

∫
d2θ S T̃rWW

=
∫

d2θd2θ K(S + S) + derivative

+ 1

4

∫
d2θ S T̃rWW + 1

4

∫
d2θ S T̃rWW .

(3.2)

In the first equality, the Lagrange multiplier chiral superfield S imposes that V + 2� is linear. 
The third equality (3.2) defines the Kähler potential of the dual theory in terms of the Legendre 
transformation

K(S + S) =H(V ) − 1

2
(S + S)V (3.3)

exchanging variables V and S + S, i.e. with V expressed as a function of S + S by solving the 
usual relations

dH
dV

= 1

2
(S + S),

dK
d(S + S)

= −1

2
V. (3.4)

The resulting chiral theory has axionic shift symmetry δS = ia (a is a real constant).
Some comments are appropriate. Firstly, all information on the function H goes into the Käh-

ler potential K. The dual holomorphic gauge kinetic function is always S and the dual gauge 
coupling constant is 8

8 We can replace S by a (non constant) function f (S) in equalities (3.2).
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1

g2
= Re s (3.5)

for all functions H. Secondly, the Legendre transformation exchanges a real with a chiral super-
field, with axionic symmetry on S dual to the gauge invariance of Bμν . The shift symmetry has 
an important consequence. Defining the Yang–Mills vacuum angle as

〈Im s〉 = − θ

8π2
, (3.6)

its contribution to the Lagrangian

− θ

32π2
T̃r[FμνF̃

μν − 2 ∂μ(λσμλ)]
is a derivative irrespective of H. Hence, the all-order dependence on the gauge coupling and 
the absence of θ -dependence in perturbation theory are fully compatible with supersymmetry. 
Thirdly, the linear superfield does not have an auxiliary field: Bμν describes three off-shell fields 
and one on-shell helicity zero state. In the dual chiral version, S has a complex auxiliary field 
fS which vanishes in theory (3.2). In theories with additional matter chiral superfields �, the 
auxiliary field fS is a well-defined linear combination of the auxiliary f� in �. Hence, if S is 
dual to a linear superfield, its auxiliary fS does not generate an independent contribution to the 
scalar potential and this has clearly implications on the vacuum properties.9

Finally, notice that we may also add a term proportional to LSYM (and then independent 
from L or S) to theory (3.2). Doing this adds a constant term to g−2 which is then a one-loop 
correction. Hence, there is no information in the holomorphic coupling S, it is naturally defined 
up to a one-loop correction only and its relation to the original coupling field C is fully included 
in the Legendre transformation (3.3).

Since � has canonical scale dimension two, this is also the case for L and V in the equalities 
(3.2). Then, the natural canonical dimension of the chiral S is zero. The quantity

� ≡ 2VHV − 2H
measures the violation of scale invariance in the original linear multiplet theory. But, according 
to the Legendre transformation (3.3) and (3.4),

� = −2K
as expected if the scale dimension of S is zero. Hence, imposing scale invariance � = 0 leads 
to H(L̂) ∝ L̂ which is super-Yang–Mills theory with a constant coupling, i.e. in which L or 
S are absent. Clearly, this restriction is the obvious statement that there is no scale-invariant 
propagating gauge coupling field, in the absence of another dimensionful field. Hence, we expect 
to always find a classical contribution induced by the gauge coupling field to the divergence of 
the dilatation current.

4. Supercurrent superfields

In this Section, we consider a N = 1 theory for chiral superfields � in some representation r

of the gauge group,10 gauge superfields A, Wα , �, as defined earlier, and the linear gauge cou-
pling superfield L. These superfields carry linear representations of Poincaré supersymmetry, but 

9 Reference [22] discusses this point.
10 We suppress i indices on �i and �̄i .
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they actually carry representations of the full N = 1 superconformal algebra SU(2, 2|1) even if 
dynamical equations respect in general only Poincaré supersymmetry. In other words, fields in 
the theory have well-defined transformation properties under the superconformal algebra, the 
variation of the action under these transformations is well-defined, but the invariance of the the-
ory is in general generated by the super-Poincaré subalgebra only. Since the bosonic subalgebra 
of SU(2, 2|1) is

SU(2,2) × U(1)R ⊃ SO(1,3)Lorentz × SO(1,1)dil × U(1)R ,

we may then assign two abelian quantum numbers to all fields, superspace coordinates and su-
perfields, a chiral charge q for U(1)R transformations, and a scale dimension w for dilatations 
SO(1, 1)dil. As far as the super-Poincaré symmetry is concerned, q and w are arbitrary. But the 
superconformal algebra introduces further constraints: w = q for chiral superfields11 and canon-
ical scale dimensions for gauge superfields.

In addition, unitarity of the quantum theory would introduce further constraints (unitarity 
bounds) [23]. We are not concerned with them as long as we consider the theory as classical.

The assigned chiral and scale charges are then as follows12:

� : (q,w), � : (−q,w), L : (0,2), A : (0,0),

Wα : (3/2,3/2), � : (0,2).

The charges of L are as required by L̂ = L − 2�. If the representation of the chiral superfield 
is reducible, r = ⊕i ri , charges (qi, wi) are assigned. The Lagrangian describing the dynamics 
of these superfields includes in general U(1)R and scale symmetry violating terms. In addition, 
a non-R abelian chiral algebra may act with charge t or ti on the chiral superfields.13

Since we will later on be concerned with quantum anomalies in U(1)R and dilatation trans-
formations, the natural setup is to establish a supercurrent structure, i.e. a supercurrent superfield 
[16] Jαα̇ , anomaly superfields and the associated supercurrent equation. The supercurrent super-
field is primarily defined to include the conserved supercurrent and energy-momentum tensor. 
It is defined up to improvement transformations. In this section, our goal is first to construct 
supercurrent structures for theories with a coupling field and then to establish how these transfor-
mations encode the relation of the supercurrent structure with the assigned chiral and dilatation 
weights. This will be done for generic super-Poincaré theories with scale-invariant, conformal or 
R-symmetric theories appearing as particular cases.

We begin with a detailed discussion of the supercurrent structures in a theory with chiral, 
gauge and linear superfields. Some aspects have been studied by Magro, Sachs and Wolf [24].14

Supplementary formulas are provided in Appendix A.

4.1. A superfield identity

Consider the gauge-invariant real superfield

11 In our convention.
12 In our convention, the Grassmann coordinates have weights (q, w) = (3/2, −1/2) while for gauginos (q, w) =
(3/2, 3/2).
13 Non-abelian chiral groups will be mostly irrelevant to us.
14 Our discussion in this section generalizes some of the results of our earlier article [9], which can be recovered by 
decoupling the linear superfield. Identical notations are used.
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H =H(L̂, Y ) Y = �eA�. (4.1)

In Y , the real gauge superfield is Lie algebra-valued, A = AaT a
r , with generators T a

r in the 
representation r of the matter chiral superfield �. Gauge transformations are

� −→ e� �, � −→ �e�, eA −→ e−�eAe−� (4.2)

with � = �aT a
r and Dα̇� = 0. Gauge-covariant superspace derivatives read

Dα� = e−A(DαeA�), Dα̇� = (Dα̇�eA)e−A (4.3)

and

(Dα̇�)eA(Dα�) = (Dα̇�eA)e−A(DαeA�)

is gauge invariant.15

By direct calculation of, for instance, DDDα(H − L̂HL), the following identity can be de-
rived:

2Dα̇
[
(Dα̇�)H��(Dα�) −HLL(Dα̇L̂)(DαL̂)

]
= −L̂DDDαHL − (DDH�)Dα� − DDDα(H− L̂HL)

−2 T̃rWW DαHL − 4HY �eAWα�,

(4.4)

where subscripts indicate derivatives of H with respect to either �, �, L or Y . We stress that 
eq. (4.4) is merely an identity, without any information content. The next step is to consider a 
theory for L̂ and � and to use its field equations to rearrange identity (4.4) into a supercurrent 
equation.

4.2. The natural (Belinfante) supercurrent structure

Let us hence consider the theory

L =
∫

d2θd2θ H(L̂, Y ) +
∫

d2θ W(�) +
∫

d2θ W(�). (4.5)

Gauge invariance of the holomorphic superpotential W(�), i.e.

W�i (T
a
r )i j�

j = 0 , (4.6)

implies W�Dα� = DαW . The H term in the Lagrangian has in general several chiral symme-
tries. In particular, since H satisfies

H�� = �H� =HY Y, (4.7)

it is always invariant under the non-R U(1) symmetry rotating all chiral superfields � by the 
same phase.16 Its chiral symmetries also include the R symmetry (that we call R̃) which trans-
forms Grassmann coordinates and leaves all superfields in L̂ or Y inert. These chiral symmetries 
are in general broken by the superpotential.

15 In general, the gauge invariant function H can depend on variables Yi if the representation of the chiral superfields is 
reducible, r = ⊕i ri . This generalization is straightforward. It may also depend on other gauge invariant quantities, such 
as holomorphic invariants, which we do not consider here.
16 If the representation of the matter superfields is reducible, each irreducible component has an associated U(1) global 
symmetry. It extends to U(n) factors if the matter superfields include n copies of an irreducible component.
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For completeness, the component expansion of theory (4.5) is as follows17:

L = − 1
2HCC

[
1
2 (∂μC)(∂μC) + 1

12HμνρHνμρ
]
+Hzz

[
(Dμz)(Dμz) + f f

]
+HC

[
− 1

4 T̃rFμνF
μν + 1

2 T̃rDD
]
+ 1

2HzDz − Wzf − f Wz

+ i
12εμνρσ Hμνρ

[
HCzD

σ z −HCzD
σ z

]
+ fermion terms ,

(4.8)

where

(Dμz)i = ∂μzi + i

2
Aa

μ(T a
r )i j z

j , (4.9)

Hμνρ = hμνρ − ωμνρ , (4.10)

in which ω is the Chern–Simons form normalized such that

dH = −T̃rF ∧ F . (4.11)

The kinetic metrics are then Hzz, − 1
2HCC and HC for the components of superfields �, L and 

Wα respectively.
The field equations for theory (4.5) are18

L : DDDαHL = 0,

� : DDH� = 4W�,

A : Dα̇
[
HL e−AW α̇eA

]
= Wα DαHL − T (r)HY ��eA,

(4.12)

with index Tr(T a
r T b

r ) = T (r)δab .
To derive the field equation for the gauge superfield A, it is indeed easier to use the dual chiral 

version of the theory,19

L =
∫

d2θd2θ K(S + S,Y ) +
∫

d2θ

[
W(�) + 1

4
S T̃rWW

]

+
∫

d2θ

[
W(�) + 1

4
S T̃rWW

]
,

(4.13)

and to apply on the resulting field equation the Legendre transformation into the linear version. 
Variation of eq. (4.13) and use of the Bianchi identity

Dα(eAWαe−A) = eADα̇(e−AW α̇eA)e−A (4.14)

gives then the field equation

(S + S)Dα̇(e−AW α̇eA) = −(DαS)Wα − (Dα̇S) e−AW α̇eA + 2T (r)KY ��eA.

(4.15)

17 Gauge invariance of H implies HzDz = zDHz .
18 We use the convention W α̇ = 1

4 DDeADα̇e−A, with W α̇ = −(Wα)†.
19 To avoid dealing with the complicated non-Abelian Chern–Simons superfield [17].
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It can be rewritten

Dα̇
[
(S + S) e−AW α̇eA

]
= Dα(S + S)Wα − 2T (r)KY ��eA. (4.16)

Multiplying by Wβ and taking the trace gives

Dα̇
[
(S + S)Tr(Wβe−AW α̇eA)

]
= 1

2
Dβ(S + S) TrWW + 2T (r)KY �eAWβ�. (4.17)

The Legendre transformation indicates then that KY = HY and S + S = 2HL, which in turn 
implies the field equation (4.12) for A and the relation

Dα̇
[
HL Tr(Wβe−AW α̇eA)

]
= 1

2
DβHL TrWW + T (r)HY �eAWβ�. (4.18)

With field equations (4.12) and relation (4.18), identity (4.4) finally leads to the supercurrent 
structure20

Dα̇Jαα̇ = DαX + χα,

Jαα̇ = −2
[
(Dα̇�)H��(Dα�) −HLL(Dα̇L̂)(DαL̂) + 2HLT̃r(Wαe−AW α̇eA)

]
,

X = 4W,

χα = DDDα(H− L̂HL).

(4.19)

This supercurrent structure can be considered as natural for theory (4.5). It actually also applies 
if H is simply a gauge-invariant function of L̂, � and �eA, instead of a function of L̂ and Y .

In the supercurrent structure (4.19), field equations have not been used to generate from 
identity (4.4) the source superfield χα and the chiral or linear contributions to the supercurrent 
superfield Jαα̇ . Field equations for A, � and L have been respectively used to generate the gauge 
supercurrent term,21 the chiral source X and to eliminate the first term in the right-hand side of 
identity (4.4).

Using expansion (A.5) for the superfield Jμ = (σμ)α̇αJαα̇ , we find that the supercurrent su-
perfield (4.19) contains the following lowest component:

j R̃
μ ≡ 3

8
(σμ)α̇αJαα̇

∣∣
θ=0 = −3

2
Hzz ψσμψ + 3

4
HCC χσμχ + 3

2
HC T̃rλσμλ , (4.20)

where we use the expansions

L̂ = C + iθχ − iθχ + . . . , � = z + √
2 θψ − θθf + . . . , Wα = −iλα + . . .

(and W α̇ = −iλα̇ + . . .). This is the Noether current of R̃-transformations with chiral charges 
−3/2, −3/2 and 3/2 for χ , ψ and λ respectively. The chiral charges of superfields �, L
and Wα for this U(1)R̃ are then q = 0, 0, 3/2 in this supercurrent structure and U(1)R̃ only 
acts on the Grassmann coordinates. It is an automatic symmetry of D-term Lagrangians and, 
according to the second eq. (A.6), the R̃ current is conserved if the superpotential vanishes, 
∂μj R̃

μ = − 3
2 ImfX .

20 The superfields Jαα̇ , X and χα can be calculated directly from the Lagrangian. They are then defined off-shell, but 
field equations (4.12) can be used to reformulate them since the superfield equation Dα̇Jαα̇ = DαX + χα only holds 
on-shell.
21 Field equations are needed to derive the Yang–Mills Belinfante energy-momentum tensor from the canonical tensor.
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The supercurrent superfield Jαα̇ of eqs. (4.19) contains the Belinfante improved (symmetric, 
gauge-invariant) energy-momentum tensor Tμν for theory (4.5). Omitting fermions and gauge 
fields, its expression is

Tμν = − 1
2HCC(∂μC)(∂νC) − 1

4HCChμρσ hν
ρσ +Hzz[(∂μz)(∂νz) + (∂νz)(∂μz)]

− ημν

(
− 1

4HCC(∂ρC)(∂ρC) − 1
24HCChρσλh

ρσλ +Hzz[(∂ρz)(∂ρz) + f f ]
)

+ 1
2ημνHC T̃r(D2) + 1

2ημν RefX,

(4.21)

with auxiliary fields22

fX = 4Wzf, fHzz = Wz, Da = −1

2
H−1

C HzT
a
r z = −1

2
H−1

C HY zT a
r z.

Notice that terms depending on HCz or HCz present in the Lagrangian do not appear in the 
Belinfante tensor Tμν . If the superpotential vanishes, as we will often assume, we have f =
fX = 0.

4.3. Scale transformations

The supercurrent superfield Jαα̇ includes the U(1)R̃ current and the Belinfante energy-
momentum tensor which can then be viewed as partners under Poincaré supersymmetry. The 
superconformal algebra, besides U(1)R transformations, also includes scale transformations, but 
the dilatation current is not present in Jαα̇ .

To discuss the behavior of the theory under scale transformations, we first use that the source 
superfield χα contributes to the trace of the Belinfante energy-momentum tensor, according to 
the first eq. (A.6). We then define the real superfield

�(0) = 2L̂HL − 2H, χα = −1

2
DDDα�(0). (4.22)

Then, using the field equation for C, the quantity

δ(0) ≡ ∂L
∂C

2C + ∂L
∂∂μC

3∂μC + ∂L
∂hμνρ

3hμνρ + ∂L
∂∂μz

∂μz + ∂L
∂∂μz

∂μz − 4L, (4.23)

which is the variation of the bosonic Lagrangian under a scale transformation with scale dimen-
sions w = 2 for L and w = 0 for �, verifies

δ(0) = −∂μ[CHCC∂μC] + T μ
μ

= −1

2
∂μ

[
∂

∂C
�(0)

∣∣∣
θ=0

∂μC

]
+ T μ

μ.
(4.24)

The expression for δ(0) is the Lagrangian variation under a dilatation of the fields at fixed coor-
dinates x (or at x = 0), and this last equation suggests to define a dilatation current

22 The auxiliary field contribution to Tμν is ημνV , where V is the usual scalar potential

V (C, z, z) = 1

2
HC T̃rD2 +Hzzf f.
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jD
μ = −1

2

[
∂

∂C
�(0)

∣∣∣
θ=0

∂μC

]
+ xνTμν (4.25)

verifying ∂μjD
μ = δ(0) as it should. Even if it does not appear in the natural supercurrent struc-

ture (4.19), this dilatation current is naturally associated by Poincaré supersymmetry with the 
R̃ current (4.20) present in the supercurrent superfield Jαα̇ . Both currents correspond to zero 
U(1)R̃ charge q and scale dimension w for the chiral superfield �, the equality w = q follow-
ing from the superfield supercurrent equations of Poincaré supersymmetry and of the underlying 
superconformal character of the supermultiplets.

If the theory would be scale-invariant, W = �(0) = 0 and the anomaly source superfields 
X = 4W and χα = − 1

2DDDα�(0) would also vanish. An example is H = L̂ which leads to the 
superconformal super-Yang–Mills Lagrangian. Then, ∂μjD

μ = T μ
μ = 0. If however �(0) = 0, 

the divergence of the dilatation current is not given by the nonzero trace of the Belinfante energy-
momentum tensor: with the linear superfield, there is a virial current. With scale dimension zero 
chiral superfields a (two derivative23) scale-invariant theory is generated by H = L̂F(�,�). The 
first field equation (4.12) for L̂ only makes sense if F = f (�) + f (�), in which case the lin-
ear superfield disappears from the dynamical Lagrangian which simply couples the holomorphic 
f (�) to T̃rWW .24

We now want to generalize this discussion to the case of a nonzero scale dimension w of the 
chiral fields, in view of a supersymmetric improvement of the natural (Belinfante) supercurrent 
structure.

With respect to a system with chiral and gauge superfields only, the presence of the linear 
superfield introduces some technical subtleties25 which play a role when discussing the behavior
of the theory under scale transformations. Since these subtleties involve scalar fields only, we 
omit fermions and gauge fields in this subsection. Assigning scale dimensions w and two to the 
superfields � and L̂, the bosonic quantity which measures the breaking of scale invariance is

δ(w) = ∂L
∂C

2C + ∂L
∂z

wz + ∂L
∂z

wz + ∂L
∂∂μC

3 ∂μC + ∂L
∂hμνρ

3hμνρ

+ ∂L
∂∂μz

(w + 1)∂μz + ∂L
∂∂μz

(w + 1)∂μz − 4L.

(4.26)

Using the field equations, it can be written as

δ(w) = ∂μV(w)μ + T μ
μ (4.27)

in terms of the trace of the Belinfante gauge-invariant energy-momentum tensor Tμν and the 
virial current

V(w)μ = −CHCC∂μC + wzHzz∂μz + wzHzz∂μz − i

12
wεμνρσ hνρσ (zHCz − zHCz).

(4.28)

This in turn indicates that the dilatation current is

δ(w) = ∂μjD
μ jD

μ = V(w)μ + xνTμν (4.29)

23 The real scale-invariant variable T̃rWW T̃rWWL̂−3 leads to four-derivative terms.
24 Chiral-linear duality as described in Section 3 cannot be performed.
25 See Appendix B.



N. Ambrosetti et al. / Nuclear Physics B 915 (2017) 285–334 299
up maybe to a conserved current. Notice that

V(w)μ = ∂L
∂∂μC

2C + ∂L
∂∂μz

wz + ∂L
∂∂μz

wz (4.30)

is gauge-invariant and does not include a term related to the variation of the antisymmetric ten-
sor.26 Notice also that the contribution quadratic in hμνρ in the energy-momentum tensor (4.21)
would be traceless in six dimensions. This follows from a general result [25]: in 2(p + 1) di-
mensions, the kinetic Lagrangian of a p-form field with gauge invariance is scale and conformal 
invariant with canonical dimension w = p.

Defining the superfields

�(w)(L,�,�eA) = 2L̂HL + wH�� + w�H� − 2H, (�(w) real),

�̃(w)(�) = w
4 DD(H��) − 3W, (Dα̇�̃(w) = 0),

(4.31)

leads to the relation

δ(w) = �(w)|θθθθ + 1
4��(w)(C, z, z) − 1

2∂μ
[
�(w)C(C, z, z)∂μC

]
+ �̃(w)|θθ + �̃(w)|θθ

= 1
2D�(w)

− 1
2∂μ

[
�(w)C(C, z, z)∂μC

]
− f�̃(w)

− f
�̃(w)

,

(4.32)

with D�(w)
as defined in the appendices [eqs. (A.4) or (B.3)] and �(w)C = ∂

∂C
�(w). Using equa-

tions (B.1) and (B.3) it can be shown that δ(w) takes the same functional form as the bosonic 
Lagrangian (4.8) but with the substitutions: H replaced by �(w) and W replaced by �̃(w). Note 
the appearance of a supplementary derivative term in δ(w) whenever a linear superfield is present. 
This equation remains true in the fully supersymmetric theory with fermion and gauge fields: the 
supplementary derivative depends on scalar fields only. We then have:

V(w)μ = − 1
2�(w)C∂μC + w

2 ∂μ(zHz + zHz)

− 1
2

[
i
6εμνρσ hνρσ ∂

∂C
+ (∂μz) ∂

∂z
− (∂μz) ∂

∂z

]
(wzHz − wzHz).

(4.33)

This equality is true for an arbitrary function H(C, z, z). Since the choice w = 0 has been dis-
cussed earlier, we consider now w = 0.

Two cases then exist. Firstly, if the function H has a U(1) symmetry with charges proportional 
to the scale dimension w, then wzHz = wzHz and

V(w)μ = −1

2
�(w)C ∂μC + w

2
∂μ(zHz + zHz). (4.34)

As shown explicitly in the next subsection, the second term can be eliminated by an improvement 
to a new energy-momentum tensor �μν and to a new virial current V̂μ for which, in view of 
eqs. (4.27) and (4.32),

∂μjD
μ = ∂μV̂μ + �μ

μ = −1

2
∂μ[�(w)C∂μC] + �μ

μ (4.35)

and

26 This result only holds if scale dimension two is assigned to the linear superfield.
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�μ
μ = 1

2
D�(w)

− 2 Ref�̃(w)
. (4.36)

Notice that the U(1) symmetry of H does not need to be an R-symmetry.27 In this first case, if 
the theory is scale-invariant, i.e. if we have �(w) = �̃(w) = 0, then it follows that

V̂μ = �μ
μ = 0 (4.37)

and the theory is conformal since the currents

Kα
μ = (2xαxν − ηανx2)�μν (4.38)

are conserved, ∂μKα
μ = 0. If H has a U(1) symmetry but scale invariance is broken, �μ

μ is 
given by the highest components of the superfields �(w) and �̃(w) which measure the breaking 
of scale invariance, according to eqs. (4.35) and (4.36). But if �(w)C = 0, the divergence of 
the dilatation current is not given by the trace �μ

μ. This discussion includes the case w = 0
considered earlier. Since we restrict ourselves to H(L̂, Y), the U(1) symmetry exists and the 
improvement transformation will be performed at the superfield level in the next subsection.

In the second option, H does not have the global U(1) symmetry, wzHz = wzHz (∀w = 0). 
The chiral superfield interactions provide then an example of a classical theory where scale in-
variance (�(w) = �̃(w) = 0) does not imply conformal invariance because the virial current in 
(4.33) cannot be transformed away by an improvement transformation. This case is briefly dis-
cussed in Appendix C.

In any case, the message of this subsection is that even when H has a U(1) symmetry but 
the theory is not scale invariant because �(w) = 0 and there is a non-trivial coupling of a linear 
superfield to chiral superfields such that �(w)C∂μC is not a derivative, one cannot construct an 
energy-momentum tensor �μν which is such that ∂μjD

μ = �μ
μ. Whenever there does exist an 

energy-momentum tensor �μν such that ∂μjD
μ = �μ

μ we will refer to it as the Callan, Coleman, 
Jackiw (CCJ) [10,11] energy-momentum tensor (see Appendix C).

4.4. Improved supercurrent structure: making scale (non-)invariance manifest

Just like in the previous subsection we assume that the chiral superfields � have an arbitrary 
scale dimension(s) w. The canonical value is w = 1, but dimensions can be anomalous. The 
dimension of L̂ is always two.28 In terms of the superfields �(w) and �̃(w) defined in eqs. (4.31), 
the anomaly superfields of the natural supercurrent structure read

X = −4

3
�̃(w) + 4

3
w W��, χα = −1

2
DDDα�(w) + w

2
DDDα(H�� + �H�).

(4.39)

We may then improve the supercurrent structure using transformation (A.8) with

G = −w

6
(H�� + �H�) (4.40)

to eliminate the second term in χα . The resulting chiral anomaly superfield is

27 This observation extends results stated in ref. [26].
28 The dimension of � is canonical. Notice that L contains then a dimension-three vector field vμ = εμνρσ ∂νbρσ

which is conserved or transverse, ∂μvμ = 0.
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X̃ = −4

3
�̃(w) + 4

3
w W�� − w

6
DD(H�� + �H�) (4.41)

and the field equation of � leads then to the supercurrent structure

Dα̇J̃αα̇ = DαX̃ + χ̃α,

J̃αα̇ = −2
[
(Dα̇�)H��(Dα�) −HLL(Dα̇L̂)(DαL̂) + 2HLT̃r(Wαe−AW α̇eA)

]
− w

3 [Dα,Dα̇](H�� + �H�),

X̃ = − 4
3�̃(w) + w

6 DD(H�� − �H�),

χ̃α = − 1
2DDDα�(w).

(4.42)

The extension of these formulas to a reducible matter content, with independent scale dimensions 
w(i) for each irreducible component �(i) is straightforward.

In the case of the canonical Wess–Zumino model, H = ��, the improved supercurrent su-
perfield reduces to

J̃αα̇ = 4

3

[(
w − 3

2

)
(Dα̇�)(Dα�) − iw (σμ)αα̇ �

↔
∂μ �

]
(4.43)

with R-current

jμ =
(

w − 3

2

)
ψσμψ − iwz

↔
∂μ z, (4.44)

two results often used in the literature with canonical scale dimension w = 1.
These formulas hold for a function H(L̂, �,�eA). They simplify if H(L̂, Y), as in our theory 

(4.5):

Dα̇Ĵαα̇ = DαX̂ + χ̂α,

Ĵαα̇ = −2
[
(Dα̇�)H��(Dα�) −HLL(Dα̇L̂)(DαL̂) + 2HLT̃r(Wαe−AW α̇eA)

]
− 2

3 [Dα,Dα̇](wHY Y ),

X̂ = − 4
3�̃(w),

χ̂α = − 1
2DDDα�(w).

(4.45)

In Ĵαα̇ , the energy-momentum tensor �μν is related to the Belinfante tensor by the improvement

�μν = Tμν − 1
6 (∂μ∂ν − ημν�)w(Hzz + zHz)

= Tμν − 1
3 (∂μ∂ν − ημν�)wHyy, y = zz

(4.46)

and the corresponding improved (scalar) virial current is

V̂μ = V(w)μ − w ∂μ(Hyy) = −1

2
�(w)C∂μC (4.47)

as explained in the previous subsection. Using (A.6) we find that �μ
μ satisfies eq. (4.36) while 

the dilatation current verifies eq. (4.35).



302 N. Ambrosetti et al. / Nuclear Physics B 915 (2017) 285–334
The superfield improvement transformation can also be understood in the following way. The 
field equation DDH� = 4W� implies

w

2
DD(H�� + �H�) = 4wW�� − w

2
DD(H�� − �H�). (4.48)

The right-hand side vanishes if the theory is invariant under phase rotations of �. In this case,

Z = w

2
(H�� + �H�) = −3G (4.49)

includes the Noether current of the U(1)Z symmetry (with charge w on �) in its θσμθ com-
ponent and DDZ = 0 is the supersymmetric extension of its conservation equation. Taking the 
derivative Dα of eq. (4.48), using identity (A.7) and the field equation leads then to the improve-
ment transformation to the supercurrent structure (4.42). Hence, the supercurrent superfield Ĵαα̇

includes in its lowest component the current of the R transformation with R charges 0 and w
for L̂ and � respectively. Gauginos, and fermions ψ in � and χ in L have chiral weights 3/2, 
w − 3/2 and −3/2 respectively. Notice that w has been originally introduced as the scale di-
mension of � and it here also plays the role of an R charge. This is reminiscent of the chirality 
condition in a superconformal theory, in which the scale dimension and the U(1)R charge are 
identified.

We may further improve the structure (4.45) to a Ferrara–Zumino supercurrent with χα = 0. 
This second improvement would lead to a supercurrent depending on the superfield �(w),

Ĵαα̇ −→ Ĵαα̇ + 1

3
[Dα,Dα̇]�(w). (4.50)

The content of the supercurrent structure (4.45) is however more intuitive, with the Lagrangian 
superfield H defining the supercurrent superfield Ĵαα̇ and the scale- and R-breaking superfields 
�(w) and �̃(w) defining the source superfields X̂ and χ̂α . In the following, we will use the 
improved supercurrent structure (4.45) as a starting point and we will be mostly concerned with 
the case W(�) = 0 = X̂. This structure is both R̃- and R-symmetric and is then naturally related 
to new-minimal supergravity.

If we wish to cancel the virial current completely, we need that Vμ is a derivative, and then 
�C should be a function of C only. This is the case if

H(L̂, Y ) =F(L̂) +K(Y ) + I(L̂, Y ), wYIY + L̂IL = I. (4.51)

Then,

�(w) = 2L̂FL − 2F + 2wYKY − 2K, �(w)LY = 0.

The second equation (4.51) has a very simple significance: with dimensions w and two for �
and L̂, the interaction term must be a dimension-two function. Hence, the interaction Lagrangian 
is scale invariant:

I(L̂, Y ) = L̂ Ĩ(X), X = Y L̂−w. (4.52)

Only in this case can we find an energy-momentum tensor such that ∂μjD
μ = �μ

μ.
For reasons explained in Section 5, it will be natural to write the anomaly source superfields 

as a sum of a classical contribution and an anomalous term as follows

�(w) = �classical + �anom., �anom. = B L̂, (4.53)
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and

�̃(w) = �̃classical + �̃anom., �̃anom. = A T̃rWW, (4.54)

with some numerical coefficients A and B to be discussed below. An anomalous contribution 
�anom. = BL̂ arises if an anomaly term

Hanom.(L̂) = B

2
(L̂ ln L̂ − L̂) (4.55)

is added to H. Similarly, an anomalous contribution �̃anom. may be obtained if the superpotential 
is allowed to depend on T̃rWW : this is the subject of the next subsection.

4.5. Adding a dependence to the superpotential on T̃rWW

The chiral superfield T̃rWW has a fermionic lowest component. In principle, the superpoten-
tial W could also be a function of T̃rWW , W(�, ̃TrWW), but this dependence does not play any 
role in the bosonic Lagrangian and for the gauge coupling field, except for a linear term which is 
already included in H(L̂, �,�) since29

1

2

∫
d2θ f (�)T̃rWW + h.c. =

∫
d2θd2θ [f (�) + f (�)]L̂ + total deriv.

It however plays a role in effective Lagrangians like, for instance, in the description of gaugino 
condensates. Defining the variable U = T̃rWW , the field equation for the gauge superfield A is 
now

Dα̇
[
(HL + 2WU + 2WU ) e−AW α̇eA

]
=Wα Dα(HL + 2WU ) − T (r)HY ��eA (4.56)

with WU = ∂
∂U W(�, U), instead of the third eq. (4.12). Following the same steps, we obtain the 

“natural” supercurrent structure

Dα̇Jαα̇ = DαX + χα,

Jαα̇ = −2
[
(Dα̇�)H��(Dα�) −HLL(Dα̇L̂)(DαL̂)

+ 2(HL + 2WU + 2WU )T̃r(Wαe−AW α̇eA)
]
,

X = 4 (W − UWU ),

χα = DDDα(H− L̂HL)

(4.57)

instead of expressions (4.19). A violation of scale invariance in the chiral density is measured by 
the superfield

�̃(w) = wW�� + 3WU U − 3W (4.58)

since U = T̃rWW has canonical scale dimension three. Relations (4.39) are then unaffected 
and the same improvement transformation leads to the improved supercurent structure Dα̇J̃αα̇ =
DαX̃ + χ̃α with a modified supercurrent superfield

29 But then H is not a function of Y but instead it depends on the (gauge-invariant) function f (�).
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J̃αα̇ = −2(Dα̇�)H��(Dα�) + 2HLL(Dα̇L̂)(DαL̂) − w
3 [Dα,Dα̇](H�� + �H�)

−4 (HL + 2WU + 2WU )T̃r(Wαe−AW α̇eA)

(4.59)

and anomaly superfields as defined in eqs. (4.42) but with �̃(w) as given in (4.58). An anomalous 
contribution to �̃(w) as in (4.54) follows then, using (4.58), from a Veneziano–Yankielowicz [27]
“gauge superpotential”

W(U) = A

3
(U lnU − U). (4.60)

Since 
∫

d2θd2θ L̂ = 1
4

∫
d2θ U + derivative, a theory defined by functions H + (A + A)L̂

and W is equivalent to a theory defined by H and W + 1
2AU (A is chiral). All expressions in this 

section respect this equivalence.

5. Perturbative anomalies

The improved supercurrent structure (4.45) with scale dimension w for chiral superfields �
includes the Noether current of the U(1)R acting with charges 3/2 on gauginos and w − 3/2
on chiral fermions in representation r . This U(1)R group combines the natural R̃ transformation 
described in the natural (Belinfante) supercurrent structure (4.19)30 and the non-R U(1)Z acting 
with charges w on superfields �. As explained earlier, the Noether current j (Z)

μ associated with 
U(1)Z is in the θσμθ component of superfield (4.49),

Z = w

2
(H�� + �H�) = wYHY .

Using field equations, its superfield conservation equation is of the form

DDZ = �Z , (5.1)

with a chiral source superfield �Z given in eq. (4.48) at the classical level and including in 
general quantum anomalies. With identity (A.7), this conservation equation can always be turned 
into an equivalent “supercurrent equation”

Dα̇Jαα̇ = Dα�Z + 3DDDαZ,

Jαα̇ = 2[Dα,Dα̇]Z,
(5.2)

where the Noether current j (Z)
μ is now in Jαα̇|θ=0. In the θσμθ component, the “energy-

momentum” tensor is merely a trivial improvement term, according to transformations (A.10), 
its trace is −3�CZ and this corresponds to a formal contribution31

JD
μ = −3 ∂μCZ = −3

2
w ∂μ(Hzz + zHz) = −3

2
∂μ[�(w) − �(0)]θ=0

to the dilatation current, in terms of the source superfield (4.31).

30 Obtained with w = 0 in expressions (4.45).
31 Omitting as earlier fermions and gauge fields.
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5.1. Mixed “internal” anomalies

In this paragraph, we repeatedly use

T̃rWW|θθ = −1

2
T̃rFμνF

μν − i

2
T̃rFμνF̃

μν + . . .

= 2LSYM − i

2
T̃r

[
FμνF̃

μν − 2 ∂μ(λσμλ)
]
,

DDZ|θθ = −2i ∂μj (Z)
μ + . . . , L̂|θθθθ = −1

4
T̃rFμνF

μν + . . . = LSYM,

(5.3)

and F̃μν = 1
2 εμνρσ Fρσ .

Since a global symmetry U(1)Z has U(1)Z-gauge–gauge mixed anomaly32

∂μj(Z)
μ = 1

16π2
wT (r) T̃rFμνF̃μν + . . . , (5.4)

the corresponding superfield anomaly equation is

DDZ = 1

4π2
wT (r) T̃rWW . (5.5)

At this point, w is the Z-charge of the superfield � and of its fermionic components. Identity 
(A.7) with G = −Z/3 leads to

−2

3
Dα̇[Dα,Dα̇]Z = − 1

12π2
wT (r)DαT̃rWW − DDDαZ, Z = wYHY . (5.6)

Comparing with the improved supercurrent structure (4.45), the anomaly adds a contribution to 
the chiral source superfield X̂,

X̂ −→ X̂ − 1

12π2
wT (r) T̃rWW, (5.7)

and by supersymmetry a contribution to the energy-momentum trace.
Similarly, the natural R̃-symmetry has U(1)R̃-gauge–gauge anomaly33

∂μj(R̃)
μ = 1

16π2

3

2
[C(G) − T (r)] T̃r(FμνF̃μν) + . . . (5.8)

According to the second eq. (A.6), this also leads to an anomalous shift of the source superfield 
X̂:

X̂ −→ X̂ − 1

8π2
[C(G) − T (r)] T̃rWW . (5.9)

Combining both anomalies leads to

X̂(anomaly) = − 1

24π2
b(w) T̃rWW (5.10)

with coefficient

32 Dots indicate terms generated by supersymmetry.
33 C(G) = T (Adj G) is the quadratic Casimir, C(G)δab = f acdf bcd in terms of structure constants.
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b(w) = b0 + 2(w − 1)T (r), b0 = 3C(G) − T (r). (5.11)

This is of course the anomaly of the R-symmetry with current described by the lowest component 
of the improved supercurrent (4.45). Writing instead

b(w) = 3C(G) − T (r)(1 − γ ), γ = 2(w − 1), w = 1 + γ

2
, (5.12)

the number γ is now the anomalous dimension and b(w) is the numerator of the NSVZ β func-
tion [12,28].34

Now, according to the first eq. (A.6), the energy-momentum tensor in this supercurrent super-
field verifies

�μ
μ = 1

4
D + 3

2
RefX̂anomaly

= 1

4
D − 1

32π2
b(w) T̃rFμνFμν + . . . (5.13)

Since gauginos and chiral fermions have scale dimensions 3/2 and w + 1/2 respectively, we 
expect that the dilatation current has dilatation-gauge–gauge anomaly

∂μjD
μ = − 1

48π2
c(w) T̃rFμνFμν + . . . , c(w) = 3

2
[C(G) + T (r)] + (w − 1)T (r).

(5.14)

As a consequence,

D = 1

4π2
d(w) T̃rFμνFμν + . . . , d(w) = C(G) − T (r) + 2

3
(w − 1)T (r). (5.15)

This residual dilatation anomaly is introduced in the supercurrent structure by a quantum contri-
bution

χα(anomaly) = −1

4
DDDαU(anomaly), U(anomaly) = − 1

2π2
d(w) L̂ (5.16)

added to the source superfield χ̂α . Hence, with the chiral contribution (5.10), the improved su-
percurrent structure including the anomalies is

Dα̇Ĵαα̇ = DαX̂ + χ̂α,

Ĵαα̇ = −2
[
(Dα̇�)H��(Dα�) −HLL(Dα̇L̂)(DαL̂) + 2HLT̃r(Wαe−AW α̇eA)

]
− 2

3
[Dα,Dα̇](wHY Y ),

X̂ = −4

3

(
�̃(w) + 1

32π2
b(w) T̃rWW

)
,

χ̂α = −1

2
DDDα

(
�(w) − 1

4π2
d(w) L̂

)
,

(5.17)

with �̃(w) = 0 if the superpotential vanishes. In the case of pure N = 2 super-Yang–Mills theory 
in which r = Adj (G), C(G) = T (r) and w = 1 (since both gauginos have same R charge),

b(w) = b0 = 2C(G), d(w) = 0, χα(anomaly) = 0. (5.18)

34 While a conserved current has dimension three, see for instance ref. [29], anomalous currents have in general γ > 0.
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5.2. Matching and canceling anomalies

Following the discussion of the previous section, we may use in an effective or phenomenolog-
ical Lagrangian local counterterms which, depending on the context, either match an anomaly of 
the microscopic theory or compensate an anomaly generated in perturbation theory of the effec-
tive theory in order to restore a quantum symmetry of the underlying theory. An example of the 
first situation is the familiar axial current chiral anomaly. An example of the second case would 
be the cancellation of target-space T -duality (Kähler) anomalies in the effective supergravity of 
string compactifications as originally described in refs. [18,19].

Consider

�Hcorr.(L̂, Y ) = − ε

8π2
d(w) L̂(ln L̂ − 1), (5.19)

�Wcorr.(�,U) = ε

96π2
b(w)U(lnU − 1), (5.20)

where U = T̃rWW as in Subsection 4.5 and ε = ±1. The corresponding scale and R-breaking 
superfields are then

�corr. = − ε

4π2
d(w) L̂,

�̃corr. = ε

32π2
b(w) T̃rWW.

(5.21)

These counterterms are used to obtain effective Lagrangians with “classical” anomalous behavior
by modifying the currents in the supercurrent structure. For ε = 1, when added as quantum cor-
rections to the function H defining an effective Lagrangian, they would match the microscopic 
anomaly terms in expressions (5.17). For ε = −1, they would cancel or compensate these quan-
tum anomalies to describe an exact symmetry, as for instance the renormalization-group does 
with scale transformations.

If we expand the anomaly counterterm in expression (5.19) around a constant background 
value

L̂ −→ g2 + L̂, (5.22)

it can be rewritten

−ε
d(w)

8π2

∫
d2θd2θ

(
g2 + L̂

)[
lng2 + ln

(
1 + L̂

g2

)
− 1

]

= −ε
d(w)

8π2
lng2

∫
d2θd2θ L̂ + . . . = −ε

d(w)

8π2
lng2 1

4

∫
d2θ T̃rWW + c.c. + . . . ,

(5.23)

omitting terms of higher orders in L̂. Hence, with a constant coupling, it can be expressed as a 
chiral integral. This is the rescaling anomaly calculated by Arkani-Hamed and Murayama [7].35

But in terms of the gauge coupling field, it is included in the full superspace integral of the real 
superfield (5.19). Actually, ref. [7] evaluates the anomaly induced by the rescaling of the gauge 

35 Their eqs. (2.8) and (2.9) for super-Yang–Mills fields.
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superfield A → gA which brings the gauge kinetic terms from − 1
4g2 Fa

μνF
aμν to the canoni-

cal normalization − 1
4Fa

μνF
aμν . This rescaling corresponds to L̂ → g2L̂ in our context. When 

applied to the anomaly-matching term (5.19), it produces the correct anomaly variation.
Notice that the chiral anomaly-matching superpotential in expression (5.20) generates

ε

96π2
b(w)

∫
d2θ U(lnU − 1) + h.c. = ε

48π2
b(w) ln(uu)LSYM

+ i ε

48π2
b(w) ln(u/u)

[
−1

4
T̃rFμνF̃

μν + 1

2
∂μ(T̃rλσμλ)

]
+ . . .

(5.24)

which, since u = −T̃rλλ, is a correction to the gauge coupling in a fermionic background 
〈T̃rλλ〉 = 0 only.36

6. Effective Lagrangians

We now apply our formalism to two types of effective descriptions of a supersymmetric gauge 
theory, the Wilson effective Lagrangian and the effective action, as defined in quantum field 
theory, for the description of gaugino condensates. This section is a development of refs. [13,14].

In this section, it is important to clearly distinguish the scale and the mass dimensions. As de-
fined earlier, the scale dimension encodes the behavior under dilatation of coordinates and fields 
(with scale dimensions wi ). The mass dimension follows from simple dimensional analysis (in 
energy units) and allows for a mass dimension of parameters (which have zero scale dimension). 
A Lagrangian has mass dimension four since the action is dimensionless, it does not have a well-
defined scale dimension in general.37 Gauge fields and superfields have identical canonical scale 
and mass dimensions: this is the case of superfields A (w = 0), L and � (w = 2), W (w = 3/2). 
Chiral superfields have in general anomalous scale dimensions w = 1 + γ /2. The distinction be-
tween scale and mass dimensions disappears if dilatation would be a symmetry: in this case, the 
Lagrangian has scale dimension four and all parameters have then vanishing mass dimension.

6.1. Wilson Lagrangian

The Wilson effective Lagrangian LW,μ explicitly depends on a mass parameter μ > 0, which 
acts as an ultraviolet cutoff. Schematically, it is obtained from a fundamental microscopic quan-
tum field theory by integrating modes with frequencies larger than μ. In perturbation theory, 
the loop expansion in the microscopic theory is matched by the combination of a perturbative 
expansion of the Wilson Lagrangian,

LW,μ = L(0)
W +

∑
n>0

L(n)
W,μ

(n is the loop order in the microscopic theory) and loops generated from LW,μ, with cutoff μ. If 
the microscopic theory includes only fields with masses lighter than μ, the classical L(0)

W coin-
cides with the microscopic quantum field theory Lagrangian. If the microscopic theory includes 

36 See next Section.
37 As a consequence, in a supersymmetric theory, the Kähler potential, the superpotential and T̃rWW have mass di-
mensions two, three and three.
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fields with masses heavier than μ, L(0)
W also includes higher-dimensional operators controlled by 

these mass parameters. The Wilson Lagrangian is local and the scale μ is arbitrary. Its depen-
dence on μ is then dictated by a specific renormalization-group (RG) equation.38

We wish to consider the Wilson effective Lagrangian of a microscopic N = 1 gauge theory 
with zero superpotential:

Lmicro. =
∑

i

Zi

∫
d2θd2θ �ie

Ai �i + 1

4g2

∫
d2θ T̃rWW + h.c. (6.1)

where g is the bare coupling of the gauge group assumed simple and the sum is over irreducible 
representations. The wave function renormalization matrix Z is diagonal with zero superpoten-
tial. As we will see later on, it is not always wise to assume that Zi → 1 in the limit g → 0. The 
Lagrangian is classically scale invariant with canonical scale dimensions w = 1 and w = 3/2 for 
� and W respectively, and g has mass dimension zero.

We are interested in the Wilson effective Lagrangian expressed with a supersymmetrized 
background field C for the gauge coupling. Hence, the background value 〈C〉 will be identi-
fied with the physical gauge coupling g2(M) at a reference energy scale M . This scale can be 
viewed as defining the renormalization scheme in the microscopic theory, or as the scale used to 
normalize quantities in the renormalized theory. For instance, there exists in general subtraction 
schemes (in the microscopic theory) where g2(M) = g2 (for a given M). It can also be regarded 
as a physical quantity like a unification scale. The Wilson Lagrangian depends on the reference 
scale M implicitly via g2(M) or C and explicitly via the ratio μ/M and RG equations reflect the 
arbitrariness of these mass parameters.

Our goal in this section is to algebraically derive some of the all-order results of Novikov, 
Shifman, Vainshtein and Zakharov (NSVZ) [12]39 with the gauge coupling background or prop-
agating field C which actually plays a central role in the understanding of the higher order 
contributions to the β function. In spirit, our discussion is very close or identical to the interpre-
tation of Shifman and Vainshtein and to the anomaly argument of Arkani-Hamed and Murayama 
for constant coupling parameters [7]. Using then the formulation presented in Section 4, it im-
mediately follows that the presence in the β function of these higher-order contributions is fully 
compatible with the supercurrent superfield structure expected in N = 1 theories.

6.1.1. N = 1 super-Yang–Mills theory
At tree-level, or in the microscopic theory, we would certainly use

H(0) = m2 ln(L̂/m2) (6.2)

with a mass parameter m to keep track of the mass dimensions of the function H and of C. The 
bosonic Lagrangian is then40

L(0) =
∫

d2θd2θ H(0)

= m2

C

[
−1

4
T̃rFμνF

μν + 1

2
T̃rDD

]
+ 1

4

m2

C2

[
(∂μC)(∂μC) + 1

6
HμνρHμνρ

]
.

(6.3)

38 We assume here that μ is sufficiently far from particle thresholds, to avoid a detailed treatment of these thresholds.
39 And Jones for super-Yang–Mills theory [30].
40 Omitting a derivative.
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With the identification C = m2g2 of the tree-level gauge coupling field and

C = m2 g2(M) (6.4)

in general, the quantity m does not play any role in the gauge Lagrangian. It appears in the 
kinetic Lagrangian of the linear superfield where it naturally keeps track of the violation of scale 
invariance unavoidable with the gauge coupling field. Actually,

�(0) = 2L̂
∂

∂L̂
H(0) − 2H(0) = −2H(0) + 2m2 = −m

d

dm
H(0) (6.5)

indicates that the logarithmic choice (6.2) appropriate for the tree-level Yang–Mills Lagrangian 
in expression (6.3) is a function H(0) with scale dimension zero.41 The last equality indicates 
that since m is used to obtain the appropriate mass dimensions, a scale transformation of C can 
be compensated by a rescaling of m42: for any H = m2F(L̂/m2),

2L̂H
L̂

− 2H = −m
d

dm
H. (6.6)

We wish to write a loop-corrected Wilson Lagrangian

LW,μ = 1

g2
W,μ

LSYM + . . . = − 1

4g2
W,μ

T̃rFμνF
μν + . . . , (6.7)

where the Wilson gauge coupling g2
W,μ is expressed as a function of C/m2 identified with the 

ordinary observable gauge coupling constant g2(M) at an arbitrary normalization scale M ,43 as 
in eq. (6.4).44 Without matter superfield, we certainly have

LW,μ =
∫

d2θd2θ H(L̂/m2,μ/M) (6.8)

and the Lagrangian has necessarily (classical) R̃ symmetry rotating Grassmann coordinates and 
fermions. This implies that the corresponding natural supercurrent structure (4.19) including the 
Belinfante energy-momentum tensor has vanishing chiral source superfield X:

Dα̇J(W)αα̇ = χ(W)α,

J(W)αα̇ = 2HLL(Dα̇L̂)(DαL̂) − 4HLT̃r(Wαe−AW α̇eA),

χ(W)α = DDDα(H− L̂HL).

(6.9)

The lowest component of 3
8J(W)αα̇ is the current of R̃ symmetry:

j R̃
μ = 3

2
HC T̃rλσμλ + 3

4
HCCχσμχ = 1

g2
W,μ

qλ T̃rλσμλ − HCC

2
qχ χσμχ (6.10)

41 The constant terms 2m2 in �(0) is irrelevant.
42 Which is not a scale transformation.
43 Strictly speaking, we always work at a finite nonzero value of g2 and we are not concerned with the definition of 
or the relation with a perturbative renormalization scheme. This question is discussed for instance in refs. [31] (relation 
with the DR scheme) or in refs. [32] (higher-derivative regularization).
44 And LSYM = 1 ∫

d2θ T̃rWW + h.c. is defined in eqs. (2.1).
4
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with R̃ charges qλ = 3/2 and qχ = −3/2 as in eq. (4.20). Quantum corrections to the effective 
Lagrangian appear in the metric factors HC and −HCC/2. But the one-loop chiral anomaly 
of the R-symmetry current generated by massless gauginos leads formally to45 a chiral source 
superfield

X(W),anomaly = −C(G)

8π2
T̃rWW, (6.11)

as in the anomaly-corrected supercurrent structure (5.17).
Two different renormalization-group equations follow. Firstly, since the perturbative depen-

dence on μ is restricted to one-loop [6],

μ
d

dμ
LW,μ = b0

32π2

∫
d2θ T̃rWW + h.c., b0 = 3C(G), (6.12)

we infer that46

LW,μ =
2∫
θd2θ Ĥ(L̂) + b0

32π2
ln

μ

M

2∫
θ T̃rWW + h.c.,

H(L̂,μ/M) = Ĥ(L̂) + b0

8π2
ln

( μ

M

)
L̂.

(6.13)

The one-loop correction is scale invariant: it will not appear in the divergence of the dilatation 
current: �(1-loop) = �(0). But it is not invariant under the rescalings of the parameters M or μ. 
Since the Wilson coupling gW,μ, which is not a physically significant quantity, is

1

g2
W,μ

= ĤC(C) + b0

8π2
ln

μ

M
, (6.14)

a rescaling of μ in LW,μ is controlled by

βW(g2
W,μ) ≡ μ

d

dμ
g2

W,μ = − b0

8π2
g 4

W,μ (6.15)

which is exhausted at one-loop.
Secondly, since M is arbitrary, the RG implies that

0 = M
d

dM

[
ĤC(C) + b0

8π2
ln

μ

M

]
(6.16)

and, with47

M
d

dM
C = β(C) = m2 β(g2) (6.17)

since we identify C/m2 with the physical gauge coupling g2(M),

β(C) = 1

8π2

b0

ĤCC

. (6.18)

45 Eq. (5.10).
46 Since 

∫
d2θd2θ L̂ = 1

4

∫
d2θ T̃rWW + h.c. + derivative.

47 We always define the β function as β ≡ M d g2.

dM
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The β function is then proportional to the inverse of the linear gauge coupling superfield kinetic 
metric − 1

2HCC , which is positive. With identifications (6.4) and (6.17),

β(g2(M)) = 1

8π2m2

b0

ĤCC

= − m2

C2ĤCC

β1-loop. (6.19)

The tree-level H(0), eq. (6.2), leads to β(g2) = β1-loop , corrections to H(0) generate higher order 
contributions.48

Under a rescaling μ → eλμ of the Wilson scale,

δLW,μ = λ
b0

32π2

∫
d2θ T̃rWW + c.c. = −λ

b0

32π2
T̃rFμνF

μν + . . . (6.20)

This variation is the supersymmetry partner of the anomalous variation induced by the R̃ sym-

metry rotating the gaugino: under λβ → e
3
2 iαλβ ,

δLW,μ = −iα
b0

32π2

∫
d2θ T̃rWW + c.c. = −α

b0

32π2
T̃rFμνF̃

μν + . . . , (6.21)

a variation which can be deduced from the anomaly-matching term (5.24). In this sense, the 
one-loop term in the Wilson Lagrangian can be understood as a matching term for the anomaly 
of the R̃-symmetry.

Following section 5.2, we should then cancel the residual scaling anomaly (5.16) with coeffi-
cient d(w) = C(G) by adding to the tree-level Lagrangian function H(0) the contribution (5.19)
with ε = −1. This counterterm removes all dependence on the physical scale M and defines the 
β function. The resulting function H is

H(L̂) = m2 ln
L̂

m2
+ C(G)

8π2

[
L̂ ln

L̂

m2
− L̂

]
+ b0

8π2
ln

μ

M
L̂, (6.22)

which in turn leads to the Wilson gauge coupling

1

g2
W,μ

= HC = m2

C
+ C(G)

8π2
ln

C

m2
+ b0

8π2
ln

μ

M

= 1

g2(M)
+ C(G)

8π2
lng2(M) + b0

8π2
ln

μ

M
.

(6.23)

Arbitrariness of M in this expression, or directly formula (6.19), leads to the beta function

β(g2) = − g4

8π2

3C(G)

1 − C(G)

8π2 g2
(6.24)

which is the all-order NSVZ beta function [12,28,30].
In the function H(L̂), the first term is the classical, tree-level contribution, the second term 

encodes all perturbative contributions beyond one-loop and the third, μ-dependent term, is the 
one-loop correction. Hence, the NSVZ beta function can be derived from algebraic and anomaly 
arguments only, including its denominator, in the formalism with the gauge coupling field which 

48 At one-loop only, the equality of the β functions implies H = m2 ln L̂ + bL̂, with an arbitrary constant b which can 
be eliminated by a redefinition of the scale μ.
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introduces a second, real, anomaly-matching (or canceling) superfield L̂.49 Choosing M = μ

leads to the relation [6]

HC = 1

g2
W,μ

= m2

C
+ C(G)

8π2
ln

(
C

m2

)
= 1

g2(μ)
+ C(G)

8π2
lng2(μ) (6.25)

and in the chiral version g−2
W,μ = Re s. We note however that with the higher-order terms, the 

Legendre transformation (3.3) leading to the chiral version of the theory cannot be solved ana-
lytically: the Wilson gauge coupling field Re s is well-defined (and physically meaningless) but 
its Kähler potential K(S + S) cannot be obtained in a closed form. In this sense, the linear the-
ory (6.22) contains more information than the dual chiral version and its symmetry or anomaly 
behavior is explicit.

The loop-corrected Wilson Lagrangian for pure super-Yang–Mills is then

LW,μ =
∫

d2θd2θ

(
m2 ln

L̂

m2
+ C(G)

8π2

[
L̂ ln

L̂

m2
− L̂

])

+ b0

32π2
ln

μ

M

∫
d2θ T̃rWW + h.c.

(6.26)

Notice that this Lagrangian does not have a potential since the auxiliary D vanishes and the linear 
superfield does not have an auxiliary field. The value of the coupling constant remains arbitrary 
in LW,μ.

In the supercurrent structure (6.9), the source superfield χ(W)α dictates the behavior of the Wil-
son Lagrangian under scale transformations and includes then the anomaly contribution (5.16)50:

χ(W)α = −1

2
DDDα�W,μ

�W,μ = 2[L̂H
L̂

−H] = 2m2
[
1 − ln

L̂

m2

]
+ C(G)

4π2
L̂ = �(0) + C(G)

4π2
L̂.

(6.27)

Again, the first term is due to the classical scale breaking with the gauge coupling field, as in-
duced by the scale dimension w = 2 of C, while the second term is due to the anomaly-canceling
counterterm which encodes the corrections beyond one-loop. The source superfield χ(W)α gener-
ates the trace of the Belinfante energy-momentum tensor using the on-shell equality T μ

μ = D/4. 
Off-shell, omitting fermions,

D

4
= −m2

C

[
1 − C(G)

8π2

C

m2

]
(�C + 2LSYM) + m2

2C2

[
(∂μC)(∂μC) − 1

6
HμνρHμνρ

]
= δ − ∂μVμ,

(6.28)

where δ is the scale variation of the bosonic Lagrangian and Vμ is the virial current,

Vμ = m2

C

[
1 − C(G)

8π2

C

m2

]
∂μC = ∂μ

[
m2 ln

C

m2
− C(G)

8π2
C

]
, (6.29)

49 This Lagrangian has been obtained long ago, using similar arguments and somewhat obscure conformal supergravity 
methods, in ref. [13].
50 It is an off-shell expression.
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according to expressions (4.26) and (4.34).51 Concentrating on the super-Yang–Mills part 
HCLSYM of the Wilson Lagrangian (6.26), or equivalently working in a constant background 
C = m2g2(M), we have firstly

μ
d

dμ
HCLSYM = M

dC

dM
HCCLSYM = b0

8π2
LSYM (6.30)

since M is arbitrary. This expresses the one-loop dependence of the Wilson coupling on the 
Wilson scale μ. Secondly

δ = D

4
= − 2

g2(M)

[
1 − C(G)

8π2
g2(M)

]
LSYM = 2CHCCLSYM, (6.31)

so that

M
d

dM
δ = M

dC

dM

[
2

C2
LSYM

]
= 2

β(g2)

g4
LSYM. (6.32)

Since δ = T μ
μ on-shell, this result is a version of the trace anomaly formula [33].

The Wilson Lagrangian defined by the function (6.22) also describes the dynamics of the 
three-index tensor Hμνρ = 3 ∂[μBνρ] − ωμνρ with a simple quadratic Lagrangian:

LB = − 1

24
HCC HμνρHμνρ − 1

24
εμνρσ Hμνρ Jσ

= m2

C2

[
1 − C(G)

8π2

C

m2

] 1

24
HμνρHμνρ − 1

24
εμνρσ Hμνρ Jσ

= 1

g4m2

[
1 − C(G)

8π2
g2

] 1

24
HμνρHμνρ − 1

24
εμνρσ Hμνρ Jσ ,

(6.33)

where the current Jσ is

Jσ =HCCC χ̂σμχ̂ = 2m2

C3

[
1 − C(G)

16π2

C

m2

]
χ̂σμχ̂ , (6.34)

in terms of the gauge invariant spinor χ̂ = χ − 1
2σμT̃rλaμ. The antisymmetric tensor with gauge 

invariance is equivalent to a pseudoscalar with shift symmetry. The duality transformation is 
performed by first considering Hμνρ as an unconstrained three-form field with Bianchi identity

εμνρσ ∂μHνρσ = −3 T̃r
[
FμνF̃

μν − 2 ∂μ(λσμλ)
]

(6.35)

imposed by a Lagrange multiplier scalar a. Eliminating Hμνρ with

Hμνρ = −2H−1
CC εμνρσ [∂σ a + 1

4
J σ ], (6.36)

the dual theory is

Laxion = − 2

HCC

1

2

[
∂μa + 1

4
J μ

][
∂μa + 1

4
Jμ

]
− a

2
T̃r

[
FμνF̃

μν − 2 ∂μ(λσμλ)
]

(6.37)

51 Notice that D = 2D� , as defined in eq. (4.32).
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and a is an axion field with standard coupling to T̃rFμνF̃
μν and a kinetic metric inverse of the 

gauge coupling field metric. Since

− 2

HCC

= 2m2g4
[
1 − C(G)

8π2

]−1 = −m2 16π2

3C(G)
β, (6.38)

the canonically normalized axion field ma couples with scale m−1 to T̃rFμνF̃
μν .

Notice that it is legitimate to use a instead of hμνρ as supersymmetry partner of the gauge 
coupling field C. Simply, while C and hμνρ belong to an off-shell linear representation of su-
persymmetry, a and C have nonlinear supersymmetry variations depending on the Lagrangian 
function H, as prescribed by the duality transformation.

6.1.2. N = 2 super-Yang–Mills
The N = 2 super-Yang–Mills theory adds a chiral X in the adjoint representation to the gauge 

superfield Wα . The chiral superfield

T̃rWW − 1

2
DD(XeAX)

transforms with a derivative under the second supersymmetry and a superpotential for X is not 
permitted.52 The classical Lagrangian can be written in various equivalent forms53:

Lcl. = 1

g2

∫
d2θ

[
1

4
T̃rWW − 1

8
DD(XeAX)

]
+ h.c.

= 1

g2

∫
d2θd2θ XeAX + 1

4g2

∫
d2θ T̃rWW + h.c. + derivative

= 1

g2

∫
d2θd2θ

[
L̂ + XeAX

]
+ derivative.

(6.39)

The supersymmetry variations are of course independent from the gauge coupling constant g. 
In the last expression, the linear superfield L would be non-dynamical: its contribution to the 
Lagrangian is a derivative.

The traditional introduction of renormalized quantities in a theory with chiral matter super-
fields amounts to writing

L = 1

4g2

∫
d2θ T̃rWW + h.c. +

∑
i

∫
d2θd2θ Zi�ri e

Ari �ri , (6.40)

where the sum is over irreducible components ri of the matter representation r . Then, in N = 2
super-Yang–Mills theory,

ZX = 1

g2
(6.41)

and the corresponding anomalous dimension is

γX = −M
d

dM
lnZX = 1

g2
β(g2) (6.42)

52 A Fayet–Iliopoulos term linear in X would be allowed in a U(1) theory.
53 Even though written in N = 1 superspace, this Lagrangian has N = 2 off-shell supersymmetry. This is not the case 
for theories with hypermultiplets.
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in terms of the renormalization scale M used to normalize quantities. In N = 2, the beta function 
is purely one-loop and, with b0 = 2 C(G) for super-Yang–Mills theory,

β(g2) = − g4

4π2
C(G), γX(g2) = − g2

4π2
C(G). (6.43)

The last result provides a derivation of the gauge contribution to the scheme-independent one-
loop anomalous dimension of a chiral superfield in irreducible representation r : since the anoma-
lous dimension follows from the two-point function of this superfield, the relevant group quantity 
is ∑

a,j

(T a
r )i j (T

a
r )j k ≡ C(r) δi

k (6.44)

instead of T (r) in β functions. But C(AdjG) = T (AdjG) = C(G) and then

γr,gauge = − g2

4π2
C(r). (6.45)

Inserting the values of γX and b0 in the NSVZ formula [12]

βNSVZ(g2) = − g4

8π2

b0 + ∑
i γri T (ri)

1 − C(G)

8π2 g2
, γri = −M

d

dM
lnZi, (6.46)

the denominator simplifies and the one-loop β function (6.43) is obtained.
An alternative formulation is to redefine the renormalization constant ZX as

ZX = 1

g2
ẐX (6.47)

and to reexpress the N = 2 super-Yang–Mills βNSVZ as

βNSVZ(g2) = − g4

8π2

b0 + γ̂XT (rX)

1 − g2

8π2 [C(G) − T (rX)]
, γ̂X = −M

d

dM
ln ẐX. (6.48)

Since T (rX) = C(G) the denominator disappears and γ̂X = 0, see eq. (6.41).
With the gauge coupling field C, the natural N = 2 extension of the super-Yang–Mills Wilson 

Lagrangian (6.26) is clearly

LW,μ = m2
∫

d2θd2θ ln
[
L̂ + XeAX

]
+ b0

32π2
ln

μ

M

∫
d2θ

[
T̃rWW − 1

2
DD(XeAX)

]
+ h.c.

(6.49)

Since we now have scalar fields in X, we will use this Lagrangian for zero background value of 
X|θ=0, i.e. in the phase with unbroken gauge symmetry. Expand:

LW,μ =
∫

d2θd2θ
[
m2 ln L̂ +

(
m2

L̂
+ b0

8π2
ln

μ

M

)
XeAX

]
+ . . .

+ b0

32π2
ln

μ

M

∫
d2θ T̃rWW + h.c.

= 1

g2

[
1

4

∫
d2θ T̃rWW + h.c. +

∫
d2θd2θ XeAX

]
+ . . .

(6.50)
W,μ
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with b0 = 2C(G) and

1

g2
W,μ

= m2

C
+ b0

8π2
ln

μ

M
. (6.51)

The Wilson wave-function renormalization constant for X is then

ZW,X = 1

g2
W,μ

= m2

C
+ b0

8π2
ln

μ

M
= 1

g2(M)
+ b0

8π2
ln

μ

M
(6.52)

with anomalous dimension

γW,X = −μ
d

dμ
lnZW,X = −C(G)

4π2
g2

W,μ, (6.53)

as expected. Notice that, as earlier, the scale M is arbitrary in the Wilson Lagrangian which only 
changes if the Wilson scale μ is varied.

We should maybe remark here that the anomalous dimension of the superfield X, as defined in 
eqs. (6.40) and (6.46), does not vanish54: its purely one-loop (and anyway scheme-independent) 
value is needed to cancel the higher-order terms in the NSVZ β function (6.46). The point is 
that the second supersymmetry correlates ZX and γX with the inverse gauge coupling and the β
function. After rescaling to canonical gauge kinetic terms, all fields in the super-Yang–Mills mul-
tiplet have the canonical scale dimension required by gauge invariance. As observed in ref. [7], 
the rescaling is not anomalous: in our formulation, this is the absence of the contribution (5.19).

The introduction of N = 2 hypermultiplets implies the presence of a superpotential. It should 
be g-independent to be compatible with the real coupling field. Using chiral superfields Hi and 
H̃i in representations rH and rH to describe the hypermultiplets, the appropriate N = 2 La-
grangian reads

L = 1

g2

∫
d2θ

[
1

4
T̃rWW − 1

8
DD(XeAX)

]
+ h.c.

+
∫

d2θd2θ
[
H̃e−AHH̃+HeAHH

]
+ i√

2

∫
d2θ H̃XHH+ h.c.

(6.54)

where AH and XH are matrix-valued in the representation rH of the hypermultiplets. The wave-
function renormalization constants are then

ZX = 1

g2
ẐX, ẐX = ZH = ZH̃ = 1, (6.55)

where the last equalities are due to the non-renormalization theorem of N = 2 theories. With 
these choices, the NSVZ β function becomes

βNSVZ(g2) = − g4

8π2

b0 + γ̂XT (rX) + 2γHT (rH)

1 − g2

8π2 [C(G) − T (rX)]
= − g4

4π2
[C(G) − T (rH)]. (6.56)

In this expression,

γ̂X = −M
d

dM
ln ẐX = 0, γH = −M

d

dM
lnZH = 0, T (rX) = C(G). (6.57)

If the hypermultiplet is in the adjoint representation, β = 0 and the theory has N = 4 supersym-
metry.

54 As occasionally stated, see for instance ref. [34].
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6.2. Gaugino condensates, nonperturbative superpotentials

The effective action describing gaugino condensates 〈T̃rWW〉 = −〈T̃rλλ〉 is formally derived 
by coupling the operator T̃rWW to a classical source field J in the path integral and taking the 
Legendre transformation exchanging J with the condensate classical field U . In the supersym-
metric context, J and U are expected to be chiral superfields since T̃rWW is chiral, but U should 
also keep track of the relation T̃rWW = DD�. Consider again the microscopic theory (4.5):

L =
∫

d2θd2θ H(L̂, Y ) +
∫

d2θ W(�) +
∫

d2θ W(�).

As explained in Section 3, this is equivalent to

L =
∫

d2θd2θ
[
H(V ,Y ) − 1

2
(S + S)(V + 2�)

]
+

∫
d2θ W(�) +

∫
d2θ W(�)

=
∫

d2θd2θ
[
H(V ,Y ) − 1

2
(S + S)V

]
+ derivative

+
∫

d2θ
[
W(�) + 1

4
S T̃rWW

]
+

∫
d2θ

[
W(�) + 1

4
S T̃rWW

]
.

(6.58)

The real, unconstrained gauge-invariant superfield V has the same canonical dimension two as L̂. 
We assume that S has natural scale dimension and U(1)R charge w = q = 0. The S-dependent 
terms in the Lagrangian are then scale invariant and do not modify the scale-breaking super-
field �.

The last equality (6.58) firstly shows that S is actually the source superfield J .55 Secondly, the 
integration over the gauge superfield is now confined in a universal (H-independent) term and 
in the matter dependence of H. Finally, the Lagrangian has an axionic shift symmetry δS = ic

which in the last line exists because T̃rWW = DD�.
Consider first pure super-Yang–Mills theory:

LSYM =
∫

d2θd2θ
[
H(V ) − 1

2
(S + S)V

]
+ 1

4

∫
d2θ S T̃rWW + 1

4

∫
d2θ S T̃rWW .

(6.59)

Using anomaly-matching, the effective Lagrangian is then of the form

LSYM,eff. =
∫

d2θd2θ

[
H(V ) + d(w)

8π2
V

(
ln

V

m2
− 1

)
+K(U)

]

+ 1

4

∫
d2θ

[
S

(
U + 1

2
DDV

)
+ b(w)

24π2
U

(
ln

U

M3
− 1

)]

+ 1

4

∫
d2θ

[
S

(
U + 1

2
DDV

)
+ b(w)

24π2
U

(
ln

U

M3
− 1

)]
,

(6.60)

with b(w) = 3C(G) = 3d(w) in the absence of chiral superfields. In the first line, m is the irrel-
evant mass parameter already present, for instance, in the Wilson Lagrangian (6.22). However, 

55 Introducing the source is equivalent to replace S by J . The condensate superfield U is then the Legendre dual of J
calculated at J = S and the effective Lagrangian depends then on U and S.
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the chiral, U -dependent contributions match the one-loop anomaly induced by a rescaling of the 
physical scale M , as in the Wilson Lagrangian (6.13), and corresponding to the identification 
(6.4). The field equation for S is

U = −1

2
DD V ⇐⇒ 〈T̃rWW〉 = −1

2
DD 〈L̂〉 (6.61)

as required and the effective Lagrangian is then a function of V , DDV and DDV ,

LSYM,eff. =
∫

d2θd2θ

[
H(V ) + d(w)

8π2

(
V ln

V

m2
− V

)
+K(U)

]
U=− 1

2 DD V

+ b(w)

96π2

∫
d2θ

[
U ln

U

M3
− U

]
U=− 1

2 DD V

+ h.c.

(6.62)

The real function K(U) of U is the induced Kähler potential which generates kinetic terms for 
the components of the condensate superfield U .56

To derive the gaugino condensate, we need the bosonic component expansion of V :

V = C − θθ F − θθ F + θσμθvμ + θθθθ
(

1
2D + 1

4�C
)

,

U = u − θθfu,

u = −2F, Refu = −D, Imfu = −∂μvμ.

(6.63)

The gaugino condensate is then the value of the (classical) superfield U at the minimum of 
the effective potential included in the effective Lagrangian: 〈T̃rλλ〉 = −〈u〉 = 2〈F 〉. The scalar 
potential is the sum of three squares induced by the field equations of the three real auxiliary 
fields D, ReF and ImF included in V . As usual with a coupling field, gaugino condensation 
alone does not lead to a stabilized ground state: there is a runaway behavior and further contri-
butions would be needed to determine the ground state value of C, i.e. to dynamically determine 
the value of the gauge coupling. But the gaugino condensate is determined as a function of C by 
the cancellation of the terms linear in D, which in LSYM,eff. are

D
[1

2
HC + d(w)

16π2
ln

C

m2
+ b(w)

48π2
ln

|u|
M3

]
(6.64)

and a quadratic term is generated by K(U). The linear terms cancel at the supersymmetric ground 
state:

|u| = M3
[

C

m2

]−3d(w)/b(w)

exp

(
−24π2

b(w)
HC

)
(6.65)

or, with the identification C = m2g2(M),

|u| = M3[g2(M)]−3d(w)/b(w) exp

(
−24π2

b(w)
HC

)
. (6.66)

This formula holds for super-Yang–Mills theory in which H = m2 ln(L̂/m2), and the gaugino 
condensate is then

56 While H generates the kinetic terms of the gauge coupling field and supersymmetry partners as in the microscopic 
Lagrangian.
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|u| = M3

g2(M)
exp

(
− 8π2

C(G)g2(M)

)
. (6.67)

The gaugino condensate is a physical quantity which is then invariant under the renormaliza-
tion group. The condition M d

dM
|u| = 0 applied on formula (6.65) provides then a derivation of 

the beta function

β(g2) = − g4

4π2

b(w)

1 − g2

8π2 d(w)
,

and it also provides a definition for the RG-invariant scale characterizing the strength of the 
gauge interaction,

|u| = �3, (6.68)

which is a derived quantity.
The effective Lagrangian (6.60) has a continuous R̃ symmetry with transformations

U −→ e3iαU, S −→ S − i
b(w)

8π2
α (6.69)

and θ → e
3
2 iαθ . The rotation of the Grassmann coordinates induces the rotation of U once S

imposes U = − 1
2DDV and the shift of S is induced by the chiral anomaly. In version (6.62)

of the theory, the R̃ symmetry is manifest since U = − 1
2DDV and Re

∫
d2θ U lnU transforms 

then with a derivative. The R̃ symmetry is spontaneously broken by the gaugino condensate 
and, since the D contribution to the scalar potential only specifies the modulus |〈T̃rλλ〉|, the 
condensate phase provides the expected ground state degeneracy.

The effective Lagrangian (6.62) has been derived from perturbative anomaly arguments. It 
is expected that non-perturbative contributions discretize the R̃ transformations. Concentrating 
now on SU(N) super-Yang–Mills theory, b(w) = 3C(G) = 3N , discretization to Z2N implies 
that the parameter α in transformations (6.69) has values

3

2
α = πk

N
, k integer. (6.70)

This follows from the shift in S (6.69) which effectively corresponds to an anomalous R̃ trans-
formation

δSSYM = −3Nq α, q = 1

32π2

∫
d4x T̃rFμνF̃

μν (6.71)

of the super-Yang–Mills action. Since for non-trivial gauge field configurations q is an integer, 
condition (6.70) follows.

Since UkN is now invariant, we may add non-perturbative contributions to the superpotential 
term of the effective Lagrangian (6.60):

W(S,U) = Wpert.(S,U) + Wnp(U) + 1

8
SDDV,

Wpert.(S,U) = 1

4
U

[
S + N

8π2

(
ln

U

M3
− 1

)]
, Wnp(U) = 1

4
U

∑
n≥1

1

kN
ck UkN,

(6.72)

with complex coefficients ck .
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To verify that the non-perturbative contribution sums k-instanton terms, a standard approach 
is to neglect the Kähler potential K(U), omit the last term in W and eliminate U as a function 
of S. Both S and U are then unconstrained chiral superfields and the superpotential W(S, U)

generates the Legendre transformation

0 = ∂

∂U
[Wpert.(S,U) + Wnp(U)] (6.73)

which expresses U as a function of S. Perturbatively,

0 = ∂

∂U
Wpert.(S,U) �⇒ U = M3e−8π2S/N . (6.74)

Replacing in Wpert.(S, U) + Wnp(U) leads to

W(S) = 1

4
M3e−8π2S/N

⎡⎣− N

8π2
+

∑
k≥1

1

kN
ck

(
M3e−8π2S

)k

⎤⎦ (6.75)

as expected from k-instanton contributions expressed in terms of the Wilson holomorphic cou-
pling field S. The complete Legendre transformation (6.73) is of course much more complicated. 
In any case, this procedure is a crude approximation of the effective Lagrangian (6.60) which 
in particular turns background equations into overconstrained superfield equations. For instance, 
a term quadratic in D is generated by K(U). Without this term, the field equation for D is the 
constraint ∂

∂C
LSYM,eff. = 0.

7. Discussion

In this work we have studied effective actions obtained by replacing the Yang–Mills cou-
pling constant of N = 1 SYM by a real field embedded in a linear superfield. As a consequence, 
holomorphicity is not relevant. This choice introduces a second real gauge-invariant super-Yang–
Mills operator L̂ to be used in D-terms of effective Lagrangians. We have then shown how this 
approach allows to correctly treat the quantum anomalies of U(1)R and dilatation transforma-
tions. In particular, we have shown that the one-loop running of the Wilsonian action and anomaly 
matching in this effective approach are sufficient to derive the NSVZ β function, provided a spe-
cific D-term anomaly counterterm constructed with L̂ is used to account for the discrepancy in 
the anomalous behaviors of R and dilatation transformations. This counterterm is at the origin 
of the denominator of β . We have also shown that a similar approach leads to an effective La-
grangian for super-Yang–Mills condensates, in terms of a real superfield V (for 〈L̂〉) and a chiral 
U = − 1

2DDV (for 〈T̃rWW〉), with two outcomes: a scalar potential predicting the value of the 
modulus of the gaugino condensate, as function of the physical gauge coupling with correct all-
order behavior and another derivation of the NSVZ β function. Since the real counterterm in 
terms of L̂ cannot be (analytically) transformed into a F -term by chiral-linear duality, we con-
clude then that embedding the coupling field in a linear superfield is not only useful but actually 
necessary for a correct description of super-Yang–Mills theory.

That R and dilatation transformations must be considered in a super-Poincaré theory has 
a simple origin. These transformations are symmetries of the N = 1 superconformal algebra 
and the multiplets of Poincaré supersymmetry carry a representation of the full superconformal 
algebra (with same scale dimension and R charge for chiral superfields, as unique restriction). 
Hence, the R and dilatation currents are well-defined but not conserved in a generic Poincaré 
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theory. We have illustrated this point in our construction of the supercurrent structures of N = 1
gauge theories coupled to a linear superfield, with the occurrence of the superfields � and �̃
in the source superfields X and χα . The use of the 16B + 16F operators of the S supercurrent 
structure [8] is extremely useful in this respect, in contrast with the Ferrara–Zumino 12B + 12F

structure with X only. This construction is also the main tool in our treatment of R and dilatation 
anomalies, and then in the construction of effective Lagrangians.

Since we have considered anomalies for a generic simple gauge group with an arbitrary matter 
content, allowing also anomalous dimensions for the chiral superfields, it is tempting to general-
ize the NSVZ β function (6.19), (6.24) derived for pure super-Yang–Mills theory to

β(C) = − C2

8π2

b(w)

1 − 1
8π2 d(w)C

β(g2) = − g4

8π2

b(w)

1 − g2

8π2 d(w)
, (7.1)

where b(w) and d(w) are given by expressions (5.12) and (5.15). This equation would hold for 
background matter superfields and anomalous dimensions. However, anomalous dimensions are 
related to wave-function renormalization, γ = −M d

dM
lnZ, and the significance of eq. (7.1) can 

only be established in relation with a dynamical Lagrangian for the matter superfields, a point 
illustrated in our discussion of N = 2 theories. In N = 1 theory with chiral matter superfields, a 
treatment with the field coupling C also requires an appropriate formulation of Konishi anoma-
lies, and the outcome should be an expression of the anomalous dimension as a function of C, 
in analogy with the case of β . This problem goes far beyond the present paper and our present 
knowledge, which some of us try to improve.
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Appendix A. The supercurrent superfield equation

This appendix presents the superfield and component formulas for the supercurrent structures 
used in the main text. One needs to solve the supercurrent superfield equations

Dα̇ Jαα̇ = DαX + χα, Dα̇X = 0, χα = −1

4
DDDα U, U = U† (A.1)

for the components of the supercurrent superfield Jαα̇ , as a function of the anomaly sources X
and U . We use the following expansion of the chiral superfields X and χα :

X = x + √
2 θψX − θθ fX − iθσμθ̄∂μx − i√

2
θθ θ̄ σ̄ μ∂μψX − 1

4θθθθ�x,

χα = −iλα + θα D + i
2 (θσμσν)αFμν − θσμθ̄∂μλα − θθ(σμ∂μλ)α

− 1
2θθ(σμθ̄)α(∂νF

ν
μ − i∂μD) + i

4θθθθ�λα,

(A.2)

where
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U = θσμθ Uμ + i θθθλ − i θθθλ + 1

2
θθθθ D + . . . , (A.3)

Fμν = ∂μUν − ∂νUμ and the dots denote contributions in U which do not appear in χα . The real 
field D is defined by

1

2
D = U |θθθθ + 1

4
�U |θ=0. (A.4)

With this definition, the lowest component U |θ=0 of U does not appear in the expansion (A.2)
of χα . Eq. (A.4) is used in theories with a linear superfield, and in the next Appendix.

Then, the supercurrent equation is solved by the component expansion57

Jμ(x, θ, θ) = (σμ)α̇αJαα̇

= 8

3
jμ + θ(Sμ + 2

√
2σμψX) + θ(Sμ − 2

√
2σμψX)

− 2i θθ ∂μx + 2i θθ ∂μx

+ θσ νθ

[
8Tμν − 4ημν RefX − 1

2
εμνρσ

(
8

3
∂ρjσ − Fρσ

)]
− i

2
θθθ(∂νSμσ ν + 2

√
2σμσν∂νψX)

+ i

2
θθθ(σ ν∂νSμ + 2

√
2σμσν∂νψX)

− 2

3
θθθθ

(
2 ∂μ∂νjν − �jμ

)
,

(A.5)

with Tμν = Tνμ. Eq. (A.1) implies that Tμν and Sμ are conserved. They are identified with the 
energy-momentum tensor and the supercurrent of the super-Poincaré theory with supercurrent 
superfield Jαα̇ . Eq. (A.1) also imposes the relations

4T μ
μ = D + 6 RefX, ∂μ jμ = − 3

2 ImfX,

(σμSμ)α = 6
√

2ψX α + 2i λα

(A.6)

between components of Jαα̇ and the anomaly superfields X and χα . The first equation is useful 
when discussing the behavior of the theory under dilatations: the trace of the energy-momentum 
tensor is related, but in general not equal, to the divergence of the dilatation current. The second 
equation controls the behavior of the theory under a U(1)R transformation with current jμ. Note 
that these relations can be used to modify the component expansion (A.5), which is then not 
unique. Our expansion is as in ref. [8].

The canonical scale dimension w and chiral R charge q of the supercurrent superfield Jαα̇

are w = 3 and q = 0. In the superconformal case where Dα̇Jαα̇ = 0, these dimensions are as 
required for a conserved dimension three R-current and a conserved dimension four symmetric 
tensor. The natural weights (w, q) of the source superfields X, χα and U are then respectively 
(3, 3), (7/2, 3/2) and (2, 0).

57 We do not choose a particularly suitable normalization for the supercurrent Sμ , which we never use here.
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The supercurrent superfield equation (A.1) is sufficient for all theories considered in this ar-
ticle. The superfields X and χα are usually called chiral and linear sources or anomalies. Their 
existence has been known for a long time [16,35] but an unfortunate claim that their simultane-
ous presence in the supercurrent equation is not compatible with a conserved energy-momentum 
tensor [36] soon propagated in the literature. It is the merit of Komargodski and Seiberg [8] to 
have eliminated this mistake.58 Relations (A.6) indicate that the linear source leads to a con-
served R current while the chiral source correlates T μ

μ and the divergence of the R current. 
Hence, different order parameters for ∂μjμ and T μ

μ require both sources. Notice also that the 
dilatation current jD

μ is not present in the supercurrent structure. It is defined (up to the addition 
of identically conserved currents) as the current for which the variation δ of the Lagrangian under 
scale transformations equals ∂μjD

μ on-shell.
Improvement transformations of the energy-momentum tensor and the supercurrent can be 

induced by observing that the superfield identity

2Dα̇[Dα,Dα̇]G = DαDDG + 3DDDαG, (A.7)

which holds for any superfield G, is a solution of the supercurrent equation (A.1). It can thus be 
used to transform the supercurrent structure as

Jαα̇ −→ J̃αα̇ = Jαα̇ + 2 [Dα,Dα̇]G,

X −→ X̃ = X + DD G,

χα −→ χ̃α = χα + 3DD Dα G,

(A.8)

with any real G. If G has the expansion

G = Cg + iθχg − iθ̄ χ̄g + θσμθ̄vgμ + i
2θθ(Mg + iNg) − i

2θθ(Mg − iNg)

+ iθθ θ̄(λ̄g + i
2∂μχgσ

μ) − iθθθ(λg − i
2σμ∂μχ̄g) + 1

2θθθθ(Dg − 1
2�Cg),

(A.9)

then the components of the transformed superfields J̃μ, X̃ and χ̃α read

j̃μ = jμ − 3vgμ,

S̃μ = Sμ + 8σ[μσ̄ν]∂νχg,

ψ̃X = ψX + 2
√

2iλg + 2
√

2σμ∂μχ̄g,

x̃ = x + 2i(Mg − iNg),

T̃μν = Tμν + (∂μ∂νCg − ημν�Cg),

f̃X = fX + 2Dg − 2�Cg + 2i∂μv
μ
g ,

F̃μν = Fμν − 24∂[μvgν],

λ̃ = λ − 12λg,

D̃ = D − 12Dg.

(A.10)

58 See also for instance ref. [24].
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Hence, the scalar quantity Cg , the lowest component of G which defines the whole superfield, 
induces an improvement of the energy-momentum tensor. It also modifies RefX to verify the first 
equation (A.6). Similarly, the fermionic quantity χg improves the supercurrent Sμ and changes 
ψX to maintain the validity of the third eq. (A.6). The vector field vμ

g modifies the nature of 
the U(1) current jμ, which becomes in general the current of another U(1) transformation. The 
other components of G only exchange quantities in the anomaly superfields X and χα .

In practice, we use the superfield transformation (A.8) to improve the energy-momentum 
tensor and then to modify the relation between its trace and the divergence of the dilatation 
current, which does not appear in the supercurrent structure. This is useful to have a firm control 
of scale invariance anomalies. We are, of course, particularly interested in the improvement in 
which the trace of the energy-momentum tensor equals the divergence of the dilatation current, 
if it exists. The object to consider is the virial current Vμ which, under the improvement (A.10)
of the energy-momentum tensor, transforms according to

Ṽμ = Vμ + 3 ∂μCg, (A.11)

where we used that the dilatation current satisfies jD
μ = Vμ + xνTμν = Ṽμ + xνT̃μν up to identi-

cally conserved currents. This is the subject of Subsection 4.3 and Appendix C. It would also be 
interesting to see what the inclusion of the virial current superfield introduced in ref. [37] would 
bring to this analysis.

Appendix B. On the superfield �(L, �,�) and omitted derivatives

This appendix applies to any real function of L, � and �, like the Lagrangian function 
H(L, �,�) (omitting gauge superfields) but more specifically to � and to the discussion in 
subsection 4.3.

A chiral superfield is usually expanded as

� = z + √
2θψ − θθf − iθσμθ ∂μz + i√

2
θθ ∂μψσμθ − 1

4
θθθθ �z

to solve Dα̇� = 0. To solve DDL = 0, a real linear superfield writes

L = C + iθχ − iθχ + θσμθ vμ + 1

2
θθ ∂μχσμθ + 1

2
θθ θσμ∂μχ + 1

4
θθθθ �C,

with vμ = 1
6εμνρσ hνρσ = 1

2εμνρσ ∂νBρσ . The opposite sign in the highest component introduces 
a subtle novelty in the highest component of a function �(L, �,�) of both chiral and linear 
superfields:

�(L,�,�)|θθθθ = L� − 1
4��(C,z, z) + 1

2∂μ[�C∂μC],
L� = − 1

4�CC[(∂μC)(∂μC) + 1
6hμνρhμνρ] + �zz[(∂μz)(∂μz) + f f ]

− i
2vμ[�Cz∂μz − �Cz∂μz] + fermion terms.

(B.1)

Since total derivatives are irrelevant in a Lagrangian, we for instance use in Section 4∫
d4x

∫
d2θd2θ H(L,�,�) =

∫
d4xLH. (B.2)
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From this Lagrangian, we derive canonical (Noether) energy-momentum tensor and dilatation 
current which are not gauge invariant. The symmetric gauge-invariant Belinfante tensor59 is then 
obtained by improving the terms involving the antisymmetric tensor and the gauge fields, using 
field equations.

It is however important to realize that L� differs from the D component of the superfield �, 
as defined in the expansion (A.3), (A.4) of a real superfield. Instead,

D = 2L� + ∂μ[�C∂μC] (B.3)

and the derivative term due to the linear superfield must be included when using D. This is in 
particular the case when evaluating T μ

μ in any supercurrent structure using the first eq. (A.6).
The derivatives present in the expansion (B.1) and neglected in Lagrangians would however, 

if retained, contribute to the naive form of Noether currents. Since these derivatives do not break 
translation symmetry, they would affect the energy-momentum tensor by an irrelevant improve-
ment term. For instance, applying standard Noether methods to − 1

4�� leads to the contribution 
− 1

4 (∂μ∂ν −ημν�)� to the energy-momentum tensor. But if scale or chiral U(1) transformations 
are broken by �, the corresponding dilatation and U(1) currents could receive new derivative 
contributions which can always be safely omitted. But the point is that superfield expressions in 
general include some of these derivatives, as displayed for instance in eq. (B.1).

To illustrate this remark, consider a single chiral superfield � with Kähler potential K(�,�)

and a non-R chiral U(1) variation δ� = iq�, δ� = −iq�. The canonical Noether current de-
rived from the standard N = 1 sigma-model Lagrangian is

Vμ = iq Kzz

(
z∂μz − z∂μz

)
+ q

(
Kzz + 1

2
zKzzz + 1

2
zKzzz

)
ψσμψ. (B.4)

The vector current in the θσμθ component of the current superfield Z = q
2 (K�� + K��) is 

however different:

Vμ = iq

2

(
zKzz +Kz + zKzz

)
∂μz − iq

2

(
zKzz +Kz + zKzz

)
∂μz

+ q

2

(
2Kzz + zKzzz + zKzzz

)
ψσμψ.

(B.5)

The difference

Vμ − Vμ = − iq

2
∂μ

(
zKz − zKz

)
(B.6)

is not an improvement term and vanishes if the Kähler potential has U(1) symmetry. Neglecting 
fermions since these derivatives affect scalar contributions only,

δU(1)

[
Kzz(∂μz)(∂μz)

]
= iq

∂2

∂z∂z
(zKz − zKz) = ∂μVμ, (B.7)

the second equality holding on-shell, while

∂μVμ = iq

[
∂2

∂z∂z
+ 1

2
�

]
(zKz − zKz). (B.8)

59 Omitting fermions and gauge fields, its expression is given in eq. (4.21).
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The new contribution does not use any field equations. What actually matters is that the quantity 
zKz − zKz measures the violation of the U(1) symmetry in both cases, and one can safely use 
either the standard Noether current Vμ or the superfield current Vμ.

Appendix C. Improving the energy-momentum tensor

This appendix is mostly concerned with scale (non-)invariance and also to its relation to con-
formal symmetry in the context of classical theories and at the Lagrangian level.

It should be familiar that, in general, for a given field theory, an energy-momentum tensor Tμν

verifies

j (dilatations)
μ = xνTμν, ∂μj (dilatations)

μ = T μ
μ, (C.1)

where j (dilatations)
μ is the current for scale transformations. An improvement of Tμν may turn 

these relations into equalities, modifying the dilatation current while keeping the (on-shell) value 
of its divergence unchanged. But this improvement transformation does not always exist.

For instance, in the canonical formalism, in a Poincaré-invariant Lagrangian depending on 
fields 60 ϕi with scaling dimension wi and their first derivatives, L(ϕi, ∂μϕi), the Noether current 
for dilatations is

j (dilatations)
μ =

∑
i

wi

∂L
∂∂μϕi

ϕi + xν T (can.)
μν , (C.2)

where

T (can.)
μν =

∑
i

∂L
∂∂μϕi

∂νϕi − ημνL (C.3)

is the canonical (Noether) energy-momentum tensor. The first term is induced by the transforma-
tion of the fields at fixed x, the second by the transformation of the coordinates. The field

� ≡ δL− 4L=
∑

i

wi

∂L
∂ϕi

ϕi +
∑

i

(wi + 1)
∂L

∂∂μϕi

∂μϕi − 4L (C.4)

is a measure for the violation of scale invariance.61 The currents T (can.)
μν and j (dilatations)

μ and the 
quantity � are in general calculated in terms of off-shell fields, but the conservation equations

∂μ T (can.)
μν = 0, ∂μj (dilatations)

μ = � (C.5)

are verified on shell. From eq. (C.2), the trace of the canonical energy-momentum tensor satisfies 
on shell

T (can.)μ
μ = � − ∂μ

(∑
i

wi

∂L
∂∂μϕi

ϕi

)
, (C.6)

and it is in particular not traceless in a scale-invariant theory.

60 Which are not necessarily scalars only.
61 We assume that the assignment of scale dimensions wi has some justification even if � does not vanish with any 
assignment, as in a generic theory without scale invariance.
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Except in general for the contribution of scalar fields, the canonical energy-momentum tensor 
is not symmetric (and not gauge invariant). Lorentz invariance of the theory can be used to im-
prove T (can.)

μν to a symmetric Belinfante tensor62 Tμν , which also turns out to be gauge invariant. 
The improvement procedure uses a tensor X (Bel.)

μρν = −X (Bel.)
ρμν , and

Tμν = T (can.)
μν + ∂ρX (Bel.)

μρν . (C.7)

In view of eq. (C.2), the canonical dilatation current improves to a Belinfante current according 
to

j
(dilatations)
μ = Vμ + xνT

(can.)
μν −→ J (dilatations)

μ = Vμ + xνTμν,

Vμ = Vμ +X (Bel.)
μρ

ρ
,

(C.8)

omitting in Jμ the improvement term −∂ρ(Xμρνx
ν). The vector field Vμ is called the virial 

current.
The possibility to improve the energy-momentum tensor suggests that there may exist another 

symmetric energy-momentum tensor �μν verifying

∂μJ (dilatations)
μ = �μ

μ, ∂μ�μν = 0. (C.9)

Its existence is linked to the interplay of scale and conformal transformations in Poincaré theo-
ries: with any symmetric energy-momentum tensor Tμν , one can define four additional currents

Kμν = x2 Tμν − 2xνx
ρ Tμρ = −(2xνxρ − ηνρx2)Tμ

ρ (C.10)

verifying

∂μKμν = −2xν T μ
μ. (C.11)

Hence, if �μν exists, ∂μKμν = −2xν ∂μJ
(dilatations)
μ (on shell) and the four currents Kμν con-

structed with �μν are always conserved in a scale-invariant theory. Since the Kμν appear to be 
the currents for conformal transformations (conformal boosts), a scale-invariant theory is then 
also conformal. The non-existence of such an energy-momentum tensor is then a feature of field 
theories where scale invariance does not imply conformal invariance. These Lagrangians are not 
renormalizable and scale invariance, if present, is in general spontaneously broken.

We then wish to construct a symmetric tensor such that J (dilatations)
μ = xν�μν (off shell), or 

equivalently such that the improved virial current vanishes up to an improvement or a conserved 
current: �μ

μ = � on shell. A first method would be to improve Tμν to

�μν = Tμν − 1

3

(
∂νVμ − ημν∂

ρVρ

)
. (C.12)

In terms of the improved tensor, the dilatation current is

J (dilatations)
μ = xν�μν − 1

3
∂ν(xμVν − xνVμ), (C.13)

the second term is an improvement with zero divergence which can be omitted to obtain

62 For detail, see for instance refs. [10,11,38,39]. Field equations are used. In this sense, the transformation from the 
canonical to the symmetric tensor is not truly an improvement.
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J (dilatations)
μ = xν�μν, ∂μJ (dilatations)

μ = �μ
μ, ∂μ�μν = 0. (C.14)

However, both energy-momentum tensors are symmetric only if ∂[μVν] = 0, up maybe to an 
improvement term. It is clearly solved if Vμ = ∂μG, for some function G of the off-shell fields. 
In this case,

�μν = Tμν − 1

3
(∂μ∂ν − ημν�)G, (C.15)

but the existence of G in terms of off-shell fields is a non-trivial conditions on Vμ and then on 
the Lagrangian.63

How to improve the energy-momentum tensor and the dilatation current to obtain equalities 
(C.14) has been discussed in more general terms long ago and in particular by Callan, Coleman 
and Jackiw (CCJ) [10,11].64 They first observe that the tensor �μν differs by an improvement 
from the Belinfante tensor only for spin (or helicity) zero fields. To summarize the improvement 
procedure, it is assumed that there exists a tensor σμν such that (off shell)

Vμ = ∂νσμν = ∂νσ[μν] + ∂νσ(μν), σ[μν] = −σ[νμ], σ(μν) = σ(νμ). (C.16)

The first term ∂νσ[μν] is an improvement which can be omitted in the dilatation current, and the 
second term can be written

∂νσ(μν) = X̂μν
ν (C.17)

with

X̂μρν = 1

2

[
∂μσ(ρν) − ∂ρσ(μν) − ημν∂

λσ(ρλ) + ηρν∂
λσ(μλ)

]
+ 1

6

[
ημν∂ρσλ

λ − ηρν∂μσλ
λ

]
,

(C.18)

verifying also

X̂μρν = −X̂ρμν ∂ρX̂μρν = ∂ρX̂νρμ. (C.19)

Then, the improvement formula (C.12) can be extended to

�μν = Tμν − ∂ρX̂μρν (C.20)

which relates two symmetric energy-momentum tensors. The corresponding improvement of the 
dilatation current is then

J (dilatations)
μ = ∂νσμν + xνTμν �⇒ J (dilatations)

μ = xν�μν (C.21)

omitting improvement terms.
Hence, if the condition (C.16) on the virial current is verified, there exists an improved energy-

momentum tensor and a dilatation current verifying conservation equations (C.14) and then scale 
invariance implies conformal symmetry.

In a two-derivative theory with scalar fields only, the virial current is linear in the field deriva-
tives

63 With a single field ϕ in a two-derivative Lagrangian, Vμ = f (ϕ)∂μϕ, which can be written as ∂μg(ϕ) with g′ = f . 
The condition is already nontrivial with two real scalar fields, as in supersymmetric theories with chiral superfields.
64 See also Coleman [38], Polchinski [40] or Ortin’s book [39], section 2.4.
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Vμ =
∑

i

Fi (ϕj ) ∂μϕi (C.22)

and the only available tensor is then σμν = ημνF , leading to

χ̂μρν = 1
3 (ηνρ∂μF − ημν∂ρF),

∂ρχ̂μρν = 1
3 (∂μ∂νF − ημν�F),

(C.23)

as in eq. (C.15). If Vμ = ∂μF , or

∂[μVν] = 0, (C.24)

the tensor �μν exists and scale invariance implies conformal symmetry. There are however many 
scalar Lagrangians for which this condition is not verified.

Consider for instance the scalar sector of a Wess–Zumino model with a single chiral superfield 
and Kähler potential K(z, z). Since

Vμ = wzKzz ∂μz + wzKzz ∂μz,

∂[μVν] = w(zKzzz − zKzzz)(∂[μz)(∂ν]z),
(C.25)

the condition (C.24) is zKzzz = zKzzz which integrates65 into

zKz = zKz. (C.26)

Then,

Vμ = w ∂μ(zKz) = w ∂μ(zKz) (C.27)

and the improved energy momentum tensor is

�μν = Tμν − 1

3
(∂μ∂ν − ημν�)wzKz. (C.28)

The outcome is that the scale dimension w must be chosen to correspond to a U(1) symmetry 
of the Kähler potential acting with charge w on z, δz = iwz. If such a U(1) symmetry does 
not exist, one can of course assign w = 0, in which case the condition j (dilatations)

μ = xνTμν

is trivially true already for canonical (Noether) currents. But this choice does not lead to scale 
invariance.

The simple Kähler potential K = 1
2 (z2z + z2z) does not have a U(1) symmetry. The La-

grangian is

L = (z + z)(∂μz)(∂μz). (C.29)

It is scale-invariant with dimension w = 2/3,

� = (3w − 2)L, (C.30)

but since the point z = 0 is excluded, scale invariance is spontaneously broken by 〈Rez〉 = 0. 
Under the conformal transformation

δαz = (2xαxρ − ηαρx2)∂ρz + 2wzxα, (C.31)

65 Up to an irrelevant Kähler transformation of K.
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the variation of the Lagrangian is

δαL = ∂μ[(2xαxμ − ηαμx2)L] + 2Vα + 2xha�, (C.32)

where

Vα = w(z + z)(z∂αz + z∂αz) = j (dilatations)
α − xνT (can.)

μν , (C.33)

using the field equation. Scale invariance (� = 0) does not imply conformal invariance: δαL is 
not a derivative since Vα is not a derivative.

In this paper, we are mostly interested in theories without scale invariance, but we need to 
have control of the relation between the divergence of the dilatation current and the trace of 
the energy-momentum tensor. The introduction of the linear superfield leads to more subtleties, 
discussed in Subsection 4.3.

Appendix D. The Ferrara–Zumino supercurrent structure

The supercurrent structure originally found by Ferrara and Zumino (FZ) [16] has χα = 0. It is 
obtained by improving the supercurrent structure (4.42) using identity (A.7) with G = �(w)/6 to 
eliminate χα . The resulting J(FZ)αα̇ does not depend on w:

Dα̇J(FZ)αα̇ = DαX(FZ),

J(FZ)αα̇ = −2
[
(Dα̇�)H��(Dα�) −HLL(Dα̇L̂)(DαL̂) + 2HLT̃r(Wαe−AW α̇eA)

]
− 2

3 [Dα,Dα̇](H− L̂HL),

X(FZ) = − 4
3�̃(w) + 1

6DD�(w) + 1
6DD(wH�� − w�H�)

= 4W − 1
3DD(H− L̂HL).

(D.34)

In the second equality for X(FZ), the superfield equation for � has been used but the first expres-
sion is actually more significant since it depends on the three off-shell superfields

�̃(w), �(w), wH�� − w�H�

which control the scale and R symmetries of the theory. With chiral and gauge multiplets only, 
the function H is replaced by the gauge invariant Kähler potential K. In the scale-invariant case, 
� = �̃ = 0, H − L̂HL = 1

2 (w�H� + w�H�), the FZ structure coincides with our improved 
supercurrent structure (4.42). But both structures significantly differ if scale transformations are 
not symmetries.66

This is of minor importance for the energy-momentum tensor: the structures differ by im-
provements. In the FZ supercurrent superfield Jαα̇ ,

T̃μν = Tμν − 1

3
(∂μ∂ν − ημν�)(H− CHC), (D.35)

where Tμν is the Belinfante tensor present in the natural structure (4.19), to be compared with 
expression (4.46) for the improved supercurrent. Accordingly, the dilatation current becomes

66 Without a linear superfield, this has been observed in ref. [9].
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jD
μ = Ṽμ + xνT̃μν (D.36)

with virial current67

Ṽμ = 1

2
∂z�(w)Dμz + 1

2
∂z�(w)Dμz, (D.37)

omitting an improvement term.
More significant is the chiral U(1) current present in the lowest component of the supercurrent 

superfield J̃αα̇ . Compared with the U(1)R̃ current j R̃
μ (4.20) present in the natural, Belinfante 

structure (4.19), we now find

j̃μ − j R̃
μ = −CHCC

1
6εμνρσ Hνρσ − i(H− CHC)z Dμz + i(H− CHC)z Dμz

− CHCC T̃rλσμλ + [Hzz − CHCzz]ψσμψ − 1
2 [HCC + CHCCC]χσμχ

− i√
2
CHCCz χσμψ + i√

2
CHCCz ψσμχ.

(D.38)

Alternatively, in terms of derivatives of � = 2(CHC −H),

j̃μ − j R̃
μ = − 1

12�Cεμνρσ Hνρσ + i
2�z Dμz − i

2�z Dμz

− 1
2�C T̃rλσμλ − 1

2�zz ψσμψ − 1
2 �CC χσμχ

− i

2
√

2
�Cz χσμψ + i

2
√

2
�Cz ψσμχ.

(D.39)

With chiral multiplets only, HC = 0,

j̃μ − j R̃
μ = −iHz ∂μz + iHz ∂μz +Hzz ψσμψ (D.40)

and H is the Kähler potential. Hence, the Ferrara–Zumino structure includes the current ̃jμ which 
is actually the Kähler connection derived from Kähler potential H.

The conclusion is that while our natural, Belinfante (4.19) or improved (4.42) supercurrent 
structures include the currents naturally related to U(1)R transformations rotating chiral super-
fields with angle zero or w, the Ferrara–Zumino structure includes a Kähler current which is not 
the Noether current of U(1) transformations acting on superfields. Of course, if the theory is scale 
invariant with scale dimensions w, 2(H−CHC) = −w[H�� +�H�] and the Ferrara–Zumino 
and improved structures coincide.

Appendix E. Legendre identities

This Appendix collects some useful formula induced by the Legendre transformation

K(X,Y ) =F(L,Y ) − 1

2
XL, (E.1)

which generates the chiral-linear duality (Section 3). It implies in particular:

67 See eqs. (4.34) and (A.11).
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KX = −1

2
L, FL = 1

2
X, KY =FY , (E.2)

∂L

∂X
= −2KXX,

∂X

∂L
= 2FLL, −4KXXFLL = 1, (E.3)

∂X

∂Y
= 2FLY ,

∂L

∂Y
= −2KXY , (E.4)

KXY = FLY

2FLL

, FLY = − KXY

2KXX

, (E.5)

KYY =FYY − F2
LY

FLL

, FYY =KYY − K2
XY

KXX

. (E.6)
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